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Preface

Modern Discrete Mathematics and Analysis with Applications in Cryptography
consists of contributions written by research scientists from the international
mathematical community.

The chapters are devoted to significant advances in a number of theories and
problems of mathematical analysis both continuous and discrete with applications.

These chapters focus on both old and modern developments of mathematics.
The volume also presents a few survey papers which discuss the progress made in
broader areas which could be particularly useful to graduate students and young
researchers.

We would like to express our deepest thanks to the contributors of chapters as
well as to the staff of Springer for their excellent collaboration in the presentation
of this publication.

Vari, Greece Nicholas J. Daras
Athens, Greece Themistocles M. Rassias
October 2017
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Fixed Point Theorems in Generalized m)
b-Metric Spaces e

Hassen Aydi and Stefan Czerwik

Abstract In the paper we present fixed point theorems in generalized b-metric
spaces both for linear and nonlinear contractions, generalizing several existing
results.

Keywords Fixed point - Generalized type contraction - Metric-like space

Introduction and Preliminaries

The idea of b-metric space is due is due to the second author of this paper (for details
see [4] and [2]).

Now we extend this idea in the following way. Let X be a set (nonempty).

A functiond: X x X — [0, oo] is said to be a generalized b-metric (briefly gbm)
on X, provided that for x, y, z € X the following conditions hold true:

(a) d(x,y) =0if and only if x =y,
(®) d(x,y) =d(y,x),
(c) d(x,y) <sld(x,z) +d(z, y)], where s > 1 is a fixed constant.

Then (X, d) is called a generalized b-metric space with generalized b-metric d.
As usual, by N, Ny, andR, we denote the set of all natural numbers, the set of
all nonnegative integers, or the set of all nonnegative real numbers, respectively.
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If f: X - X, by f", we denote the n-th iterate of f:
PP =x xeX; f'=fofm

Here the symbol ¢ o f denotes the function ¢[ f (x)] for x € X.

Linear Quasi-Contractions

We start with the following theorem

Theorem 2.1 Let (X, d) be a complete generalized b-metric space. Assume that
T: X — X is continuous and satisfies the condition

d(T (x), T*(x)) < ad(x, T(x)), (1)
forx € X, such thatd(x, T (x)) < oo, and
as =q < 1. 2)

Let x € X be an arbitrarily fixed. Then the following alternative holds either:

(A) for every nonnegative integer n € Ny,
d(T" (x), T"*' (x)) = o0,

or
(B) there exists an k € Ny such that

d(T*(x), T" ' (x)) < o0.

In (B)

(1) the sequence {T™ (x)} is a Cauchy sequence in X;
(ii) there exists a point u € X such that

lim d(T"(x),u) =0 and Tu)=u.
m=00
Proof From (1) we get (in case (B))
AT (), T () < ad(TH (), T () < 00
and by induction

AT @), T () < &d(TH), T (), n=0,1,2,.... ()
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Consequently, for n, v € Ny, by (3), we obtain

d(Tk+n (x)’ Tk+n+v(x)) < sd(Tk+n ()C), Tk+n+l (x)) +. 4+ Sv—ld(TkJrnJrv—Z(x)’ Tk+n+v71(x))
+ sud(TkJrnJrv—l(X)’ Tk+”+”(x))
< sa"d(TF), T () + ..+ sVl 2d (TR (x), TR (x))
+ o™V d(TR (x), T (x))

IA

sQ"[1 + (s@) + ... 4+ (s&)""d(T*(x), TF (x))

s Y " (sa)"d(T* (x), T (x))

=<
m=0
< S, TH ),
1 —sa
Finally,
k+n k—+n+v s k k+1
d(r~"x),T (x)) < I _Sad(T x), T"" (x)) “4)
for n, v € Np.

By (4) it follows that {7 (x)} is a Cauchy sequence of elements of X.
Since X is complete, so there exists u € X with

lim d(T"(x),u) = 0.
n—o0
Because T is continuous with respect to d (see the assumptions), therefore
u= lim T""'(x) = T(lim T"(x)) = T (),
n—0o0 n—oQ

and u is a fixed point of 7', which ends the proof. O

Remark 2.1 In the space X, T may have more than one fixed point (for consider
T(x) =x).

Remark 2.2 If additionally d is a continuous function (as a function of one
variable), then we have the estimation (see (4)):

sa’

d(Tk+"(x), u) < . d(Tk(x)7 Tk+1(x))~ (@)

— S

Remark 2.3 A function d may not be continuous even as a function of one variable
(e.g., see [10]).
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Remark 2.4 An operator T satisfying (1) may not be continuous (see [4]).
In fact, if T satisfies

d(T(x), T(y) = %[d(x, T'(x)+d(y.T(y)), x,yeX, (6)

then T satisfies also (1).

Remark 2.5 Theorem 2.1 generalizes theorems Diaz, Margolis ([7]), Luxemburg
([6, 9]), Banach ([3]), Czerwik, Krdl ([1]), and others (see also [2, 8, 11-14]).

Nonlinear Contractions

In this section we present the following result.

Theorem 3.1 Assume that (X, d) is a complete generalized b-metric space, and
T: X — X satisfies the condition

d(T(x), T(y)) = ¢ld(x, y)] (7
forx,y e X, d(x,y) < oo, where ¢: [0, 00) — [0, 00) is nondecreasing and
lim ¢"(z) =0 forz>0. (8)
n—oQ
Let x € X be arbitrarily fixed. Then the following alternative holds either:
(C) for every nonnegative integer n € Ny
d(T" (), T"*! (x)) = o0,

or
(D) there exists an k € Nq such that

d(T*(x), TF ' (%)) < 0.

In (D)

(iii) the sequence {T"™ (x)} is a Cauchy sequence in X;
(iv) there exists a point u € X such that

lim d(T"(x),u) =0 and T(u)=u;
n—oo
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(V) u is the unique fixed point of T in B == {t € X: d(T¥(x),t) < o0};
(vi) foreveryt € B,

lim d(T"(¢),u) = 0.
n—oo
If, moreover, d is continuous (with respect to one variable) and
o
Zskq)k(t) <oo for t=>0,
k=1
then fort € B
o
d(T™(t),u) < sl d(, T(1)]. m e No. ©)

k=0

Proof The proof will consist with a few steps.
19) Let’s take x € X and & > 0. Take n € N such that

e

n
3 A
w()<ZS

andput F =T", o = ¢" and x,,, = F™(x) for m € N. Then for all x, y € X such
that d(x, y) < oo, one gets

d(F(x), F(y)) < ¢"[d(x, )] = ald(x, y)]. (10)

20) One can prove that (B, d) is a complete b-metric space. Clearly,
Tk(x), T**!(x) € B.
30) Now we observe that T: B — B.Forift € B, i.e., d(Tk(x), 1) < o0, then

d(T*(x), T(1)) < s[d(T*(x), T* (x)) + d(T* ! (x), T(1))]
< se1 + ol 0. 1]

< sle1 +&] < o0,

where €1, & some positive numbers. Also F: B — B.
40) For t € B we have {F™(t)} C B, for all m € No. We verify that { F" (t)} is
a Cauchy sequence. In fact, putting y,, = F™(¢), m € Np, we get

d(F(t), FX(t)) < ald(t, F(1))]
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and by induction
d(F™ (1), F" (1)) < o™ [d(t, F(1))]
ie.,

d(m, ym+1) < o"[d(t, F(t)],

whence d(y,, Ym+1) = 0 as m — oo. Let m be such that

I
dYm, Ymy1) < —.
2s

Then for every z € K (v, €) :={y € X: d(ym,y) < €} we obtain

d(F(z), F(ym)) < ald(z, ym)] < a(e) = ¢"(e) < ;—S

&
d(F(Ym), Ym) = d(Ym+1, Ym) < %’

whence

d(F@. ) =5 (5 +5) =&

which means that F' maps K (y,,, €) into itself. Therefore
d(yr,y1) <2se  for rl=m,
so the sequence {y,} = {F" (t)} is a Cauchy sequence.

50) Since B is complete, so there exists u € B C X such that y, — u asr — oo.
Furthermore, by the continuity of F (arising from (10))

F) = lim F(y,) = lim y41 =1,
r—00 r—00
i.e., u is a fixed point of F. Taking into consideration that «(t) = ¢" (¢) < t for any
t > 0, it is obvious that F has exactly one fixed point in B.
Moreover, by (7) T is continuous on B, so we have

T(u) = lim T(F' (1) = lim F'(T(1) =u

and hence u is a fixed point of T as well. Obviously by (7) such point is only one in
B. Eventually, since for every t € Bandeveryr =0,1,...,n — 1,

") =T""" )= FIT" )] > u as [ — oo,
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SO
d(T"@®),u) - 0 as m— oo

for every t € B, whence we get (vi).
6°) For any t € B and m, n € Ny, we have

d(T™ (1), T" (1)) < s[d(T™ (), T" T (1)) + d(T™ ' (t), T" T (1))]

<sd(T™@), T" T @) + ... + s"d@" L (@0), T (1))
< s@"[dt, T(t)] + ...+ """ Nd@, T )]

<Y s d@, T)),
r=0

consequently
o
d(T™(6), T" (1)) < s ld(t, T(1)].
r=0

Therefore, if n — oo and d is continuous (with respect to one variable), then for
te B,meNy

d(T" (), u) <y 5" Q" A, T (1))
r=0

which concludes the proof. O
If X is bms, then B = X, and we have from Theorem 3.1:

Corollary 3.1 Let (X, d) be a complete b-metric space and T : X — X satisfy

d(T(x), T(y)) < eld(x,y)], x,ye€X,

where ¢: Ry — Ry is nondecreasing function such that lim,_, ., ¢" (t) = 0 for
eacht > 0. Then T has exactly one fixed point u € X, and

lim d(T"(x),u) =0
n—oo

foreach x € X.
If, moreover, d is continuous (with respect to one variable) and the series of
iterates

o
Zskq)k(t) <oo for t>0,
k=1



H. Aydi and S. Czerwik

then for z € X and m € Ny

d(T™(2),u) < Y s o™ ™ d(z, T(2)). (11)
k=0

Remark 3.1 Corollary is contained in [4] for s = 2 (see also [2]).

Remark 3.2 1t would be interesting to consider a convergence of series of iterates:

PAGE
n=1

For example, one of the sufficient conditions is the following

o)
lim sup ———
n—oco @ (1)

=q) <1, t>0. (12)

Let’s also note another one such conditions:

n—o00

l n
liminf[—n(p—(t):| —a()>1, t>0. (13)
Inn

For more details, see [5].
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Orlicz Dual Brunn-Minkowski Theory: m)
Addition, Dual Quermassintegrals, ik
and Inequalities

Chang-Jian Zhao and Wing Sum Cheung

Abstract We further consider the Orlicz dual Brunn-Minkowski theory. An Orlicz
radial harmonic addition is introduced, which generalizes the L ,-radial addition
and the L ,-harmonic addition to an Orlicz space, respectively. The variational
formula for the dual mixed quermassintegrals with respect to the Orlicz radial
harmonic addition is proved, and the new Orlicz dual quermassintegrals generalizes
the L ,-dual quermassintegrals. The fundamental notions and conclusions of the
dual quermassintegrals and the Minkoswki and Brunn-Minkowski inequalities for
the dual quermassintegrals are extended to an Orlicz setting. The new Orlicz-
Minkowski and Brunn-Minkowski inequalities in special case yield the Orlicz dual
Minkowski inequality and Orlicz dual Brunn-Minkowski inequality, which also
imply the L ,-dual Minkowski inequality and L ,-dual Brunn-Minkowski inequality
for the dual quermassintegrals. As application, a dual log-Minkowski inequality is
proved.

Introduction

One of the most important operations in geometry is vector addition. As an operation
between sets K and L, defined by

K+L={x+y:xeK,yel}

it is usually called Minkowski addition, and combine volume plays an important
role in the Brunn-Minkowski theory. During the last few decades, the theory has
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been extended to L ,-Brunn-Minkowski theory. The first, a set called as L , addition,
introduced by Firey in [6] and [7]. Denoted by +,, for 1 < p < oo, defined by

h(K +p L, x)" = h(K, )P +h(L, x)", M

for all x € R" and compact convex sets K and L in R"” containing the origin.
When p = oo, (1) is interpreted as h(K +~ L, x) = max{h(K, x), h(L, x)}, as is
customary. Here the functions are the support functions. If K is a nonempty closed
(not necessarily bounded) convex set in R", then

h(K,x) =max{x-y:y e K},

for x € R", defined the support function 4(K, x) of K. A nonempty closed convex
set is uniquely determined by its support function. L, addition and inequalities
are the fundamental and core content in the L, Brunn-Minkowski theory. For
recent important results and more information from this theory, we refer to
[17-19, 21, 27, 32-36, 39-41, 46—49] and the references therein. In recent years,
a new extension of L ,-Brunn-Minkowski theory is to Orlicz-Brunn-Minkowski
theory, initiated by Lutwak et al. [37] and [38]. In these papers the notions of
L ,-centroid body and L ,-projection body and the fundamental inequalities were
extended to an Orlicz setting. The Orlicz centroid inequality for star bodies was
introduced in [55] which is an extension from convex to star bodies. Recently,
the Orlicz addition of convex bodies was introduced and extend the L, Brunn-
Minkowski inequality to the Orlicz Brunn-Minkowski inequality (see [50]). A
dual Orlicz-Brunn-Minkowski theory was introduced (see [56]). The other articles
advance the theory, and its dual theory can be found in literatures [20, 23, 25,43, 53],
and [54].

Very recently, Gardner et al. [12] constructed a general framework for the Orlicz-
Brunn-Minkowski theory and made clear for the first time the relation to Orlicz
spaces and norms. They introduced the Orlicz addition K +, L of compact convex
sets K and L in R" containing the origin, implicitly, by

( h(K, x) h(L,x) )21 ®

h(K 4+ L,x)" h(K +, L, x)

forx € R", if h(K,x) + h(L,x) > 0, and by n(K +, L,x) = 0, if h(K,x) =
h(L, x) = 0. Here ¢ is the set of convex function ¢ : [0, 00)2 — [0, oo) that are
increasing in each variable and satisfy ¢(0,0) = 0 and ¢(1,0) = ¢(0,1) = 1.
Orlicz addition reduces to L, addition, 1 < p < oo, when ¢(x1, x2) = xf + xéj , Or
Lo addition, when ¢ (x1, x2) = max{xy, x2}.

The radial addition K FL of star sets (compact sets that is star shaped at o and
contains 0) K and L can be defined by

K—T—L:{x—T—y:xeK,yeL},
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where x—T—y = x + y if x, y and o are collinear, x-T—y = 0, otherwise, or by
p(KFL,) = p(K,)+p(L,"),

where p(K, -) denotes the radial function of star set K. The radial function of star
set K is defined by

p(K,u) =max{c >0:cu € K},

foru € S"~!. Hints as to the origins of the radial addition can be found in [9, p. 235].
If p(K, -) is positive and continuous, K will be called a star body. Let . denote
the set of star bodies in R”. When combined with volume, radial addition gives
rise to another substantial appendage to the classical theory, called the dual Brunn-
Minkowski theory. Radial addition is the basis for the dual Brunn-Minkowski theory
(see,e.g., [3, 11, 15,16, 24,26, 30], and [48] for recent important contributions). The
original is originated from the Lutwak [28]. He introduced the concept of dual mixed
volume laid the foundation of the dual Brunn-Minkowski theory. In particular, the
dual Brunn-Minkowski theory can count among its successes the solution of the
Busemann-Petty problem in [8, 11, 29, 45], and [51].

More generally, for any p < 0 (or p > 0), the p-radial addition K F pL defined
by (see [10])

p(KFpL, x)? = p(K,x)" + p(L, x)?, 3)

for x € R" and K,L € ". When p = 0o or —oo, (3) is interpreted as
p(K¥ooL,x) = KULor p(KF_soL, x) = KNL (see [14]). In 1996, the harmonic
p-addition for star bodies was defined by Lutwak: If K, L are star bodies, for p > 1,
the harmonic p-addition defined by (see [32])

PKFpL,x)™" = p(K,x)7P + p(L, )P “)

For convex bodies, the harmonic p-addition was first investigated by Firey [6].

The operations of the p-radial addition, the harmonic p-addition, and the
L »-dual Minkowski, Brunn-Minkwski inequalities are fundamental notions and
inequalities from the L ,-dual Brunn-Minkowski theory. For recent important results
and more information from this theory, we refer to [3, 5, 10, 13-16], and [26] and
the references therein.

In the paper, we consider the Orlicz dual Brunn-Minkowski theory, an idea
suggested by Gardner et al. [12]. The fundamental notions and conclusions of
the radial addition, the p-radial addition, the harmonic addition, the harmonic
L p-addition, the harmonic Blaschke addition, the p-harmonic Blaschke addi-
tion, the dual mixed quermassintegral, the p-dual mixed quermassintegral, the
L »-dual quermassintegral, the L ,-dual mixed quermassintegral, and inequalities are
extended to an Orlicz setting. It represents a generalization of the L ,-dual-Brunn-
Minkowski theory, analogous to the way that Orlicz spaces generalize L, spaces.
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In section “Orlicz Radial Harmonic Addition”, we introduce a notion of Orlicz
radial harmonic addition K $¢L of K,L € ", by

p(K, x) p(L, x)
P(K+yL,x) p(K+,L,x)

Here ¢ € @,, the set of convex function ¢ : [0, 00)2 = (0, o0) that are decreasing
in each variable and satisfy ¢(0, 0) = oo, ¢ (0, x2) = ¢(x1,0) = 0o, and ¢(0, 1) =
o(1,0) = oo. -

When p < 0 and ¢(x1, x3) = xlp + xé’ , the Orlicz radial harmonic addition %/,
becomes the p-radial addition :iv—&. When p > 1 and ¢(x1,x2) = x; " +x, 7, the
Orlicz radial harmonic addition %p becomes the harmonic p-radial addition F p-
This shows that (5) is a generalization of (3) and (4).

In section ‘“Preliminaries”, we introduce the basic definitions and notions
and shows the dual mixed p-quermassintegral and the dual mixed harmonic
p-quermassintegral.

In section “Orlicz Dual Brunn-Minkowski Inequality”, we establish an Orlicz
dual Brunn-Minkowski inequality for the Orlicz radial harmonic addition. If
K,Le " 0<i<nandg € ®,,then

oo [ (e VO \T ©
="\ Ww«Z.0 T\ Wik ¥,L) '

If ¢ is strictly convex, equality holds if and only if K and L are dilates. Here, Wl- (K)
denotes the usual dual quermassintegral of star body K.

When p < 0 and ¢(x1, x2) = xf + xé’ in (6), (6) becomes the following result.
IfK,Le " 0<i<nandp <0, then

Wi(KFpL)?! =0 = Wi (K)P/ =D 4 Wi ()P, )
with equality if and only if K and L are dilates. Taking i = 0 in (7), this
yields Gardner’s Brunn-Minkowski inequality for p-radial addition (see [10]). If
K,L e " and p < 0, then

V(KT ,L)P" > V(K)P!" + V(L) (8)
with equality if and only if K and L are dilates.

When p > 1 and ¢(x1,x2) = x;” + x,” in (6), (6) becomes the following
result. If K, L € ¥",0<i <nand p > 1, then

Wi (KF,L)~P/ =D > W, (K)=P/"=D 1 W, (L)~P/(=D), 9)
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with equality if and only if K and L are dilates. Taking i = 0 in (9), this yields
Lutwak’s L ,-Brunn-Minkowski inequality for harmonic p-addition (see [32]). If
K,L € ." and p > 1, then

VKFpL) " = VK) ™"+ V(L) (10)

with equality if and only if K and L are dilates. If i = 0 and only when i(p is
iw, (6) changes Zhu, Zhou, ang Xu’s result [53].
The p-dual mixed volume, V, (K, L), for p < 0 (or p > 0), defined by (see [52])

~ 1
Vp(K, L) = — /H p (K, u)""Pp(L,u)PdSu). Y

Let K,L € %",0 <i < nand p < 0 (or p > 0), dual mixed p-
quermassintegral of star bodies K and L, defined by

~ 1 .
Wpi(K, L) = ;/ P )" P p(L - w)PdS(u). 12)

Sﬂ*
Obviously, when i = 0, (12) reduces (11). ~
The L ;-dual mixed volume, for p > 1, V_,(K, L), defined by (see [32])

~ 1
V,p(K,L)ZZ/

p (K, u)" P p(L,u)~PdS(u). (13)
Sn—l

LetK,L € %", 0<i <nandp > 1, dual mixed harmonic p-quermassintegral
of star bodies K and L, defined by

W_pi(K,L) = %/S y p(K -w)"""TPp(L - u)"PdS(u). (14)

Obviously, when i = 0, (14) reduces (13).

In section “Orlicz Radial Harmonic Addition” we introduce also a notion of
Orlicz dual linear combination, by means of an appropriate modification of (5).
Unlike the L, dual case, an Orlicz scalar multiplication cannot generally be
considered separately. The particular instance of interest corresponds to using (5)
with ¢ (x1, x2) = @1(x1) + e@2(x2) for ¢ > 0 and some ¢, o € @, where the
sets of convex functions ¢, ¢ : [0, 00) — (0, 0o) that are decreasing and satisfy
¢1(0) = ¢2(0) = oo and ¢ (1) = ¢2(1) = 1.

In section “Orlicz Dual Mixed Quermassintegral”, a notion of Orlicz dual mixed
quermassintegral is introduced. We prove that there exist a new dual mixed volume
an call Orlicz dual mixed quermassintegral, obtaining the equation

(<p1),(.1) lim Wi(K+y,L)—Wi(K) _ l/ (p(L’u)>,o(K,u)”_idS(u),
n—i -0+ £ n Jen-1 o (K, u)
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where 0 < i < n, ¢ € @ and ¢, 2 € @. Denoting by VAV(/,V,-(K, L), the
integral on the right-hand side with ¢, replaced by ¢, we see that either side of
the above equation is equal to VT/(/,Z, i (K, L). Hence a new Orlicz-dual mixed volume
W,.i (K, L) is found.

WKL) = PLWN K wy=ids 15
W( > )—r—l/SMI<P(m>p( ,u) (u). (15)

When ¢1(t) = ¢2(t) =t and p < 0, (15) becomes (12). When ¢ () = ¢2(t) =
t~Pand p > 1, (15) becomes (14). This shows, Orlicz-dual mixed quermassintegral
Wq),i(K , L) changes to dual mixed p-quermassintegral VT/,,,,-(K ,L) (p < 0) and
dual mixed harmonic p-quermassintegral w_ p.i (K, L) (p = 1), respectively.

In section “Orlicz Dual Minkowski Inequality”, we establish an Orlicz dual-
Minkowski inequality: If K, L € ¥",0 <i <n and ¢ € @, then

” 1/(n=0)
W,.i(K.L) > Wi(K)g (( Wi (L)) ) : (16)

Wi (K)
If ¢ is strictly convex, equality holds if and only if K and L are dilates.
When ¢1(t) = ¢2(¢) = t? and p < 0, (16) becomes the following inequality. If
K,Le ", 0<i<nandp <0, then
Wi (K, L)'~ = Wi(K)"™""PW;(L)”, (17

with equality if and only if K and L are dilates. Taking i = 0 in (17), this yields the
p-dual Minkowski inequality (see [52]): If K, L € .¥" and p < 0, then

Vp (K, L)" = V(K)' PV (L), (18)
with equality if and only if K and L are dilates.
When ¢ (¢t) = ¢2(t) =t~ P and p > 1, (16) becomes the following inequality.
IfK,Le."0<i<nandp > 1,then
W_pi (K, L)"™ = Wi(K)" " P W;(L)™", (19)
with equality if and only if K and L are dilates. Taking i = 0 in (19), this yields
Lutwak’s L ,-dual Minkowski inequality is following: If K, L € " and p > 1,
then

V_,(K,L)" > V(K)""PV(L)7F, (20)

with equality if and only if K and L are dilates.
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In 2012, Boroczky et al. [4] proposed a conjecture: For all # > 2 and origin-
symmetric convex bodies K and L, is it true that

h(L,u) 1 V(L)
/;nil log (h(K, u)) dV,(K,u) > . log <m) ? 201

They proved only when n = 2. The conjecture was called as log-Minkowski
inequality. Here dV,, (K, u) denotes a Borel measure of convex body K in sn—1
called as normalized cone measure, defined by (see, e.g., [12])

h(K,u)

dV,(K,u) = Vi

dS(K,u),

where S(K, -) is a Boel measure of convex body K on "~
In section “Dual Log-Minkowski Inequality”, for all n > 2, we prove a dual
log-Minkowski inequality. If K, L € " such that L C intK, then

p(L,u)\ 5 1 V(L)
Jo e (S o < e (i) -+ e

with equality if and only if K and L are dilates. Here d V,(K, u) denotes a Borel
measure of star body K in §7=1 call as dual normalized cone measure, defined by

i K, u)"
AV, (K, u) = %dsm).

Preliminaries

The setting for this paper is n-dimensional Euclidean space R". A body in R" is a
compact set equal to the closure of its interior. For a compact set K C R”, we write
V(K) for the (n-dimensional) Lebesgue measure of K and call this the volume
of K. Let " denote the class of nonempty compact convex subsets containing the
origin in their interiors in R”. Associated with a compact subset K of R”", which is
star shaped with respect to the origin and contains the origin, its radial function is
p(K,"): 8" 1 — [0, 00), defined by

p(K,u) =max{A >0:iu € K}.

Note that the class (star sets) is closed under unions, intersection, and intersection
with subspace. The radial function is homogeneous of degree —1, that is,

o(K,ru) =r~'p(K, u),
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forall x € R" and r > 0. Let § denote the radial Hausdorff metric, as follows, if
K, L € %", then (see, e.g., [40])

8(K,L) = |p(K,u) — p(L, u)|oo.

From the definition of the radial function, it follows immediately that for A €
G L(n) the radial function of the image AK = {Ay : y € K} of K is given by

p(AK,x) = p(K, A" x),

for all x € R”.
For K; € /",i =1, ..., m, define the real numbers Rk, and rg, by

Rk, = max p(K;,u), and rg;, = min p(K;, u),
uesn—1 uesn—1

obviously, 0 < rg, < Rg;, for all K; € ", and writing R = max{Rg,} and
r =minf{rg,}, wherei =1,...,m.

Mixed p-Quermassintegrals of Convex Bodies

The mixed p-quermassintegrals W, ; (K, L),for K, L € H'0<i<nandp >1,
defined by Lutwak (see [31])

1
W,i(K, L) = —/ h(L,u)’dS, (K, u),
n Jgsn—1

where S, ; (K, -) denotes the Boel measure on $"~1. The measure Spi(K,-) are
absolutely continuous with respect to S; (K, -) and have Radon-Nikodym derivative
dS,i(K,-)

- A=pr
dSl(K,) —h(K, ) ’

where S;(K,-) is a regular Boel measure of convex body K on $"=1. The
Minkowski inequality for the mixed p-quermassintegrals was established: If
K,Le #"and0<i <n—1andp > 1, then

Wy (K, L)"™ > Wi(K, L)"" " PW;(L)”,

with equality if and only if K and L are homothetic. The Brunn-Minkowski
inequality for the mixed p-quermassintegrals was also established: If K, L € #™"
and0 <i <n—1and p > 1, then

Wi (K +, L)P/O70 = Wi (K)P/ 0D 4 Wy (LyP/ =D,

with equality if and only if K and L are homothetic (see [31]).
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Dual Mixed Quermassintegrals

If Ky, ..., K, € %", the dual mixed volume V(Kl, ..., K;;) defined by (see [28])

~ 1
V(Koo Kn) = ;/ (K1) (K, 1S (0
S}l*

IfKy = -+ = K,—i = K,K,_ iyl = 0 = K, = L, the dual mixed
volume V(Kl, ..., K;) is written as V,(K L). If L = B, the dual mixed volume
V (K,L) = V (K B) is written as W (K) and call dual quermassintegral of K.
Obviously, For K € %" and 0 <i < n, we have

~ 1 .
Wi(K) = —/ p(K,u)"'dS(u). (23)
n n—1
fK, = - = Kyi-1 = K,Ky—i = - = Ky—1 =B and K, = L, the
dual mixed volume V(K, ..., K, B, ..., B, L) is written as W; (K, L) and call dual
— e ————

n—i—1 i
mixed quermassintegral of K and L. For K, L € " and 0 < i < n, it is easy
that [44]

Wik, L) = tim YiEFE D= W) 1 / (K. 10"~ (L. w)dS(w).
e—0* & n Jgn-1
(24)

The fundamental inequality for dual mixed quermassintegral stated that if
K,Le Y"and0 <i < n, then

Wi (K, L) < W;(K)"" "W (L), (25)

with equality if and only if K and L are dilates. The Brunn-Minkowski inequality
for dual quermassintegral is the following: If K, L € " and 0 < i < n, then

Wi (KLY =D < Wi (k)Y =D 4 Wy (L)Y =), (26)

with equality if and only if K and L are dilates.

Dual Mixed p-Quermassintegrals

The following result follows immediately form (3) with p < 0 (or p > 0).

p .. WiKFpe-L)—
lim

n—ie>0t e

Wi (L) _ %/ (K -u)" TP p(L - u)PdS(u).
s
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Definition1 Let K, L € /", 0 = i < nand p < 0, define dual mixed p-
quermassintegral of star K and L, W), ; (K, L), by

~ 1
Wpi(K, L) = ;/

Sﬂ

L PK WP p(L - w)PdS(u). 27)

Obviously, when K = L, the dual mixed p-quermassintegral Wp’,»(K , L)
becomes the dual quermassintegral W;(K). This integral representation (27),
together with the Holder inequality, immediately gives:

Proposition2 [fK,L € .",0<i <nand p <0, then
Wi (K, L)'~ = Wi(K)"™""PW;(L)", (28)
with equality if and only if K and L are dilates.

Taking i = 0 in (28), (28) becomes (18).
Proposition3 IfK,L € ", 0<i <nand p <0, then

Wi(KF,L)P/=D > Wi (K)P/" =D 4+ Wi (LyP/ D, (29)

with equality if and only if K and L are dilates.

Proof From (27) and (3), it is easily seen that the dual mixed p-quermassintegral is
linear with respect to the p-radial addition and together with inequality (28) show
that

Wpi(Q. KFpL) = Wyi(Q. K) + Wpi(Q, L)
= Wi(Q)" =P =D (W (K)P/ 0 4 Wi ()P ),
with equality if and only if K and L are dilates of Q.

Take K F pL for Q, recall that VT/,,’,-(Q, Q) = VT/,-(Q), inequality (29) follows
easy.

Taking i = 0 in (29), (29) becomes (8).

Dual Mixed Harmonic p-Quermassintegrals

The following result follows immediately form (4) with p > 1.

Wi(KF,e-L)—Wi(L) 1 .
P g WilKpe D) = Wi )=‘/S71p<1<.u)"*l”p(burpdsw).

n—1ie>0t & n
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Definition4 Let K, L € ", 0 < <n and p > 1, define dual mixed harmonic
p-quermassintegral of star K and L, W_,, ; (K, L), by

~ 1
W_pi(K,L)= —/
n

Nas

p(K - )" TP p(L - u)"PdS(u). (30)
1

_ Obviously, when K = L, the dual mixed harmonic p-quermassintegral
W_,.i(K, L) becomes the dual quermassintegral W;(K). This integral representa-
tion (30), together with the Holder inequality, immediately gives:

Proposition5 IfK,L € ", 0<i <nand p > 1, then
W_pi(K,L)"™ > Wi(K)" P W;(L)"", 31)

with equality if and only if K and L are dilates.
Taking i = 0in (31), (31) becomes (20).
Proposition 6 IfK,L € .¥",0<i <nand p > 1, then

Wi(KF,L) P00 = Wi(K)=P/ =0 4 Wi (L) =P/ =D, (32)

with equality if and only if K and L are dilates.

Proof From (30) and (4), it is easily seen that the dual mixed harmonic p-
quermassintegral is linear with respect to the p-harmonic addition and together with
inequality (31) show that

W_pi(Q, KFpL) =W_, (0O, K)+ W_,(Q, L)
= Wi~/ =D (W (K) =00 4 Wi (L) =P/ ),

with equality if and only if K and L are dilates of Q.
Take K?,,L for Q, recall that W_, ;(Q, Q) = W;(Q), inequality (32) follows.

Taking i = 0 in (32), (32) becomes (10).

For a systematic investigation of fundamental characteristics of additions of
convex and star bodies, we refer to [12, 13] and [14]. For different variants of the
classical Brunn-Minkowski inequalities, we refer to [1, 2, 4, 42], and [46] and the
references therein.

Throughout the paper, the standard orthonormal basis for R” will be {ey, ..., e,}.
Let @,,n € N, denote the set of convex function ¢ : [0, 00)" — (0, co) that are
strictly decreasing in each variable and satisfy ¢(0) = oo and ¢(e;) = 1, j =
1,...,n. When n = 1, we shall write @ instead of @1. The left derivative and right
derivative of a real-valued function f are denoted by (f); and (f);, respectively.



22 C. -J. Zhao and W. S. Cheung
Orlicz Radial Harmonic Addition

We first define the Orlicz radial harmonic addition.

Definition7 Letm > 2,9 € @,, K; € " and j = 1, ..., m define the Orlicz
radial harmonic addition of K1, ..., K, denoted by :I—\W(K 1s--., Kp), defined by

= K ) K ’
,0(+¢(K1,...,Km),x)=sup{k>0:go<p( )j x)’“.’,o( )"j x)) < 1},
(33)
for x € R".
Equivalently, the Orlicz radial harmonic addition iw(K 1,...,K;) can be
defined implicitly by
K 5 K )
o —= p(K1, x) e p (K, x) _1, (34)
p(""(p(Kl’-”:Km)vx) p(+(p(K17"'9Km) x)
for all x € R”.
An important special case is obtained when
m
QLX) = Y @(x)),
for some fixed ¢; € 43 such that o1(1) = -+ = ¢,(1) = 1. We then write
—I—(/,(K],... m)—K1+(p +¢K Th1smeansthatK11¢-~-’—F¢Km is defined
either by
= = Ki, x
Pp(Ki+g - +4pKm,u) =sup { A >0 Z ('0( J )> <1y, (35)

for all x € R" or by the corresponding special case of (34).

Lemma 8 The Orlicz radial harmonic addition i(p (Y — S is monotonic
and has the identity property.

Proof Suppose K; C Lj, where K;,L; € S, j = 1,...,m. By using (33),
K1 C L and the fact that ¢ is decreasing in the first variable, we obtain

p(Fp(L1, Ka..., Kp), x)

Ly, K>, K.,
:sup{k>0:(p(p()im,“;”,...,%)gl}
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G}

p(Ki, x) p(Ka,x) p(Km,X)><l}

> A>0: ,
_sup{ > (p( - - .

= p(Fp(K1, K2, ..., Kp), x).

By repeating this argument for each of the other (m — 1) variables, we have
P(+p(K1, ..o, Ky x) < p(+o(L1, ...y Lin), X).
The identity property is obvious from (34).

Lemma 9 The Orlicz radial harmonic addition i(p (" > " is GL(n)
covariant.

Proof For A € GL(n), we obtain

p(+o(AK1, AK> ..., AKp), x)

AK AK AK
supla =01 o( 1,x),p( 2,X),m,p( ms X) <1
A A X

Ky, A1 Ky, A1 K, A7
sup{x>0:¢(p( h}\ X)’p( 2,A x),m’p( m)\‘ x)>§1}

= p(Fp (K1, ..., Km), A7'%)
= p(F(K1, ..., Kn), X).

This shows Orlicz radial harmonic addition ’—T:(p is GL(n) covariant.

Lemma 10 Suppose K, ..., K, € S". If o € ®, then
Ky, x Ky, x
¢<M>+...+¢<M>=l
t t
if and only if

p(Fo(Kiy ..o Km),x) =1t

Proof This follows immediately from Definition 7.

Lemma 11 Suppose K,,, ..., K, € S". If ¢ € ©, then

< p(Fp(Ki, .oy Ki), x) <

.
o~ 1(h) Ity

Proof Suppose p(i¢(K1, ..., Kp),x) = t. From Lemma 10 and noting that ¢ is
strictly deceasing on (0, co), we have
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1:(p(p(Ktl,X))+m+¢<p(l<;n,x)>
o () a (12)
o)

Noting that the inverse @1 of ¢ is strictly deceasing on (0, 00), we obtain the lower
bound for p($¢(K1, o Ky, x):
,
r = 1
o~ ! ()

To obtain the upper estimate, observe that from Lemma 10, together with the
convexity and the fact ¢ is strictly deceasing on (0, 00), we have

1:(p<p(Kt1,x)>+m+¢<p(1<;n,x)>

> (p(K17x)++p(Kmv-x)>
Z me

mt
(7)
> me 7

Then we obtain the upper estimate:

R

r < -
¢71(;)

Lemma 12 The Orlicz radial harmonic addition iw D(IIH" S s
continuous.

Proof To see this, indeed, let K;; € ", i e NU{0}, j = 1,...,m, be such that
Kij — Koj asi — oo. Let

p(Fo(Kit, .oy Kim), X) = t;.

Then Lemma 11 shows

r,-j <

11y —
% 1(;)
where r;; = min{rK,.j} and R;; = max{RKij}.
Since K;; — Ko;, we have RK:‘./ — RKO,. < o0 and rK;; —> TKo; > 0, and
thus there exist a, b such that 0 < a < t; < b < oo for all i. To show that the
bounded sequence {t;} converges to p(i(p(K()l, ..., Kom), u), we show that every

L =
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convergent subsequence of {#;} converges to ,o(~T—¢(K01, ..., Kom), x). Denote any

subsequence of {#;} by {#;} as well, and suppose that for this subsequence, we have
t; —> ty.

Obviously a < f, < b. Noting that ¢ is continuous function, we obtain

p(Kot, x) p(Kom,x)) - 1}

1y Iy

t*—>sup{t*>0:<p<

= p(+y (Ko, - -, Kom), x).

Hence
p(Fo(Kit, ..oy Kim), x) = p(+o(Kot, - -, Kom), x)

asi — oo.
This shows that the Orlicz radial harmonic addition :I\—(p (Y > S s
continuous.

Next, we define the Orlicz radial harmonic linear combination on the case m = 2.

Definition 13 Orlicz radial harmonic linear combination iw(K ,L,a, B) for
K,L e %", and «, B > 0 (not both zero), defined by

awl( IICSEY, >+ﬁ¢)2( ALY >=1, (36)
p(+o(K,L,a, B), x) p(+o(K,L,a, B), x)

for all x € R”".

When ¢1(t) = ¢x(t) = t” and p < 0, then Orlicz radial harmonic
linear combination $¢(K , L, o, ) changes to the p-radial linear combination
o- K—T—,,,B - L. Wheg ¢1(t) = @2(t) = t7P and p > 1, then Orlicz radial harmonic
linear combination $¢(K , L, a, B) changes E) the harmonic p:linear combination
aOKipﬂOL. Moreover, we shall write Ki(ML instead of :i\—w(K, L,1,¢), for
¢ > 0 and assume throughout that this is defined by (33), where o = 1, 8 = ¢ and
@ € @. Itis easy that :i\—q,(K, L,1,1)= KiwL. Obviously, K%ML and K%ps -L
are not the same meaning.

Orlicz Dual Mixed Quermassintegral

In order to define Orlicz dual mixed quermassintegral, we need the following
Lemmas 14-17.

Lemmal4 Leto € ®ande > 0. If K, L € /", then KilML e S

Proof Let uy € s"=1 for any subsequence {u;} C §"=1 guch that u; — ug as
i — o0.



26 C. -J. Zhao and W. S. Cheung

Let
p(K+yL,ui) = ;.

Then Lemma 11 shows

r R
—~ <A —,
@) e ()
where R = max{Rg, Ry} and r = min{rg, rz}.
Since K, L € ", wehave 0 < rgx < Rgk <ooand0 < rp < Rp < 00, and
thus there exist a, b such that 0 < a < A; < b < oo for all i. To show that the
bounded sequence {A;} converges to p(K FL,up), we show that every convergent

subsequence of {A;} converges to p(K FL, up). Denote any subsequence of {};} by
{Xx;} as well, and suppose that for this subsequence, we have

Ai — Ao.

Obviously a < Ay < b. From (36) and note that ¢, ¢, are continuous functions, so

¥, Vis continuous, we obtain

(K, ug)

R N EE)
1 )VO

)»l'—>

asi — oo.
Hence
p(K, uo) p(L, uop)
— | +e¢ — ) =1
»1 < o ¥2 o
Therefore
ho = p(K+g.L, uo).
Namely,
p(K$(p,£L’ u;) —> p(K$(p,£L, up).
asi — oo.

This shows that K+, L € .9
Lemmal5 IfK,L € .Y" ¢ > 0and ¢ € @, then

KF,L > K 37)

in the radial Hausdorff metric as ¢ — 0.
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This is a useful result. In the following, we give two different proofs.

First Proof From (36) with o« = 1 and 8 = ¢, we have
IO(K’ l/l) S IO(Ki(p,é‘L’ M) S p(Ki(p,lLv M)v

forall ¢ € (0, 1].
Notes that p(K, u) > 0, we conclude from

o(K, u) p(L,u)
N\ ——=—"—"— +€<P2 - = _ =1
p(K+y L, u) p(K+g L, u)

that if ¢ — 07 and if a subsequence of {,o(Ki(ML, u) : ¢ € (0, 1]} converges to a
constant 0 < u < p(K, u), therefore

K K L
o (M) — o (u> +0_¢2(p< ,u>> = 1=g(1).
Iz n r

This shows u = p(K, u).
Hence yields that

p(K+yeL,u) — p(K,u)

ase — 0T,

Second Proof From (36), we obtain

p(K,u)
—1 IO(L’M)
o |[1-epp| —=——
IO(K+([J,€L7 u)
ase — 0T,

Since <p]_l is continuous, ¢; is bounded and in view of gol_l (1) = 1, we have

o7 (1 — e (M)) > 1 (38)
,o(K+(p,5L, u)

p(KFy oL u) —

ase — Ot
This yields

p(Ki(p,é‘L’ u) g IO(K’ u)

ase — 0T,



28 C. -J. Zhao and W. S. Cheung

Lemmal6 I[fK,Le ", 0<i<n, o€ Pyand g, € D, then

K”V‘ L n—i __ K n—i g L .
lim 2K Feel W77 Z pK T n i '<ﬂ2<p( ﬂl)) (K, u)"™
e—0+ € ((p1); (D) p(K, u)
(39)
uniformly foru € S"~!.

This lemma plays a central role in our deriving new concept of Orlicz dual mixed
quermassintegral. It would be possible to apply the argument of [12, Lemma 8.4]
(cf. also the argument in [53, Theorem 4.1], which is attributed to Gardner). Here,
we provide an alternative proof

Proof Form (36), (38), Lemma 15 and notice that ¢, is continuous function, we
obtain for0 <i <n

i p(K+gpeL,u)"~" — p(K,u)"™"
e—>0* £

n—i

,O(K,M) —,O(K,M)n_i

~1 p(L,u)
2 l—epp| —=——
. Pp(K+g L, u)
= lim

e—>0F €

. . n—i—1 p(L,u)
= lim (n —i)p(K, u) p(K,wypr | —=——
e—0t ,O(K—i-(p,sL, u)

o7 ) — et

lim
y—=>1- y—1
n—i p(L,u)) i
= VN K’ )
(en)(n) 7 <p(1<, W ) P&

where

- p(L,u)
y=¢; [1-epp| —=——]]).
IO(K+¢7,8L7 M)

andnote that y — 1~ asi — 0O7.

Lemmal7 Ifp € ®,0<i <nand K,L € 9", then

(QDI)I(.I) lim Wi(K+y,.L)-Wi(K) _ l/ (p(L’u))p(K,u)”_idS(u).
n—i e—0t £ n Jgn—1 p (K, u)
(40)
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Proof This follows immediately from (23) and Lemma 15.

Denoting by th,i(l(, L), forany ¢ € @ and 0 < i < n, the integral on the
right-hand side of (40) with ¢, replaced by ¢, we see that either side of Eq. (40)
is equal to W(pz’i(l(, L), and hence this new Orlicz dual mixed volume W, ; (K, L)
has been born.

Definition 18 For ¢ € @ and 0 < i < n, Orlicz dual mixed quermassintegral of
star bodies K and L, W, ; (K, L), defined by

. 1 p(L,w) -
Wy i(K, L) =: . /S'H © <,0(K, u)) o(K,u)"'dS(u). “41)

Lemma 19 Ifo;, o€ @, 9 ®3,0<i <nand K,L € ", then

i) Wi(KF,L) — Wi (K)
- im .
n

—1 e—07t &

Wei(K, L) = (42)

Proof This follows immediately from Lemma 17 and (41).

From Lemma 10 and the definition of the Orlicz dual mixed quermassintegral, we
easy find that Wy, ; (K, L) is invariant under simultaneous unimodular centro-affine
transformation.

Lemma20 [fp e ®,0<i <nand K,L € ", then for A € SL(n),

W,.i(AK, AL) = W, (K, L). (43)

Orlicz Dual Minkowski Inequality

In this section, we need to define a Borel measure in $" 1, VNV,,, i (K, v), called i-dual
normalized cone measure of star body K.

lZeﬁnition 21 Let K € .¥" and 0 < i < n, i-dual normalized cone measure,
W,..i (K, v), defined by

- K, n—i
AW i (K, v) = P s, (44)
n Wi (K)
When i = 0, i-dual nor@alized cone measure d Wn,i(K , U) becomes the dual
normalized cone measure dV,, (K, v).

Lemma 22 (Jensen’s Inequality) Let u be a probability measure on a space X
and g : X — I C R is a p-integrable function, where I is a possibly infinite
interval. If ¢ : I — R is a convex function, then
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/Xw(g(X))du(X) > w(/x g(X)du(X)>- (45)

If ¢ is strictly convex, equality holds if and only if g(x) is constant for w-almost all
x € X (see [22, p.165]).

Lemma 23 Suppose that ¢ : (0,00) — (0, 00) is decreasing and convex with
¢0)=o00. IfK,L € " and0 < i < n, then

i 1/(n—i)
1 p(L, u) - Wi(L)
Wi (k) Js (p(K, u)) pUR T dS = ¢ ((%(K)) ) '

(46)

If o is strictly convex, equality holds if and only if K and L are dilates.

Proof For K € "1 0 <i <nand any u € "1 since

! / p (K, w)" "' dS(u) = Wi(K),
Snfl

n

p(K,u)"™!
nW;(K)

so the i-dual normalized cone measure

on §"~ 1.
Hence, by using Jensen’s inequality (45), (25) and in view of ¢ is decreasing, we
obtain

dS(u) is a probability measure

1 (,o(L,u)
I’ZWI(K) sn—1 ¢ p(K, u)

_ pLWY o
- /s Y (p(K, u)) AWni (10

. <VT/,~(K,L)>
-\ W

(( Wi(L) )‘/ ("”)
> ~ .
Wi (K)

Next, we discuss the equal condition of (46). Suppose the equality holds in (46)
and ¢ is strictly convex, form the equality condition of (25), so there exist » > 0
such that L = r K and hence

)p(K, w)" ' dS(u)

p(L,u)=rp(K,u),

for all u € S"~!. On the other hand, suppose that K and L are dilates, i.e., there
exist A > O such that p(L, u) = Ap(K, u) for all u € S"~!. Hence
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1 (p(L,w
nWi(K) Jor O \p (& )

! (—Wi(L)>l/(n_i) (K, u)"" dS(u)
awi (k) Jo Y \\ W0 P ¢

(Wi(L) >” "
W '

This implies the equality in (46) holds.

) p (K, u)""'dS(u)

Theorem 24 (Orlicz Dual Minkowski Inequality for Quermassintegrals) If
K, Le ", 0<i<nandyp € D, then

. . Wi\
Woi (K. 1) = Wik | (75 . 7)

If @ is strictly convex, equality holds if and only if K and L are dilates.
Proof This follows immediately from (41) and Lemma 23.
Corollary 25 IfK,L € ", 0<i <nand p <0, then

Wy (K, L)' > W;(K)"""="PWi(L)”, (48)

with equality if and only if K and L are dilates.
Proof This follows immediately from (47) with ¢ () = ¢2(t) =P and p < 0.
Corollary 26 IfK,L € .",0<i <nand p > 1, then

W_pi (K, L)' > W;(K)" P W (L)~?, (49)

with equality if and only if K and L are dilates.
Proof This follows immediately from (47) with ¢{(¢t) = ¢2(t) =t P and p > 1.
One obvious immediate consequence of Theorem 24 is the following:

Corollary 27 Let K, L € # C /", 0<i <nandy € ®, and if either
Wi (K, Q) = Wyi(L, Q), forall Q €./

or

Wi (K. Q) _ Wyi(L. Q)
Wi (K) Wi (L)

, forall Q € A,

then K = L.
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Remark 28 When ¢(t) = ¢2(t) =t7P, p > 1 and i = 0, Corollary 27 becomes
the following result proved by Lutwak [32].
LetK,L € . # C " and p > 1, and if either

V_,(K,0)=V_,(L,Q), for all Q € M

or

V_,(K.0)  V_,(L. Q)

vE) VD) , for all Q € A,

then K = L.

When ¢ () = ¢2(t) = 1P, p < 0and i = 0, Corollary 27 becomes the following
result.

LetK,L € # C " and p < 0, and if either

Vo (K, Q) = V,(L, Q), for all Q € .4

or

Vo(K. Q)  Vp(L, Q)
V(K) V(L)

, for all Q € A,

then K = L.

Corollary 29 ([56] (Orlicz Dual Minkowski Inequality for Dual Mixed Vol-
umes)) IfK,L e ." and ¢ € P, then

" V(L) 1/n
Vo(K., L) = V(K)g <%) .

If @ is strictly convex, equality holds if and only if K and L are dilates.

Proof This follows immediately from (47) and with i = 0.

Orlicz Dual Brunn-Minkowski Inequality
Lemma30 I[fK,Le .",0<i<nandg € ®y, and ¢, p2 € D, then
Wi (K+oL) = Wy, i(K+oL, K) + Wy, i(K+y L., L). (50)

Proof From (41), we have for any Q € .
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W, (0, K) + Wy, i (Q, L)

o (o (i) e (i) )0 o

- @1 +¢2 p(Q, u)" ' dS(u)

n Jgn-1 p(qu) IO(Q’M)

1 p(K,u) p(L,u) i
= — , , )" M dS (). 51
n/sm"’<p(Q,u) p(Q,u)>p(Q WS e

Putting Q = K+, L in (51), (51) changes (50).

Theorem 31 (Orlicz Dual Brunn-Minkowski Inequality for Dual Quermassin-
tegrals) IfK,L e .Y", 0<i <nandg € Dy, then

~ 1/(n—i) ~ 1/(n—i)

Wi (K Wi (L

l>¢ % ; % - (52)
Wi(K+,L) Wi(K+,L)

If @ is strictly convex, equality holds if and only if K and L are dilates.

Proof From Lemma 30 and (47), we have

Wi (KoL) = Wy i(K+oL, K) + Wy i(KTyL, L)

~ 1/(n—i)
~ = Wi(K)
2 WiK+oL) | o1 | | ===

~ 1/(n—i)
Wi (L)
+ol|l| —=—=—
kW (K¥,L)

~ 1/(n—i) ~ 1/(n—i)
~ X Wi (K) Wi (L)
= Wi(K+¢L)<p == N ==

This is just inequality (52).
From the equality condition of (47), if follows that if ¢ is strictly convex equality
in (52) holds if and only if K and L are dilates.

Corollary 32 IfK,L € ", 0<i <nand p <0, then
Wi(K—’FpL)p/("_i) > Wi(K)p/(”_i) + Wi(L)P/(n—i)’

with equality if and only if K and L are dilates.

Proof The result follows immediately from Theorem 31 with g(x1, x2) = x! + x}
and p < 0.
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Corollary 33 IfK,L € .",0<i <nand p > 1, then
Wi (KFp L)~/ = Wi (K)=P/O0 4 Wi (L) =P/,

with equality if and only if K and L are dilates.

Proof The result follows immediately from Theorem 31 with ¢(x1, x2) = xl_p +
x, " and p > 1.

Corollary 34 (Orlicz Dual Brunn-Minkowski Inequality for Volumes) If
K,L e " and ¢ € ®y, then

1/n 1/n
V(K) V(L)
Lz || —=— N\ =
V(K+,L) V(K+,L)
If ¢ is strictly convex, equality holds if and only if K and L are dilates.

Proof This follows immediately from (52) and with i = 0.

Dual Log-Minkowski Inequality

Assume that K, L is the nonempty compact convex subsets of R” containing the
origin in their interiors, then the log Minkowski combination, (1 —X) - K +, A - L,
defined by

(1—=2)-K+or-L= ﬂ (x eR" :x-u < h(K,u) h(L,u)*},
MES"’I

for all real A € [0, 1]. Boroczky et al. [4] conjecture that for origin-symmetric
convex bodies K and L in R” and 0 < A < 1, is it true that

V(=1 -K 4o r-L)>VE) VL) ? (53)

They proved (53) only when n = 2 and K, L are origin-symmetric convex bodies
and note that while it is not true for general convex bodies. Moreover, they also show
that (53), for all n, is equivalent to the following log-Minkowski inequality (guess).
For origin-symmetric convex bodies K and L, is it true that

h(L,u) _ 1 V(L)
/S"—l log (h(K, Lt)) dVa(K,u) 2 n log (%) ? (54)

In this section, we establish a dual log-Minkowski inequality. First, we derive a
lemma.
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Lemma 35 Let ¢ : (0, 1] — [0, 00) is decreasing and convex with ¢(0) = oo. If
K, L € " be such that L C int(K), then

p(L,u)\ ~ V(L)!/n
fsn_] o (p(K’ u)) AV, (K, 1) > ¢ <—V(K)1/"> . (55)

If @ is strictly convex, equality holds if and only if K and L are dilates.

Proof Note thatif L C int(K), we have p(L, u)/Lo(K, u) € (0, 1] forallu € "1,
Obviously, the dual normalized cone measure dV,,(K, u) is a probability measure
on $"~!. By Jensen’s inequality and the classical dual Minkowski inequality, we
obtain

p(L,u)\ =~ Vi(K, L) v(L\'"
Am‘”(p(K,u))dV"(K’”)z‘”( V(K) >2¢(<V(K>> )

If ¢ is strictly convex, from equality condition of the dual Minkowski inequality, it
follows that if ¢ is strictly convex equality in (55) holds if and only if K and L are
dilates.

Theorem 36 (Dual Log-Minkowski Inequality) If K,L € " such that
L C intK, then

o(L,u) V(L)
/Sn110g<,0(K,u))dV (K, u)<—10g<V(K)> (56)

with equality if and only if K and L are dilates.

Proof Let ¢(t) = —logt, obviously ¢ is strictly decreasing and convex on (0, 1]
with (1) — oo ast — 0% and ¢(t) € [0,00). If K, L € ." are such that
L C intK, then p(L,u)/p(K,u) € (0, 1]. Hence (56) is a direct consequence of
Lemma 35.
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Nicholas J. Daras and Argyrios Alexopoulos

Abstract This paper documents a holistic mathematical modeling theory to pro-
vide a rigorous description of cyber-attacks and cyber-security. After determining
valuations and vulnerabilities of parts of a node constituent, we recall the defini-
tions of cyber-effect and cyber-interaction. Based on these concepts, we give the
mathematical definitions of cyber navigation and infected node and we explain
what is meant by dangerous cyber navigation and protection of cyber nodes from
unplanned attacks. Our discussion proceeds to a rigorous description of passive and
active cyber-attacks, as well as the relevant protections.

Keywords Mathematical modeling (models of systems) - Internet topics -
Measure theory - Complex spaces - Valuation of a part of node constituent -
Vulnerability of a part of node constituent - Node supervision - Cyber-effect -
Cyber-interaction - Germ of cyber-attack - Cyber defense - Proactive cyber
protection

Introduction

In many modern scientific studies, quantifying assumptions, data, and variables
can contribute to the accurate description of the phenomena through appropriate
mathematical models. So, in many disciplines, the analysts resort to a mathematical
foundation of the concepts, in order to create a solid base for the theoretical formu-
lation and solving all relevant problems. In this direction, there have been numerous
significant contributions on the mathematical modeling of several branches of
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theoretical engineering disciplines, such as theoretical computer science, network
security, electronics, and artificial intelligence. Especially, in the case of cyber-
security, we may mention several remarkable contributions [1, 6-8] and [10-15].
Indicative of the great interest shown for the mathematization of cyber-security
is the regular organization of international conferences and workshops of major
interest. However, although these presentations are innovative and promising, it
seems that they lack a holistic view of the cyber environment. Moreover, there
is no predictability of cyber-attacks, nor any opportunity to have given a strict
definition of defensive protection so that we can look for an optimal design and
organization of cyber defense. As a consequence thereof, one cannot build a solid
foundation for a complete theory containing assumptions, definitions, theorems, and
conclusions. But, this prevents the researcher to understand deeper behaviors, and
requires limiting ourselves solely to practical techniques [9, 16].

The aim of the present chapter is to document a holistic mathematical theory
to provide a rigorous description of cyber-attacks and cyber-security. To this end,
section “Mathematical Definition of Cyberspace” recalls in brief the mathematical
definition of cyberspace given in [4]. Next, in section “Mathematical Description
of Cyber-Attacks”, we first remind the concepts of valuations and vulnerabilities
of the parts of a node constituent, and then, based on these two concepts, we
give the definitions of node supervision, cyber-effect, and cyber-interaction. With
this background, in section “Description of Cyber Navigations and Protection from
Unplanned Attacks”, we provide a mathematical definition of cyber navigation and,
after giving the rigorous meaning of infected nodes, we determine what is meant by
dangerous cyber navigation and protection of cyber nodes from unplanned attacks.
Finally, in section “Description of Various Types of Cyber-Attacks and Protection”,
we describe a rigorous outline of passive and active cyber-attacks as well as an
identification of the relevant proactive defense from such attacks. For a first study of
proactive defense, one can consult [3]. Concrete examples to special types of germs
of cyber-attacks are given in [2] and [5].

Mathematical Definition of Cyberspace

A multilayered weighted (finite or infinite) graph 2~ with N interconnected layers
is said to be an N-cyber-archetype germ. An e-manifestation gives a geographical
qualifier at each node of 2. It is an embedding of 2~ into a Cartesian product of
N complex projective spaces CP™ = P (an+1), such that all nodes of 2 in the
k-layer, called e-node manifestations, are illustrated at weighted points of the set
CP™ and all directed edges (flows) of 2" in the k-layer, called e-edge manifesta-
tions, are given by simple weighted edges, i.e. by weighted homeomorphic images
of the closed interval [0, 1] on CP™, so that, for any k=1,2, ..., N,

— the end points of each e-edge manifestation on CP™ must be images of end
points of a corresponding original directed edge of 2" in the k-layer
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— there should not be any e-edge manifestation on CP"k derived from directed e-
edge of 2" in the k-layer into which belong points of e-edge manifestations that
are defined by other nodes of 2" in the same layer.

The set ., =.7, (CP™ x ... x CP™) of e-manifestations of N-cyber archetype
germs is the e-superclass in CP™ x ... x CP™. An e-graph category
Ep=Ey (CP™Mx ... xCP™) is a category consisting of the class ob (&%), whose
elements, called e-objects, are the pairs 2= (V, E) € .7, endowed with a class
hom (&%) of e-morphisms on ob (%) and an associative binary operation o with
identity.

Generalizing, one may consider additionally the following other four basic e-
categories: The e-set category ese;=eset (CP™ x - - - x CP"™) where the objects are
subsets of &%, the e-homomorphism category eyom=egom (CP™ x - .. x CP™)
where the objects are sets of homomorphisms between subsets of ese, the e-group
category egrp=ecpr (CP™ x - - - x CP™) where the objects are the groups of &,
and the e-topological category er,p=etop (CP™ x - - - xCP"™N) where the objects
are topological subcategories of &% . For reasons of homogenization of symbolism,
we will adopt the following common notation #e= {&, €set, €Hom » €Grp: €Top -
The objects of each e-category We=W, (CP™M x ... xCP™) € %, will be called
e-manifestations. An easy algebraic structure in the (infinite) set of all these e-
manifestations (V, E) and simultaneously, a compatible topological structure to
allow for a detailed analytic study of ., is given in [4]. Further, in [4], we
investigate the possibility of allocating suitable vector weights to all the objects
and morphisms of any e-category We € #e={&4%, €5, €Grp, €Top}. Towards
this end, we consider two types of vector weights that can be attached to any
object and/or morphism of such an e-category: the maximum weight and the square
weight. Any such weight will be a point in the positive quadrant of the plane.
Taking this into account, any e-category We € #e={&%, €sct. €Hom » €Gpr, €Top }
can be viewed as an infinite e-graph (V, E) with vector weights, in such a way
that the e-nodes in V are the e-objects X € ob (W), while the e-edges in E
are the e-morphisms h € hom (W,). For such an e-graph ®w, corresponding to
an e-category We € %, the vector weight of the e-node associated to the e-
manifestation 2= (V,E) € V = ob (W,) is equal to a weight of 2. Bearing
all this in mind, in [4], we introduced a suitable intrinsic metric dy, in the set
ob (W,) of objects of an e-category W,. The most significant benefits coming
from such a consideration can be derived from the definitions of cyber-evolution
and cyber-domain. To do this, we first defined the concept of e-dynamics, as
a mapping of the form cy : [0,1] — (ob(We),dw,); its image is an e-
arrangement. Each point cy (t) € cy([0, 1]) is an (instantaneous) local e-node
manifestation with an interrelated e-edge manifestation. An e-arrangement together
with all of its (instantaneous) e-morphisms is an e-regularization. The elements of
the completion ob (W) of ob (W) in CPM x - .. xCP™ are the cyber-elements,

while the topological space <0b (We), dWe) is a cyber-domain. With this notation,

a continuous e-dynamics cy : [0, 1] — (ob (We), dWe> is said to be a cyber-
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evolutionary path or simply cyber-evolution in the cyber-domain (Ob (We), dwe).

Its image is said to be a cyber-arrangement. A cyber-arrangement together with all
of its (instantaneous) cyber-morphisms is called a cyberspace.

In view of the above concepts, in [4], we investigated conditions under which
an e-regularization may be susceptible of a projective e-limit. It is important to
know if an e-sub-regularization is projective e-system. Subsequently, we defined and
discussed the concept of the length in a cyber-domain. For the intrinsic cyber-metric
dw,, the distance between two cyber-elements is the length of the “shortest cyber-
track” between these cyber-elements. The term shortest cyber-track is defined and
is crucial for understanding the concept of cyber-geodesic. Although every shortest
cyber track on a cyber-length space is a cyber-geodesic, the reverse argument is
not valid. In fact, some cyber-geodesics may fail to be shortest cyber-tracks on

large scales. However, since each cyber-domain (ob (We), dwe> is a compact,

complete metric space, and since for any pair of cyber-elements in ob (W) there
is a cyber-evolutionary path of finite length joining them, one can easily ascertain
the following converse result: any pair of two cyber-elements in each cyber-domain

<ob (We), dWe> has a shortest cyber track joining them. Finally, in [4], we gave a

discussion about the speed (: cyber-speed) of a cyber-evolution and the convergence
of a sequence of cyber-evolutions.

Mathematical Description of Cyber-Attacks

At any moment t, a node V in the cyber-domain (ob (We), dwe) is composed of
cyber constituents consisting in devices D}V) (:sensors, regulators of information

flow, etc.) and resources R]((V) (:services, data, messages, etc.), the number of which
depend potentially from the three geographical coordinates X1, X3, X3 and the time

t. The order of any used quote of devices ng), Dgw, ... and resources R(IV),
R;V), ... is assumed to be given, pre-assigned, and well defined. We will assume

uninterruptedly that:

1. the potential number of all possible devices and resources of V is equal to .Zy >
0 and .Zy > 0, respectively, and

2. the number of V’s available devices and resources is only my=mvy(t) and
Ly=Ly (1), respectively, with my <.Zvy and {y<.%y.
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Valuations and Vulnerabilities of Parts of a Node Constituent

Let U, V be two nodes in the cyber-domain (ob (We), dwe) and let # V) be an

available constituent in V:

| D, if the constituent is a device,
" | R, if the constituent is a resource element.

Obviously, .7 V) may also be viewed as a nonempty collection of a number of
elements. It is easy to see that one can make as much finite o -algebras as partitions
on.# ™),

Definition 1 For every partition & of .# V), let us consider a corresponding o -
algebra {4 of subsets of .# V) as well as a monotonic measure g defined on ${ 5.
Let also Cry, Cry, ..., Croy be =N (£ V), &) objective quantifiable criteria for
the assessment of the points of . (V). Denoting by Crj (p) € R the value of Crj on
pP< H# V) ata point (X1, X2, X3, t) € R3x [0, 1], suppose

1. the functions Cr; (p) are measurable with respect to s and
2. a valuation weight u;j (p) is attributed by (the user(s) of) U to the Criterion Crj
onp € H V) at (x1,X2,Xx3,t) € R4,

If E € i is a part of # Mand n < N, then a relative valuation of E from the
viewpoint (of user(s)) of node U with respect to the n criteria Cry, Crz, ..., Cry at
the spatiotemporal point (X1, X2, X3, t) € R* is any vector

T

where each definite integral

all=Y) (k) .= /E Cr; () u; (0) di ()

is the component valuation of E from the viewpoint (of user(s)) of the node U
into the constituent 7 V) at (X1, X2, X3, t). The number n is the dimension of the
valuation.

There is a special category of valuations of particular interest, determined in
regard to the low degree of “security” of the constituents of the node. The low degree
of security is described completely by the concept of vulnerability.

Definition 2 For every partition &2 of .# V), let us consider a corresponding
o-algebra 45 of subsets of .# (V) as well as a monotonic measure A defined on
. Let also SCry, SCra, .. ., SCron be M= (£ V), 2) objective quantifiable
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criteria for the security assessment of the points of .# (V). Denoting by SCrj(p) € R
the value of SeCrj on p € 7 ) at a spatiotemporal point (X1, Xz,X3,t) €
R3x [0, 1], suppose

1. the functions SCr; (p) are measurable with respect to A and
2. a vulnerability weight u; (p) is attributed by (the (user(s) of) node U to the
security criterion SCrjonp € JZ V) at (x1,X2,X3,t) € R4,

If E € 4l is a part of .#Vand m < 901, then a relative vulnerability of E from
the viewpoint (of the user(s)) of node U with respect to the m security criteria
SCrq, SCrp, ..., SCry, at (x1,X32,X3,t) € R4 is any vector

T
B ®) =(b" ®). b @) bV ®) e re

where each definite integral
U~V
bV (B) = / SCrj (p) 4 (p) d (p)
E

is the component vulnerability of E from the viewpoint (of the (user(s)) of
the node U into the constituent .7 V) at (x1, X3, X3, t). The number m is the
dimension of the vulnerability.

In what follows, a part E of a possible device D,(CV) or/and resource R(V) of V
that is evaluated from the viewpoint (of the user(s)) of node U may be denoted

by fr (D,(CV)> or/and fr (R(V)), respectively (k=1,2, ..., .4y, §=1,2, ..., %y).

£
However, to denote both AU~Y) (fr (D,(CV) )) and AU~V) (fr (Rév)» we will
prefer to use the common notation AgUWV):

T
> U~V U~V
AgU V):<a;’s ), ey aS‘l,S ))

Ay (fr (DY), ifs=1,2, ..., .4y
Au (fr (RY ) i s=ttv 1ty 42, .y + 2.

Similarly, to denote both BU~V) (fr (D,(fv))), k=1,2,..., .My and BU~V)
(fr (Rév))), £=1,2, ..., %, we will prefer to adopt the notation

T
~ U~V U~V
BV V)=<bi,s L )>
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By (fr D§V>)) ifs=1,2, ..., .4y
Bu (i (RY 0 )) ifs= v +1 Ay +2, .ty 2.

Cyber-Effects and Cyber-Interactions

We are now in position to proceed towards a description of homomorphisms
between cyber nodes. Let U, V be two nodes in the cyber-domain (ob (We), dwe).

Without loss of generality, we may suppose the numbers .#v+.%y and .#y+-%u
are both enough large, so that k := Ay +.Lyv=.4y+-2y. We consider the following
sets.

1.
e (fraction) 7y {(fr (D§V>) L (D()/?V) fr (Rﬁ“) L (R%)) :
fr (DI((V)> , fr (Rév)> € Up, k < My, € < fv}

the set of ordered columns of possible parts of constituents of V;

e raction) vy {( A;UwV)’ . AI({U«/»V)) .

AU~V e RP o212, .,k} = RV

the set of ordered columns of relative valuations of parts of possible constituents
of V, from the viewpoint of U, over the space time R3x [0,1];

%UQ(fraction) (V)= {(BiUWV), o B]((UwV)) .

BU™Y) e R" s=1,2, ..., k] = R

the set of all ordered columns of relative vulnerabilities of parts of possible
constituents in V, from the viewpoint of U, over R3x [0, 1].

Definition 3 The triplet

P=Pp (V) — (Q:(fraction) (V) i VQ{UQ:(fraction) (V) i (@Uq:(fraction) (V))
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is called the cyber-range of V from the viewpoint of (the users of) U. Its
elements p are the (threefold) cyber situations. Especially, if U=V, the cyber-
field =2 (V) is the cyber-purview of V and is denoted 22¢¢10=2GelD (y) Ttg
elements are represented by p.

Given an ordered set

V) — (g (D™ W) ) W)
FRY = (fr (D). fr (D) ) £ (R]Y) ... fr (RDY)))

of ordered columns of parts of constituents of V, a cyber situation p on V can be
viewed as an ordered pair of matrices

p= (A(UWV), B(UWV)) — ((ai,j) , (bl,J)) c RnXkXRmxk

where
2=V gV
AU~V — (AEUWV), e A,({UWV)> = (ai,j) = : : : and
A A

(U~~V) (U~~V)
bl,l e bl,k

U~V (U~V) (U~~V)
B )= (Bl soen By )=(bi7j)= : : :
(U~~V) (U~~V)
bm,l T bm,k

In particular, any purview p on V can simply be viewed as an ordered pair

p= (X(wa, @(VwV)) — (). (Bij)) € RV xR™<k

with
(V~~V) (V~~V)
a1 Ay
A(V~V o~
Al )= (ai,j) = : : :
(V~~V) (V~~V)
A A
and

(V~sV) (V~sV)
bl,l T bl k
BYV = (by ) =

(VesV) 1 (VasV)
bm,l T bm,k

To simplify our approach, in what follows we will assume that the location
(X1,X2,X3) € R3 of V remains constantly fixed.
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Definition 4 The supervision vector of V in the node system (V, U) at a given
time moment t € [0, 1] is defined to be the pair

@ w) () = (Auov+ihyy, Byoy+HBy_v) (t) € CV¥xCm

withi:=+/—1 € C. Especially, the complex matrices z and w are called supervisory
perceptions of V in the node system (V, U) at moment t. The mapping defined by

we [0, 1] = CVKRxC™ k> py (1) = (2, w) (b)

is the supervisory perception curve of V in the node system (V, U) during the
whole of time interval [0, 1]. The supervisory perception domain of V in the
node system (V, U) is the range yy ([0, 1]) of I'y, denoted by yy;.

Theoretically, each point in the space C**K x C™*¥ can be viewed as a supervi-
sion vector of V in the system of nodes V and U. Since in many cases, it suffices (or
is preferable) to use only specific supervisions from the viewpoint of U or V:

(Ausv. Busv) () or (Avoy, By_v) (t)

or (Ausv, i@V—w) (t) or (iXV—W, By-v) (t)

it is natural and imperative to consider two main vector fields X1 and X2 defined on
y‘*,‘, as follows.

— The vector field X1 which assigns to each point
(z, w) () = (AU—>V+i&V—>V7 BU—>V+i@V—>V) (®
of yy the vector
(Rez, Rew) (t) = (Ay_ yv+i0, By_ y+i0) (t) € R™Kx R™*K,
i.e., the vector of the relative valuations and vulnerabilities of FRY) at t,
considered from the viewpoint of U; in particular, we may also define the vector
fields Y1 and Z1 assigning to each point

(z, w) (1) = (Ausv-HAVL v, Byov+HBy_v) (t)

of yy the relative valuations and relative vulnerabilities of FRY) at t, considered
from the viewpoint of U:

Rez (t) = Ay_v (t) € R and Rew (t) = By_y (t) € R™*k,
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— The vector field X2 which assigns to each point
(z, w) (1) = (Ausv-HAVL v, Byov+HBy_v) (t)
of yy the vector
(Imz, Imw) (t) = (0-+HAv_v, 0+HBy_v) (t) € RV xR™*K,

i.e., the vector of the valuations and vulnerabilities of FRY at t, considered from
the viewpoint of V itself; subsequently, we may define the vector fields Y2 and
72 assigning to each point (z, w) (t) = (AU_N—HAV_)V, BUevﬁ-ti_)V) (t)
of y\’; the vectors of valuations and vulnerabilities of FR™Y) at t, considered from
the viewpoint of V itself:

Imz (t) = Ay_vy (t) € RV and Imw (t) = By_v (t) € R™*¥,

Of course, we may consider combinatorial vector fields, for instance the vector
field X3 which assigns to each point

(2, w) () = (Aumv+HAv_y, Bumv+HBy_v) (t)
of yy the vector
(Rez, Imw) (t) = (Ay—v+i0, 0+iBy_v) (t) € RMFxR™*K,

i.e., the vector containing relative valuations of FRY) at t considered from the
viewpoint of U and vulnerabilities of FRY) at t considered from the viewpoint
of V itself, or the vector field X4 which assigns to each point

(z. w) (1) = (Auv+HAv_y, Bysv+HBy_v) (t)
of yy the vector
(Imz, Rew) (t) = (0+iAy_v, By_v-+i0) (t).

i.e., the vector containing valuations of FR™Y at t considered from the viewpoint of
V itself and relative vulnerabilities of FRY) at t considered from the viewpoint of
U itself.

With these definitions and notations, we can go further. The concept of supervi-
sory perception curve is a concept that provides a clear overall relative evaluation of
anode along time and particularly contains the changes of the quantitative overview
on the node. In this sense, the supervisory perception curve could be considered as
a concept that provides for the appearance of an action which could lead to changes.
However, such a concept can not describe any changes that may occur in a node.
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For this purpose, it should be noted that the concept of such an action is clearly
local. Having regard to the above, it is therefore necessary to seek for a momentary
consideration of the above defined supervisory concepts and, particularly, to proceed
to a local study of the relevant curves. To this end, we fix a time moment ty €
10, 1[. A supervision element (yy, .4") at ty consists of a supervisory perception
curve of V (in the system of nodes V and U) defined on an open neighborhood
N '=1ty—e, to+e[ of ty. Two supervision elements (yy, .4 and (8y, .#) at ty
are equivalent (at tg) if there is an open neighborhood ¥ C A (| A4 of ty, such
that yy| ¢ = 8v| . The set of equivalence classes of supervision elements at tg is
called the set of germs of supervisory perceptions of V (in the system of nodes V
and U) at a given time moment ty and is denoted by Gg]):

GY={w () = (z. w) (1) = (Auv+HAyo v, Busv+By_v) ()

t e lty—e, ty+e[,e > 0}.

The equivalence class of (yy, .4") at ty is denoted by y‘t,o, and (I'y, /) is called a

representative of the germ F‘t,". A supervision element (yy, .4") defines germs F‘t,o

V) _
S

of supervisory perceptions for each ty € .4". Since GS] ) (N Gs, =9 for tg # sp, we

have F\t," # Iy for ty # so.

Definition 5 A cyber-effect of U on V in the cyber-domain (ob (We), dwe) isa

collection of mappings from the set GiU) of germs of supervisory perceptions of U

attime t € ]o, [ CC ]0, 1] into the set Gg)m of germs of supervisory perceptions
of V into a cyber field &2 of V at another time t':=t+ At € ]o, t[:

(gt :GEU) — G:X)At 16y (t) — yy (f))t T[(t/::t+At).

€lo,

Notice that the case At=0 is not excluded.

Although the concept of cyber-effect at a time moment t seems to be rather
sufficient, we care to describe the interaction that has one cyber-node on each
other, as well as the mutual effects resulting at a later time. In this case, the putative
mutuality is influenced directly by the users’ subjectivity of the cyber nodes. So,
frequently, instead of the concept of a momentary cyber-effect, we are forced to
consider mappings describing mutual influences.

Definition 6 A cyber-activity of U on V over the time interval Jo, [ CC ]0, 1] is
a collection of correspondences from the product GEU) XGEV) into the set

) (A
Girar XGepag -
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. ) U) v .
(gt G XG> Gy XGpa
Bu®, yv ) — (3U (tl> YV (())) (t :=t+At € Jo, 7).
telo, [

Notice that the case At=0 is not excluded. A cyber-interplay of the ordered cyber
pair (V, U) over the time interval o, T[ CC [0, oo is an open shift curve

G o, [ — GEU)XGiv)ng)At XGiX)At:t = 9 (t) =

(bu®), yw (), Sut+At), yy (t+AD) (t+At € Jo, T]).

If the cyber-interplay ¢ is composition of several separate interplays, we say that
¥ is sequential; otherwise is called elementary.

In that regard to the concept of cyber-activity, we have the concept of cyber-
interaction.

Definition 7 A cyber-interaction between U and V at a given time moment ty €
lo, T[ is a tetrad

4
Z=Zqv) (ty) = ((z1, w1), (22, w2), (23, w3), (24, w4)) € (C”XkX(Cka)
for which there is an associated cyber-activity of U on V:

_ @& .~ V) ) (A2
(gt—gt Gy XG> Gy XGyypg

Sy (1), 7y () — (au (t) W (t))) [ (t =t+At € |o, 7[),

telo,t

such that
(z1, wy) =8y (ty) = (AV—>U‘HKU—>U7 IEBV—>U+iﬁU—>U) e CMkx ek,

(22, w2) =pv (tg) = (Ayov-HAv_v, By v+By_y) € CVkxC™*k,
(z3, w3) =8y (t;)) = (A/V—>U+i&/U—>U’ B/V—>U+i@/U—>U) € CkxCmx,

(24 wa) =y (tg) = (Ay_y+Hhy v, By_y+By y ) € CrkxCmk,

Obviously, keeping a fixed supervisory perception yy (tg) in the archetype germ

GEV) and a fixed supervisory perception yy (t+At) in the component image germ

c®

t+ A the corresponding cyber-interaction becomes a cyber-effect. And, as we shall
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see below, proper management of cyber-effects is enough to study cyber navigations.
However, in most cases, as in the case of cyber-attacks, it is necessary to consider
cyber-interactions. So, because cyber-effects are a partial case of cyber-interactions,
we will give a slight priority in the most general context of cyber-interactions.

It is easily verified that the general form of a cyber-interaction is as follows.

7= ((z1, w1), (22, w2), (23, w3), (24, wa))

=((z1, w1), (z2, w2), (23, w3), (z4, wa)) (to)

= | Avou+iAy.y, Bvou+iBusu, Ausv+iAyy, Bysv+iByoy,

Sy (to) yv(to)

/ -~ ’ A~/ 4 ! ! o~/
Ay_yHAy,y, By y+tiBy_y. Ay,ytHiAy_y, By y+iBy_y

i) ()

Suppose now

Z=7Zu.v) (to) = ((z1, w1), (22, w2), (23, w3), (24, W4))

c (Cnxk X(mek X(CnXk X(Cka

is a cyber interaction between U, V at a fixed time moment ty € Jo, [ CC ]0, 1[,
with corresponding cyber-interplay

U v U v
glo, [ —> GE )xGi )foJr)At XG§+)AtZt|—> g

=0u®, yw ), sut+At), yy (t+AD) (t+At € Jo, T[)

and cyber-activity
.U ¥) U) vy .
(gt Gy XG> Gl XGyypg

By (1), 7y (1) — (3U (t) . (t/)>)te]a,r[ (t :=t+At € ]o, 7[).

Definition 8 A forced cyber-reflection of Z at a time moment ty € Jo, t[ is
another cyber-interaction

£y 0= (e ) (o 02)- (5 08)- (5 3)
’ ! ’ ! ’ ! ! ’ ’ k k 4
(o) (o)) (i) (4) (e em)
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between U and V at a next time moment t;,:to—i-Ato € Jo, t[, with corresponding
forced cyber-interplay

’ U v U v ’
g:lo,t[— Gi )xGi )xGEJr)At x(GriJr)At:t g (t)

- (au (t) v (t) . Sy (t) Yy (t)) t =t +At € o, 7[)

and associated forced cyber-activity:

eIy V) ) V)
(gt/ GiraxCGrya — Gt’+At’ XGt’JrAt’

(56 () (o) (), €= 0

that satisfies the following property: there is an open neighborhood |ty—e, ty+¢e[ C
lo, T[ of to, into which presence of cyber-reflection of Z forces application of Z,
in the sense that activity g is obliged to push forward its composition with activity
g;, in such a way that occurrence of g guarantees appearance of the composition

g;/ o g¢. In such a case, the cyber-activity g together with its forced cyber-activity

g;, is a reflexive cyber-activity between U and V during the period Jtg—e, to+&[.
Their composition
g og:tr—)gt/ogt

is a self-inflicted cyber-activity between U and V during the period Jty—e, to+¢[.
In particular, the interaction Z/=Z/(U’V) (t;,) is called forced cyber-reflection of
Z=7Zq,v) (t) at tg. A mapping

@Z((CnXk X(mek)z N (Cnxk X(mek)z
which maps the cyber-interaction Z=Zy,v) (to) to its forced cyber-reflection

Z’:Z/(U’V) (tb) is called reflexive cyber-interaction mapping at t.

It is frequent that, under a self-inflicted cyber-activity

/ U ~(V U v
(gt’ ogt G XG> GE’—:At' XGE’J:A{ '

Gu ), v () —> (aU (t’+At’) W (t’+At’))) (t:=t+ At € o, 7[),

telo, 7|

between U and V during the period Jtg—e, to+€[ C ]Jo, [, some valuations and
vulnerabilities of the initial node U change at the moment ty. For emphasis, this
“new” node is called variant node of U and is denoted by U, or sometimes,
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without any risk of confusion, again by U. In such a case, the forced cyber-reflection
VA Z(U V) ( ) is a cyber parallax of the cyber-interaction Z=Z v, (to) at ty and

the forced cyber-activity gt, is a parallactic cyber-activity which gives rise to a
parallactic cyber-interaction at t,.

Definition 9 Let E € 4[5 be a part of .7 (U where:

__| D, if the constituent is a device,
R, if the constituent is a resource element

. A node shield containing E in the node U at t is an intermediate fixed node

U= Ut which, at this time, is interposed in each cyber parallax VA that aims at E
in the node U, so that the self-inflicted parallactic cyber-activity g o g between

U and V at moment time t ends up in the intermediate node U, and never can
reach part E of the initial target U.
ii. A node filter in part E of the constituent .# (V) in U at t is an intermediate

fixed node U( ) which, at this time moment, is interposed in each parallactic
.. / . —(E
cyber-activity g that aims at part E of node U, so that the filter U( ) allows the

self-inflicted parallactic cyber-activity g/ o g at t to reach only constituent parts
of the initial target U that differ from E.

Description of Cyber Navigations and Protection from
Unplanned Attacks

Cyber Navigations

Cyber navigation refers to the process of navigating a network of information
resources in cyberspace, which is organized as hypertext or hypermedia. The
mathematical modeling of cyber-navigation and its risks, as well as protection
against such risks will be the main theme of this session. To this direction, let us
begin with the following definition.

Definition 10 Suppose t=ty<t;<--- < t=t isa partition of the interval [t, t/] C
10, 1[.
i. The corresponding cyber walk with start node V (x, x, x3,t,) in the source

ob (cy (tp)) and final node V(x, x, x;.4,) in the ending ob (cy (tx)) is an ordered
node quote
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VoVi... V= V(Xl,Xz,Xs,to) V(X17X2,X3,t1) s V(Xl,Xz,Xa,tk) ’

€ob(cy(ty)) €ob(Fy[cy(to)]) €ob([Fko...oF][cy(to)])

defined by given mappings

Fi: {cy:I = ([ob (We)l, dw,)} — {cy:I — ([ob (W), dw,)}.i=1,2,... .k

T T

with the following three properties

L. cy(ty) =[Fyo...oF][cy(ty)],v=1,2,... Kk

2. Vo, V1 € ob(Fi[cy(to)]), V1, V2 € ob([F2 0 Fi][cy (to)])...., Vk-1, Vk
€ ob ([Fxo...oFq][cy(to))])

3. h1=[Vy, V1] € hom (Fq [cy (tp)]),. .., hx= [kal, Vk]
€ hom ([Fx o...oFq1][cy (tp)]) .

Vo

ii. A cyber navigation of the cyber node W=Wx, x, x;.t) € ﬂl;:1 ob (cy (ty))
(over a cyber walk from the node Vg up to the node V) is a finite sequence of
reflexive cyber-effects

N= (g0, 81 - - - » 8k—1, 8k)

such that the ordered node quote VoVj...Vk is a cyber walk and the diagrams below
commute

in the sense that gy=hy o g¢, g2=h2 0 g1, ..., gk=hx o gk—1 It is clear that
gk:hk [¢] hk—l 0...0 h2 ] h1 [¢] g(]:h o g0 where hZth 0...0 h1.
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Inadequacy of Cyber Nodes
Suppose t=ty<t;<--- < tkzt, is a partition of the interval [t, t,] C 10, 1. Let

VoVi...Vik= Vi xxto) Vaxex ) - Vixixexs)(ta)

€ob(cy(ty))  €ob(Fq[cy(to)]) €ob([Fo...oF][cy(to)])

be corresponding walk with starting node Vo=V (x, x, x;)t,) in the source
ob (cy (tp)) and defined by the mappings

Fi: {cy:I — (Tob (We)1,dw,)} — {cy:I — ([ob(We)1,dw,)}.i=1,2,... k.

T T

Let also a cyber navigation

N= (g0, 81, - - - » 8k—1, &k)

of a cyber node W=W(, x, x;.t) € ﬂ§=1 ob (cy (ty)) over a cyber walk from the
node Vj up to the node V.

Definition 11 To each part E=fr (/#W)) in the o —algebra £z of subsets of
available (or not) constituents in the node W:

__ | dev, if the constituent is a device,
res, if the constituent is a resource element

the user(s) of a cyber-node Z (possibly identical to W) associate an efficiency
threshold vector

BE)=B;1 (E),...,B, (E)) €]0, +oo[".
i. The cyber node W is said to be partially inadequate in its part E=fr (%/ (W))

over the cyber walk V(oVj...Vk from the viewpoint of the user(s) of Z, if there
is a variant node W =Wy, and a valuation

bi:,)’FR(%(W)):S%,) (fr (%(W))) :S%) [x1, X2, X3, tk] (fr (%(W)»

= (sg/)’l (fr (%(W))> ’Sg’),z <fr (%(W))> ,
sl (fr (%W))))

of # ) in W from the viewpoint of the user(s) of Z, with some coordinates
less than the corresponding coordinates of the efficiency threshold vector:
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Sgl)’ij (fl‘ (L%/(W))) <Bij E),1<j=<n

The number

P:=mMaXi<j<n

By )i, (1 ()|

is called the degree of partial inadequacy of part E=fr (.#W)) in the cyber
node W over the cyber walk V0V1 .V from the viewpoint of the user(s) of Z.

In the particular case where s , (fr (£ W))) <B; (E) wheneveri=1,2,...,n

we say that W is completely madequate in its part E=fr (%f (W)) over the cyber
walk V¢ Vj...Vi from the viewpoint of the user(s) of Z.

The cyber node W is said to be totally inadequate in its part E=fr (ﬂ/ (W)) over
the cyber walk VoVj...Vy from the viewpoint of the user(s) of Z, if there is a
variant node W/:th and a valuation

b(Z) —Si%,) (fl‘ (%(W))) S(Z) [x1, X2, X3, tk] ( <%(W)>>

W FR(% W)
= (s (1 (™)) 5, (10 ()

. s;%,)’n (fr (%(W))»

of ™ in W' from the viewpoint of the user(s) of Z, with (Euclidean or
not) norm less than the (corresponding Euclidean or not) norm of the efficiency
threshold vector:

2 ()| <o

The number

P = B E)| |2 (tr (#™))]

is the degree of total inadequacy of part E=fr (%/ (W)) in the cyber node W
over the cyber walk V¢Vj...Vy from the viewpoint of the user(s) of Z. In the
contrary case, where W is not partially inadequate and not totally inadequate
in its part E=fr (- W)) over the cyber walk VoVy. ..V from the viewpoint of
the user(s) of Z, the node W is said to be adequate in its part E=fr (Ji/ (W))
over the cyber walk VoVj...Vi from the viewpoint of the user(s) of Z.
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Infected Cyber Nodes

Suppose t=ty<t;<--- < tkzt, is a partition of the interval [t, t,] C 10, 1. Let

VoVi...Vik= Vi xxto) Vaxex ) - Vixixexs)(ta)

€ob(cy(ty))  €ob(Fq[cy(to)]) €ob([Fo...oF][cy(to)])

be corresponding walk with starting node Vo=V (x, x, x;)t,) in the source
ob (cy (tp)) and defined by the mappings

Fi: {cy:I — (Tob (We)1,dw,)} = {cy:I — ([ob(Wo)1.dw,)}. i=1,2,... k.

T T

Let also a cyber navigation

MN= (g0, 81, - - - » Ek—1, &k)

of a cyber node W=W(, x, x;.t) € ﬂ§=1 ob (cy (ty)) over a cyber walk from the
node Vj up to the node V.

To each part E=fr (# W) in the o —algebra [ of subsets of available (or not)
constituents of the node W:

| dev, if the constituent is a device,
res, if the constituent is a resource element

the user(s) of a cyber-node Z (possibly identical to W) associate a health tolerance
vector

F'E)=U1(E),..., ImE) €]0, +oo[™.

Definition 12

i. The cyber node W is said to be partially infected in its part E=fr (.#'W)) over
the cyber walk V(Vj...Vk from the viewpoint of the user(s) of Z, if there is a
variant node W =Wy, and a vulnerability

W se(rrom =Usy (fr (™)) =UL x1. %2, %3, ] (FR (W)

_ (u%,),l (fr (%W))) ), (fr (J%W))) ,
el (fr (;{(W))))
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of ™ in W’ from the viewpoint of the user(s) of Z, with some coordinates
greater than the corresponding coordinates of the health tolerance vector:

o, (1 () =y 1 5 =
J

W j;

The number

6:=min] S.]Sm

04, ()

is the degree of partial infection of part E=fr (Ji/ (W)) in the cyber node W
over the cyber walk V0V1 .Vk from the viewpoint of the user(s) of Z. In the
particular case where u (fr (,%/(W))) >TI; (E) whenever i=1,2,...,m, we
say that W is completely mfected in its part E=fr (¢ W) over the cyber walk
VoV1.. .V from the viewpoint of the user(s) of Z.

The cyber node W is said to be totally infected (or totally compromised) in its
part E=fr (W) over the cyber walk VoVj...Vy from the viewpoint of the

user(s) of Z, if there is a variant node W,=Wtk and a valuation
@ =U) (e (™)) <UL [x1, %2, %, 6 (1 (W)

W fr( W)
= (o (1 (™)) w2 (e ().

ol (fr (%W))))

of ™ in W' from the viewpoint of the user(s) of Z, with (Euclidean or
not) norm greater than the (corresponding Euclidean or not) norm of the health
tolerance vector:

@
W tr(r W)

> E).

The number

®

§().—
W tr(o2' W)

— 1" E)

is the degree of the total infection of part E=fr (Ji/ (W)) in the cyber node W
over the cyber walk V(Vj...Vy from the viewpoint of the user(s) of Z. In the
contrary case, where W is not partially infected and not totally infected in its
part E=fr (W) over the cyber walk V¢Vy...Vy from the viewpoint of the
user(s) of Z, the node W is said to be healthy in its part E=fr (%f (W)) over the
cyber walk V¢Vj...Vk from the viewpoint of the user(s) of Z.
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Dangerous Navigations

Let again E=fr (Ji/ (W)) be a set in the o-algebra L4 of subsets of available (or
not) constituents of the cyber node W:

dev, if the constituent is a device,
res, if the constituent is a resource element

Suppose the user(s) of a cyber-node Z (possibly identical to W) associate an
efficiency threshold vector

B(E)= By (E), ..., Bn (E)) €10, +00[",
as well as a health tolerance vector

TF'(E)=T1(E), ..., I'n (E)) €10, +oo[™.
Definition 13 The navigation

N= (g0, &1, - - - » &k—1, &k)

of an adequate and healthy cyber node W=W x, x, x;,t) € ﬂl‘;:l ob (cy (ty)) (over
a cyber node homomorphism from a node V¢ up to an infected node V) is said
to be a dangerous navigation or an unplanned attack with degree of danger
d:=max {p, p(oo)} +max {8, 6<°°)} in its part E over the cyber walk VoVy... Vi

from the viewpoint of the user(s) of Z, if the node W becomes

1. inadequate in its part E=fr (%/ (W)) over the cyber walk V¢Vj...Vyg from the
viewpoint of the user(s) of Z, with degree of partial inadequacy equal to p and
degree of total inadequacy equal to o and

2. infected in its part E=fr (Jﬁ/ (W)) over the cyber walk VoVj... Vg from the
viewpoint of the user(s) of Z, with degree of partial infection equal to § and
degree of total infection equal to 8.

Protection of Cyber Nodes from Unplanned Attacks

Let again E=fr (Jif (W)) in the o-algebra ilg of subsets of an available or not
constituent .# W) in node W:

__ | dev, if the constituent is a device,
res, if the constituent is a resource element
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Suppose the user(s) of a cyber-node Z (possibly identical to W) associate an
efficiency threshold vector

B(E)=B{(E),....B,(E)) €10, 4+o00[",
as well as a health tolerance vector
O E)=(O1([E),..., O [E) €10, +oo[™.

Definition 14

i. At a given time, the constituent part E of node W is said to be protected from
unplanned attacks, with degree of protection p € ]0, 1], if, at this time, there

is a nodal fixed filter system W(E) in part E that allows every self-inflicted
parallactic cyber-effect 8 ° 8j in any cyber-navigation of degree of danger

d= —logp

to reach only constituent parts of the initial target U that are different from part
E of #' U,

ii. Ata given time, the node U is said to be completely protected from unplanned
attacks of danger degree d, if, at this time, any part of every constituent of U is
protected from unplanned attacks with degree of protection

p=e

The node U is said to be completely protected from unplanned attacks at a
given time, if, at this time, any constituent part of U is protected from unplanned
attacks with degree of protection p=1.

Description of Various Types of Cyber-Attacks and Protection

Passive Cyber-Attacks

A passive attack is a network attack in which a system is monitored and sometimes
scanned for open ports and vulnerabilities. The purpose is solely to gain information
about the target and no data is changed on the target. So, a passive attack contrasts
with an active attack, in which an intruder attempts to alter data on the target system
or data en route for the target system.
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Let U, V € ob (cy (t)), whenever t is in an arbitrary subset I of Ja, B[ CC [0, 1].
Let also yy and yy be two supervisory perception curves of V and U in the node
system (V, U). Suppose X, Y € {V, U} and r > 0. A family of interactions

F={Z=ZLyx) )= (1, w1) . (22, w2), (23, w3), (24, w4))
4
e (CmExem ) te ]1},

with associated family of cyber-interplays of the ordered cyber pair (Y, X) over the
time t € Je, B

Dg= {gzg(z):ﬂ — Ggy) x(GﬁX) ><(G§Y) XGEX):t > g (1)
= (yéz) 0, 12 ), 1 t+an, p2 (t+At)) Z e ﬁ‘} ,
is called coherent interactive family in [, if there is a homotopy
H:Ix [0,1] — G;Y)ngx)xG,(Y)th(X)
such that, for each cyber-interplay g=g® € 24 there is a p € [0, 1] satisfying

H (t, p) =g (t) at any moment time t € I on which the cyber-interplay g=g%
implements the interaction Z.

Definition 15 A family of coherent interactions
F={Z=Zuv)®) =21, w1), (22, w2), (23, w3), (24, W4))

nxk mxk 4
=((z1, 1) (22, w2). (23, w3) . (24, wa)) (1) € (cc xC ) ,teﬂ},

lying in the partial danger sector £=d&y—v to the node V from the node U during
the entire time set I, is a germ of (partial) passive attack from U against the
(k1, ..., ky)-resource parts fr (res,(c‘:)), fr (res,&?),. . fr (res,i?) of V, during a
given time subset [ of a subinterval [a, 8] CC [0, 1], if, whenever t € I, the pair
((z1, w1), (22, w2)) € Syxdy of supervisory resource perceptions of U and V in
the system of nodes U and V has the form
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and is depicted, at a next moment t =t+At, via the associated family of cyber-
activities

7= (s=g": GV xG[" - G xGV: 6y ®, v ®)
— <8;J (t/> ’ y‘; (tl>))te]a,ﬁ[

over the time t € Ja, B[ at ((z3, w3), (24, wg)) € Sy X yy of supervisory resource
perceptions of U and V having the form
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It is easy to prove and/or verify the next two results.

Proposition 1 In a passive attack % from U against V, the number of resource
. / .
parts in U at a moment t =t+ At has increased by at least A new resource parts,

say fr (res(//[U) oy +1) fr (resf;[)U o +2) , fr (res(U//; +g +)‘) derived from the

resource parts fr (res,(cl)) fr (res( )),. fr (res( ) that existed in the node V
the previous moment t, in such a way that the following elementary properties hold.

i. If the relative valuations of

) V) (V)
fr (res/// +oy +1> , fr (resl//lv%vﬂ) ..., Ir (res'//[V%VH)
from the viewpoint of the (user(s) of) node U at the previous moment t are
(U~~V) (U~~V) (U~~V) (U~~V)
(ﬁj/v-&-ul,l’ o '3///\/+;L1,n) 7 (ﬂ//wruz,r S ﬂ///v-i-ﬂz,n) ;

(U~V) (U~~V)
(B B )

respectively, with iy, ...,y € {1,2,..., 8y}, then the resulting valuation
vectors
2 (U~1) 5;(U~U) 27(U~1) 5;(U~U)
ﬂ %U-Q—ZU-i-l,l’ . ﬂ ﬁu-‘rf[}-ﬁ—l,n ’ B /[U-‘rfu-‘rl,l’ . ﬂ %U-‘,-ZU-Q—X,H

of the new resource parts

(U) ) )]
fr (res//[ ey +1) , fr (res ///UHUJFZ) . fr (res//lUMUH)

in U, as evaluated from the viewpoint of the user(s) of U at a next moment
t =t+At are equal to

B (U~~V) ﬂ(UwV) ﬂ(UwV) ﬂ(UwV> .
Myt 1P oatyrpgm ) \ Pyt 1 o Posty b ) -
2, (U~U) 2, (U~U) _ { p(U~V) U~V)

B AMy+tyte,lo o B My+lytan | T ﬁ///VJrILu,l""’ﬂ///VJrﬂwn ’

Vo e {1,2,...,1}.
ii. All resulting valuations and vulnerabilities of new resource parts

(L)) )
fr (res//[U+€U+1) R | (rest//[U%UH)

in U from the viewpoint of the user(s) of V remain equal to 0:
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. V~~U
Vje{l,2,...,n} andVe € {1,2,... A} — ﬂ’gﬂwzﬂ’j:o,
V~U
Vke(l,2,...mandVa € (1,2,... A} = 70 =0

iii. There is at least one resulting valuation B’ (/I/J/:i_‘;) i of a part fr (res,(cv)> in'V
o s,

from the viewpoint of the user(s) of U which decreases:

. U~V U~V
Jje{1,2,....,n} and Iy € [ A+, ..., My+Ly} :ﬂ/(///v+xl,j<ﬂ(jzv+xl,j :

similarly, there is at least one vulnerability &' %;1‘2 x of part fr (resK ) inV
«

from the viewpoint of the user(s) of U which increases

U~V
Jke(l,2,...,m} and 3 p, € {Av+1,..., AMy+iy}: B/f//vﬂ)wk
(U~V)
>€%V+pa

iv. The valuations and vulnerabilities of each part fr (res( )> in V from the

viewpoint of the user(s) of V remain unchanged:

. V~~V
Vje{l,2,...,n} and VY Ay € {Av+1, ..., Ayv+iy} = ﬁ/(///VH)M
~(V~V)
ﬁ///V"‘}wx g

Vkel{l,2,...m} andV p, € {Av+1, ..., Av+Lly}

N ,(VWV) —(V-V)
%V+[V+[La MY+ g K

Proposition 2 In a passive attack % from U against V, the number of resource
. / .
parts in U at a moment t =t+ At has increased by at least A new resource parts,

say fr (resfgl)u +y +1) fr (res(//[U)U +y +2) , fr (res(/l;/) +y H) derived from the

V)

resource parts fr (res,(cl)) fr (res( )),. fr (res that existed in the node V

the previous moment t, in such a way that the following elementary properties hold.
. (U~U)

(U U) twih | 12
B Z/ 12 ‘ ﬂu-H’J of the

resulting overall valuation in the variant node U as evaluated from the
. . / .

viewpoint of the user(s) of U at the next moment t is greater than the
(Euclidean) norms

i. The (Euclidean) norm

1/2

= (S

j=1lv=1
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iii.

i. The norm

and

1/2

v |2
o= 3

j=1lv=l1

of the initial overall valuations in the nodes U and V as evaluated from the
viewpoint of the users of U at the preceding moment t:
)

) e [50 [s-

U,wV/>

o\ 1/2
) of the resulting

/ o n by | pr(U~V)
ﬂ ( A (Z]:l Zl):l ‘ﬂ Lﬂv-‘rv,j
overall valuation in the node V' as evaluated from the viewpoint of the user(s)

/ .
of U at the next moment t is less than the norm

1/2

2
B b olled

j=1v=1

of the initial overall valuation in the node V as evaluated from the viewpoint of
the users of U at the preceding moment t:

el

-~ (UWU)

/2
The norm & to+nj ) of the resulting

S wU)H <Z Skl

overall vulnerability in the variant node U as evaluated from the viewpoint
!’
of the user(s) of U at the next moment t is less or equal than the norms

1/2

o= (SR

j=lv=I

and

1/2

v |2
A 33l

j=lv=l1

of the initial overall vulnerabilities in the nodes U and V as evaluated from the
viewpoint of the users of U at the preceding moment t:
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\ 7

(=)

S e N}

U~V |?

iv. The norm Myvi

1/2
e ) of the resulting

‘ = (Z;n—l Ziil

overall vulnerability in the node V' as evaluated from the viewpoint of the users
/.
of U at the next moment t is greater than the norm

1/2

m fv 2
U~V | ._ (U~V)
=V = 2]
j=1v=1

of the initial overall vulnerability in the node V as evaluated from the viewpoint
8/(U WV) . He(UWV) H

The degree d=d,, .., of the passive attack f against the resource parts
fr (res,((‘ll)> fr (res(v)) , fr (res,q ) of node V from the offensive node U at

time moment t € I is the maximum of the two quotients

of the user(s) of U at the preceding moment t:

’ ! / / / / ’ / _1
dlz‘ﬁ,(uwu)‘/ B,(UWV) andd2:=( ?(UWU) ,(UwV)D '
Thus

d=dy, ., :=max{dy, d;}.

UV)

.....

If the degree d surpasses a given threshold %, ( € [0, oo[, called the passive

attack threshold in the resource parts fr (res ) fr (res,(c‘zf)),. , fr (res ) of

V at time moment t € I, we say that the passive attack f is dangerous with degree
of danger d in the resource parts fr (res,c1 ) fr (res(v)> ..., fr (resn ) of V.

Protected Cyber Nodes from Passive Attacks

Definition 16

i. The node V is said to be protected from passive attacks, with degree of
protection p € ]0, 1] over the resource parts

fr (res,(c‘ll)) , fr (resg)) A i § (res,(c‘v]))

of V over a time period I, if, during this time period, there is a nodal fixed filter
system V* ) i the union E=fr (res,(c‘ll) ) Ufr (res,(c‘zl)) U...yUfr (res,(cv) )
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that allow every parallactic cyber passive attack against the resource parts (from
any offensive node U) with degree of danger

d=—-logp

to reach only resource parts K of the initial target V that are disjoint from E.
ii. During the time period I, the node V is said to be completely protected from
passive attacks of danger degree d, if, at this time period, any resource part in
V is protected from passive attacks against V, with degree of protection
p= e 4.
The node V is said to be completely protected from passive attacks at a given time

period, if, during this time period, any resource part of V is protected from active
attacks against V with degree of protection

p=1.

Active Cyber-Attacks

An attack is active if it is an attack with data transmission to all parties thereby acting
as a liaison enabling severe compromise. The purpose is to alter system resources
or affect their operation. So, in an active attack, an intruder attempts to alter data
on the target system or data en route for the target system. Let U, V € ob (cy (1)),
whenever t is in an arbitrary subset I of Jee, B[ CC [0, 1]. Let also ey and ey be two
supervisory perception curves of V and U in the node system (V, U).

Definition 17 A family of coherent interactions
F={2=ZLw,v) ) =((z1, w1). (22, w2), (23, w3), (24, wg)) =

k 0\
((z1, w1), (22, w2), (23, w3), (24, wy)) (t) € (C"X xC™* ) ,te ]I},

lying in the partial danger sector &=d&y_v to the node V from the node U
during the entire time set I, is a germ of (partial) active attack against the

(#1, ..., y)-device parts fr (devix)), fr (devf)?),. .., fr (devfx)) of V and the

(k1, ..., ky)-resource parts fr (res,(c‘ll)), fr (res,(f‘;)),. .., fr (resf)?) of V, during a

given time subset [ of a subinterval [, B] CC [0, 1], if, whenever t € I, the pair
((z1, w1), (22, w2)) € yuxyy of supervisory resource perceptions of U and V in
the system of nodes U and V has the form
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and is depicted, at a next moment t =t+At, via the associated family of cyber-
activities

7= (s=g": GV xG[" - G xGV: 6y ®, v ®)
— <8;J (t/> ’ y‘; (tl>))te]a,ﬁ[

over the time t € Ja, B[ at the pair ((z3, w3), (z4, wg)) € G;U)xGﬁv) of
supervisory resource perceptions of U and V having the form
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It is easy to prove and/or verify the next two results.

Proposition 3 In an active attack . from U against the (ul, cen ;Lv)-device

parts fr (devfx)),. .., fr (devf’f) of V and the (k1, .. ., k))-resource parts
fr (res,(CY)>,. .., fr (res,&?) of V, the following elementary properties hold.

i. All new resource valuations of the offensive node U are derived from the set of
all initial resource valuations of 'V, i.e., for any

je{au+eu+1, ..., Au+Lu+N}
and any
ke(l,2,...,n},

the new valuations

/(V~U) | =5 (U~U)
Bijx HiBjk

are obtained as functions of the initial valuations

~(V~V)

U~V) | .
ﬂ:)’l )+l ﬂp,l 9

pe{l.2, ... my, av+]1, ..., Av+elv} ,1€{1,2,... n}.

ii. Similarly, all new resource vulnerabilities of the offensive node U are derived
from the set of all initial resource vulnerabilities of V, i.e., for any j €
{Ay+ely+1, ..., #My+Lly+N} and any k € {1,2,..., n}, the new vulnera-
bilities

(V1) . =5(U1)
& jk 1¢& jk
are obtained as functions of the initial vulnerabilities

(U~V)
Sp,l

kefl,2,...,m}.

+i ?ﬁ“vl pell,2, ....my, dy+1,.... HMy+iy}) ,

iii. Finally, from the viewpoint of the (user(s) of) node V, all valuations of U remain
unchanged, i.e., if

je{1,2,..., my, Mu+1,..., Ay+Lly},
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then

ﬂ(VwU)_ﬂ/(VwU)
foranyk € {1,2,..., n} and
yJ(XWU)—y’;V Y foranyk e {1,2,..., m}.

Proposition 4 In an active attack F from U against the (ul, ce ;Lv)-device
parts fr (dev(v)),. .., fr (dev,(x)) of V and the (k1, . . ., k) )-resource parts

fr (resf)p),. .., fr (res,(X)> of 'V, the following elementary properties hold.

i. The (Euclidean) norm

Uy |2 1/2
ARy ) of the

/ /
U~V n l
/3/( )H = <Zj=l 2l |B
resulting overall valuation in node V' as evaluated from the viewpoint of the
’
user(s) of U at the next moment t is less than the (Euclidean) norm

1/2

n {v
pU=V|._ ZZ gU—Y) 2
T My+A.j

j=1a=1

of the initial overall valuation in V as evaluated from the viewpoint of the user(s)
of U at the preceding moment t:

]

1/2
U~V |2 / "
€ Mhi of the

(U-V)| m by

€ ( ) = Xjm 2l
resulting overall vulnerability in the node V' as evaluated from the viewpoint
of the user(s) of U at the next moment t is greater than the (Euclidean) norm

ii. The (Euclidean) norm

1/2
||8(U~»V) H = Z] | Z)L 1 ‘S(JI/Z?;)J’ ) of the initial overall vulnerability

in the node V as evaluated from the viewpoint of the user(s) of U at the preceding
moment t:

H 8/(U/WV/> H . Hg(UWV) H )

iii. The (Euclidean) norm

1/2

~(U~U)
ﬂ/ My+A.j

|-

(UWU)' + Z

j=1 =1
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of the resulting overall valuation in the variant node U as evaluated from
.
the viewpoint of the user(s) of U at the next moment t is greater than the

2U~1) (U U) 12
o)

(Euclidean) norms H,B(U U)” —( _ {
and
n oy s 1/2
6= !ﬂ(”““) + 22 [B|

]—1 = r=1

of the initial overall valuations in the nodes U and V as evaluated from the
viewpoint of the user(s) of U at the preceding moment t:

) o [50 s

- 1/2
The (Euclidean) norm 8’<U WU) ’ = (Zl 1 ZZU—H’ (/I/Z:_Ii)J ) of the
resulting overall vulnerability in the variant node U as evaluated from the
viewpoint of the user(s) of U at the next moment t is less or equal than the

(Euclidean) norms

1/2

m ZU 2
~U~U) | ._ (U~U)
”8 H = ZZ Ettrj

j=1a=1

and

12

— 2
G B ZZ Y

of the initial overall vulnerabilities in the nodes U and V as evaluated from the
viewpoint of the user(s) of U at the preceding moment t:

A9 0] =]

The degree d:d{u1 ,,,,, PRSI of the active attack f against the

(11, ..., m,)-device parts

fr (devfx)) r (devfx)) s, Ir (devfx))
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of V and the (k1, ..., k) )-resource parts fr (res,Cl ) fr (res,(c‘;)),. .., fr (res,(X)) of

V from the offensive node U at time moment t € I is defined to be the maximum of
the two quotients

/ / / ! _1
di:= ‘A UWV andd2:=( ;’/\’(UWU)‘/H y’(UWV)D .
hus
dzd{l’«l ~~~~~ y} Ulier. ..k ) - HAX {d1. d2}.
U,V)

If the degree d surpasses a given threshold ﬂ{ ’’’’’ o} UK 1) € [0, oo, called
threshold of active attack from U against the ([Ll, s ;L,,)—device parts

fr (dev(V)) . fr (dev(v))
of V and the (k1, ..., k) )-resource parts

fr (res,(c‘:)) vyee., fr (resfc‘:) )

of V at time moment t € I, we say that the passive attack f is dangerous with
degree of danger d in the (i, ..., jt,)-device parts fr (dev(v)) . fr (dev,(uv)>

of V and the (k1, ..., k) )-resource parts fr (res,c1 ) fr (res,(c‘zl)),. vy fr (res,i‘?)
of V.

Remark 1 1t is easy to verify that the following conditions 1-4 can be considered
as stronger forms of the corresponding conditions in Proposition 4.

i. Ist Condition: From the point of view of users of nodes U and V, every attacked
device part, as well as any attacked resource part, acquires new valuation
measures that are smaller than the original corresponding valuations in node
V, with (at least) one such a valuation measure very reduced, i.e., for any

jef{my, - vt Ulkt, ..., ka}, itholds

Z ‘ﬂ(XWV) (XwV)‘ Zn:

XwV) . 2X~V)|2
ﬂ/j(,k +1 ﬂ/j,k ’

with at least one index k € {1, 2, ..., n} being such that

~> X~~~V ~ X~~~V
‘ﬂ(x V)+ ﬁJ( )‘>> /(X V) ,B’( )

whenever X=V, U.

ii. 2nd Condition: Similarly, from the point of view of users of nodes U and
V, every attacked device part, as well as any attacked resource part, acquires
new vulnerability measures that are smaller than the original corresponding
vulnerabilities in node V, with (at least) one such a vulnerability measure very
reduced, i.e., forany j € {py, ..., w,} U{k1. ..., k2}, it holds
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‘ (XWV) A(XWV) ) (X~>V) 4 A<XWV)
with at least one index k € {1, 2, ..., m} being such that
X~ X~ XWV X~V
‘ J(k V)_HA( V)‘ /( )_H /j(,k )‘

whenever X=V, U.
iii. 3rd Condition: From the viewpoint of the (user(s) of) node U, in the offensive
node U there are strongly growing valuations, i.e., there are

je{l,2,..., my, #u+1, ..., Ay+Lly}

andk € {1, 2, ..., n}, such that

U~~U U~~U
‘ﬂ( )‘<< 2( ) .

lg/Jk

iv. 4th Condition: From the viewpoint of the (user(s) of) node U, in the offensive
node U there is no growing vulnerability, i.e., for any

jef{l1,2,..., my, MMy, ..., AMy+Ly}
and any
kefl,2,...,m},

it holds

Protected Cyber Nodes from Active Attacks

Finally, let’s see how we could define the concept of protection from active cyber-
attacks.

Definition 18
i. The node V is said to be protected from active attacks, with degree of

protection p € 0, 1] over the (u,l, e ;Lv)—device parts

fr (devgx) ) s..., fr (derLV‘,))
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fV V) V)

of V and the (k1, ..., k))-resource parts fr (res,,” ) ,..., fr (res,,” ) of V over

a time period I, if, during this time period, there is a nodal fixed filter system

V{m,---J‘v}U{"‘ """ “4 i1 the union

E=fr (devfx)) U e U fr (devaVv)) U fr (res,(CY)> U e U fr (res,(c‘:) )

that allow every parallactic cyber active attack against the (ul, . [Lv)-device
parts
V) V)
fr (devu1 ) ,..., fr (devﬂv )

of V and the (k1, ..., ky)-resource parts fr (res,((‘ll)),. .., fr (res,(X)) of node V

(from any offensive node U) with degree of danger
d=—logp

to reach only resource parts K of the initial target V that are disjoint from E.

ii. During the time period I, the node V is said to be completely protected from
active attacks of danger degree d, if, at this time period, any resource part in V
is protected from active attacks against V, with degree of protection

p=e

The node V is said to be completely protected from active attacks at a given time
period, if, during this time period, any resource part of V is protected from active
attacks against V with degree of protection

p=1.
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Solutions of Hard Knapsack Problems )
Using Extreme Pruning et

E. Daravigkas, K. A. Draziotis, and A. Papadopoulou

Abstract In the present study we provide a review for the state-of-the-art attacks
to the knapsack problem. We implemented the Schnorr-Shevchenko lattice attack,
and we applied the new reduction strategy, BKZ 2.0. Finally, we compared the two
implementations.

Keywords Knapsack problem - Subset sum problem - Lattice - LLL reduction -
BKZ reduction - Extreme pruning

Introduction

In this work we address the class of knapsack problems with density close to 1.
This problem except its cryptographic applications [18] is also very interesting in
computational number theory. The last years, there was a better understanding of
lattice reductions, and new methods were discovered [3]. This had a dramatic effect
in the cryptanalysis of lattice-based cryptosystems, changing the security parameters
to some of them [23]. We shall apply these new implementations to a lattice attack
presented in [22]. As far as we know, these are the first experiments in this direction.

We start by describing the problem. Given a list of n positive integers
{ai, ..., a,} and an integer s such that

n
max{a;}; <5 <Y ai,

i=1
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find a binary vector

n
x = (x;); with, Zx,-al- =s. (D)

i=1
We define the density of the knapsack (or subset sum problem) to be

_ n
log, max;{a;};

The decision version of the problem is known to be NP-complete [10]. In cryptog-
raphy we are interested in values of d less than one. Since if d > 1, then there
are many solutions of the knapsack problem, and so we cannot transmit efficient
information. Also, because of the low-density attacks [2, 13], we consider the
density close to 1.

Roadmap In section “Lattices” we provide some basic facts about lattices and
the LLL-reduction. In the next section, we describe the possible attacks to the
knapsack problem, and we present the BKZ-reduction which is a generalization
of LLL reduction. Finally, in section “Attacks to Subset Sum Problem,” we present
our experiments. In section “Experiments” we provide some concluding remarks.

Lattices

For an introduction to lattices see [6, 12, 15].
Definition 1 A lattice £ is a discrete subgroup of R™.

So a lattice is a subgroup of the Abelian group (R™, +) thus 0 € £, and is
discrete as a subset of R™. That is, 0 is not a limit point. This means that the
intersection of £ and any bounded set of R™ is a finite set of points. For instance,
{0} and every subgroup of the additive group (Z™, 4) are lattices of R™. A set of
vectors B = {by,...,b,} C R” (where n < m) is called generator of L if each
vector of L is a linear combination of vectors in B with integer coefficients. If the
vectors of this set are also independent, we call B a basis of the lattice. In this
case, the number n is the same for all bases, and we call it rank of the lattice, i.e.,
n = dim(span({by, ..., b,})). The integer m is called dimension of the lattice. If
n = m, then we call the lattice, full-rank lattice. Some authors call the rank as the
dimension of the lattice. Usually we consider lattices which contain vectors only
with integer coordinates. Such lattices are called integer lattices. A basis B is given
by an n x m matrix, with rows the vectors of a basis of a lattice. If we have two
distinct basis-matrices B and B’, then there is a unimodular integer (square) matrix
U with dimension 7, such that B = U B’. It turns out that the Gram determinant
det(BBT) does not depend on the basis B or B’. This number is always positive,
and its square root is called determinant or volume of the lattice L.
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Definition 2 We call determinant or volume of the lattice £ the positive real number
det(L£) = vol(L) = +/det(BBT).

The volume is in fact the (geometric) volume of the parallelepiped spanned by
any basis of the lattice.

If £ is a full-rank lattice, then vol (L) = det(B), where B is the square matrix
representing a basis of £. Having a matrix B, we can write the lattice generated by
the basis 5 as:

LB = {3 kb k; e Z}or (xB :x e Z"),
j=1

Since a lattice is a discrete subset of R, then there is a nonzero vector X € L
with the lowest Euclidean norm. We denote this norm by A1 (L), and we call it first
successive minima. In general, not only one vector v € £ — {0} has ||v|| = A;. The
number [{v € £ — {0} : ||v|]| = A}] is called kissing number of the lattice. This
number is at least 2 since, also —v has length A;. Further, Minkowski proved that
M(L) < /nvol(L)'/".

We set B,,(r) = {x € R™ : ||x|| < r}. Then, A{(£) is the smallest real number
r such that, the real vector space M, (L) = span(L N B,,(r)), has at least one
independent vector. Equivalently dim(M, (£)) > 1. In general we define X ;(£) to
be the positive number inf{r : dim(M, (L)) > j}. Always we have

ML) (L) < = (D).

An upper bound for the 1;’s was given by Minkowski.

Proposition 1 (Second Theorem of Minkowski) For every integer n > 1, there
exists a positive constant vy, such that for any lattice with rank n and every j €
{1,2, .., n}, we have the following inequality

(li[)»i)l/n < MUOI(E)I/".
i=1

The problem of finding a shortest vector in a lattice is called shortest vector
problem (SVP) and is one of the most important and difficult problems in lattices.
Since this problem is hard (is proved that is NP-hard under randomized reductions
by Ajtai [1]), we try to attack the approximation problem. For instance, we are
looking for lattice vectors v such that [|v]| < y(n)A1(L), where n = rank(L). In
fact LLL, as we shall see in the next section, solves SVP for approximating factors
y(n) =200/,

Since lattice bases always exist, we are interested in bases with short and nearly
orthogonal vectors. The procedure of finding such a basis (given one) is called lattice
reduction.
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Lenstra-Lenstra-Lovasz Algorithm (LLL)

Before we discuss LLL algorithm which is a reduction algorithm for lattices in R™,
we shall remind the reader the Gram-Schmidt procedure, which is a basic subroutine
in the LLL algorithm.

Gram-Schmidt Orthogonalization (GSO)
Definition 3 Let B = {by, ..., b,} be an independent set of vectors in R”. Then,
their GSO is a set of orthogonal vectors {b}, ..., b*} defined by the following
relations:

by =by, bf = proju,_, (b)), 2<i <n,

where M;_; = span({by, ..., b;_1 )T, is the orthogonal span of {by,...,b;_1}.

‘We rewrite the previous relations as

i b; - b*
b; = b}, b;k =b; _Zﬂi,jij Wij = W’ 2<j<ic<n.
po IG
If we consider the orthonormal basis of span(B),
g bbb
LT TR T S TR TN &
1 2 n

then the transition matrix 7 = T .3 is the upper triangular matrix (n x n)

IBTI1 g2 BTIL -+ 1 [1OT

0 B3I -+ 2] D3]]
T=| | 2o )
0 0 o[yl
and (by,....,by) =0, ..., b)) T. If we consider the n x n lower-triangular matrix
1 0 0
pa 1 0
w= .
Mn,1 Un2 - 1

then (by,...,b,)T = u(b*, ..., b*)T. So the GSO of B is given by the vectors
(IIb}[]); and the triangular matrix .
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GSO Pseudocode :

INPUT: A basis B ={by,by,...,b,} of V =span(L)

OUTPUT: An orthogonal basis of V and the Gram-Schmidt
matrix u

01. R; < by
02.fori =1ton
03. t; < b;
04 . t3 <t
05. forj=i—1tol
ti-R;
06. Mi,jHH;{sz
07. ty < t3 — projg;(t1)
08. t3 <t

09. end for

10. Rj <~ t

11. end for

12. Return R=(Ry,...,Ry), u= ([/'Li,j])lfi,jfn

The running time of GSO is polynomial with respect to max{n, log max; ||b;||}.
LLL-Pseudocode
Definition 4 A lattice basis B = {by, ..., b, } is called size-reduced if and only if

bibY 1
THIE §§,1§]<z§n.
J

li | =

B is called §—LLL reduced if in advance
(Lovész condition) 8|[b}_[1* < |lpii—1b}_ | +b}|%, 2 <i <n.

In LLL algorithm we first apply size reduction. That is, we consider vectors of
the lattice near the Gram-Schmidt basis. This property is introduced by Lagrange.
Then, we continue by checking if Lovasz condition does not hold, in two successive
vectors, and in this case we swap the vectors.

LLL Pseudocode

INPUT: A basis B=1{by,...,b,} CZ"

of the lattice L(B) and a real number § € (1/4,1)

We use the function gso= GSO[B] which returns the
orthogonal basis gso[0] and the Gram-Schmidt matrix
gso[1]
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OUTPUT: §-LLL-reduced basis for L

-- Initialization:
01.i=2

02. gso < GSO(B)

03. (b;); < gso[l]

04. (i,j)i,j < gsol2]

-- Size reduction step:
05. Whilei <ndo

06. for j=i—1 to ldo

07. ci,j < L] #lx] =[x +0.5]
08. b; <—bi—C,',jbj

09. update B and gso < GSO(B3)

10. (b;); < gso[l]

11. (i j)i,j < gsol2]

12. end for

-- Swap step:

13.  if8[|b}|I* > ||ti+1,ib} +bF, |I* then
14. b; < bjy

15. i =max(2,i — 1)

16. update B and gso < GSO(B3)

17. (b;); < gso[l]

18. (i j)i,j < gsol2]

19. else

20. i <—i+1

21. end if
22. end while
23. Return B

There are two basic efficient (and stable) implementations, using floating-point
arithmetic of suitable precision: NTL [23] and fpLLL [25]. A version of LLL using
floating-point arithmetic was first presented by Schnorr in [20] and later by Nguyen
and Stehlé [17].

Analysis of LLL

LLL-reduction algorithm applies two basic operations to the initial basis. Size
reduction and swap of two vectors, if Lovasz condition fails. After the first
operation, lines 06-12, we get |u; j| < 1/2. Then we check the Lovasz condition,
lines 13-20. Accordingly if the previous check is true or false, we swap or not the
vectors. This schematically can be explained in terms of matrices. We consider the
2 x 2 block of matrix 2, indexed at position (7, 7). That is,
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<||b;‘|| u,-+1,,~||bjf||>
0 byl

Then Lovasz condition holds, if the second column has length at least /8 times the
length of the first column. The following theorem was proved in [14].

Theorem 1 Let £L(B) with B = {by,...,b,}, b; € Z", A = max;(||b;||>) and
8 = 3/4. Then the previous algorithm terminates after O(n*log A) arithmetic
operations, and the integers on which these operations are performed have bit length
O(nlogA).

Proof Proposition 1.26 in [14]. O

The first proof about the complexity of LLL concerns only integer lattices and
6 = 3/4 later was proved for every § € (1/4,1). A basic consequence is the
following proposition.

Proposition 2 If{vy, ..., v,}isad-LLL-reduced basis (with § = 3/4) of the lattice
L(B) with B = {by, ..., by}, b; € R™. Then,

[[vi|| < 207D, (0).

Proof [6, Lemma 17.2.12] m]

So, LLL provides a solution to the approximate SV P, with factor y = 20 =D/2,

Blockwise Korkine-Zolotarev (BKZ)

In LLL algorithm we check Lovasz condition in a matrix of blocksize 2. In BKZ
algorithm Lovasz condition is generalized to larger blocksizes. This has the positive
effect of providing better quality of the output basis than in LLL but with a cost in
the running time. BKZ does not run in polynomial time; in fact Gama and Nguyen
[8] experimentally provide strong evidences that BKZ runs exponentially with the
rank of the lattice. The running time of the reduction increases significantly with
higher blocksizes. However, increasing blocksizes also means an improvement in
the quality of the output basis, i.e., basis with smaller length. If the blocksize is
equal to the rank of the lattice, then we get a Hermite-Korkine-Zolotarev (HKZ)-
reduced basis.

BKZ is an approximation algorithm, which takes as input the blocksize 8 and a
parameter 6 (the same as in LLL), and then it calls an enumeration subroutine many
times looking for a shortest vector in projected lattices of dimension < 8. The cost
of the enumeration subroutine is 20(’32) operations [3].

We provide the description of BKZ and then its pseudocode. As we mentioned
above, the input basis provides some local blocks with dimension 8. The first block
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consists of the first basis vector and the § — 1 succeeding vectors. For the second
block, we take the projections of the second basis vector and the succeeding vectors
onto the orthogonal complement of the vector. The remaining blocks are constructed
in the same way. The index [ of the last vector in a block is computed as / = min(i +
B — 1, n), where n is the rank of the lattice. We start with two definitions.

Definition 5 Let £ = L£(B) be a lattice with basis B = {by, ..., b,,}. We define,
7w L — M;_1 =span(by, oo bioD*t
7 (X) = projy;_,(X).
With Lj; ] we denote the lattice generated by the vectors
Bii k) = {mi (i), 7i(big1), ..., wi(bi)},

for 1 <i < k < n. Remark that ; (L) = L; »j and rank (L k) =k +1 —i.
For the given basis B, we get r;(b;) =b; — Z;;ll b.

Definition 6 (BKZ) We say that the basis B = {by, ..., b,} is BKZ—p reduced
with blocksize § and parameter §, if it is §—LLL reduced (§ € (1/4, 1)) and for
eachi € {1,2,...,n}, we have [|bY|| = A1 (L[; x)) for k = min(i + B — 1, n).

The actual improvement is achieved as follows: in every step of the algorithm,
we ensure that the first vector of each block Bj; 1] is the shortest vector inside each
lattice. If it is not, then the shortest vector of the lattice is inserted into the block,
but this vector is linear dependent on the basis vectors. That means that the local
block is not a basis for the local lattice any longer. For this reason, we use the LLL
algorithm on the expanded block. The blocksize determines the dimension of most
of the local projected lattices in which shortest vectors have to be found. It also
determines the amount of basis vectors that are used as input for the LLL algorithm
after insertion of a new vector into the local block.

The LLL algorithm reduces iteratively each local block B j min(j+s—1,1)] for j =

1,...,n, to ensure that the first vector is the shortest one. If § = 2, then BKZ
coincides with LLL, since B{j min(j+g—1,n] = B}, j+17- BKZ algorithm uses an
enumeration algorithm to find a vector v = (vy, ..., v,) such that,

k
1 O wib)| = M (Lija)-
i=j
In each iteration we check if ||bjf|| > A1(Lyj - If it is true, then a new vector

b = Zi‘z j v;b; is inserted in the basis, and the vectors are linear dependent from
now. Then, LLL is called to solve this problem and provide a reduced basis. The
procedure ends when all of the enumerations fail.
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The Enumeration Subroutine

Enumeration constitutes a basic part of BKZ algorithm. It finds a shortest vector in
a local projected lattice Ly; ). That means given as input two integers j, k such
that 0 < j < k < n provides as output a vector v = (v}, ..., ) such that
|| j(Z;{: j vib;)|| = A1(Ljk)). The subroutine enumerates the vectors that are
within a cycle, with radius R = ||bjf [| : an initial bound of A1 (L; x)-

In order to find a shortest vector, enumeration algorithm goes through the
enumeration tree which consists of the half vectors in the projected lattices L ],
Lik—1,k)» - -, L{jk of norm at most R. The reason why this tree formed only by the
half number of vectors is the following: if v € £, then —v € L. Thus, we count only
the positive nodes. The more reduced the basis is, the less nodes in the tree, and the
enumeration is faster.

The tree has depth k — j 4 1, and the root of the tree is the zero vector, while the
leaves are all the vectors of L with norm < R. The parent of a node at depth £ is at
depth k — 1. Child nodes are ordered by increasing Euclidean norm. The Schnorr-
Euchner algorithm performs a depth-first search of the tree to find a nonzero leaf of
minimal norm.

The process of enumeration is quite expensive (especially for large ), and for
this reason we attempt not to enumerate all the tree nodes and discard some nodes.
Pruning can speed up the subroutine, but the output vector may not be a shortest
one. Schnorr and Euchner first studied pruning enumeration, and the basic idea is
replacing the radius R, with Ry < Rfork =1,...,n.

The following algorithm is the block Korkin-Zolotarev (BKZ), as proposed by
Chen and Nguyen [3].

BKZ pseudocode (without pruning):
INPUT: A basis B=1{by,...,b,} of L,
blocksize B, the Gram-Schmidt triangular matrix u
and
the lengths ||b;‘||2, i=1,...,n
OUTPUT: A BKZ-B reduced basis of L

01.z<«0

02. j<«0

03. LLL(by,...,b,, 1)

04 . whilez < n

05. j<( (modn-—1)+1)
06. k < min(j+ 8 —1,n)
07. h < min(k + 1, n)

08. v < Enum(ugju. D312 ..., [
09. if v#(1,0,...,0) then
10. z<+0

11. LLL(b],...,Zf:j,...,bh,,u) at stage j



90 E. Daravigkas et al.

12. else

13. 7« 2z+1

14. LLL(by,...,by,u) at stageh —1
15. end if

16 . end while

Extreme Pruning

As we mentioned above, enumeration routine is an exhaustive search trying to find
a shortest basis vector, with norm < R. It runs in exponential time or worse. Pruned
enumeration reduces the running time, by discarding the subtrees whose probability
of finding the desired lattice point is too small. The extreme pruning, proposed by
Gama, Nguyen, and Regev [9], is & 1.414" faster than the basic enumeration. Thus,
it causes an exponential speedup and constitutes an important variant for BKZ. The
main idea is to prune the branches using some bounding functions whose success
probability is small enough. It takes as input the lattice basis and the following n
numbers, R% < R% <...< Rﬁ = RZ?, where Ry stands for the pruning in depth k.
The goal is to find a vector of length at most R. The algorithm is performed at two
steps and repeated until a vector of length < R is found:

1. Randomize the input basis and apply basis reduction
2. Run the enumeration on the tree with radii Ry, Ra, ..., R,

It is important that there are a lot of methods of randomization which can affect
the algorithm. The choice of the basis reduction has also a great effect on the overall
running time.

Attacks to Subset Sum Problem

Birthday Attacks

The first algorithms that manage to solve the knapsack were based on birthday
paradox.

Schroeppel-Shamir Algorithm This algorithm was the best for solving hard
knapsacks until 2009, with time complexity O(2"/?) and memory requirement
0 (2"/*). The basic idea is decomposing the initial sum into two smaller sums. After
constructing two lists that consist of the two separate solutions, then find a collision
between them.

The Howgrave-Graham-Joux Algorithm In 2010, Howgrave-Graham and Joux
[11] managed to solve hard knapsack problems with heuristic running time
029337y and memory 02025y " This is an improvement of the previous



Solutions of Hard Knapsack Problems Using Extreme Pruning 91

algorithm, and the idea is allowing the solutions to overlap. That gives the problem
more degrees of freedom and decreases the running time.

Becker, Coron, and Joux Improvement Another improvement of the previous
algorithm that was presented in Eurocrypt 2011 [2] reduces the (heuristic) running
time down to 0(20'29]"). The basic idea of Becker, Coron, and Joux algorithm
is adding a bit more degrees of freedom. The solutions of the two sub-knapsacks
consist of coefficients from {—1,0, 1}. As a result, there are more solution’s
representations of the original knapsack.

Lattice Attacks

There is another class of attacks to knapsack problem, based on lattices and LLL or
BKZ reductions.

Low-Density Attacks Lagarias and Odlyzko [13] solved knapsack problems with
density d < 0.6463, assuming that there exists a SVP-oracle. The authors used the
lattice generated by the rows of the following matrix:

100 —ay
01---0—ay
B=|:ii i
00---1—a,
00---0 =«

They proved the following:

Theorem 2 Assume that there is a SVP-oracle and the knapsack problem has a
solution. Then with high probability, we can solve all knapsack problems with
density < 0.6463.

An SVP-oracle is a probabilistic polynomial algorithm which, given a lattice L,
provides a shortest vector of £ with high probability. Unfortunately, in practice we
do not have SVP-oracles. Experiments made by Nguyen and Gama [7] suggest that
LLL behave as a SVP-oracle for dimensions < 35 and BKZ-20 algorithm [21] and
for dimensions < 60. Further, two more simplified proofs of the previous theorem
were also given in [4, 5]. Also in [19], the algorithm was tested experimentally
providing some improvements.

The previous result was improved by Coster et al. [4]. The new density bound was
improved to 0.9408. Their approach is in the same spirit of Lagarias and Odlyzko.
So the assumption of the existence of a SVP-oracle remained. They applied LLL
reduction algorithm to the lattice generated by the rows of the matrix:
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10---0 Nay
01---0Na
B=|itit o0, )
00---1Nay,
53003 N

where N is a positive integer > /n/2.

Finally in [16], they managed to solve n—dimensional hard knapsack problems
making a single call to a CVP-oracle in a (n — 1) —dimensional lattice (CVP: closest
vector problem). Unfortunately, we do not have such oracles in practice, for lattice
with large rank.

Schnorr and Shevchenko Algorithm [22] This algorithm uses BKZ-reduction
into the rows of a matrix similar to (3). Schnorr and Shevchenko solve the knapsack
problem faster, in practice, than the Becker, Coron, and Joux method.

The basis B that is used is presented by the rows of the matrix B € Z"+D®+3).

[20...0 Na; 0 N ]
02...0 Na, 0 N
B=|...... . . . 4)
00...2Na,0 N
[11...1 Ns 1 HN |

Let £(B) C R™*3 be the lattice generated by B. The basis consists of these n + 1
row vectors, with n + 3 elements each one. The integer N must be larger than /7.
Furthermore, we assume that z is even. At our examples n € {80, 84} and we choose
N = 16. The parameter H is the hamming weight (the number of 1’s in a solution).
We set H = n/2 in order to take balanced solutions.

Letb = (b1, b2, ..., byy+3) in L(B) that satisfies the following three equalities:

|bil=1fori=1,...,n
|bn+2|=1,
bn+1 an+3 =0

then, the solution x = (x1, ..., x,) consists of the following integers :

bi — b
x,-:%, fori =1,2,...,n,
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n
with the property Y x; = n/2. The inverse fact is that every solution is written as
i=1
previous. The integer n/2 can be replaced with an integer H € {1,...,n — 1}.
Then we can apply the following algorithm, divided into two parts:

Schnorr-Shevchenko Algorithm

1. We apply BKZ-reduction to the rows of B without pruning. This step is repeated
five times with blocksizes 2¥ for k from 1 to 5. Before the reduction is suggested
a permutation of the rows by Schnorr and Shevchenko. If the solution is found,
the algorithm stops.

2. If the solution has not been found in the first part of the algorithm, then BKZ
reduces the basis independently with blocksizes: bs = 30, 31,32, ..., 60. The
pruning parameter for each blocksize is 10, 11, 12, 10, 11, ... and so on. Always
terminate if the solution has been found.

Experiments

We implemented Schnorr-Shevchenko (SS) algorithm using fpLLL 5.0 [25]. We
used two implementations. The one proposed by the original Schnorr-Shevchenko
and the other that uses extreme pruning instead of linear. We generated 73 random
knapsack instances in Fig. 1 of dimension 80 (resp., in Fig.2 with dim = 84) and
density close to 1. The experiments were executed in a i7 3.8 GHz cpu with 8 GB
ram. We got points (x;, y;);, where x; is the (cpu) time in minutes for the usual SS
attack (using BKZ with linear pruning) and y; the (cpu) time for the same instance
using extreme pruning. Finally, we sorted with respect to x;. We summarized the
results in Fig. 1 (resp., in Fig.2). The average cpu time for the usual SS method
was 13.3 m (resp., 67 m) and with extreme pruning was 6.8 m (resp., 35 m). For the

200
== linear prunning
«—= Extreme prunning
100 |
:I
s
A
; . —
0 l:.:n-n];i;nnn=tliuutﬂc‘nnﬂ‘l"!s'!!‘!ﬂ‘::!::“:-‘f:. Mlaand 34
-20 !
0 10 20 30 40 50 60 70 80

Fig. 1 We generated 73 random hard knapsack problems of dimension 80. We measured the cpu
times produced by the original SS method and SS using extreme pruning



94 E. Daravigkas et al.

600

=—= linear prunning
«— Extreme prunning -

400

]
L ] -"
200 ‘..o.
n
aum *
4 .
puual \
M Y " ey an I..-'- ah " A &
200 Leatetesstastiseblenygubayenatdppbpaguueest T | eTn 000
0 10 20 30 40 50 60 70 80

Fig. 2 We generated 73 random hard knapsack problems of dimension 84. We measured the cpu
times produced by the original SS method and SS using extreme pruning

both experiments, almost half the examples had the same running times, and for the
rest instances, the differences y; — x; were positive and on average 18.8 m (resp.,
76.4m).

Conclusions

In this work we addressed the knapsack problem, where we apply the attack [22],
but we used extreme pruning instead the usual linear pruning in BKZ. We executed
experiments in dimension 80 and 84 using fplll, and our results suggest that extreme
pruning is clearly faster than linear pruning using the Schnorr-Shevchenko method.

Appendix

fpLLL [25], standing for floating-point LLL, is a library developed for C++,
implementing several fundamental functions on lattices, such as LLL and BKZ
reduction algorithms. It was initially developed by Damien Stehlé, David Cadé, and
Xavier Pujol, currently maintained by Martin Albrecht and Shi Bai and distributed
under the GNU LGPL license. The purpose of the initial deployment was to provide
practical benchmarks for lattice reduction algorithms for everyone. The name of the
library derives from the floating-point arithmetic data type, as this is where it relies
on for all the computations, in order to offer multiple ratios of speed and guaranteed
success output. fpLLL is also used in SageMath [24].

NTL [23] is another library developed for the purpose of lattices reduction,
initially developed by Victor Shoup. NTL is also developed for C++. In general,
the library provides data structures and algorithms for manipulating arbitrary length
integers, as well as other data types over integers and finite fields. Beyond others, it
includes implementations of BKZ and LLL algorithms. The library can also be used
in SageMath and can also be compiled in thread safe mode.
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A Computational Intelligence System )
Identifying Cyber-Attacks on Smart oo
Energy Grids

Konstantinos Demertzis and Lazaros Iliadis

Abstract According to the latest projections of the International Energy Agency,
smart grid technologies have become essential to handling the radical changes
expected in international energy portfolios through 2030. A smart grid is an energy
transmission and distribution network enhanced through digital control, monitoring,
and telecommunication capabilities. It provides a real-time, two-way flow of energy
and information to all stakeholders in the electricity chain, from the generation plant
to the commercial, industrial, and residential end user. New digital equipment and
devices can be strategically deployed to complement existing equipment. Using a
combination of centralized IT and distributed intelligence within critical system
control nodes ranging from thermal and renewable plant controls to grid and
distribution utility servers to cities, commercial and industrial infrastructures, and
homes a smart grid can bring unprecedented efficiency and stability to the energy
system. Information and communication infrastructures will play an important role
in connecting and optimizing the available grid layers. Grid operation depends on
control systems called Supervisory Control and Data Acquisition (SCADA) that
monitor and control the physical infrastructure. At the heart of these SCADA
systems are specialized computers known as Programmable Logic Controllers
(PLCs). There are destructive cyber-attacks against SCADA systems as Advanced
Persistent Threats (APT) were able to take over the PLCs controlling the cen-
trifuges, reprogramming them in order to speed up the centrifuges, leading to the
destruction of many and yet displaying a normal operating speed in order to trick
the centrifuge operators and finally can not only shut things down but can alter
their function and permanently damage industrial equipment. This paper proposes
a computational intelligence System for Identification Cyber-Attacks on the Smart
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Energy Grids (SICASEG). It is a big data forensics tool which can capture, record,
and analyze the smart energy grid network events to find the source of an attack to
both prevent future attacks and perhaps for prosecution.

Keywords Smart energy grids - Cyber-attacks - Advanced persistent threats -
Supervisory control and data acquisition—SCADA - Big data - Forensics tool

Introduction

Smart Energy Grids

It is a fact that the majority of research in electrical energy systems is related to
Smart Energy Grids (SEG) [1]. There is a global effort on the way, aiming to
overcome the problems of conventional systems and networks. The smart energy
grid networks are using information and communication technologies (ICT) in order
to offer optimal transfer and distribution of electrical energy from the providers
to the customers [2]. On the other hand, SEG operate in electrical networks that
use digital technology to monitor and transfer electricity from all sources, in order
to cover the varying needs of the users. They also coordinate the needs and the
potentials of the producers, managers, consumers, and all market entities in order
to ensure that they function in the optimal way. Actually, they are minimizing the
cost and the environmental consequences and at the same time they are enhancing
reliability and stability [3].

Conceptual Framework

This new energy network which aims to cover a basic and crucial matter of common
prosperity is integrated under the conceptual framework of heterogeneous infras-
tructure collective operation, in a status of innovation and financial investments
of mid-long term payoff [4]. Under this point of view the SEG offer important
contributions towards sustainable development.

The main advantages of this technology are briefly discussed below [5, 6]:

The SEG integrate distributed production of renewable energy sources
. They offer reliability and quality of power, especially in areas with frequent
voltage fluctuations.
3. They offer electricity with the use of distributed energy production in remote
areas, e.g. antennas, small villages, oil oceanic platforms.

4. Demand forecasting based on statistical data is used to reduce distribution lines
overloading and accidental interruptions of electrical supply. At the same time
they incorporate instant restart potentials of Black Start type.

N =
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5. SEG respond directly and optimally in new power demands, by forecasting the
actual needs under specific situations and time periods.

6. Microgrids offer energy sustainability and backup.

7. SEG automate the provided services of the system that records and financially
evaluates the interruption and reconnection of electrical power.

8. They activate systems of energy, physical and logical security with mechanisms
of multilevel control access plus cryptography.

9. They are using real-time controllers to offer management, correlation and
warning of incidents, with technologies of Intrusion Prevention System (IPS)
type.

10. They offer qualitative services of high added value in every phase of the energy
cycle.

Conceptual Model

The standardization organizations have applied a division model of the energy cycle
in partial primitive branches. This was achieved based on the general conceptual
functional framework of the smart energy grids [6]. This division aims in classifying
the involved entities based on their homogeneous elements of interest and on their
specific functions. This conceptual model is based on the functional variation of
each sector and it is not related to an architectural plan. It is a tool to provide the
background for the description and analysis of the models’ interfunctionality that
also supports the development of emerging architectures in SEG technologies.

The conceptual model [7] comprises of seven basic sectors (domains) namely:
Bulk Generation, Transmission, Distribution, Customer, Service Provider, Opera-
tions, and Markets (Fig. 1).

Cybersecurity for Smart Grid Systems

A New, Smart Era for the Energy Grids

Upgrading of the energy infrastructures by incorporating new technologies (espe-
cially the ones related to ICT and Internet) introduces risks and new threats for
the security and the continuous function of the electrical energy network [8]. The
exploitation of the vulnerable points of a cable or a wireless smart network can lead
to the occupation of ¢ critical electronic devices and applications, the leak of top
secret or personal information, the loss or block of necessary services, even to the
total interruption of electricity with huge consequences [9].

Confronting the security issues combined with the application of a strong legal
framework that would ensure integrity, security, and availability of the transferred
energy information is a primitive target, a continuous challenge and a social demand
for the transition to the new energy scheme.
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Fig. 1 Conceptual model of smart energy grids

Risks Involved

The smart network not only offers new functions but it introduces new risks in the
electricity system as well. Given that the modern civilization is based on electricity
and on the supporting infrastructure, this matter is of high importance. A potential
extended interruption of the production or distribution services would have huge
socio-economic consequences and it would lead to loss of human lives. The risks
associated with the SEG application are mainly related to the telecommunications,
automation systems, and data collection mechanisms [8—10].

Due to the fact that the basic core of a SEG net is the telecommunication network,
the use of the most modern relative infrastructures such as fiber optics, Broadband
over Power Line (BLP), and wireless transmission technologies is really crucial.
However, this stratification and also this modeling approach increase the system’s
complexity and they create asymmetric threats [10].

Another problem is that the incorporation of SEG technology converts the
previously isolated and closed network of power control systems to a public one,
accessible to the general public. This fact combined with the rapid spread of
the internet introduces new threats to the energy infrastructures. The advanced
techniques undoubtedly offer significant advantages and possibilities, but also, they
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significantly increase the problems associated with the protection and availability
of information [11]. Besides cyber threats [12], as malware, spyware, computer
viruses, which currently threaten the ICT networks, the introduction of new
technologies and services such as smart meters, sensors, and distributed access
points may create vulnerabilities in SEG.

However, the smart energy grids are not only exposed to risks due to the
vulnerabilities of the communications networks, but they also face risks inherent
to the existing electrical networks, due to physical vulnerabilities of the existing old
infrastructures [10].

The problems due to physical attacks are targeting to interrupt the production,
transfer, and distribution of the electric power. However, the cyberattacks aim to
gain remote access to users’ data, endanger or control electronic devices and general
infrastructure to their benefit [11].

Threats

A threat is a potential damage or an unpleasant development that can take place if
nothing changes, or that can be caused by someone if his target will not comply with
his demands [10-12]. The best known types of threats related to energy systems are
presented below [10-12]:

1. Physical threats

They require specific tools and natural presence. The lines can be undermined
anywhere along the line or in the transmission tower. The distribution lines are
positioned at a relatively low height and can be easily interrupted. Also, smart
meters are extremely vulnerable to theft since they are installed at the customer
premises [10-12].

2. Cyber threats

They can be executed by any computer. Smart meters communicate and
interface with other counters in the network and with smart home appliances and
energy management systems. These interfaces increase the exposure of the SEG
in remote threats, such as invasion of privacy through wiretapping and data traffic
analysis, unauthorized access to stored data, attacks, interference or modification
of communication networks [10-12].

3. Cyber-Physical (combined threats)

They require combined knowledge, since the electronic attacks can have
physical effects. On the other hand, physical attacks can affect the electronic
infrastructure. For example, a disgruntled or complained employee with autho-
rization to the computer network may enter the substation security system and
disable the perimeter security, paving the way for any physical attack [10-12].
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Types of Attacks

Attack is any attempt to breach the confidentiality, integrity, or availability of an
energy system or network. It is also any unauthorized action that aims to prevent,
bypass, or disable safety mechanisms and access control to a system or a network.
The goal of an attack varies depending on the capabilities and objectives of the
intruder and on the degree of difficulty of the attempt regarding the measures and

security mechanisms to be addressed.

There are four types of attacks [10-12]:

1. Denial-of-Service (DoS)

The attacker (Bob) denies the source (Alice) access to the destination (Mary).

2. Man-in-the-middle

Bob pretends to be Mary, so he receives all messages from Alice to Mary. Bob

K. Dem

can change the messages and forward them changed to Mary.

3. Spoofing

Bob impersonates as Alice so that he can create and send messages to Mary.

4. Eavesdropping

Bob receives all messages sent from Alice to Mary, but both Alice and Mary

do not know about it (Fig. 2).
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Cyber Attacks on Smart Grid

Smart Energy Grids attacks can be classified based on the following [10-12]:

1. On the motivation
The motive of the attackers can be categorized into five areas, namely:
curiosity for information motivated attacks, immoral power theft, theft of power
consumption information, economic benefits.
2. On the number of attackers
They can be characterized as single or individual, aiming in collecting all
the necessary information to commit a small scale blackout. Also they can be
considered as coordinated attacks when they are organized by groups of attackers
who cooperate to hit critical infrastructures.
3. On the target
A hacking attempt can aim in any field of the electric power network, such
as the production (targeting to interrupt the operation of generators) or the
distribution and control.

The final target might be the change of the phase or other network status
information, resulting in the sudden load change in critical locations of the electrical
network. This could cause overload of the transmission lines and network collapse.

SCADA Systems

The term SCADA (supervisory control and data acquisition) [13] describes a class
of industrial controllers and telemetry systems. The characteristic of the SCADA
systems is that they comprise of local controllers, controlling individual components
and units of an installation connected to a centralized Master Station. The central
workstation can then communicate the data collected from the establishment in a
number of workstations in the LAN or to transmit the plant data in remote locations
via a telecommunication system, e.g. via the wired telephone network or via a
wireless network or via the Internet [13].

It is also possible that each local controller is in a remote location and transmits
the data to the master station via a single cable or via a wireless transceiver, always
set by local controllers connected in a star topology to a master station.

The use of SCADA systems manages on-line monitoring (through PLCs) and
continuous recording of all critical parameters of the electricity network, in order to
achieve surveillance in real time.

The main functions of a SCADA system are the following [13]:

1. Data collection from the PLCs and the remote terminal unit (RTU). All of
the desired signals are propagated towards the SCADA system through the
network.
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10.

Data storage in the database and their representation through graphs. The
selected information is represented either as such or after suitable processing.

. Analyze data and alert personnel in fault cases. When data values get abnormal,

the SCADA system notifies operators by using visual or audible signals in order
to avoid unpleasant consequences.

. Control of the closed loop processes. There exists the possibility of technical

control application, automatically or manually.

. Graphical representation of the process sections to mimic diagram and data

presentations in active fields. The mimic diagrams depict realistic parts of the
process in order to facilitate monitoring and understanding of the data from the
system operators.

. Recording of all events regular or not, for the creation of a historical archive of

critical parameters in the form of a database. Support of a dual computer system
with automatic switching if this is considered appropriate, based on the process
under control. In high risk processes the occurrence of error due to failure of
the equipment should be minimized as much as possible. For this reason, the
SCADA systems support a second computer system that undertakes in case of
error.

Transfer of data to other parts of the central management and information
system.

. Check the access of the operators to the various subsystems of the SCADA

system.

Specific software applications such as C++ code execution or intelligent
systems development.

Handling, managing, and processing of vast amounts of data.

Methods of Attack

The attack methodology might be followed by a specific hostile entity willing to
cause more than a service interruption. Getting unauthorized access to a SCADA
system is an extremely difficult task requiring skills and many hours of research.

Gaining control of the automation system of an electrical network requires three

essential steps [14]:

1. Access: The first step of the attacker would be to gain access to the SCADA

system. The attacker can gather as much information as possible (e.g., from
the Internet) such as names and installed equipment. Then he targets specific
elements of the system by using malware, he exploits weaknesses and gains
access. The most common method for gaining unauthorized access is the external
VPN access to the SCADA. The VPN access is mainly used by specialized
personnel which logins from home or from work. Of course stealing the login
details of such personnel is a huge problem.
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2. Discovery: After intruding the SCADA the next step is to analyze and understand
the specific network by discovering the processes running in it. The complexity of
the network is a really good defense against the attacks, however an experienced
intruder can cause serious problems and the collapse of services. First the attacker
searches simple information sources such as web servers or workstations. The
information traffic can be monitored for a long period of time and thus a vast
volume of data can be discovered (e.g., FTP, Telnet, and HTTP certificates). The
combination of all the above can offer a clear view of the network’s function for
the intruder.

3. Control: If the SCADA is analyzed, there are various methods to control the
system. The engineers’ workstations used to upgrade the software, the database
systems and the application server (where various SCADA applications are saved
providing control) are a potential target.

Additionally, another optional step which employs experienced invaders is hiding
the attacks by deleting specific folders that can detect and report the presence of
intruders in automation systems.

Literature Review

In an earlier research of our team we have made few hybrid computational
intelligence systems [15-29]. Tao et al. described the network attack knowledge,
based on the theory of the factor expression of knowledge, and studied the formal
knowledge theory of SCADA network from the factor state space and equivalence
partitioning. This approach utilizes the factor neural network (FNN) theory which
contains high-level knowledge and quantitative reasoning described to establish a
predictive model including analytic FNN and analogous FNN. This model abstracts
and builds an equivalent and corresponding network attack and defense knowledge
factors system. Also, the [30] introduces a new European Framework-7 project
Cockpit CI (Critical Infrastructure) and roles of intelligent machine learning
methods to prevent SCADA systems from cyber-attacks. Qian and Sherif [31]
apply autonomic computing technology to monitor SCADA system performance,
and proactively estimate upcoming attacks for a given system model of a physical
infrastructure. In addition, Soupionis et al. [32] propose a combinatorial method for
automatic detection and classification of faults and cyber-attacks occurring on the
power grid system when there is limited data from the power grid nodes due to cyber
implications.

The efficiency of the proposed method is demonstrated via an extensive experi-
mental phase measuring the false positive rate, false negative rate, and the delay of
the detections. Finally, Qin et al. [33] put forward an analytic factor neuron model
which combines reasoning machine based on the cloud generator with the FNN
theory. The FNN model is realized based on mobile intelligent agent and malicious
behavior perception technology.
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The authors have acknowledged the potential of machine learning-based
approaches in providing efficient and effective detection, but they have not provided
a deeper insight on specific methods, neither the comparison of the approaches by
detection performances and evaluation practices.

This research paper proposes the development of the SICASEG, a cyber-threat
bio-inspired intelligence management system. Unlike other techniques that have
been proposed from time to time and focus in single traffic analysis, SICASEG
is an efficient SCADA supervision system which provides smart mechanisms for
the supervision and categorization of networks. It provides intelligent approaches
for the above task and it is capable of defending over sophisticated attacks and
of exploiting effectively the hardware capabilities with minimum computational
and resources cost. More specifically, this research proposes an innovative and
very effective Extreme Learning Machine (ELM) model, which is optimized by
the Adaptive Elitist Differential Evolution algorithm (AEDE). The AEDE is an
improved version of the Differential Evolution (DE) algorithm and it is proper for
big data resolution. This hybrid method combines two highly effective, biologically
inspired, machine learning algorithms, for solving a multidimensional and complex
cyber security problem.

Power System Attack Datasets

SCADA Power System Architecture

Figure 3 shows the power system framework configuration which is used in
generating power event scenarios [33-37]. In the network diagram we have several
components. G and G, are power generators whereas R1 through R4 are Intelligent
Electronic Devices (IEDs) that can switch the breakers on or off. These breakers
are labeled BR;| through BR4. There are also two main lines. Line; spans from
breaker one BR| to breaker two BR; and Line, spans from breaker three BR3 to
breaker four BR4. Each IED automatically controls one breaker. Ry controls BRy,
R5 controls BRj, and so on accordingly. The IEDs use a distance protection scheme
which trips the breaker on detected faults whether actually valid or faked since they
have no internal validation to detect the difference. Operators can also manually
issue commands to the IEDs R; through R4 to manually trip the breakers BR;
through BR4. The manual override is used when performing maintenance on the
lines or other system components [33-37].

Types of Scenarios

There are five types of scenarios [33-37]:

1. Short-circuit fault—This is a short in a power line and can occur in various
locations along the line, the location is indicated by the percentage range.
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Fig. 3 SCADA power system architecture

2. Line maintenance—One or more relays are disabled on a specific line to do
maintenance for that line.

3. Remote tripping command injection (Attack)—This is an attack that sends a
command to a relay which causes a breaker to open. It can only be done once
an attacker has penetrated outside defenses.

4. Relay setting change (Attack)—Relays are configured with a distance protection
scheme and the attacker changes the setting to disable the relay function such
that relay will not trip for a valid fault or a valid command.

5. Data Injection (Attack)—Here we imitate a valid fault by changing values to
parameters such as current, voltage, and sequence components. This attack aims
to blind the operator and causes a black out.
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The Final Dataset

The dataset comprised of 128 independent variables and three classes—markers
(No Events, Normal Events, Attack) [33—37]. There are 29 types of measurements
from each phasor measurement units (PMU). A phasor measurement unit (PMU) or
synchrophasor is a device which measures the electrical waves on an electricity grid,
using a common time source for synchronization. In our system, there are 4 PMUs
which measure 29 features for 116 PMU measurement columns total. Also, there
are 12 features for control panel logs, Snort alerts and relay logs of the 4 PMU/relay
(relay and PMU are integrated together) [33-37].

The dataset is determined and normalized to the interval [—1,1] in order to face
the problem of prevalence of features with wider range over the ones with a narrower
range, without being more important. Also, the outliers and the extreme values
spotted were removed based on the Inter Quartile Range technique. The final dataset
contains 159,045 patterns (48,455 No Events, 54,927 Natural and 55,663 Attack).

Methodology and Techniques

Extreme Learning Machines

The Extreme Learning Machine (ELM) as an emerging biologically inspired
learning technique provides efficient unified solutions to “generalized” Single-
hidden Layer feed forward Networks (SLFNs) but the hidden layer (or called feature
mapping) in ELM need not be tuned [38]. Such SLFNs include but are not limited to
support vector machine, polynomial network, RBF networks, and the conventional
feed forward neural networks. All the hidden node parameters are independent from
the target functions or the training datasets and the output weights of ELMs may be
determined in different ways (with or without iterations, with or without incremental
implementations). ELM has several advantages, ease of use, faster learning speed,
higher generalization performance, suitable for many nonlinear activation function
and kernel functions.

According to the ELM theory [38], the ELM with Gaussian Radial Basis
Function kernel (GRBFk) K (u,v) = exp(—y|lu — v||?) used in this approach.
The hidden neurons are k = 20. Subsequently assigned random input weights w;
and biases b;, i = 1, ..., N. To calculate the hidden layer output matrix H used the
function (1):

h(x1) hi(xy) -+ hp(xy)
H = : = : : (1
h(xn) hi(xy) -+ hp(xy)
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h(x) = [h1(x), ..., hp(x)] is the output (row) vector of the hidden layer with
respect to the input x. i(x) actually maps the data from the d-dimensional input space
to the L-dimensional hidden-layer feature space (ELM feature space) H, and thus,
h(x) is indeed a feature mapping. ELM is to minimize the training error as well as
the norm of the output weights:

Minimize :||[HB — T||? and ||8]|, @

where H is the hidden-layer output matrix of the function (1). To minimize the norm
of the output weights ||8]| is actually to maximize the distance of the separating
margins of the two different classes in the ELM feature space 2/||8||.

The following function (3) is used to calculate the output weights S:

-1
1
B = <_ + HTH) H'T, 3)
C
where C is a positive constant is obtained and T resulting from the Function
Approximation of SLFNs with additive neurons in which is an arbitrary distinct
tf
samples with ; = [;1, 42, ..., tim]T € R" and T = o [38]

T
Iy

Adaptive Elitist Differential Evolution (AEDE)

In evolutionary computation, Differential Evolution (DE) [39] is a method that
optimizes a problem by iteratively trying to improve a candidate solution with regard
to a given measure of quality. In the DE, the parameters such as mutant factor
F and crossover control parameter CR, and trial vector generation strategies have
significant influence on its performance. To overcome the common limitations of
optimization algorithms such as the use of a huge volume of resources (e.g., high
computational cost) the Adaptive Elitist Differential Evolution algorithm (AEDE)
[40] introduces two alternatives. The first one is applied in the mutation phase and
the second one in the selection phase, in order to enhance the search capability as
well as the convergence speed of the DE algorithm. The new adaptive mutation
scheme of the DE uses two mutation operators. The first one is the “rand/1” which
aims to ensure diversity of the population and prohibits the population from getting
stuck in a local optimum. The second is the “current-to-best/1” which aims to
accelerate convergence speed of the population by guiding the population toward
the best individual. On the other hand, the new selection mechanism is performed
as follows: Firstly, the children population C consisting of trial vectors is combined
with the parent population P of target vectors to create a combined population Q.
Then, NP best individuals are chosen from the Q to construct the population for
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Algorithm 1 Elitist selection operator [40]

1: Input: Children population C and parent population P
2:Assign Q9 =CUP

3: Select NP best individuals from Q and assign to P

4: Qutput: P

the next generation. In this way, the best individuals of the whole population are
always stored for the next generation. This helps the algorithm to obtain a better
convergence rate [40]. The elitist selection operator is presented in the following
Algorithm 1.

The aeDE method is summarily shown as in Algorithm 2 below [40]:

where tolerance is the allowed error; Maxlter is the maximum number of
iterations; and randint(1, D) is the function which returns a uniformly distributed
random integer number between 1 and D.

Adaptive Elitist Differential Evolution ELM (AEDE-ELM)

Given that ELMs produce the initial weights (weights) and (bias) randomly, the
process may not reach the optimal result, which may not imply as high classification
accuracy as the desired one. The optimal choice of weights and bias creates the
conditions for maximum potential accuracy and of course the best generalization
performance of the ELMs [41]. To solve the above problem, we recommend the
use of the AEDE optimization method for the optimal selection of weights and
bias of the ELMs. Initially, each individual in the first generation is obtained
randomly, and it is composed of the input weights and hidden biases: x =
[w1, w2, ...,w1, by, by, ..., bl

Secondly, the corresponding output weights matrix for each individual is calcu-
lated in the manner of the ELM algorithm. Then, we apply AEDE to find the fitness
for each individual in the population. Finally, when the evolution is over, we can use
the optimal parameters of the ELM to perform the classification [41].

The procedure of AEDE-ELM algorithm is shown by Algorithm 3 [41].

Results and Comparative Analysis

It is extremely comforting and hopeful, the fact that the proposed system manages
to solve a particularly complex cyber security problem with high accuracy. The
performance of the proposed AEDE-ELM is evaluated by comparing it with
RBFANN, GMDH, PANN, and FNNGA learning algorithms. Regarding the overall
efficiency of the methods, the results show that the AEDE-ELM has much better
generalization performance and more accurate classification output from the other
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Algorithm 2 The adaptive elitist Differential Evolution (aeDE) algorithm [40]

1: Generate the initial population

2: Evaluate the fitness for each individual in the population
//Definition of searching criteria

3: while delta > tolerance or Maxliter is not reached do
//Find the best individuals

4:fori=1to NP do

//Generate the initial mutation factor

5: F=rand[0.4, 1]

//Generate the initial crossover control parameter

6: CR =rand[0.7, 1]

//Select a random integer number between 1 and D

7: jrangd = randint(1, D)

//Find the optimal parameters

8: for j=1to D do

//Check the crossover operation

9:if rand[0, 1] < CR or j == j,4nqsthen

//Check the mutation

10: if delta > threshold then

//Select the optimal parameters

11: Select randomly r1 # 12 #£ 13 # i;

Vie{l,..., NP}
12:
wij = xp1j + F x (xr25 — X37)

13: else
14: Select randomly rl # r2 # best # i;

Vie{l,..., NP}
15:
uij =xij + F x (xbesfj —xij) + F x (erj _Xr3j)

16: end if
17: else
18:

uij = Xij

19: end if

20: end for

21:Evaluate the trial vector u;

22: end for

23: Do selection phase based on Algorithm 1
24: Define fpesrs fmean

25: delta = ‘ Frest

mean—1

26: end while
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Algorithm 3 aeDE-ELM algorithm [41]

Input:

Training set, testing set;

aeDE algorithm parameters, NP;

: Create a random initial population;

: Evaluate the fitness for each individual with training set;
: while (stopping criteria not met) do

: Randomly generate F; and CR;

for i=1 to NP do

: Call the Algorithm 2;

Use the optimal parameters of ELM;

: end for

9: end while

10: Evaluate the optimized model by testing set;
Output:

Classification result;

Table 1 Comparison between algorithms

Classification accuracy & performance metrics
Classifier | ACC (%) | RMSE | Precision (%) | Recall | F-Score (%) | ROC area | Validation

SaE-ELM | 96.55 0.1637 | 0.966 0.966 | 0.965 0.996 10-fev
RBF ANN | 90.60 0.2463 | 0.909 0.907 |0.907 0.905 10-fev
GMDH 92.66 0.1828 | 0.927 0.927 10.927 0.980 10-fev
PANN 91.34 0.2162 1 0914 0913 0914 0.961 10-fev
FNN-GA | 94.71 0.2054 | 0.947 0.947 |0.947 0.969 10-fev

The best results from classification are marked with bold

compared algorithms. Table 1 presents the analytical values of the predictive power
of the AEDE-ELM by using a 10-Fold Cross Validation approach (10-fcv) and the
corresponding results when competitive algorithms were used.

The Precision measure shows what percentage of positive predictions were
correct, whereas Recall measures the percentage of positive events that were
correctly predicted. The F-Score can be interpreted as a weighted average of the
precision and recall. Therefore, this score takes both false positives and false
negatives into account. Intuitively it is not as easy to understand as accuracy, but
F-Score is usually more useful than accuracy and it works best if false positives and
false negatives have similar cost, in this case. Finally, the ROC curve is related in a
direct and natural way to cost/benefit analysis of diagnostic decision making. This
comparison generates encouraging expectations for the identification of the AEDE-
ELM as a robust classification model suitable for difficult problems.

According to this comparative analysis, it appears that AEDE-ELM is a highly
suitable method for applications with huge amounts of data such that traditional
learning approaches that use the entire data set in aggregate are computationally
infeasible. This algorithm successfully reduces the problem of entrapment in local
minima in training process, with very fast convergence rates. These improvements
are accompanied by high classification rates and low test errors as well. The
performance of proposed model was evaluated in a high complex dataset and the
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real-world sophisticated scenarios. The experimental results showed that the AEDE-
ELM has better generalization performance at a very fast learning speed and more
accurate and reliable classification results. The final conclusion is that the proposed
method has proven to be reliable and efficient and has outperformed at least for this
security problem the other approaches.

Discussion: Conclusions

An innovative biologically inspired hybrid computational intelligence approach
suitable for big data was presented in this research paper. It is a computational
intelligence system for identification cyber-attacks on Smart Energy Grids. Specif-
ically, the hybrid and innovative AEDE-ELM algorithm was suggested which
uses the innovative and highly effective algorithm AEDE in order to optimize the
operating parameters of an ELM. The classification performance and the accuracy
of the proposed model were experimentally explored based on several scenarios
and reported very promising results. Moreover, SICASEG is an effective cross-
layer system of network supervision, with capabilities of automated control. This
is done to enhance the energetic security and the mechanisms of reaction of the
general system, without special requirements. In this way, it adds a higher degree
of integrity to the rest of the security infrastructure of Smart Energy Grids. The
most significant innovation of this methodology is that it offers high learning speed,
ease of implementation, minimal human intervention, and minimum computational
power and resources to properly classify SCADA attacks with high accuracy and
generalization.

Future research could involve its model under a hybrid scheme, which will
combine semi supervised methods and online learning for the trace and exploitation
of hidden knowledge between the inhomogeneous data that might emerge. Also,
SICASEG can be further improved with self-adaptive learning properties such
as self-modified the number of hidden notes. Moreover, additional computational
intelligence methods could be explored, tested, and compared on the same security
task in an ensemble approach. Finally, the ultimate challenge would be the
scalability of SICASEG with other bio-inspired optimization algorithms in parallel
and distributed computing in a real-time system.
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Recent Developments of Discrete )
Inequalities for Convex Functions e
Defined on Linear Spaces

with Applications

Silvestru Sever Dragomir

Abstract In this paper we survey some recent discrete inequalities for functions
defined on convex subsets of general linear spaces. Various refinements and reverses
of Jensen’s discrete inequality are presented. The Slater inequality version for these
functions is outlined. As applications, we establish several bounds for the mean
[f-deviation of an n-tuple of vectors as well as for the f-divergence of an n -tuple
of vectors given a discrete probability distribution. Examples for the K. Pearson
x2-divergence, the Kullback-Leibler divergence, the Jeffreys divergence, the total
variation distance and other divergence measures are also provided.

Keywords Convex functions on linear spaces - Discrete Jensen’s inequality -
Reverse of Jensen’s inequality - Discrete divergence measures - f-Divergence
measures

Introduction

The Jensen inequality for convex functions plays a crucial role in the theory of
inequalities due to the fact that other inequalities such as that arithmetic mean-
geometric mean inequality, Holder and Minkowski inequalities, Ky Fan’s inequality,
etc. can be obtained as particular cases of it. In order to state some recent reverses
of Jensen’s discrete inequality for functions of a real variable we need the following
facts.
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Ifx;,yie Randw; >0@G =1,...,n) with W, := Z?:l w; = 1, then we may
consider the Cebysev functional:

n n n
Ty (X,9) i= Y wixiyi — ) wiXi Y w;i. (1)
i=1 i=1

i=1

The following result is known in the literature as the Griiss inequality:

1
[T (x, y)I SZ(F—V)(A—&, (2)
provided
—oo<y<xi<I<oo, —0c0<d§<yi<A<x 3)

fori=1,...,n.

The constant }‘ is sharp in the sense that it cannot be replaced by a smaller
constant.

If we assume that —oo < ¥y < x; < T < oofori = 1,...,n, then by the
Griiss inequality for y; = x; and by the Schwarz’s discrete inequality, we have (see
also [1])

1
2712

n n n n
1
Z w; |x; — Z w;x;| < Z wix} — Z WX, =5 T=». &
i=1 j=1 i=1 j=1

In order to provide a reverse of the celebrated Jensen’s inequality for convex
functions of a real variable, S. S. Dragomir obtained in 2002 [14] the following
result:

Theorem 1 Let f : [m, M] — R be a differentiable convex function on (m, M) .
Ifxi e m,Mland w; >0 (i =1,...,n) with W, := Z?:] w; = 1, then one has
the counterpart of Jensen’s weighted discrete inequality:

0< Zwif x)— f (Z wm)
i=1

i=1

IA

D owif Gi)xi = Y wif ()Y wixi
i=1 i=1 i=1

IA
N =

[f M) = £ m)] > wi |xi =D wjx| . 6))
i=1 j=1
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Remark 1 We notice that the inequality between the first and the second term in (5)
was proved in 1994 by Dragomir and Ionescu; see [28].

On making use of (4), we can state the following string of reverse inequalities:

0< Zwif (x))— f (Z wixi) (6)
i=1

i=1

Yowif ) xi =Y wif ()Y wix;
i=1 i=1 i=1

IA

IA

1 n n
5 L) = £ @] Y Swi fi = D T wi
j=1

i=1

IA

1 n n
S L0 = 1] | 3w = | 3w
i=1 j=1

IA

1 / !
2 [f" (M) = £ (m)] (M —m),

provided that f : [m, M] C R — R is a differentiable convex function on (m, M),
xi €[m,Mlandw; >0 (i=1,...,n) with W, ;=" w; =1.

Remark 2 'We notice that the inequality between the first, second and last term
from (6) was proved in the general case of positive linear functionals in 2001 by
S. S. Dragomir in [13].

The following reverse Jensen’s inequality for convex functions of a real variable
also holds:

Theorem 2 (Dragomir [24]) Let f : I — R be a continuous convex fug@c{ion on
the interval of real numbers I and m, M € R, m < M with [m, M] C I, I is the
interior of 1. If x; € [m, M]land w; >0 (i =1,...,n) with W, := Z?:l w; =1,
then

0< > wifx)—f <Z wixi) (7
i=1

i=1

n Cx n (X N

i=1

M =S wix; o wix; —m
< ( Zl—l ! l) (Zl—l [aadd ) sup \ij (l; m, M)
M —m te(m,M)
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(M _ ;wixi) (;wixi —m) f, (Ajw):,{;r (m)
1
4

M —m)[fL (M) — f(m)],

IA

<
where Wy (-;m, M) : (m, M) — R is defined by

JWM)—f@ f@)—fOm)
M—t t—m '

Ve(t;m, M) =

We also have the inequality

0< Y wif ()= f <Z wm) ®)
i=1

i=1

n Cx n (A — :
- (M =300 wixi) (7 wixi —m) ' (Z wix;;m, M)
i=1

- M—-—m

IA

1 n
7 M —m) ¥y (Zwixi;m,M)

i=1

IA

1
~(M—m) sup Wy (t;m, M)
4 re(m, M)

IA

1 / /
7 M—m [f2 (M) = fi (m)],

provided that Y}, wix; € (m, M) .
The following result also holds:

Theorem 3 (Dragomir [24]) With the assumptions of Theorem 2, we have the
inequalities

0<> wifx)—f (Zwixi) ©)
i=1 i=1

- 2max{M - i Wik Doim1 Wiki —m}
M—-—m M—-—m
[f(m)+f(M) <m+M)}
X - f
2 2

< %maX{M—Zw,-xi,Zwixi —m} [fi (M) — fL (m)].

i=1 i=1
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Remark 3 Since, obviously,

M= wixi Y pwixi —m

9 <1’
M —m M —m -

then we obtain from the first inequality in (9) the simpler, however, coarser
inequality, namely

Oizwif(xi)—f<2w;x,~> gz[f(m)“z‘f(M) _f(mJ;Mﬂ-

i=1 i=1
(10)

This inequality was obtained in 2008 by S. Simi¢ in [31].
The following result also holds:

Theorem 4 (Dragomir [25]) Let ® : I — R be a continuous convex function on
the interval of real numbers I and m, M € R, m < M with [m, M] C I I is the
interior of I. If x; € I and w; > 0 fori € {1,...,n} with Z?:l w; = 1, denote
Xy 1= ZLI w;x; € I, then we have the inequality

n

0< D wi®(xi) — P (Fu) (11
i=1
(M — xy) X ' ()| dt + (Xyy —m) M ' (t)|dt

< ) Jo } | c fx"’ | | = Qg (Xy; m, M),
M—m
where Qg (Xy; m, M) satisfies the bounds

Og (xy;m, M) (12)

[% bl q S o o ar
<

[3 4 | @) ar +

e @l de = fir o @],

O (Xy; m, M) (13)
(G —m) (M — %)
< M—m - [HCI’/||[fu,,M],oo7L ||<1>/||[m,,;u,],oo]

|- + ||®’ _
- 12, 7,00 T 19 [ ., 7,00

1 1 )
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and
Oo (Xu; m, M) (14)
1 _ -
= o [Gu = M =5[],
+(M = %) R —m) | @ [mjw],p]
1 _ - - - 1
= M—-m [(xw —m)T (M = Xy) + (M = Z)? (X — m)] /q ” q’/“[m,M],p

1,1 _
wherep>l,;+a_l.

For a real function g : [m, M] — R and two distinct points «, § € [m, M], we
recall that the divided difference of g in these points is defined by

o] i £B) 8@
o

’3_

Theorem 5 (Dragomir [22]) Let f : I — R be a continuous convex function on
the interval of real numbers I and m, M € R,m < M with [m, M] C I [ the
interior of 1. Leta = (ay,...,ay),p = (p1, ..., pn) be n-tuples of real numbers
withp; > 06 €{l,....,nY)and Y }_ pi=1.1fm <a; <M, i€{l,...,n},
with Y 7, pia; # m, M, then

n n n
Y opi|f@) =D pjaj||sen|ai—)_ pja (15)
i=1 j=1 j=I

A

< Zpif (@) —f (Z Piai)
i=1 i=1

= % (|:Zpiai, M; f:| - |:m Zpiai: f:|> Zpi aj — Zl’jaj
i=1 i=1 i=1 j=1

< % ({Zpiai, M:; f} - [m > piai; fD
i=1 i=1

) 1/2

n n
2
x| Do piai — | Yo piay
im1 =1

If the lateral derivatives f| (m) and f. (M) are finite, then we also have the
inequalities
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0<) pifa)—f (Z piai> (16)
i=1 i=1

IA

n n n n
% <|:Zpiai,M; f] - [m > piai; f]) Y pilai—) pja
i=1 i=1 i=1 j=1

IA
N | =

i=1

[f ) = fLm)] D pilai =Y pja;
j=1
21/2

1 n n
<5l an = L] | 3 piaf = | 3 pja;
i=1 j=1

A

In this paper we survey some recent discrete inequalities for functions defined on
convex subsets of general linear spaces. Various refinements and reverses of Jensen’s
discrete inequality are presented. The Slater inequality version for these functions is
outlined. As applications, we establish several bounds for the mean f-deviation of
an n-tuple of vectors as well as for the f-divergence of an n-tuple of vectors given
a discrete probability distribution. Examples for the K. Pearson y2-divergence, the
Kullback-Leibler divergence, the Jeffreys divergence, the total variation distance
and other divergence measures are also provided.

Refinements of Jensen’s Inequality

Preliminary Facts

Let C be a convex subset of the linear space X and f a convex function on C. If
p = (p1, ..., pn) is a probability sequence and x = (x1, ..., x,) € C", then

f (Z pix,») <> pif (), (17)
i=1 i=1

is well known in the literature as Jensen’s inequality.
In 1989, J. Pecari¢ and the author [30] obtained the following refinement of (17):

n n Xi Ao dx
f (Z pixi) < > PPl (%) (18)
i=1

15 bpr1=1
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xi1+"'+xik
z o (Bt
l

Lip=1
n

<Y pif (),
i=1

for k > 1 and p, x are as above.
If g1, ..., qx = 0 with ZI;-:] qj = 1, then the following refinement obtained in
1994 by the author [2] also holds:

f(Zpixi)_ Z Piy -+ Pigf (W) (19)
i=1 i

k=1

n
Z Piv -+ Picf (@1xi + -+ aqexi) < ) pif (),

k=1

where 1 < k < n and p, x are as above.

For other refinements and applications related to Ky Fan’s inequality, the
arithmetic mean-geometric mean inequality, the generalised triangle inequality, etc.,
see [3-29].

General Results

The following result may be stated.

Theorem 6 (Dragomir [19]) Ler f : C — R be a convex function on the convex
subset C of the linear space X, x; € C, p; > 0,i € {1,...,n} with Z?:l pi = 1.
Then

N DjXj — DkX
me <, min [(1—pk>f<2’ S k>+pkf<xk>}

..... -
(20)
1 D=1 PiXj T PR
< - Z(l—pk)f 0 +Zpkf(Xk)
n|io — Pk =1
< max |:(l - f (Zj:l Pt~ kak> +pif (Xk):|
ke(l,...n} 1 — px
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In particular,

lzxj Lomin |e=ny Lj=iy ok + f () 1)
nj:1 n ke{l,...,n} n—1

.....

IA

IA
|

n12 [(n—DZf(Zj 12 >+Zf<xk>

27:1 Xj — Xk 1
<— max [(n—-1f|———— ]+ F ()
n kefl,...,n} n—1
l n
= Z f (x,)
j=1
Proof Forany k € {1,...,n}, we have
n
> pj
n j:l n
ijxj' DiXk = ZPJXJ ijsz(l_Pk) m ijx],
=l T2 ; Pi G j; Pi %
Jj#k Jj#k
which implies that
> i1 PjXj — PkXk 1 <
= = — ijxjec (22)
Z pj /#—k
J#k
for each k € {1, ..., n}, since the right side of(22) is a convex combination of the
elements x; € C, j € {1,...,n}\ {k}.

Taking the function f on (22) and applying the Jensen inequality, we get
successively

Y1 PiXj — PkXk 1
= =f-—> rixj| =
1= px 3 pj =l Z
= Pj i Pj /#—k

J#k g

— pif (xx)

[l
_
%

]
~.
\
—

=
~.
N—
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forany k € {1, ..., n}, which implies
(I—pu) f (Z’}_l f’_x;k_ pkxk) + i f () = ipjf (x7) (23)
j=1
foreachk € {1,...,n}.
Utilising the convexity of f, we also have
(= po) f (27:1 S pkxk) - pef ()
> f [(1 — Dk) Z;:l f]_xlpk_ Pk + kak:| =f Xn:l)jxj (24)
j=1

foreachk € {1,...,n}.
Taking the minimum over k in (24), utilising the fact that

and then taking the maximum in (23), we deduce the desired inequality (20). |

After setting x; = y; — >, qvi and p; = qj,j € {l,...,n}, Theorem 6
becomes the following corollary:

Corollary 1 (Dragomir [19]) Let f : C — R be a convex function on the convex
subset C,0 € C,y; € X and q; > 0,j € {l,...,n} with Z;f:]qj = 1.1If
yi— > 1@y € Cforany j €{l,...,n}, then

f©) (25)

= keﬁnn :(1 —a) f [ (Z qyr — )’k>:| +a f (yk - Zqzyz> }

=1

{Z(l _Qk)f|: (Zqzyz _)’k):| +[2:1:%f (yk - gqm)}

Eke{l !(1—51k)f|: (Z‘IIYI_)’k):|+C]kf (yk—2q1y1>}
) =1

n n
<Y qif (yj - qu) :
j=1 I=1
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In particular, if y; — },Z?:l vi € Cforany j e {l,...,n}, then

f© (26)
e oo [ 1
o R e
<L max {(n—l)f[%(liyz—yk>}+f<yk—liyl)

n kell....n) n—1\n4 n =
<

1 < 1 <
;Zf(Yj_;Zyl)-
j=1 =1

The above results can be applied for various convex functions related to
celebrated inequalities as mentioned in the introduction.

Application 1. If (X, ||-]|) is a normed linear space and p > 1, then the function
f:X —> R, f(x) = ||x||? is convex on X. Now, on applying Theorem 6 and
Corollary 1 forx; € X, p; > 0,i € {1, ..., n} with Z?:l pi =1, we get

p n p

Yopixi| = min | A= p' P> pixg = prxe| + pe )
- ke n et

27)
l Z (1—p)t=? - p
- Pe) Zp,x, k| + ;pk el
n p
<, max | (1 PP 2 pixj — prx|| + pi llxll”
P
n
<> pilxl”
j=1
and
»
e {[(1 —p)' P Pl + Pk] Xp — ;Pm ]
n n p
<> pj|xw— P (28)
j=1 I=1
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In particular, we have the inequality:
¢ ' 1 n P I
— . . -1 1-p L » 20
n ;x] n ke(l,...n) (n—1) ]Z_;xj x| A+ lxell (29)

IA
|

2

=

A
|

1 n n P n 7]

S| =D I x— x|+ Y lwdl”
n k=1 | j=1 k=1 |
) _

n
=D xj = x|+ ldl”
j=1

A
|
=}
)
bel

1 »
22l
j=1

and
P
[(n —nl-r 4 1] ) Enax (30)

e{l,...,n}

1 n
w13y
nll

p n
=2
j=1

If we consider the function &, (t) := (1 — H=PtP 4t p>1,t €[0,1), then
we observe that

1 n
Xj— — E X;
I

=1

W,y =1+p? ' A=0)'"P+(p-DPA-07",

which shows that £, is strictly increasing on [0, 1) . Therefore,

min {(1 —p)' TP Pl + pk} = pm+ (1= pu)' =P ph,
ke{l,...,n}

where p,, 1= ; {r{lin } Pr- By(28), we then obtain the following inequality:
el,...,n

p

[+ 0= p 7 pE] o

n
Xk — Z pix
=1

p
(€29

n n
<) pi|x—D_ pu
=1 =1

Application 2. Let x;, p; > 0,i € {1,...,n} with ) i, p; = 1. The following
inequality is well known in the literature as the arithmetic mean-geometric mean
inequality:

n n
ijxj > ]_[x;”f. (32)
j=1 j=I

The equality case holds in (32) iff x| = - - - = x,.
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Applying the inequality (20) for the convex function f : (0,00) — R,

f (x) = — Inx and performing the necessary computations, we derive the following
refinement of (32):
n n . 1—pk
ZpiXi >  max Zj:l Piti = Prk xfr (33)
P = kellon) 1 — px k
1
1-p n
T Yhoipixi =) P
i 1= p ¢
Pk
- Dj—1 PjXj — PkXk ol » o
= ke{lon) 1 — px k= s

n
1 ¢ D1 X — Xk 1
— X; = max Xy
n ke{l,...,n} n—1
1=
n n "771 n
(ijl X xk> 1
> .
- n—1
k=1

.....

\
-
mn
~2
=
i
/
M
s | L
| | =
=
=
=
S—
|
=
LapiYIen
[\
P
—]=
=
SNS—
S|—

Applications for f-Divergences

The following refinement of the positivity property of f-divergence may be stated.

Theorem 7 (Dragomir [19]) For any p,q € P", namely, p, q are probability

distributions, we have the inequalities
k
) +aif (”—)} (34)
gk

1] 1— pi “ Pk
- 1— 7
n[};( Qk)f<1_q>+]§%f<qk>i|

k

] _
min [(1 —q0 f ( pk) +arf <&>:| >0,
ke{l,....n} 1 — gk qk

provided f : [0, c0) — R is convex and normalised on [0, 00) .

1 = pr
Iy (p.q) > 1-
s P.@) = max [( qk)f<1 >

v

v




130 S. S. Dragomir

The proof is obvious by Theorem 6 applied for the convex function
f :10,00) — R and for the choice x; = %, i € {l,...,n} and the probabilities
gi,ie{l,...,n}.

If we consider a new divergence measure R ¢ (p, q) defined for p, q € P" by

- 1 — px
Rf(p,q = —— 1-— 35
5 (@ @ n_IkX_;( Qk).f(]_qk> (35)
and call it the reverse f-divergence, we observe that
Ry(p.q) =1y (r.p (36)

with

|- |- |- 1 -
r= Lo ZTPn) o @ T (n=>2).
n—1 n—1 n—1 n—1

With this notation, we can state the following corollary of the above proposition.

Corollary 2 For any p, q € P", we have

Iy (p,@) = Ry (p.q) =0. (37)

The proof is obvious by the second inequality in (34) and the details are omitted.

In what follows, we point out some particular inequalities for various instances of
divergence measures such as the fotal variation distance, x>-divergence, Kullback-
Leibler divergence, and Jeffreys divergence.

The total variation distance is defined by the convex function f () =
[t — 1], ¢ € R and given in

V(p.g) =Y q g—j— ‘=Z|Pj—4j’- (38)
j=1 j=1

The following improvement of the positivity inequality for the total variation
distance can be stated as follows.

Proposition 1 For any p, q € P", we have the inequality:
V(p.g) =2 max |pr—qkl (=0). (39)
ke{l,...,n}
The proof follows by the first inequality in (34) for f (t) = [t — 1], ¢t € R.

The K. Pearson x2-divergence is obtained for the convex function f () =
(1—1)%,t € R and given by

n . 2
x> (p.q) :=ZCIj (p—]_— ) =
j=1 '

49j =

(pj — 611)2.
qj

=

(40)
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Proposition 2 For any p, q € P",

2
2 (P — qr) 2
(p,qg) = max (————— >4 max (pr—qr)” (=0). 41)
X 1P q ke{l,...,n} {qk (1 —qr) } ke{l,...,n} P 1

.....

Proof On applying the first inequality in (34) for the function f (1) = (1 —1)>,t €
R, we get

1 — pi 2 Pk 2
x*(p.q) > max (1—61k)< —1) ta| — 1
kefl,...n} 1 —qgx qk

(Pk — qr)*
= max Y
ke{l,on) | g (1 — qi)

Since
(-0 < S+ (- g = -
qk qk) = 4 qk qk = 4
then
(Pk — qr)*
P S 4 (pr— qn)?
gk (1 — gk)
foreach k € {1, ..., n}, which proves the last part of (41). O

The Kullback-Leibler divergence can be obtained for the convex function f :
(0,00) = R, f(¢t) = tInt and is defined by

oo () -Eon(z) @
J =1 J

=1

Proposition 3 For any p, q € P", we have

1 — 1—py Pk
ke(l,..n} | \ 1 — qk qk

Proof The first inequality is obvious by Theorem 7. Utilising the inequality between
the geometric mean and the harmonic mean,

1

xaylfa > 1 ,
4 =«
y

x,y>0, ¢ €[0,1]

=R
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(1 —pk>1—pk . <ﬁ>pk -
1 — gk a)

forany k € {1, ..., n}, which implies the second part of (43). O

we have

Another divergence measure that is of importance in information theory is the
Jeffreys divergence:

J(p.q) = q--(——l>1n<—)=
jX_; 7\, qj

J j=1

(pj—q;)In (%) , (44)

J

which is an f-divergence for f (t) = (¢t — 1) Inz, ¢ > 0.

Proposition 4 For any p, q € P", we have

(I = pi) gk
J(p,q) = ke?ll’?.l.)in} {(Qk — pr)In [m“ (45)

_ 2
> max (gk — pi) =0
kefl,...n} | Pk + qk — 2Piqr

Proof Writing the first inequality in Theorem 7 for f (t) = (+ — 1) In¢, we have

1-— 1—
J(p,q) = max (1 —qr) |:< Pk —1) ln( pk)]—i—qk <7Pk —l)ln(—pk>}
kefl,...,n} 1 —qx I — g qk Gk

1—
= max {(qx— pr)In ( pk) —(qk — pr)In (&”
ke{l,...n} 1 — g qk

(I—Pk)lIk]}
(I—agpel)’

—  max (Qk—Pk)lﬂ[

proving the first inequality in (45).
Utilising the elementary inequality for positive numbers,

Inb —Ina 2
> 9
b—a “Ta+b

1 —
e m(22) (2]
— 4k qdk
ln<—11:2;:> —ln<%> . |:1 — e ﬁi|

1—px Pk 1 —
T o qk dk

a,b>0

we have

= (qk — pi) -
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1_
_ (e —p)* 1n<1—f]71k() —In (%)

(- g _ pe
qr (1 — qk) o — B
_ 2 _ 2
Z(qklpk) ,1p2 _ - 2 (qx sz) >0,
— — Dk Dk —
qr (1 — qk) TR Pk + gk — 2piqi
foreach k € {1, ..., n}, giving the second inequality in (45). O

More General Results

Let C be a convex subset in the real linear space X and assume that f : C — R is
a convex functionon C. If x; € C and p; > 0,i € {1,..., n} with Z?:l pi =1,
then for any nonempty subset J of {1, ..., n},weput J := {1,...,n}\J (# ¥) and
define Py := Y ,,; piand P; := Pj = Y jeiPj =1— 3, pi. For the convex
function f and the n-tuples x := (x1,...,x,) and p := (p1, ..., pn) as above, we
can define the following functional:

1 _ 1
D(f,p.x;J):=P;f (P—Zpixz) + P f P-—ijxj (46)
Y, T el
where here and everywhere below J C {1, ...,n} withJ #@and J # {1,...,n}.
It is worth to observe that for J = {k}, k € {1, ..., n}, we have the functional
Dy (f,p.x) := D (f,p,x; {k}) 47)
n
i=1 PiXi — PkXk
= pif o)+ _Pk)f(Zl 11’_’pk )

that has been investigated in the paper [19].

Theorem 8 (Dragomir [20]) Ler C be a convex subset in the real linear space X
and assume that f : C — R is a convex function on C. If x; € C and p; > 0,1 €
{1,....n} with 3_}_, pi = 1, then for any nonempty subset J of {1, ..., n}, we
have

Y o) =Dfpx )= f (Z Pka> : (43)

k=1 k=1

Proof By the convexity of the function f, we have
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D (f,p,x; J>=ij< Zp,x,>+PJf —Zp,x,

:e] ]EJ
s |p () 2o S
tEJ ]GJ
n
- (3]
k=1
for any J, which proves the second inequality in (48).
By the Jensen inequality, we also have
me(xk) =Y pif @)+ pif(
ieJ jEJ
EPJf( Zp,xl)—l—ij _ijxj
lEJ JEJ
=D(f,p.x;J)
for any J, which proves the first inequality in (48). O

Remark 4 We observe that the inequality (48) can be written in an equivalent
form as

Zpkf (xx) > > max D (f,p.x;J) (49)
+JC{1,...,n}
=1
and
m PUexd)= 50
g o PUPXT) 2 f(;PH%) (50)

These inequalities imply the following results that have been obtained earlier by the
author in [19] utilising a different method of proof slightly more complicated:

Zpkf<xk>> max Dy (f.p.%) (51)

k=1

and

min Dy (f,p.%) = f (Z kak> (52)

kefl, ...,
¢ k=1
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Moreover, since

P£IC{L,....n} (1,.n)

and

min  D; (f,p,X) > min D(f,p,x;J),
e i (. P )_ijéjc{]l,...,n} (fip )

then the new inequalities (49) and (50) are better than the earlier results developed
in [19].

The case of uniform distribution, namely, when p; = % for all {1, ..., n},is of
interest as well. If we consider a natural number m with 1 < m < n — 1 and if we
define

n

1 & — 1
Dm(f,X):=%f<Esz->+nnmf — > (53)
i=1

j=m+1

then we can state the following result:

Corollary 3 (Dragomir [20]) Let C be a convex subset in the real linear space X
and assume that f : C — R is a convex function on C. If x; € C, then for any
mef{l,...,n— 1}, we have

1 & 1 &
= f 0= Du (£ f (; Zm) : (54)
k=1 k=1

In particular, we have the bounds

1 n
=Y f )
n k=1
m 1 & n—m 1 "
>  max —f (— Xi) + f Z Xj (55)
me{l,...n—1} | n m “ n n—m .
i=1 Jj=m+1
and
1 & n—m 1 "
|5 () -5 (e
i=1 j=m+1

> f (% Zm) : (56)



136 S. S. Dragomir

The following version of the inequality (48) may be useful for symmetric convex
functions:

Corollary 4 (Dragomir [20]) Let C be a convex function with the property that
0 € C.Ifyj € X such that for p; > 0,i € {1,...,n}with Yy ;_, pi = 1, we have
Vi — iy piyi € C forany j € {1,...,n}, then for any nonempty subset J of
{1,...,n}, we have

n n

_ 1 1
> pif (yk— > pm) >Pif| Py 7, > pivi— 5 > Py
k=1 ieJ 7

i=1 jel

_ 1 1
+Prf| Py 7 E Pjyj— P, E pivi || = . (57)
7 ’ ;
jeJ iel

Remark 5 1f C is as in Corollary 4 and y; € X such that y; — % Y vi €C for

any j € {l,...,n}, thenforanym € {1, ...,n — 1}, we have
1 Zn:f 1 Zn: _m n—m | 1 Zm: 1 Zn:
; Yk ; Yi _;f » a Yi n—m Yj
k=1 i=1 i=1 j=m+1
+ n—mf m 1 Zn: 1 i = £(0) (58)
" n\n-m Yj m - Yi > f(0).
Jj=m+1 i=1
Remark 6 1t is also useful to remark that if J = {k} where k € {1, ..., n}, then the

particular form we can derive from (57) can be written as

Y pef (ye - Zpiyi)
¢=1 i=1

1 n
zpif | A =po) | o= 7 o Y Py — Py
j=I
1 n
+ A =po) f| Pk - dopivi—pmw | =w ]| = £,
j=1

(59)

which is equivalent with

n n n
szf (yz—Zpiyi) > pif yk—ZPjyj
=1 i=1 j=I
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+d=pi) f

1 f ijyj =y | |= /O (60)
j=1

forany k € {1,...,n}.

A Lower Bound for Mean f-Deviation

Let X be a real linear space. For a convex function f : X — R with the
properties that f (0) = 0, define the mean f-deviation of an n-tuple of vectors
X = (x1,...,x,) € X" with the probability distribution p = (py, ..., pn) by the
nonnegative quantity

Kp(.x) =Y pif (Xi - ZPW) : (61)
k=1

i=1

The fact that K ¢ (p, x) is nonnegative follows by Jensen’s inequality, namely,

Ky(p.x) = f <Z pi (Xz ZPM)) f©0)=0.

i=1

A natural example of such deviations can be provided by the convex function
f (x) := ||x||” with » > 1 defined on a normed linear space (X, ||-||). We denote
this by

Ky (p,x) := Zpi

i=1

(62)

n r
N =Y pn
k=1

and call it the mean r-absolute deviation of the n-tuple of vectors x =
(x1, ..., x,) € X" with the probability distribution p = (p1, ..., pn) -
The following result that provides a lower bound for the mean f-deviation holds:

Theorem 9 (Dragomir [20]) Let f : X — [0,00) be a convex function with
fO =0.Ifx = (x1,...,x,) € X" andp = (p1,..., pn) is a probability
distribution with all p; nonzero, then

Kp(.x)> max P/ f|P Zp,l— me,
W£JC{l,...,n}
zeJ jej
1
P f | = 2T p Zp,yl (=0). (63)
J

jel zeJ
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i ()]

+pif <Xk -> pm) } (=0). (64)

=1

In particular, we have

K¢ (p,x) > I{naX {(1_Pk)f|:

The proof follows from Corollary 4 and Remark 6.
As a particular case of interest, we have the following:

Corollary 5 (Dragomir [20]) Ler (X, ||-|) be a normed linear space. If x =
(x1,...,xy) € X" and p = (p1, ..., pn) is a probability distribution with all p;
nonzero, then for r > 1 we have

Kr (p7 X)

r

> max Pjﬁj (ﬁ;_l‘l—Pr 1) Z[’z Xi— ijxj (Z O)
lEJ /eJ
(65)

Remark 7 By the convexity of the power function f (f) =", r > 1, we have
PP, (ﬁ;*l + P;’]) = PP+ Py P!
> (PyP;+ P;P;) =2"P}P}
therefore

o N R
PPy (Pf L+ Py 1) |P—szixi_ 2P
ieJ

]eJ

r

r

ZZ’P}’P} Zplxl__zpj-xj =2 szpzxz_PJijxj

T ier ]EJ ieJ jed
(66)
Since
Y p - 2 oy = (A= P Y pixi - Py (z pers zp,x,)
iel jel iel iel
©67)

= Zplxl — Py Zpkxk’

ie
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then by (65)—(67) we deduce the coarser but perhaps more useful lower bound

n
Z pixi — Py Z DikXk
k=1

ieJ

K, (p,x) >2" max }{
n

} (=0). (68)

The case for mean r-absolute deviation is incorporated in:

Corollary 6 (Dragomir [20]) Ler (X, ||-|) be a normed linear space. If x =
(X1,...,xy) € X" and p = (p1, ..., pn) is a probability distribution with all p;
nonzero, then forr > 1 we have

-

} . (69)

Remark 8 Since the function A, (¢) := (1 — t)l_’ t"+t,r > 1,1t €[0, 1) is strictly
increasing on [0, 1), then

n
X — Z pixi

=1

.....

min {(1 — )" P+ Pk} = pm+ 1= p)'" Pl
ke{l,...,n}

where = min k-
b= iy P

We then obtain the following simpler inequality:

p

K 0. = [pn+ (1= p)' ™ | max O

kell,...,n}

n
Xk — Z PiXi
=1

which is perhaps more useful for applications (see also [19]).

Applications for f-Divergence Measures

We endeavour to extend the concept of f-divergence for functions defined on a cone
in a linear space as follows.

Firstly, we recall that the subset K in a linear space X is a cone if the following
two conditions are satisfied:

1. forany x,y € K wehave x +y € K;
2. forany x € K and any o > 0 we have ax € K.

For a given n-tuple of vectors z = (z1,...,2,) € K" and a probability
distribution q € P" with all values nonzero, we can define, for the convex function
f : K — R, the following f-divergence of z with the distribution q:

Ir@a) =Y af (2—) . (71)
i=1 !
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It is obvious that if X = R, K = [0, o0) and x = p €P”, then we obtain the usual
concept of the f-divergence associated with a function f : [0, c0) — R.

Now, for a given n-tuple of vectors x = (x1,...,Xx,) € K", a probability
distribution q € P" with all values nonzero and for any nonempty subset J of
{1,...,n} wehave

q;:=(0s.0/) € p?
and
=(Xs,Xy) € K?
where, as above
Xy :=Zx,-, and Xy =Xj.
ieJ

It is obvious that

I (x7,qy) = QJf<Q )+Q1f<QJ)

The following inequality for the f-divergence of an n-tuple of vectors in a linear
space holds:

Theorem 10 (Dragomir [20]) Ler f : K — R be a convex function on the
cone K. Then for any n-tuple of vectors x = (x1,...,x,) € K", a probability
distribution q € P" with all values nonzero and for any nonempty subset J of
{1,...,n}we have

1 , > 1 s >] , 72
F(x,q _Q#Iélﬁ)fmn} Fxysqr) =1 (x5,97) (72)

> min Ir(xy, > X
=z, min Fxy,qy) = f(Xn)

where X, := Y \_ Xi.

The proof follows by Theorem 8 and the details are omitted.

We observe that, for a given n-tuple of vectors x = (x1,...,x,) € K", a
sufficient condition for the positivity of I (x, q) for any probability distribution
q € P" with all values nonzero is that f (X,) > 0. In the scalar case and
if x =p €P”, then a sufficient condition for the positivity of the f-divergence
Ir (p, q)isthat f (1) > 0.

The case of functions of a real variable that is of interest for applications is
incorporated in:

Corollary 7 (Dragomir [20]) Let f : [0,00) — R be a normalised convex
Sfunction. Then for any p, q € P" we have

Py
Iy (p,q) = g max [QJf <Q ) +A-0nf ( Qj)i| (=0 -(73)
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In what follows we provide some lower bounds for a number of f-divergences
that are used in various fields of information theory, probability theory and statistics.

The total variation distance is defined by the convex function f (f) =
|t — 1|, t € R and given in

n n
Vp.g) =Y q %— ‘=Z|p,-—q,~|. (74)
j=l j=l

The following improvement of the positivity inequality for the total variation
distance can be stated as follows.

Proposition 5 For any p, q € P", we have the inequality:

Vip,g)>2 max Py — >0). 75
(p,.q) = poe X n}l 7 — @yl (=0) (75)
The proof follows by the inequality (73) for f () = |t — 1],t € R.

The K. Pearson x2-divergence is obtained for the convex function f (r) =
(1 —1)?,t € R and given by

=

n 2 2
pj pj—4j
X (@)=Y q (—’ - 1) _ypiza) : (76)
=1 qj j=1 qj

Proposition 6 For anyp, q € P",

(77)

P — 2
) > M}

max
g£ic{l,..n} | Qs (1 — Q)

>4 max (P;—Qy)? (20).
p£JC{1,...,n}

Proof On applying the inequality (73) for the function f (f) = (1 —1)>,7 € R, we
get

2(p,q) > max (1—Q)<1_PJ—1>2+Q <&—1)2
X P4 = gticll,...n) \1-0, "\o,

(P;—Q))?
= max - .
p£icil,..n} | Q5 (1 — Q)

Since

1 1
0/ (1=0p) = 710+ - oNP = T
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then
(Py—0)) 2
———— >4(P; - Q))
0, (1-0))
foreach J C {1, ..., n}, which proves the last part of (77). |

The Kullback-Leibler divergence can be obtained for the convex function f :
(0, 00) > R, f () = tInt and is defined by

KL (p, q)—Zq] pjln( ) Zp]ln<pj> (78)

j=1

Proposition 7 For any p, q € P", we have:

1—pP N\ P\
KL(p’q)Zln[@aéqu ,,,,, n}{(l—Q1> (E) ”ZO' )

Proof The first inequality is obvious by Corollary 7. Utilising the inequality
between the geometric mean and the harmonic mean,

1

o -«
Xy =

-«
+T

x,y>0, ¢ €l0,1]

=R

we have for x = %, y = lljg’] and o = Py that

1-p
(=) )
1-0; o -

forany J C {1, ..., n}, which implies the second part of (79). m|

Another divergence measure that is of importance in information theory is the
Jeffreys divergence:

n

=S (2 )u(2)E-am(z). o

qj =l

which is an f-divergence for f (t) = (¢t — 1) Inz, ¢ > 0.

Proposition 8 For any p, q € P", we have

(1= PpQ, ="
7 (p.q) = 1n (@;ﬁ]c{l ,,,,, n) {[(1 — Q,)P,] (81)

(Q; — Py)?
max >
p£Jc{l,..n)| P+ Qy —2P;Q0y
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Proof On making use of the inequality (73) for f () = (+ — 1) In¢, we have

J(p,q)
= fo-en (=g - )n(i=gr) [ e (g -1)m (6]
st |0 (12g3) @ (5]
= s fes—rom =g ]

proving the first inequality in (81).
Utilising the elementary inequality for positive numbers,

Inb —Ina 2
>

>

) ’b O
b—a “a+b “0=
we have
1-P P
er=rofr(i=5;) -n(3))
1—-0y Qy
1-p P
B , ln<1_Q’J>—ln<—’]> 1—p,
=(Qs—Pp)- —p, P, 11=0,
-0, 0Oy
1P\ 1. (P
_ Q= P)? .1“(1—91) in ()
- _ 1—P P
Q;(1—-0)) =0- — o0&
_ Qs -P)? 2 _2(Qs - Py)?
= _ 1—P Py _ =
Q=0 =t+5 Pr+t0s—2P0y
foreach J C {1, ..., n}, giving the second inequality in (81).

Inequalities in Terms of Gateaux Derivatives

Gdteaux Derivatives

’

Assume that f : X — R is a convex function on the real linear space X. Since for
any vectors x, y € X the function gy y : R — R, gy (t) := f (x +ty) is convex,

it follows that the following limits exist:

Vi fx) () = t_)%T(_) fx +fyt) - f )
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and they are called the right (left) Gdateaux derivatives of the function f in the point
x over the direction y.
It is obvious that for any # > 0 > s we have

fa+y)—f)
t

[f(X+sy) - f

f(x+ty)—f(X)]

>Vif) )= tlgg[ ;

}=V—f(x)(y) o JEEDZT )

> sup

s<0 s

for any x, y € X and, in particular,
Vof@)—v)= f)—f@=Vef@)(u—v) (83)

for any u, v € X. We call this the gradient inequality for the convex function f.
It will be used frequently in the sequel in order to obtain various results related to
Jensen’s inequality.

The following properties are also of importance:

Vif @) (=y)=-V_fx) ), (84)
and
Vi f ) (ay) = aViy f (x) () (85)

forany x,y € X and @ > 0.
The right Gateaux derivative is subadditive, while the left one is superadditive,
i.e.

Vif @) (v +2) = Vi f (1) () + Vi f (%) (2) (86)

and

Vo f@ G+ =2V f(x) )+ V_fx)(z) 87)

forany x,y,z€ X .

Some natural examples can be provided by the use of normed spaces.

Assume that (X, ||-||) is a real normed linear space. The function f : X — R,
fx):= % |lx|1? is a convex function which generates the superior and the inferior
semi-inner products:

N | o et 51
s 1= lm t '

For a comprehensive study of the properties of these mappings in the Geometry of
Banach Spaces, see the monograph [16].
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For the convex function f, : X — R, f), (x) := [lx||” with p > 1, we have

p ”)C”pi2 (y, x>s(i) if x 75 0
Vi fpx) ) =
0 ifx=0

forany y € X.
If p = 1, then we have

”x”_l (y, x>5(i) if x ;ﬁ 0
Vi i) )=
+O Myl ifx=0

forany y € X.

This class of functions will be used to illustrate the inequalities obtained in the
general case of convex functions defined on an entire linear space.

The following result holds:

Theorem 11 (Dragomir [21]) Ler f : X — R be a convex function. Then for any
x,y € Xandt € [0, 1], we have
tA=0D[V_fM—x)=Vef ) —x)]

zifO)+A -0 f—-fx+A-0y)

2t =0)[Vifx+A-0)y)y—x)=V_flx+A-1)y)(y —x)] =0.

(83)
Proof Utilising the gradient inequality (83), we have
Sx+A-D»—-fxX)=A=-0)Vyfx)(y—x) (89)
and
fx+A=0)y)—f () =—tV_f () —x). (90)

If we multiply (89) with 7 and (90) with 1 — 7 and add the resultant inequalities, we
obtain

fx+ A=) y) —tf (x) =1 —1) f(y)
> =0tV fO)y—0)—1td=DV_f-—x

which is clearly equivalent with the first part of (88).
By the gradient inequality, we also have

A=V fx+A=-0y) O -—x)=flx+A-0y)—fx
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and
—tVifx+A-Dy)(y—x)= flx+A=-1)y) = f(¥)
which by the same procedure as above yields the second part of (88). O
The following particular case for norms may be stated:

Corollary 8 (Dragomir [21]) If x and y are two vectors in the normed linear
space (X, ||-||) such that 0 ¢ [x,y] := {(1 —s)x +sy,s € [0, 11}, then for any
p > 1, we have the inequalities

pr (L= [Iy1772 (v =, )i = 11772 (y = x.0),
>tlxll” + A =) lyl” = litx + A =) ylI?
> pr(1=0)llex + (=0 yIP2 [y — x, tx + (1 = 1) y)y
—(y—x,tx—i—(l—t)y)i]zo 1)
foranyt € [0, 1]. If p > 2, the inequality holds for any x and y.

Remark 9 We observe that for p = 1 in (91) we derive the result

(-1 [<y -, ﬁ> _<y o lli_llH

> txll+ @ =)yl = llex + @ =)yl

Zt(l—t)[<y—x, tx+(1—t)y>_<y_x’ tx+(1—t)y>j|20
ltx + (@ =)yl ltx + @ =0)yll/;
(92)

while for p = 2 we have
201 =) [(y —x,¥); — (v — x, x),]
>t lxl? 4+ A —0) IylI* = llex + (1 —0) yl1?

=20 -0[(y—xtx+(0 =0y, —(y—x,tx+ (1 —=1)y);]=0.
(93)

We notice that the inequality (93) holds for any x, y € X, while in the inequal-
ity (92) we must assume that x, y and tx 4 (1 — ¢) y are not zero.

Remark 10 If the normed space is smooth, i.e. the norm is Gateaux differentiable in
any nonzero point, then the superior and inferior semi-inner products coincide with
the Lumer-Giles semi-inner product [-, -] that generates the norm and is linear in the
first variable (see, for instance, [16]). In this situation the inequality (91) becomes

pr (1 =0 (I¥1772 [y =, y] = [P [y — x. x1)
> 17+ (A =D IyIP = x4+ (1= ¥[1” = 0 ©4)

and holds for any nonzero x and y.
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Moreover, if (X, (-, -)) is an inner product space, then (94) becomes

pr (1 =0y —x 172y = x)72)
> 117+ (=) Iy = flex + (=0 yl” = 0. ©95)

From (95) we deduce the particular inequalities of interest

r(1 —f)<y— a >ZIIIXI|+(1 —Dlyl=lltx+ @ =0yl =0

X, — — —
Iyl llxl]
(96)

and
2 2 2 2
200 =)y —xI"=tllxlI"+ A=) Iyl = lex + A =) y|I” = 0. 7

Obviously, the inequality (97) can be proved directly on utilising the properties of
the inner products.

A Refinement of Jensen’s Inequality

The following refinement of Jensen’s inequality holds:

Theorem 12 (Dragomir [21]) Let f : X — R be a convex function defined on
a linear space X. Then for any n-tuple of vectors x = (x1, ..., x,) € X" and any
probability distribution p = (p1, ..., pn) € P", we have the inequality

épif (xi) = f (Z: Pixi>
> Xn:PkVH‘ (Xn: Pixi> (k) =V f (Xn: Pixi> (2": Pﬂﬁ) >0. (99
k=1 i=1 i=1 i=1
In particular, for the uniform distribution, we have
% gf (xi) —f (% gxz)
N 1 e

k=1

Proof Utilising the gradient inequality (83), we have

fo)—f (Z pm) >V, f (Z pm) (xk - Zpixi) (100)
i=1 i=1 i=1

forany k € {1,...,n}.



148 S. S. Dragomir

By the subadditivity of the functional V f (-) (-) in the second variable, we also
have

Vif (Z Pixi> (xk -3 Pixi>
i=1 i=1
> Vi f (Z pm) () = Vi f (Z p,-xi) (Z pm) (101)
i=1

i=1 i=1

forany k € {1, ...,n}.
Utilising the inequalities (100) and (101), we get

fow) = f (Z pix,»)
i=1
= Vi f (Z PM’) (%) = Vi f (Z Pixl') <Z Pm) (102)
i=1

i=1 i=1
forany k € {1,...,n}.
Now, if we multiply (102) with py > 0 and sum over k from 1 to n, then
we deduce the first inequality in (98). The second inequality is obvious by the
subadditivity property of the functional V4 f (-) (-) in the second variable. O

The following particular case that provides a refinement for the generalised
triangle inequality in normed linear spaces is of interest:

Corollary 9 (Dragomir [21]) Let (X, ||-||) be a normed linear space. Then for any
p = 1, for any n-tuple of vectors x = (x1,...,x,) € X" and for any probability
distribution p = (p1, ..., pp) € P" with )], pixi # 0, we have the inequality

n n
Y o pillll? = pixi
i=1 i=1

p—

p

2

=p >0. (103)

2 n n
Z Pk <xk, Z ijj> -
k=1 j=1

N

n n
Zpi-xi Zpixi
i=1 i=1

If p > 2, the inequality holds for any n-tuple of vectors and probability distribution.

In particular, we have the norm inequalities

n n
> pillxill = | pixi
i=1 i=l1

n
2?21 DiXi
> , — —
z [Z m < i

n
3" pisi
i=1

:| > 0. (104)
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and

2

n

2
> pilxill? -
i=1

n
3 pi
i=l1

2
> 0. (105)

n n
>2 Zpk<Xk,ZPixz'> -
k=1 i=1

S

n
S o
i=1

We notice that the first inequality in (105) is equivalent with

n
> pi il +
i=1

2 n n
>2) i <Xk, Zpixz'> :
k=1 i=1

N

n
S o
i=1

which provides the result

1 n
5 | 2o pilll® +
i=1

2

2 n n
= Z Pk <Xk, Z Pixz'>
k=1 i=1

n
3 pix
i=1

N

>

(106)

n
3 pi
i=l1

for any n-tuple of vectors and probability distribution.

Remark 11 1If in the inequality (103) we consider the uniform distribution, then
we get

p

n
> lxillP —n'r
i=1

n
D
i=1

2

> pn'=P >0. (107)

n
D%
i=1

k=1 i=1

n
D
i=1

A Reverse of Jensen’s Inequality

The following result is of interest as well:

Theorem 13 (Dragomir [21]) Ler f : X — R be a convex function defined on
a linear space X. Then for any n-tuple of vectors x = (x1, ..., x,) € X" and any
probability distribution p = (p1, ..., pn) € P, we have the inequality
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D Vo f ) () = > pkV-f () (Z pl-xi)
k=1 k=1 i=1
> Zpif(xi)_f<zpixi>' (108)
i=1

i=1

In particular, for the uniform distribution, we have

! [Z Vo f () () = Y Vo f () (l Zx,-ﬂ
n k=1 k=1 n i=1
1 n 1 n
> ;;f(xi)—f<; ;x) (109)

Proof Utilising the gradient inequality (83), we can state that

Vo f (%) <Xk -> pm) > foa) - f (Z pm) (110)
i=1

i=1

forany k € {1,...,n}.
By the superadditivity of the functional V_ f (-) () in the second variable, we
also have

Vo f () () = V- f () (Z Pm) > V_f (%) (xk - Zp,-xi) (a1

i=1 i=1

forany k € {1, ...,n}.
Therefore, by (110) and (111), we get

Vo f () (k) = V- f (%) (Z pl-xi) > f)—f (Z pm) (112)
i=1

i=1

forany k € {1,...,n}.
Finally, by multiplying (112) with p; > 0 and summing over k from 1 to n, we
deduce the desired inequality (108). O

Remark 12 1If the function f is defined on the Euclidian space R” and is differen-
tiable and convex, then from (108) we get the inequality

Zpk (Vf (), i) <2kaf(xk) Zplx,>
>y pif i) —f (Z pm) (113)
i=1

i=1
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axl L) ) Ixn
inequality was obtained firstly by Dragomir and Goh in 1996; see [26].
For one dimension we get the inequality

D kxS o) = Y pixi Y prf (k)
k=1 i=1 k=1

=Y pifG)—f (me) (114)
i=l1 i=1

that was discovered in 1994 by Dragomir and Ionescu; see [28].

where, as usual, for x; = (x,...,x7),Vf (xx) = (M M) This

The following reverse of the generalised triangle inequality holds:

Corollary 10 (Dragomir [21]) Let (X, ||-||) be a normed linear space. Then for
any p > 1, for any n-tuple of vectors X = (x1, ..., xp) € X"\ {(0, ..., 0)} and for
any probability distribution p = (p1, ..., pn) € P, we have the inequality

n n n
p [Z i llill? = pi ||xk||1’—2<2 pixi, xk> ]
k=1 k=1 i=1

i

n n p
> pilll? = | pixi (115)
i=1 i=1
In particular, we have the norm inequalities
n n n Xk
> bl = pe <Z pixi. m>
k=1 =1 \i=1 KL
n n
> pillxill = | D pixi (116)
i=1 i=1
forxy 20,k € {1,...,n}and
n n n
20 el =D <Z Pj%j, xk>
k=1 k=1 j=1 ;
n n 2
> pill® = | pixi| (117)
i=1 i=1

for any xi.
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‘We observe that the inequality (117) is equivalent with

2 n n
> 22Pk <ijxj,Xk> ,
k=1 i=1

i

n
> pillxl® +
i=1

n
3 p
i=1

which provides the interesting result

1 n
5 | 2o pilill® +
i=1

n
3 i
i=l

2 n n
= Z Pk <Z PjXj, Xk>
k=1 j=1 ;

=YD Pkl x); (118)

k=1 j=1

holding for any n-tuple of vectors and probability distribution.

Remark 13 If in the inequality (115) we consider the uniform distribution, then
we get

n l n n
-2
p E llxll? — . E llxilI” <E x/',xk>
k=1 k=1 j=1

p
(119)

n
1—
>y llxill? —n'P
i=1

n
2w
i=1

For p € [1, 2) all vectors x; should not be zero.

Bounds for the Mean f-Deviation

Utilising the result from [19], we can state then the following result providing a
non-trivial lower bound for the mean f-deviation:

Theorem 14 Let f : X — [0,00) be a convex function with f (0) = 0. If
y=01,..-,yn) € X" andp = (p1, ..., pn) is a probability distribution with all
pi nonzero, then

Ky .y

pk B n - n
2, max {(1 -p)f {1 — (yk ;pmﬂ +pif (yk ;mw) ; (=0).

(120)
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The case for mean r-absolute deviation is incorporated in

Corollary 11 Let (X, ||-||) be a normed linear space. If y = (y1, ..., yn) € X" and
P = (p1, ..., pn) is a probability distribution with all p; nonzero, then forr > 1

we have
,
} . (121)

Remark 14 Since the function h, (t) = (1—0)'"7"¢ +¢t,r > 1,t € [0,1) is
strictly increasing on [0, 1), then

n
Y=Y pivi

=1

.....

min {(1 — )" P+ Pk] = pm+ A —p)'™" ph,
ke{l,...,n}

where p,, 1= . {r{lin } Pr- We then obtain the following simpler inequality:
e{l,...n

p

Kr @) = [pn+ = p)' ™ - pj, ] _max La)

ke{l,...,n}

n
Y=Y pivi
=1

which is perhaps more useful for applications.
We have the following double inequality for the mean f-mean deviation:

Theorem 15 (Dragomir [21]) Let f : X — [0, 00) be a convex function with

fO =0.1Ify = O31s.--,yn) € X" and p = (p1,..., pn) is a probability
distribution with all p; nonzero, then

Kv_royey 0,Y) = Kr) 0,Y) = Kv, r0)¢) (P, y) = 0. (123)

Proof 1If we use the inequality (98) for x; = yi — Y ;_; Pk Yk, We get
n n n n
> onif <Yi - Zpkyk> - f (Z pi <Yi - me))
i=1 k=1 i=1 k=1
n n n n
> piVif (Z pi (yi - Zpkyk)) <yj - Zpkyk)
j=1 i=1 k=1 k=1
n n n n
—Vif (Z pi ()’i - Zpk)’k>> (Z pi ()’i - Zpkyk>> >0,
k=1 i=1 k=1

i=1

which is equivalent with the second part of (123).
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Now, by utilising the inequality (108) for the same choice of x;, we get
n n n
> pivof (yj - ZPch) (yj - Zpkyk>
j=1 k=1 k=1
n n n n
=Y piV-f (yj - ZPch) (Z pi <yi - me))
k=1 k=1 i=1 k=1
n n n n
>y pif <yi - ZPk}Uc) - f (Z pi ()’i - me)) :
i=1 k=1 i=1 k=1

which in its turn is equivalent with the first inequality in (123). O

We observe that as examples of convex functions defined on the entire normed
linear space (X, ||-||) that are convex and vanish in 0, we can consider the functions

S =gdxl), xeX
where g : [0, 00) — [0, c0) is a monotonic nondecreasing convex function with

g (0) =0.
For this kind of functions, we have by direct computation that

Vi f(0) () = gy (0) [lu]l forany u € X
and
V_f () ) =g~ (lull) lull forany u € X.

We then have the following norm inequalities that are of interest:

Corollary 12 (Dragomir [21]) Let (X, ||-||) be a normed linear space. If g :
[0, 00) — [0, 00) is a monotonic nondecreasing convex function with g (0) = 0,
then for any y = (y1,...,yn) € X" and p = (pi1,-.., pn) a probability
distribution, we have

n n
> pigl ( i = D PRk
i=1 k=1
n n
> Y pig ( Yi— D PV
i=1 k=1

n
Yi— Y Pk
k=1
n
) >, 0)) pi

i=1

. (124)

n
Vi = D Pk
k=1
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Bounds for f-Divergence Measures

The following inequality for the f-divergence of an n-tuple of vectors in a linear
space holds [20]:

Theorem 16 Let f : K — R be a convex function on the cone K. Then for any

n-tuple of vectors X = (x1, ..., x,) € K", a probability distribution q € P" with all
values nonzero and for any nonempty subset J of {1, ..., n} we have
Ir(x,q) > max Ir(xy, > Ir(xy, 125
Fxq = pesmEx F X ay) =1 (x7,9y) (125)

> i 1 ) > X
> @;ejrcn{llr,l...,n} r(xy,qy) = f(Xn)

where X, 1= Y \_| xi.

We observe that, for a given n-tuple of vectors x = (x1,...,x,) € K", a
sufficient condition for the positivity of I (x, q) for any probability distribution
q € P" with all values nonzero is that f (X,) > 0. In the scalar case and
if x =p €P”, then a sufficient condition for the positivity of the f-divergence
Iy (p,q)isthat f (1) > 0.

The case of functions of a real variable that is of interest for applications is
incorporated in [20]:

Corollary 13 Let f : [0, 00) — R be a normalised convex function. Then for any
P, q € P", we have

I (@) >  max [Q1f<ﬁ>+(l—Q1)f(l_PJ)}(> 0).
’ T p#£Ic{l,...,n} Q] 1— Qj - 126)

In what follows, by the use of the results in Theorem 12 and Theorem 13, we can
provide an upper and a lower bound for the positive difference /¢ (x, q) — f (X,) .

Theorem 17 (Dragomir [21]) Let f : K — R be a convex function on the
cone K. Then for any n-tuple of vectors X = (x1, ..., x,) € K" and a probability
distribution q € P" with all values nonzero, we have
Iv_ro0 & —Iv_rox) X @ =1 X, q) — f(Xn)
> Iv, rx) X @) — Vi f (Xp) (X,) = 0. (127)

The case of functions of a real variable that is useful for applications is as follows:

Corollary 14 Let f : [0, 00) — R be a normalised convex function. Then for any
p. q € P, we have

Iy ® —1poa=1f(P.q =0, (128)
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or, equivalently,
I o1-11 P @) = 15 (p,q@) = 0. (129)
The above corollary is useful to provide an upper bound in terms of the

variational distance for the f-divergence /¢ (p, q) of normalised convex functions
whose derivatives are bounded above and below.

Proposition 9 Let f : [0, 00) — R be a normalised convex function and p, q € P".
If there exists the constants y and I with

—oo<y5fL<%)5r<oofor all ke{l,... n},

then we have the inequality

1
OSIf(p,Q)SE(F—V)V(P,Q), (130)

where
n
Vp.q= Z%’__l‘ Y Ipi—ail.
i=1

Proof By the inequality (129) we have successively that

0=<1y®.@=1pH-1P
_ Pi p(pi) Tty
Zq’( ]>[f_<qi> 2 ]
T+
S ——le ( )——ZV
i=1
—(F y)Zq,

which proves the desired result (130). |

IA

I A

2|

Corollary 15 Let f : [0, 00) — R be a normalised convex function and p, q € P".
If there exist the constants r and R with

O<r§ﬁ§R<oof0rallke{l,...,n},
qk

then we have the inequality

1
0<1Iy(p.q = E[fl (R) = L]V @, 9. 131
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The K. Pearson x2-divergence is obtained for the convex function f (f) =
(1 —1)?,t € R and given by

) . P 2 &(pi-a)
2= (1) =X P
=1 N4 j=1

Finally, the following proposition giving another upper bound in terms of the x2-
divergence can be stated:

Proposition 10 Let f : [0,00) — R be a normalised convex function and
P, q € P". If there exists the constant 0 < A < oo with

£(B) = £

T <A for all ke{l,...,n}, (132)

b

then we have the inequality
0<1Ir (@@ <Ax*(p.9). (133)

In particular, if f () satisfies the local Lipschitz condition
/200 = fLMD| < Alx = 1] for any x € (0, 00) (134)

then (133) holds true for any p, q € P".
Proof We have from (129) that

0=<1IrP. @ =1y ye)-11P-Q

e Pi / Pi /
=S (Z-1) | (E)-ra
Yalg 1) () -ro)

L—1
gi

and the inequality (133) is obtained. O

Remark 15 1t is obvious that if one chooses in the above inequalities particular
normalised convex functions that generate the Kullback-Leibler, Jeffreys, Hellinger
or other divergence measures or discrepancies, then one can obtain some results of
interest. However the details are not provided here.
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Inequalities of Slater’s Type

Introduction

Suppose that [ is an interval of real numbers with interior I and f:1I —-> Ris
a convex function on /. Then f is continuous on I and has finite left and right
derivatives at each point of I. Moreover, if x,y € I and x < v, then f/ (x) <
fi(x) < fL(y) < fi (y) which shows that both f’ and f/ are nondecreasing
function on 1. It is also known that a convex function must be differentiable except
for at most countably many points.

For a convex function f : I — R, the subdifferential of f denoted by df is the

set of all functions ¢ : I — [—00, oo] such that ¢ (1) C Rand

fx) > f(a)+ (x—a)g(a) for any x, a € I.

It is also well known that if f is convex on /, then df is nonempty, f’, f1 € df
and if ¢ € 0f, then

fLx) <@ < fi(x) foranyx € I.

In particular, ¢ is a nondecreasing function.
If f is differentiable and convex on I, then 0f = { f } .
The following result is well known in the literature as the Slater inequality:

Theorem 18 (Slater [32]) If f : I — R is a nonincreasing (nondecreasing)
convex function, x; € 1, pj > Owith P, :== Y7 pi > 0and )"}, pi¢ (xi) # 0,
where ¢ € Of, then

1 & Y1 PiXie (Xi)
S 2 pif )= f ('—) . (135)
P, ; ' l Z:}:l pig (x;i)
As pointed out in [17, p. 208], the monotonicity assumption for the derivative ¢
can be replaced with the condition

2%1 pixi¢ (xi) el (136)

> izt i (xi)
which is more general and can hold for suitable points in / and for not necessarily
monotonic functions.

The main aim of the next section is to extend Slater’s inequality for convex
functions defined on general linear spaces. A reverse of the Slater’s inequality is also
obtained. Natural applications for norm inequalities and f-divergence measures are
provided as well.
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Slater’s Inequality for Functions Defined on Linear Spaces

For a given convex function f : X — R and a given n-tuple of vectors x =
(x1,...,x,) € X", we consider the sets

Slay—y (f.x) == {v € X|V4) f (xi) (v —x;) = Oforalli € {1,...,n}}

(137)
and
n
Slay-) (f.x.p) == {v € X1 piVerf () W —x) =0 } (138)
i=1
where p = (p1, ..., pn) € P" is a given probability distribution.
Since V(- f (x) (0) = 0 for any x € X, then we observe that {xi, ..., x,} C

Slay—y (f,x,p), therefore the sets Slay_) (f, X, p) are not empty for each f,x
and p as above.
The following properties of these sets hold:

Lemma 1 (Dragomir [23]) For a given convex function f : X — R, a given
n-tuple of vectors X = (x1,...,x,) € X" and a given probability distribution
p=p1,..., pn) € P, we have

(i) Sla_ (f,x) C Slay (f,x) and Sla_ (f,x,p) C Slay (f,X,p);
(ii) Sla_ (f,x) C Sla_ (f,x,p) and Sla; (f,x) C Slas (f, X, p)
forallp =(pi1, ..., pn) € P";
(iii) The sets Sla_ (f,x) and Sla_ (f, X, p) are convex.

Proof The properties (i) and (ii) follow from the definition and the fact that

Vif (1) (y) = V- f (x) () for any x, y.

(iii) Let us only prove that Sla_ ( f, X) is convex.

If we assume that y;, y» € Sla_ (f,x) and o, B € [0, 1] with @ + 8 = 1, then by
the superadditivity and positive homogeneity of the Gateaux derivative V_ f (-) (-)
in the second variable, we have

V_f (xi) (ayr + By2 — xi) = V_f (xi) [ (y1 —xi) + B (y2 — xi)]
> aV_f(x) (= xi)+BV_f(xi)(y2—x) =0
foralli € {1,...,n}, which shows that ay; + By> € Sla_ (f,x).

The proof for the convexity of Sla_ (f,x,p) is similar and the details are
omitted. O

For the convex function f), : X — R, f,, (x) := [x||?” with p > 1, defined on
the normed linear space (X, ||-]|), and for the n-tuple of vectors x = (x1, ..., x,) €
X"\ {(, ..., 0)}, we have, by the well-known property of the semi-inner products,

(y +ax,x)gi) = (¥, X)si) t @ ||)c||2 for any x,y € X and o € R,
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that

Slay— (117, x) = Slay—) (-1, %)

= {veXl(v,xj> > ||xj||2 for allje{l,...,n}}

s(i)
which, as can be seen, does not depend on p. We observe that, by the continuity of
the semi-inner products in the first variable, Slay—) (||-||, x) is closed in (X, [|-]|) .
Also, we should remark that if v € Slay ) (|||l , x), then for any y > 1 we also
have that yv € Slay—) (Il , x).

The larger classes, which are dependent on the probability distribution p € P",
are described by

n
Star (117 . x.p) == Y eXin, e 177 o, x5y = D2 i s
j=1

If the normed space is smooth, i.e. the norm is Géateaux differentiable in any nonzero
point, then the superior and inferior semi-inner products coincide with the Lumer-
Giles semi-inner product [-, -] that generates the norm and is linear in the first
variable (see, for instance, [16]). In this situation

Sla (11, % = {v e XI[v.x;] = [ for all j e (1,....m)]

and

Sla (-7, x,p) = yv € X|ZP1 ||xj ”p 2 [v, x;] ij ”xj ||P

j=1

If (X, (-, -)) is an inner product space, then Sla (||-|” , x, p) can be described by

n n
Sta (117 x.p) = v < X1 < S b, ||”‘2xj> =S bl
=1 j=1

and if the family {x j}j=1.... , is orthogonal, then obviously, by the Pythago-
ras theorem, we have that the sum Z;lexj belongs to Sla (||-]|,x) and
therefore to Sla (||~||”,x, p) for any p > 1 and any probability distribution
p=p1,-.., pp) €P".

We can state now the following results that provide a generalisation of Slater’s
inequality as well as a counterpart for it.
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Theorem 19 (Dragomir [23]) Let f : X — R be a convex function on
the real linear space X, X = (x1,...,x,) € X" an n-tuple of vectors and
p=(p1,-.., pn) € P" a probability distribution. Then for any v € Slas (f, X, p),
we have the inequalities

Vo f @@ =Y piV_f® @)= f@=Y pifx)=0. (139)

i=1 i=1

Proof If we write the gradient inequality for v € Slay (f, X, p) and x;, then we
have that

Vof@) @—=x) = f@—f)z=Vef i) @w—x) (140)

foranyi € {1,...,n}.
By multiplying (140) with p; > 0 and summing over i from 1 to n, we get

n n n
Y VL@ @=x)= f @)=Y pif )=y piVef () ©—x).
i=1 i=1 i=1 (141)
Now, since v € Slay (f, X, p), then the right hand side of (141) is nonnegative,
which proves the second inequality in (139).

By the superadditivity of the Géateaux derivative V_ f (-) () in the second
variable, we have

Vof@ @ =V_f@ @)= V_f@)@-x),

which, by multiplying with p; > 0 and summing over i from 1 to n, produces the
inequality

Vof@ @)=Y piVof @ @)=Y piV_f ) (v —x). (142)
i=1 i=1
Utilising (141) and (142), we deduce the desired result (139). O

Remark 16 The above result has the following form for normed linear spaces. Let
(X, Il) be a normed linear space, x = (xq,...,x,) € X" an n-tuple of vectors
from X and p = (p1, ..., pn) € P" a probability distribution. Then for any vector
v € X with the property

n n
ool o) = Y by )T p = 1, (143)
Jj=1 j=1
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we have the inequalities

n n
pLII =3 pi |77 o), | = ol” =Y pj 7 = 0. (44
=1

j=1

Rearranging the first inequality in (144), we also have that

n n
P=DII”+> pi x| = > pilx 1772 (o, Xj); - (145)

j=1 j=1

If the space is smooth, then the condition (143) becomes

ZP/ i) 772 [, x7] ij |7 p =1, (146)

implying the inequality

n n
p LI =3 o 772 o] | = ollP =D py " = 0. 47
— i
Notice also that the first inequality in (147) is equivalent with

=117+ 3 py s = 23 oy s |72 o))

j=1 j=1
n
=Y 0y [ = 0] (148

The following corollary is of interest:

Corollary 16 (Dragomir [23]) Let f : X — R be a convex function on

the real linear space X, x = (x1,...,x,) € X" an n-tuple of vectors and
P = (p1, ..., pn) € P" a probability distribution. If

n

D piVif @) () = (<)0 (149)

i=1

and there exists a vector s € X with

Y piVir f (i) () = (91 (150)
i=1
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then

Vo (S me s ) ) | [ 30 prve s () (1)

j=1 Jj=1

= oV Yo piVaf (xj) (x)) s | i)

i=1 j=1

= f ZPJVH” (xj) (x)) s szf(xl)>0 (151)

j=1

Proof Assume that Y 7, p; V4 f (x;) (x;) > 0and >/, piVy f (x;) (s) > 1, and
define v := Z;’-:l pPiV+f (xj) (xj) s. We claim that v € Slay (f, X, p).

By the subadditivity and positive homogeneity of the mapping V4 f (-) (-) in the
second variable, we have

D PV f (i) (v —xi)

i=1

=Y PV f () @) = Y piVaf () (ki)

i=1 i=l1

:Zpiv+f(xz Zp/v+f x/) szv+f(xt ) (x;)

i=1 j=1 i=1

=Y PV (5) () D piVa S i) () = D piVaf () (x)

Jj=1 i=1 i=1
=Y piVas (%) (x)) [Z PiVaf (xi) (s) — 1} >0
Jj=1 i=1

as claimed. Applying Theorem 19 for this v, we get the desired result.
I35 piVaf (i) (xi) < Oand 30 piV_f (xi) (s) < 1, then for

Wi Y PVt () (1)

j=1

we also have that
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D piVif () (w = xp)

i=1

> piVif () Zpr (xj) (xj) s Zpr(x,)(x,

i=1 j=1 i=1

ZPiV+f(Xi) _ijv-i-f(xj) (xj) | (=) | — Zpiv+f(xi)(xi)
i=1

j=1 i=1

==Y piVas () () | Do piVas ) (=) =Y piVaf (x) (xi)

== piVes (%) (x)) (1 + > iV f (i) <—s>>

j=1 i=1
n n
= | =2V s () () (1 = iV () (s)) > 0.
j=1 i=1
Therefore w € Slay (f, x, p) and by Theorem 19 we get the desired result. O

It is natural to consider the case of normed spaces.

Remark 17 Let (X, ||-||) be a normed linear space, X = (x{,...,Xx,) € X" an
n -tuple of vectors from X and p = (p1,..., pn) € P" a probability distribution.
Then for any vector s € X with the property that

prz I 1772 (s, xi)s > 1, (152)

we have the inequalities

p—1

n n n
PP IsIP L Y P )" plsl Y pillxil” =D pilxj.s);
j=1 Jj=1 j=1

n P n
= pPlsi? (Yo pi ") =D pilxil” = 0.
j=1

j=1

The case of smooth spaces can be easily derived from the above; however the
details are left to the interested reader.
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The Case of Finite Dimensional Linear Spaces

Consider now the finite dimensional linear space X = R, and assume that C
is an open convex subset of R”. Assume also that the function f : C — R is
differentiable and convex on C. Obviously, if x = (xl, R xm) € C, then for any

y=(y'....y™) € R™, we have

m 1 m
af (x*, ..., x
Vf(x)<y>=2%-y"
k=1 *
For the convex function f : C — R and a given n-tuple of vectors x =
(X1, ....xy) € C" withx; = (x},...,x/") withi € {1,...,n}, we consider the
sets
" af(xil,...,xf”) X
Sla (f,x,C) := {veC|ZT-v
k=1
" af xbo,xm
>3 ( e ).xf for all i € {1,....n}{ (153)
k=1
and

S Af ()
Sla(f,x,p,C):ziveC|ZZpimTN_vk

i=1 k=1

L A (e x
> Zzl’l%xtk, (154)

i=1 k=1

where p = (p1, ..., pn) € P" is a given probability distribution.

As in the previous section, the sets Sla (f, x,C) and Sla (f, x, p,C) are convex
and closed subsets of clo(C) , the closure of C. Also {x1, ..., x,} C Sla (f,x,C) C
Sla (f,x,p,C) forany p = (p1, ..., py) € P" a probability distribution.

Proposition 11 Let f : C — R be a convex function on the open convex set C
in the finite dimensional linear space R™, (x1,...,x,) € C" an n-tuple of vectors
and (p1, - .., pn) € P" a probability distribution. Then for any v = (vl, ey v") €
Sla (f, x, p,C), we have the inequalities

" Bf(vl,...,vm) . 8f(x.1,...,x.m)
D D)

k=1 i=1 k=1

n
Zf(vl,...,v”>—Zpif<xi1,...,x£”>ZO. (155)
i=1
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The unidimensional case, i.e. m = 1, is of interest for applications. We will state
this case with the general assumption that f : I — R is a convex function on an
open interval 1. For a given n-tuple of vectors X = (xy, ..., x,) € I", we have

Slavy (fx,1) i= [v € I1f}y () —x) =0 for all i € {1,...,n}}

and

Slay— (f,x,p, D) = {U € I|Zpif.;_(_) (xi) (v—2x;) =0 }7

i=1

where (p1, ..., pn) € P" is a probability distribution. These sets inherit the general
properties pointed out in Lemma 1. Moreover, if we make the assumption that

Yo pify (xi) # 0, then for Y7 p; fi (x;) > 0, we have

i1 Pifh (i) X }
Yo pifr (xi)

Sla+(f,x,p,I)={veI|vz

while for >, p; f1 (x;) < 0, we have

_ / <Z?=1pifi(xi)xz'
v=3vellv =< — — .
Zi:l Pi f+ (xi)
Also, if we assume that f} (x;) > O for all i e {I,...,n} and

>y pifi (xi) > 0, then

Yo pifh (i) xi <
Yoy pifi (xi)

s =

due to the fact that x; € I and [ is a convex set.

Proposition 12 Let f : I — R be a convex function on an open interval 1. For a
given n-tuple of vectors X = (x1, ..., x,) € I" and (p1, ..., pn) € P" a probability
distribution, we have

fL ) <v - me) > f@ =Y pifG)=0 (156)

i=1 i=1

foranyv € Slay (f,x,p,I).
In particular, if we assume that y_;_, p; f (x;) # 0 and

Y pify (i) xi <l
Yoy pifh (xi)



Discrete Inequalities for Convex Functions 167

then

, Z?_lpifﬁr(xi)xi) Y pify (i) xi S
f‘( S L) ) | S pifE G ;p”"

Yisipify (x,~)x,-> n
— 2 pif @) =0 157
zf(zl'}:]piﬂr(xi) Epf(x)> (157)

Moreover, if fi (xi) = 0 foralli € {1,...,n} and Y ;_; pi f1 (xi) > O,
then (157) holds true as well.

Remark 18 We remark that the first inequality in (157) provides a reverse inequality
for the classical result due to Slater.

Some Applications for f-divergences

It is obvious that the above definition of /¢ (p, q) can be extended to any function
f :[0,00) — R; however the positivity condition will not generally hold for
normalised functions and p, q € R} with Y i, pi = Y i_, ¢i.

For a normalised convex function f : [0,00) — R and two probability
distributions p, q € P", we define the set

Slay (f,p, q) = :v 10,00y ai fi (”—) : (v - p—) >0 } . (ss)

i1 q qi

Now, observe that

For(2)-(-2) =
im1 qi qi

is equivalent with

v aif! (;’—) =3 pify (;’—) . (159)
= i i

i=1

£ 520 i £ (2£) > 0. then (159) is equivalent with

Sy ()
Yi14ifi (%)

v >
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therefore in this case
[0, 00) it Y pifl (2) <0,

Slay (f,p. @) =
ay (f.p. ) [Lﬁ(;)

oo ) if YLy pifi (2) 2 0.
Z?:lqif-;-(%> ) Zz_l Pi f+ qi
€Y7 i fl (5—) < 0, then (159) is equivalent with

Y pifh (%)
Syaift (2)

v <

therefore

0 i Piﬁ(&)
’ Z:"=| ‘bfi(%)

S 2
Sla"r (f’ P, q) =

% it S pifl (5—) > 0.

(160)

(161)

Utilising the extended f-divergences notation, we can state the following result:

Theorem 20 (Dragomir [23]) Let f : [0,00) — R be a normalised convex
function and p,q € P" two probability distributions. If v € Slay (f, p, qQ), then

we have
fL@@—=1)= f @) —1Ir(p.q >0.
In particular, if we assume that I,/Q (P, q) #0and

AOION X,

07
Iy (P, q) €[00

then

5 lrioo ® @) [ oo ® O
\ g Iy (p. @)

. <Ifi(-)(-) P9

—1Ir(p,q) >0.
If_;_ (P’ Q) ) / (p q) =

(162)

(163)

Moreover, if f! (%) > 0foralli € {1,...,n} and Iy (p,q) > 0, then (163)

holds true as well.
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The proof follows immediately from Proposition 12 and the details are omitted.
The K. Pearson x2-divergence is obtained for the convex function f (f) =
(1 —1)?,t € R and given by

2 (g 2
X<PQ>—Z%<——1)=ZM=ZP—?—1~ (164
q =1 qj j=1ql

The Kullback-Leibler divergence can be obtained for the convex function f :
(0,00) = R, f (¢t) = tInt and is defined by

KL (p, q)_Zq] plln( ) ijln<p/) (165)

j=1 i

If we consider the convex function f : (0,00) — R, f (f) = —Int, then we
observe that

It (p.q) —Z% <”—) = qu m(”') (166)
= Zqiln@):m(q,p).
i=1 pi

For the function f (#) = — In¢, we obviously have that

n N -1 ‘
Sla (—1In, p, q) = {v € 10,00 — Y g <§> : (v - %) > 0} (167)
e i i
n qz
=!ue[o,oo)|u2—{—150}

— Pi
1
o]
x-(q,p) +1

Utilising the first part of Theorem 20, we can state the following:

Proposition 13 Let p, q € P" two probability distributions. If v € [O, @il (ql PSE ]
then we have
1—v
—— >—In(v) - KL(q,p) > 0. (168)
v

In particular, for v = we get

1
x2(q,p)+1°

@) =In[x*@p+1]-KL@Pp) =0, (169)
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If we consider now the function f : (0,00) — R, f (t) = tInt , then f' (¢) =
Int + 1 and

Sla((-)In(),p,q) (170)

= {ve[O,oo)|Zqi (m(ﬂ)ﬂ)-(v—ﬁ) 30}
i—1 qi qi
:{ve[O,oo)h)Zq,- (m(?)H)—Zm-(ln(?)H) 20}
i=1 ! i=1 i

={ve[0,00v(1—-KL(q,p) =1+ KL (p,q)}.

We observe that if p,q € P" two probability distributions such that 0 <
KL(q,p) <1, then

1+ KL (p,
Sla () (), p, @) = [+—<Pq) Oo) |

1-KL(q,p)’

If KL (q,p) = 1, then Sla () In (), p, q) = 0.
By the use of Theorem 20, we can state now the following:

Proposition 14 Let p,q € P" two probability distributions such that 0 <

KL(q,p) <1.Ifve [%,oo), then we have

(Inv+1)(w—-1)>vIn(v) — KL (p,q) > 0. (171)

v = HKLD.Q
1-KL(q,p)’

(ln[1+KL(p,q)}+1> (1+KL(p,q) _1)
1—-KL(q,p) 1-KL(q,p)
. 1+KL(p,q)ln[1+KL(p,q>
T 1-KL(q,p) 1 - KL(q,p)

In particular, for we get

] ~ KL (p.q) > 0. (172)

Similar results can be obtained for other divergence measures of interest such as
the Jeffreys divergence, Hellinger discrimination, etc .... However the details are
left to the interested reader.
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Extrapolation Methods for Estimating )
the Trace of the Matrix Inverse oo

Paraskevi Fika

Abstract The evaluation of the trace of the matrix inverse, Tr(A_l), arises in
many applications and an efficient approximation of it without evaluating explicitly
the matrix A~ is very important, especially for large matrices that appear in
real applications. In this work, we compare and analyze the performance of two
numerical methods for the estimation of the trace of the matrix A~!, where
A € RP*P js a symmetric matrix. The applied numerical methods are based on
extrapolation techniques and can be adjusted for the trace estimation either through
a stochastic approach or via the diagonal approximation. Numerical examples
illustrating the performance of these methods are presented and a useful application
of them in problems stemming from real-world networks is discussed. Through the
presented numerical results, the methods are compared in terms of accuracy and
efficiency.

Keywords Trace - Matrix inverse - Extrapolation - Prediction - Aitken’s
process - Moments

Introduction

The necessity of evaluating the trace of the matrix A~!, where A € RP*?
is a large symmetric matrix, appears in several applications arising in statistics,
physics, fractals, lattice quantum chromodynamics, crystals, machine learning,
network analysis and graph theory [10, 11, 20]. In particular, in network analysis
the “resolvent Estrada index” is evaluated by estimating the trace Tr(({, — aA)™ b,
where A is the adjacency matrix of the graph and @ an appropriate parameter
[7, 13, 14]. In most of the aforementioned applications, the matrix A is symmetric
and in most cases is also positive definite.
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The computation of the trace of a matrix inverse can have a high computational
cost, especially for large matrices that arise in real-world problems, such as social
networks, military networks, and other complex networks that provide models
for physical, biological, engineered, or social systems (e.g., molecular structure,
gene and protein interaction, food webs, telecommunication and transportation
networks, power grids, energy, economic networks). Therefore, it is necessary to
study estimates for the trace Tr(A~!), aiming to the avoidance of the explicit
computation of the matrix inverse. Various methods are proposed in the literature for
this estimation. In particular, in [22, 24] and [25], stochastic methods and probing
techniques are proposed for the estimation of the diagonal or the trace of the matrix
inverse. Also, randomized algorithms for the trace estimation are proposed in [3],
and an approach based on the interpolation from the diagonal of an approximate
inverse is developed in [27]. Moreover, methods based on Gauss quadrature rules
[2, 4-6, 20, 23, 26] and an extrapolation approach [10, 11] can be also applied for
this estimation.

In this paper, we compare two extrapolation procedures for the approximation of
the trace of matrix inverses. These methods actually give estimates for the quadratic
form xT A='x, x € RP”. In the first approach, the aforementioned quadratic form
is approximated by extrapolating the moments of the matrix A, whereas in the
second approach, the Aitken’s extrapolation algorithm is adopted. Then, for specific
selection of the vector x, the estimations of x” A~!x lead to the approximation of
the trace of the matrix A~

A brief presentation of the employed numerical methods and their adjustment
to the estimation of the trace Tr(A~") are introduced in sections “Overview of
the Methods” and “Estimation of Tr(A™"),” respectively. In section “Numerical
Examples” several numerical experiments and comparisons are reported. Useful
conclusions and remarks concerning the implementation of the employed methods
are derived in section “Concluding Remarks.”

Throughout the paper (-, -) is the inner product, [a] is the least integer greater
than or equal to a, |a| denotes the absolute value of a, the superscript 7 denotes the
transpose, and the §; stands for the ith column of the identity matrix of dimension p,
denoted as /,,. The maximum and the minimum eigenvalues of a matrix are denoted
by A1 and A, respectively, and the symbol 2~ means “approximately equal to.” All
the denominators are assumed to be different from zero.

Overview of the Methods

Let A € RP*P be a symmetric positive definite matrix. In this section, we describe
the extrapolation methods that are adjusted for the estimation of the trace of the
matrix A~!. Actually, these two methods give approximations of the quadratic form
xTA=1x, x € RP method. In section “Estimation of 7r(A~1)” we see how these
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estimates can lead to the trace estimation. A fundamental tool in these extrapolation
methods is the notion of moments c,, r € R, of the matrix A with respect to a vector
x, which are defined as ¢, = (x, A"x).

Extrapolation of Moments

The first approach concerns an extrapolation procedure which was introduced in [9]
for estimating the norm of the error when solving a linear system. This approach
was extended in [11] and [10] to the estimation of the trace of powers of linear
operators on a Hilbert space. Generalizations of this approach were presented in
[18] and [16] for deriving families of estimates for the bilinear forms xTA-l y, for
any real matrix A, and y* f(A)x, for a Hermitian matrix A € CP*? and given
vectors x, y € CP. In the sequel, we specify how this extrapolation procedure can
lead to a direct estimation of the trace of the matrix A",

In the aforementioned extrapolation method, a mathematical tool is the spectral
decomposition of the symmetric matrix A € RP*P_ which is given by A =
vaAvT = Z}f:l Akvkva, where V = [vy, ..., vp] is an orthonormal matrix, whose
columns vy are the normalized eigenvectors of the matrix A, and A is a diagonal
matrix, whose diagonal elements are the eigenvalues 1; € R of the matrix A [12].

Then, for x € RP, it holds Ax = Z,le Mc(vg, x)vry and A'x =
Z,f: 1 A (g, X)vg, 7 € R. Therefore, the moments of the matrix A can be expressed
as sums:

o =xTA'x = Z,\;(x, v (1)
k

In the sequel, keeping one term in these sums, the moment c_; is approximated
by considering some moments with nonnegative integer index r as interpolation
conditions. In [16] the following family of estimates for the quadratic form
(x, A™1x), x € R?, was obtained.

2
(x, A_lx) ~e, =

o where p = cocz/cf >1, veC. 2)
c

There exists an optimal value of v, denoted as v,, such that e, = (x, A_lx). This
value is given by v, = log(cg/clc_l)/log(p), p # 1. In practice, this optimal
value v, is not computed, since it requires the a priori knowledge of the exact value
of c_1. However, bounds and an approximation of v, for symmetric positive definite
matrices are given in [16]. Moreover, if p = 1, then the estimate becomes exact,
ie., e, =(x,A"x),YveC.

Formula (2) has a low computational cost, since it requires only the computation
of the moments ¢y, c1, ¢z, i.e., only one matrix vector product.
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Prediction by the Aitken’s Process

The second approach concerns the prediction of the moment (x, A~!x) via an
extrapolation method based on the Aitken’s process [1]. The prediction properties
of some extrapolation methods for approximating the unknown terms of a sequence
were initially discussed in [8]. In [17], families of estimates for the quadratic
form (x, A~'x) were derived through the Aitken’s extrapolation process, for any
symmetric positive definite matrix A € RP*” and x € R”.

Let us consider the sequence of moments {c;, i € Z}. Supposing that the
terms cop, ...,cy,n € N are known, we can predict possible unknown terms of
this sequence by employing the Aitken’s algorithm [17]. In other words, we use the
Aitken’s process, which is actually a convergence acceleration method, in order to
obtain approximate values of some unknowns terms, i.e., to predict them, from a
restricted number of terms of it, as interpolation conditions.

Let us denote by g811+ 1), n € N, the predicted value of the moment c_;, which
requires the computation of the moments c¢,, ¢,—1, cy+1. In [17] the following
prediction scheme is derived.

i(nH) =c¢, i <n+1
(n+1)
(cn — 82,4 1) Acn—1
g =g,y — TSSO e, 3)
Acy,
The recursive formula (3) for i = 1 leads to the following prediction formula

for the quadratic form (x, A~!'x),x € RP”, which requires only the moments
Cn—1, Cny Cp+1,01 € N :

(D) (cn — co) Acy
c-1=8 4y =1 ————, a= s
a Acp_1

neN. @

where A is the forward difference operator defined by Ac,, = ¢,4+1 — ¢y, n > 0and
Akcn = Ak_l(Acn) = Akc,,_H — Akcn, n>2.

The computational complexity of the method depends on the parameter n
of formula (4). Actually, this formula requires f%} matrix vector products.
Formula (4) attains the lowest complexity for n = 1, since it requires only the
computation of the moments cg, ¢y, ¢z, i.e., only one matrix vector product. For
n = 1, formula (4) gives

2
2 (c1 — o)

g% =cp— —— . 5)
c) — C1
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Estimation of Tr(A‘l)

In this section we discuss two concrete approaches for approximating the trace
Tr(A~") by employing the estimates for the moment ¢_; of formulae (2) and (4).
Firstly, a stochastic approach is presented, whereas the second approach concerns
the trace estimation through the efficient approximation of the whole diagonal of
the matrix inverse.

Hutchinson’s Trace Estimation

For a symmetric matrix A, the Tr(A’l) is connected with the moment c¢_; due
to a stochastic result proved by Hutchinson [21]. According to this, it holds
E((x, A" 'x)) = Tr(A™"), for x € XP (the vector x has entries 1 and —1 with
equal probability), where E(-) denotes the expected value. Also, it is proved that
Var((x,A"'x)) =2 Z#](A’l)izj where Var(-) denotes the variance.

In practice, the aforementioned expected value is evaluated as the mean value of
some moments c_ (x;) for different sample vectors x; € X7. In this sense, estimates
for the Tr(A~!) are obtained by considering the mean value of the computed
estimates for c_1(x;), for N sample vectors x; € XP, where N is the sample size.
Therefore, we have the next estimates for the trace

N N

1 1 .

tvzﬁélev(xi), UG(C, tnzﬁélg(_n]—i_ )(xi)v I’ZEZ, Xi EXP’
1= 1=

using the estimations of formulae (2) and (4), respectively. Similarly, estimates for
the variance are given by

N ~\2
- i (ey(x) — 1) .
SR ¥ 1 GG ) e G

V@Y () — )2
N —1 ’

N —1

(6)

The following result specifies the confidence interval for the trace estimates 7, and
f,. Let us remind that the amount of evidence required to accept that an event
is unlikely to arise by chance is known as the significance level. The lower the
significance level, the stronger the evidence. The choice of the level of significance
is arbitrary, but for many applications, a value of 5% is chosen, for no better reason
than that it is conventional.

Let Z, > be the upper a/2 percentage point of the normal distribution .47(0, 1).
Then, the following result is a classical one about the probability of having a good
estimate.
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t—Tr(A 1
Pr <Zsp|=1-—a, @)

\/Var((x, A"'x)/N

where N is the number of trials, a is the significance level, ¢ denotes the trace
estimates 7, or 7, and Z, /2 1s the critical value of the standard normal distribution
defined above.

For a significance level a = 0.01, we have Z,» = 2.58, and we obtain a
confidence interval for Tr(A~!) with probability 100(1 — a)% = 99%. Thus,
we expect, for any sample’s size, the trace estimates ¢ to be in this interval with
a probability of 99%.

If, in the probabilistic bound (7), Var((x, A~ x)) be replaced by 7, or 9, given
by formulae (6), an approximation of the confidence interval is obtained.

Trace Estimation Through the Diagonal Approximation

Estimates for the trace Tr(A~!) can be also obtained by approximating all the
diagonal elements of the matrix A~! and then by summing these approximations.
The value of the moment c_; with respect to the vector x = §;, i.e., the ith
column of the identity matrix, equals to the entry (A~ 1y.;. Therefore, the estimations
of the quadratic form (x, A~'x) for this specific selection of the vector x give
approximations of the ith diagonal element of the matrix A~'.

Let A = [a;j] e RP*P i, j =1,..., p. Using the estimations of formulae (2)
and (5) for x = §;, we obtain the following estimates (7, and c?i for the ith diagonal
entry of the matrix inverse.

L 1)2 P
di=1/p" aij), di=1-— — p=sijai. si=) ap. 8)
i=12,...,p, veC.

The whole diagonal of the matrix A~ can be efficiently approximated by a
vectorized implementation of the estimates for the diagonal elements of the matrix
inverse given by formulae (8) [19]. In particular, vector estimations of the whole
dlagonal of the matrix A~!, which are denoted as d = [dl, .. p] and d =
[d], e, d ] € RP, are given by the following one command expression written in
MATLAB notation. The .” is the element-wise power operation, the .x is the element-
wise product, and the ./ is the element-wise division .

d=1./)(pv.xd), d=1—((d—1).2)./(S —d), )

where p = §./(d."2), d = diag(A), and S = sum(A."2)'.
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Then, the summation of the entries of the vector estimates d and d yields
estimations of the trace of the matrix A~

Numerical Examples

In this section, numerical experiments are presented, comparing in terms of accuracy
and efficiency the two extrapolation methods described in section “Overview of
the Methods,” which are adjusted for estimating the trace of the matrix inverse
either by using the Hutchinson’s method or through the diagonal approximation,
as presented in section “Estimation of 77(A~!)” Throughout the examples, we
present the relative error and the execution time in seconds for the trace estimation.
The method of the extrapolation of the moments is referred to as Extrapolation, the
method of the prediction of the moments through the Aitken’s process is referred to
as Prediction, the Hutchinson’s trace estimation is denoted as Hutch, and the trace
estimation through the diagonal approximation is denoted as Diag.

Concerning the Extrapolation method, the value of v is selected using the result
of [16, Corollary 4]. In the Prediction method, the value of n = 1 is considered.
For this value of n, the two methods have the same computational complexity, and
therefore, they are compared in terms of their accuracy and execution time having
the same computational complexity. For the Hutchinson’s trace estimators, we used
N = 30 sample vectors x; € X7.

All computations are performed in MATLAB R2015b 64-bit (win64), on an Intel
Core 17-5820k with 16 GB DDR4 RAM at 2133 MHz. The so-called exact values
reported in this section are those given by the internal functions inv and trace of
MATLAB.

Example 1: A Dense Matrix

Let us consider a symmetric positive definite matrix Q = [g;;] with entries g;; =
exp(—2-|i — j|). Table 1 reports the relative error and the execution time in seconds
for estimating the trace of the matrix Q‘l, for different values of its dimension p.

In Table 1 we notice that the two methods have a comparable behavior in
general. In particular, the Extrapolation method has better accuracy, attaining
relative errors of order ¢(1073), whereas the Prediction method attains relative
errors of order ¢(10~2). This behavior is stable as the matrix dimension increases.
Also, we notice that the methods are efficient, and although the execution time
increases as the matrix dimension increases, it remains satisfactory. Furthermore,
we see that the trace estimation through the diagonal approximation by a vectorized
implementation is more efficient than the Hutchinson’s method.
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Table 1 Estimating the Tr(Q~")

Extrapolation Prediction
p Hutch Diag Hutch Diag
500 2.1025e—3 2.0225e—3 4.6119e—2 3.5903e—2
4.3877e—3s 8.2168e—4s 3.0345e—3s 6.7274e—4 s
1000 3.2388e—3 2.0251e—3 3.7442e—-2 3.5938e—2
1.2484e—2s 2.6313e—3s 6.5402e—3's 2.3660e—3 s
2000 2.5275e—3 2.0265e—3 3.6846e—2 3.5955e—2
8.1356e—2s 1.1202e—2s 4.0656e—2 s 1.0986e—2 s
3000 2.1045e—3 2.0269e—3 3.6849¢e—2 3.5961e—2
1.5516e—1s 2.4224e—2s 7.4029¢e—2s 2.2231e—2s
4000 1.9780e—3 2.0271e—3 3.6614e—2 3.5964e—2
2.9527e—1s 3.9707e—2s 1.3178e—1s 3.8113e—2s
5000 2.6438e—3 2.0273e—3 3.6344e—-2 3.5965e—2
4.2377e—1s 5.9784e—2s 2.1385e—1s 5.9362e—2s
6000 2.2005e—3 2.0273e—3 3.6323e—2 3.5967e—2
5.985%—1s 8.6477e—2s 2.9758e—1s 8.6176e—2s
7000 3.2718e—3 2.0274e—3 3.6184e—2 3.5967e—2
8.1186e—1s 1.1838e—1s 4.0076e—1s 1.1681e—1s
8000 1.9664e—3 2.0275e—3 3.6202e—2 3.5968e—2
1.0870e0 s 1.5253e—1s 5.2068e—1s 1.5532e—1s

Example 2: A Block Tridiagonal Matrix

Let us consider the heat flow matrix H [5]. This matrix is symmetric, block
tridiagonal (sparse) and comes from the discretization of the linear heat flow
problem using the simplest implicit finite difference method. The coefficient matrix
H of the resulted linear system of equations is a m? x m? block tridiagonal
matrix H = tridiag(C, D, C), where D is a m x m tridiagonal matrix D =
tridiag(—u, 1+ 4u, —u),C = diag(—u, —u, -, —u), u = % At is the
timestep, and % is the spacing interval. The matrix H is symmetric positive definite
for u > 0. We tested this matrix for u = 0.2.

In Table 2 we report the relative error and the execution time in seconds for
estimating the trace of the matrix H !, for different values of its dimension p.

In Table 2 we see that the Extrapolation method gives relative error of order
0(1073), whereas the Prediction method attains relative error of order &(1072).
Concerning the efficiency, we see that the execution time of the trace estimation
through the diagonal approximation is better in comparison with the Hutchinson’s
method. However, both methods are very efficient, even when the dimension of the
test matrix increases. It is worth to mention that the execution time for the 7r(H ")
is generally better than the execution time for the Tr(Q~!) presented in Table 1.
This is due to sparsity of the matrix H.
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Table 2 Estimating the Tr(H™Y
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Extrapolation Prediction
p Hutch Diag Hutch Diag
400 2.1414e-3 1.3400e—3 2.3765e—2 2.2453e—2
7.6644e—4s 2.3179e—4s 4.7041e—4s 7.5403e—5s
900 3.793%-3 1.3600e—3 2.3242e—-2 2.2628e—2
1.3122e—-3s 4.130le—4s 7.1990e—4 s 1.0488e—4s
1600 3.4930e—4 1.3698e—3 1.9063e—2 2.2713e—-2
1.7072e—-3's 6.0974e—4 s 1.1580e—3's 1.8432e—4s
2500 2.1968e—3 1.3756e—-3 2.2136e—2 2.2764e—-2
2.1594e—3s 8.0834e—4s 1.5574e—3s 2.5041e—4s
3600 1.2968e—4 1.3794e—-3 2.1670e—2 2.2797e—-2
3.3556e—3s 1.1257e—-3s 2.3620e—3s 3.5622e—4s
4900 1.9772e-3 1.3822¢—-3 2.2267e—2 2.2821e—-2
4.2663e—3s 1.4298e—3's 3.0633e—3s 4.6111le—4s
6400 1.3016e—-3 1.3842e¢—-3 2.2790e—2 2.283%—2
5.3940e—3s 1.9766e—3s 3.9045e—3 s 5.9516e—4s
8100 1.6492e—-3 1.3858e—3 2.2913e—2 2.2853e—2
6.4059e—3s 2.3654e—3s 4.7612e—3's 7.5186e—4s

10" ¢

1000 2000

3000

4000 5000 6000

7000 8000

Fig. 1 The execution time for estimating the 7r(Q~!) as the matrix dimension increases

A plot of the execution times of Tables 1 and 2 can be seen in Figs. 1 and 2. The
green triangles represent the results of the Extrapolation method evaluated through
the Hutchinson’s method for the trace estimation, whereas the red diamonds repre-
sent the same method evaluated through the vectorized diagonal approximation. The
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Fig. 2 The execution time for estimating the Tr(H ') as the matrix dimension increases

results of the Prediction method are indicated with black circles when it is evaluated
through the Hutchinson’s method and with blue squares when it is evaluated through
the vectorized diagonal approximation.

Example 3: Application to Networks

In network analysis, it is necessary to evaluate certain numerical quantities that
describe some properties of the graph of a given network. The properties of a
graph can be obtained by applying an appropriate matrix function to the adjacency
matrix A of the network. The adjacency matrices that represent undirected graphs
are sparse, symmetric with nonzero elements corresponding only to adjacent nodes.

A matrix function which evaluates useful notions in network analysis is the
matrix resolvent (I —aA) ™' = I +aA+a?A%+ -+ ok AR ... = 32 ok Ak,
where 0 < o < 1/p(A), with p(A) the spectral radius of A. The bounds on «
ensure that / — «¢ A is nonsingular and that the geometric series converges to its
inverse [14].

Let us consider the test networks Email, Power, Internet and Facebook that
represent large real-world networks [15]. Tables 3, 4, 5, and 6 display the relative
error and the execution time for the estimation of the resolvent Estrada index,
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Table 3 Estimating the resolvent Estrada index of the Email network, p = 1, 133

Extrapolation Prediction

Hutch Diag Hutch Diag
Relative error 4.6633e-3 2.9695e-3 2.4236e-2 2.3148e-2
Execution time 1.6790e-3 1.2935e-4 9.6101e-4 2.2373e-4

Table 4 Estimating the resolvent Estrada index of the Power network, p = 4, 941

Extrapolation Prediction

Hutch Diag Hutch Diag
Relative error 8.5863e-5 1.6619¢-3 3.9360e-2 3.9039¢-2
Execution time 5.4883e-3 4.8889%¢-4 3.7115e-3 4.4342e-4

Table 5 Estimating the resolvent Estrada index of the Internet network, p = 22,963

Extrapolation Prediction

Hutch Diag Hutch Diag
Relative error 1.8208e-4 9.2380e-5 9.3101e-4 8.1986e-4
Execution time 3.9814e-2 2.2897e-3 2.5061e-2 3.9452e-3

Table 6 Estimating the resolvent Estrada index of the Facebook network, p = 63,731

Extrapolation Prediction

Hutch Diag Hutch Diag
Relative error 3.0980e-5 8.2147e-5 1.2735e-3 1.2497e-3
Execution time 3.2572e-1 3.8869¢-2 1.5081e-1 3.2805e-2

which is defined as Tr((/, — aA)™1), using the matrix resolvent with parameter
a = 0.85/Xx1 [7, 13]. A brief description of these networks is reported below. Also,
the total number of nodes is reported, i.e., the dimension p of the corresponding
adjacency matrix.

* Email (1,133 nodes, 10,902 edges): It is a representation of email interchanges
between members of the University Rovira i Virgili (Tarragona).

* Power (4,941 nodes, 13,188 edges): It is an undirected unweighted representation
of the topology of the western states power grid of the United States.

* [Internet (22,963 nodes, 96,872 edges): It is a symmetrized snapshot of the
structure of the Internet at the level of autonomous systems, reconstructed from
BGP (Border Gateway Protocol) tables posted by the University of Oregon Route
Views Project.

* Facebook (63,731 nodes, 1,545,686 edges): It describes all the user-to-user links
(friendship) from the Facebook New Orleans networks. Each edge between two
users means that the second user appeared in the first user’s friend list.

In this example, we notice that the two extrapolation methods attain accuracy
of order ¢(107)—-¢(10~2) for the approximation of the resolvent Estrada index
for the test networks. Also, we notice that the execution time does not increase
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rapidly as the network size grows and that it is satisfactory even for large networks.
Therefore, the tested extrapolation methods can be used even for large networks and
generally for high-dimensional data.

Concluding Remarks

In this paper, two extrapolation methods, i.e., the extrapolation of the moments and
the prediction through the Aitken’s process, were compared for the approximation
of the trace of the matrix inverse, either by using the Hutchinson’s method or
via approximating the whole diagonal of the matrix inverse. The extrapolation
methods give simple elegant formulae of low computational complexity having total
operations count of the same order with the matrix vector multiplication, which can
be implemented without requiring any additional software. Also, due to their nature,
the attained formulae can be executed in vectorized form, which speeds up the whole
computation for the approximation of all the diagonal entries of the matrix inverse,
leading to an efficient implementation.

These approaches were compared in terms of their execution time and accuracy
for the trace estimation. Based on the numerical examples that were performed, the
following remarks were derived. Firstly, the attained accuracy is mostly of order
0(10~3) which is satisfactory for most of the applications where a high accuracy is
not required, such as in statistics and in network analysis. Also, for dense matrices,
although the execution time increases as the matrix dimension increases, it still
remains satisfactory. On the other hand, for sparse matrices the execution time has
a more stable behavior, and it slightly increases as the matrix dimension increases.
Due to their efficiency, the extrapolation methods can be applied to large sparse
matrices, such as large real-world networks.

To conclude, the methods described in this paper for the approximation of the
trace of the matrix inverse attain a satisfactory execution time and a fair accuracy,
and they can be applied in large-scale problems in applications where a high
accuracy is not required.

Acknowledgements The author acknowledges financial support from the Foundation for Educa-
tion and European Culture (IPEP).
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Moment-Generating Functions m)
and Moments of Linear Positive e
Operators

Vijay Gupta, Neha Malik, and Themistocles M. Rassias

Abstract In the theory of approximation, moments play an important role in
order to study the convergence of sequence of linear positive operators. Several
new operators have been discussed in the past decade and their moments been
obtained by direct computation or by attaining the recurrence relation to get the
higher moments. Using the concept of moment-generating function, we provide
an alternate approach to estimate the higher-order moments using the software
Mathematica. The present article deals with the m.g.f. of some of the important
operators. We estimate the moments up to order 6 for some of the discrete operators
and their Kantorovich variants.

Preliminaries

In the last century, Weierstrass approximation theorem came into existence, and
thereafter, several sequences of positive linear operators have been introduced and
their convergence behaviour been studied by several mathematicians (cf. 8, 9, 11,
14, 22, 24, 25]). Also, some well-known operators have been extensively discussed
in generalized form (cf. [1, 3, 4, 7, 10, 12, 13, 15-17, 20, 27]).

The other important theorem in the theory of approximation concerning conver-
gence is the result due to Korovkin. For any sequence of linear positive operators, the
first three moments are required in order to guarantee the convergence. However, for
quantitative estimates, higher-order moments are also important as they are required
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for analysis. In literature, there are several methods available to find the moments
of well-known operators. Here, we apply a different approach, viz. moment-
generating function (abbrev. m.g.f.), to find the moments of well-known operators.
The moment-generating function, as its name suggests, can be used to generate
moments. The moments are obtained from the derivatives of the generating function.
This approach is not new in statistics and special functions, but in approximation
theory, the method was not popular earlier due to complicated form, and it was
not possible to find expansion and derivatives of m.g.f. Here we use the software
Mathematica to overcome this difficulty.

It is known that the mathematical expectation of g(x) is E(g(x)). If we consider
g(x) = €'*, then we have E(e') = Y e fi(x) and [ e’ f(x)dx in case of

k

discrete and continuous distributions, respectively. Usually, the m.g.f. is denoted by
M, (t) = E(e™).

In the present article, we provide the m.g.f. of some well-known discretely
defined operators and their Kantorovich variants. We used the software Mathematica
to write the m.g.f. in expanded form and are able to find moments of any order.

m.g.f. and Moments of Exponential-Type Operators

The present section deals with the moment-generating functions and moments up
to sixth order of some discretely defined operators. We write the m.g.f. in expanded
form using the software Mathematica and also obtain moments, which are important
in theory of approximation regarding convergence point of view.

Bernstein Operators

In the year 1912, S.N. Bernstein in his famous paper [6] established a probabilistic
proof of the well-known Weierstrass approximation theorem and introduced what
we today call now the Bernstein polynomials. For f € CJO0, 1], the n-th degree
Bernstein polynomials are defined as

. k
Bu(f,x) =) (Z)x"(l —x)" 7 f (;) : )

k=0

The operators defined by (1) are linear and positive and preserve linear and constant
functions. Let us consider f () = ', 0 € R, then we have

n

Bn(e”, x) = Z (Z)xk(l - x)"_ke%e

k=0
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S (D ey [xer )
== ) 1—x

k=0

n 0\ k
n (=) [—xen
= (=" ) k! <1—x)'

k=0

(o)
Now, using the binomial series Y %zk =(1-27]z] <1, we get
k=0

_ (1_x+xe%)". )

It may be observed that B, ", x) may be treated as m.g.f. of the operators B,
which may be utilized to obtain the moments of (1). Let uf" (x) = By(er, x), where
er(t) =t", r e NU{0}. The moments are given by

r

upr(x) = [ s x)}

dor 6=0

_ [f;r {(1-+ +xe:)"}L=0.

Using the software Mathematica, we get the expansion of (2) in powers of 6 as
follows:

—x2+x 62
n

ot _ nx2 v
By(e”",x) =14+x6+ T

Br—-Dn—-2)+3x2m -1 +x\ 63
+ 5 3
n !

41
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P —Dn -2 —3)(nn—4) +10x*n — D(n — 2)(n — 3)
+25x3(n— D —2) + 15x2(n — 1) + x 93
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n# 51
X0 — D —2)(n =3)(n —4)(n —5) + 155 — 1)(n —2)(n — 3)(n — 4)
+65x*(n — 1)(n —2)(n —3) + 90x3(n — 1)(n —2) + 31x2(n — ) +x | g6
+

nd 6!

+0@7).
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In particular, first few moments may be obtained as

o ) =1,
) = x,

B nx? — x2 +x
o' (x) = ———,

n

B Bur-—Dm—-2)+3x2m—-1) +x

3" (x) = 5 :
n

B, Hr—-Dnr-2m=3)+6x3n—Dm—-2)+7x2m—1) +x (3)

My x) = n3 s
Pm=Dn -2 =3 -4 +10x*n — D(n —2)(n — 3)

B +253(n — D —2) + 15x2(n — 1) + x

pe (x) = -
n
x6(n—l)(n—2)(n—3)(n—4)(n—5)—|—15x5(n—l)(n—2)(n—3)(n—4)

3 +65x*(n — D —2)(n —3) +90x3(n — D(n —2) + 31x2(m — 1) +x

Mg (x) = .

nd

Post-Widder Operators

In the year 1941, Widder [28] defined the following operators for f € C[0, 00):

X

1 /n\n+1 o o
Po(fox) = — (_> / e 5 f() dt. (&)
n! 0
Let us consider f(¢) = e 9 € R, then we have

1 n n+l o0 _nt
Py x) = — (—) / "e x & dt
n! \x 0

1 oo n
zi(z)'” / o= (E=0) gy
n! \x 0

Substituting (2 — 6) = u, we can write

1 +1 1 o
P, x) = — (ﬁ>n —n+1/ u" e ™ du
(2-0) 0
1 /n\n+l1 1

=

®)

Il
~—~
=13
S~

3

t
~—~
=13

|
>

~—
|

)

s



Moment Generating Functions and Moments of Linear Positive Operators 191

It may be observed that P, (e, x) may be treated as m.g.f. of the operators P,,
which may be utilized to obtain the moments of (4). Let Mf "(x) = Py(es, x), where
er(t) =1t", r e NU{0}. The moments are given by

Py _ d ot
u,u»-Lme xﬁho

e (R a1

Using the software Mathematica, we get the expansion of (5) in powers of 6 as
follows:

Pu(e”, x)

2 2
g (x(n+1)) N (x (n+13(n+2)> 0-
n 2!

3+ 1)(n + 2D(n + 3)>

< 3!
< X+ D +2)(n+3)(n + 4))
4!

nt

P+ D +2)n+3)n+4)n+5)
nd 51

6
+< m+nm+mm+2m+®@+$m+®)6 +0@)).

In particular, first few moments may be obtained as

w0 =1,
,uf”(x) - M,
n

P, (4D +2)
W' = ———a——,

P, X+ D +2)(n +3)
n3"(x) = 3 (6)
p, 4m+nm+mm+®m+®
M4 (x) - n4

P, 5(n+1)(n+2)(n+3)(n+4)(n+5)
H’S (-x) - ns

Py 6(n+1)(n+2)(n+3)(n+4)(n+5)(n+6)
n6
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Szdsz-Mirakyan Operators

The Széasz-Mirakyan operators [23, 26] are generalizations of the Bernstein polyno-
mials to infinite intervals. For f € C[0, oo), the Szdsz operators are defined as

o k k
Su(f,x) = Ze—”% f (;) : (7)
k=0 ’

These operators are related to Poisson distribution in probability and statistics.
Also (7) preserve linear functions. Let f (1) = e, 0 e R, then

ot _ - —nx(nx)k L:
S, (e ,x)—Ze —— en

[
_ enx(eﬂ—l). (8)

It may be observed that S, (e?’, x) may be treated as m.g.f. of the operators S,
which may be utilized to obtain the moments of (7). Let w;," (x) = Sy, (e, x), where
er(t) =t", r € NU{0}. The moments are given by

r

o (x) = [ e x)}

dor 6=0

-l L

Using the software Mathematica, we get the expansion of (8) in powers of 6 as
follows:

x2 4+ x)\ 62 3 4+3x2+x\ 63

2\ )3

<x4+6x3+7x2+x) o4

+ —
4!

20+ 10x* +25x3 + 15x2 + x\ 6°

+ 7 g

Sn(e9f,x)=1+x9+< 3
n

n3

n
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6!

N <x6 + 15x5 4+ 65x* 4+ 90x3 + 31x2 +x> 60
5
n

+007).

In particular, first few moments may be obtained as

o' () = 1,
wy ) = x,
2
x“+x
wy'(x) = ,
n
Sn( ) x4 3x2 4 x
X)) = ————,
M3 n2 )
S, x4+ 6x3 4+ 7x% 4 x
' (x) = 3 )
n
s, X%+ 10x* +25x% 4+ 15x2 + x
us"(x) = 7 )
n
s, x0 + 15x% + 65x* +90x3 4 31x? + x
Mg (x) = .

nd

Baskakov Operators

In the year 1957, Baskakov [5] proposed a generalization of the Bernstein poly-
nomials based on negative binomial distribution. For f € C[0, co), the Baskakov
operators are defined as

2 (n+k—1 L k
wio =3 (" ) (5): 1o
=0

These operators (10) also reproduce constant as well as linear functions. Let f(¢) =
e, 0 € R, then we have

© k
or _ n+k—1 by ko
Ve ’x)‘kzzo( k)T

n 0\ Kk
_ 1 ) [ xen
_(1+xwkﬂ)k! l+x]
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o0
Now, using the binomial series Y %zk =1-27¢z] <1, we get
k=0

Vo x) = —— (1= xer )
T 4 1+x
= (1 +x —xe%)_n. 11

It may be observed that V,, ", x) may be treated as m.g.f. of the operators V,,,
which may be utilized to obtain the moments of (10). Let ,u:/" x) = Vy(er, x),
where e, (1) = t", r € NU {0}. The moments are given by

r

uln(x) = [ —— x)]

- |5 {(1+x_xei)‘”}L:0.

Using the software Mathematica, we get the expansion of (11) in powers of 6 as
follows:

Va(e?, x)

nx2—|—x2+x 62
=14+x0+|——m | =
n 2!

5 i

n <n2x3 +3nx3 +2x3 +3nx2 + 322 + x> 63
3!

n

n3x4+6n2x4—|—11nx4+6x4+6n2x3+18nx3+12x3+7nx2+7x2+x o4
+ . a
B —Dm—2)(n—3)n—4) +10x*(n — D(n — 2)(n — 3)
+253(n —1)(n —2) = 15x2(n — 1) + x PR
+ 4
n

51

—65x*(n—1)(n—2) (n—3)+90x3 (n—1)(n—2)—31x2 (n—1)+x

—x6(n—1)(n—2)(n—3)(n—4)(n — 5)+15x5(n—1)(n—2)(n—3)(n —4)
96
+ 5

6!
+0@©67).

In particular, first few moments may be obtained as
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M(‘)/" (x) =1,
MY” (x) =x,
74 nx? + x2 +x
[y (x) = ———
n
v, n2x3 4 3nx3 + 203 4+ 3nx2 +3x2 +x
%) (x) = 2 s
n
Vn( ) 3xtpon? x4+ 11nx* +6x*+6n2x3 +18nx3 1223+ Tnx 2 4+ 7x2 4 x (12)
xX) = s
P -Dn—-2)(n—3)(nn—4) +10x*(n — D(n — 2)(n — 3)
v +25x3(n — D(n —2) — 15x2(n — 1) + x
M5n(x) = 4
n
—x0n—D(—2)(n—3)(n—4)(n—3)+15x3 (n—1)(n—2) (n—3)(n — 4)
v —65x*(n—1)(n—2)(n—3)+90x3(n — N(n — 2) = 31x2(n — 1) + x
fe" (x) =

nd

Lupas Operators

In the year 1995, Lupas [19] proposed a discrete operators and established some
direct results. For f € C[0, co), the Lupas operators are defined as

Lu(f,x) = 22_’” (kn'xz)kk f( ) (13)
k=0

It was observed that these operators are linear and positive and preserve linear
functions. Suppose f(t) = ¢, 6 € R, then

o0
nx ko
_ Zz_nx (nx)k .
k=0

k! 2k
§ o (o ‘
_ nx)g [ en
!
= k! 2
o0
Now, using the binomial series Z (k— =1—-27¢z] <1, we get

_ (z_e%)"“‘. (14)
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It may be observed that L,(¢”, x) may be treated as m.g.f. of the operators L,,
which may be utilized to obtain the moments of (13). Let MVL” (x) = L,(er, x),
where e, (1) = t", r € NU {0}. The moments are given by

r

by = [ e x)}

[ e- ]

Using the software Mathematica, we get the expansion of (14) in powers of 6 as
follows:

2 2 92 3 6 2 6 93
Ln(eet,x)=1+x9+(x + x) +(M)_

21 n2 31
x4 41203 +36x2 +26x\ 6
+ 3 —
n 4!
<x5 +20x* + 120x3 + 250x2 + 150x) 5
+ : —
n 5!
x0 4 30x5 + 300x* + 1230x3 + 2040x2 + 1082x\ 6°
nd 6!
+007).

In particular, first few moments may be obtained as

" () =1,
W) =x,
2
x°+2x
15" (x) = :
n
Ln( ) x3 4 6x% + 6x
X)=——F5",
. n? (15)
L, x* 4+ 12x3 +36x% 4 26x
n
5 4 3 2
L, x° 4+ 20x" 4+ 120x° 4 250x~ 4+ 150x
Ms (x) = 7 s
n
L x0 4 30x7 + 300x* + 1230x3 4 2040x2 + 1082x
Mg (x) = .

ns
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Jain and Pethe Operators

In the year 1977, Jain and Pethe [18] proposed a generalization of the well-known
Szasz-Mirakyan operators for f € C[0, 0o) as

x ad 1 -k [k, —a] k
PY(f. x) =(1+na)_az<ot+;> XT f(;), (16)
k=0 ’

where x5~ = x(x + @)(x +20)...[x + (k — Da], x107 = 1.

In the year 2007, Abel and Ivan in [2] considered slightly modified form of the
operators of Jain and Pethe (16) by taking & = (nc)~! and established complete
asymptotic expansion. The operators discussed in [2] are defined as

. _ > ¢ " (nex)k k
U”(f’x)_z(1+c> k!(1+c)kf<n)‘ 1n

k=0

Also, in the year 1998, Mihesan [21] proposed generalized operators, which
contain some of the well-known operators as special cases. For f € C[0, co) and
a € R, the operators studied by Mihegan are defined as

ee} nx\k
= k
My =S @ () f( ) (18)

— Tk (1+ %)Hk n

As special cases, these operators reduce to the following:

e Fora = —n, x € [0, 1], (18) reduces to the operators (1).
* For a = n, (18) reduces to the operators (10).

e Fora = nx, x > 0, (18) reduces to the operators (13).

* Fora — oo, 18 reduces to the operators (7).

It may be observed that the operators (18) are very much similar to the operators
considered by Abel and Ivan (17) by substituting a = ncx in (18). Intuitively, the
above two operators are slightly modified form of the operators introduced by Jain
and Pethe [18].

Let f(r) = ¢, 6 € R, then

00 nx\k
My (", x) = —(c;()'k () v e
k=0 (1+ %)
k
nx\ —a n (a)k nxe%
- (H_) el
a k=0 T
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Now, using the binomial series Z (C)," F=0=-27¢1z1 <1, we get

k=0
0 —a
M, (", x) (1+nx)_a i
e’ x) = — -
" a 1+%
‘] —a
nx(l—ei>
= 1+T . (19)

It may be observed that M, (e?’, x) may be treated as m.g.f. of the operators M,,,

which may be utilized to obtain the moments of (18). Let ,uﬁw" (x) = My,(e,, x),
where e, (1) = t", r € NU {0}. The moments are given by

) = | e x)}

| 46" 6=0
_ . —a
d’ nx (1 — eﬁ)
= 1 R
dor + a

0=0

Using the software Mathematica, we get the expansion of (19) in powers of 6 as
follows:

M, (", x)
2 1 02
PN EaChab IS
a 2!
3 2 3
x>(a+1Da+2 3x%(a + 1 x\ 0
f(Eetbetd)  3atD | ox) 8
a an 3!
x*(a+1)(a+2)(a+3) 6x3(a+1)(a+2) Ix*a@+1) x\ 6*
+ + + =] =
a3 an an? n3 ) 4

a4 a3n

+(x5<a+1><a+2)(a+3)<a+4> N 10x*(a+1)(a+2)(a+3)

a’n? an3 5!

253 +1)(@a+2) 15x%@+1 63
Ylatat+?2)  15x7 )+14>_

+(x"«a +1(a+2)a+3)a+4)@a+5)

a’

N 15x3(a + 1)(a +2)(a +3)(a +4)

a*n
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4 3 2 6
+65x (a+1)(a+2)(a+3)+90x (a+1)(a+2)+31x (a+1)+i) 0

a3n? a’n3 an* ns) 6!
+007).

In particular, first few moments may be obtained as

o) = 1,
' (x) = x,
x2a+1) «x
ua ) = ——— 4=,
n
Ba+D@a+2) 3x%2@+1)  «x
ny () = ; + +5,
a an n
x*a+D@+2)a+3) 6x3a+D@+2) 7x%@+1) «x
py" (x) = 3 + 5 + >t
a an an n
Mo () — Pt Da+@t+NHatd 10w+ DatD@+3)
Hs ) = a* an (20)
N 25x3(a + 1 (a +2) N 15x%(a + 1) NS
a’n? an3 n4
M, x0a+ D@a+2)(a+3)a+4)(a+5)
I'L6 ()C) - 5
a
N 15x3(a + D(a +2)(a +3)(a + 4)
a*n
N 65x*(a + 1)(a +2)(a +3) N 90x3(a + 1)(a +2) N 31x%(a+ 1)
a3n2 a2n3 an4
+ X
n5

Modified Baskakov Operators

Mihesan [21] considered for a non-negative constant a (independent of n) and x €
[0, 0o) the following modification of the Baskakov operators as

k k k—i
00 Z (l)(n)l a k

W (£, x) ~ ity =0 = f(k> Q1)
n ,X) = e l+x - -,
part k! (1 + )% T\
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where (n); = n(n +1)...(n +i — 1), (n)o = 1 denotes the rising factorial.
Obviously, if a = 0, then these operators (21) reduce to the classical Baskakov
operators (10). For non-negative constant a > 0 and for some finite number 6, we
have

a0t L(e%—l) AN
WA, x) = o1+ (1+x—xen) . (22)

The r-th order moment can be obtained directly as

r

d
My (x) = |:

a " , x)]

6=0
r ax [ _
L e ) (e —net) T
der 6=0
where ufv’?(x) =Wil(e,x), e(t) =1t",r e NU{O}.
Using the software Mathematica, we can write

Wi (", x)

U (. P
- U a0
2 2ax? ax +ax*+a*x?>  x+x%\ 02
+{x"+ =
n(l4x) n2(1 4+ x)2 n 2!

n n2x3 +3nx3 +2x3 + 3nx2 4+ 3x2 4+ x
n2
a3x3 +3a%x3 + ax3 + 3a%x% + 2ax? + ax
+
n3(1+ x)3
3ax(nx?+x2+x)  3x(@*x%? +ax?+ax)\ 63
n?(1 +x) n2(1 + x)?2 3!

n3x* + 6n2x* + 1nx* 4+ 6x% + 6n2x3 + 18nx3 + 1223 + Tnx2 + 7x%2 + x
+ 3
+a4x4 +6a3x* + Ta%x* + ax* + 6a°x3 + 14a2x3 + 3ax® + 7a%x? + 3ax? + ax
nt(1 + x)4

dax(n?x3 + 3nx3 + 2x3 + 3nx2 4+ 3x2 4+ x)
+
n3(1 + x)

4x(a’x3 4 3a%x3 + ax? + 3a2x? 4 2ax? + ax)
+ 3 3
n>(1 4+ x)

+6(a2x2 +ax? + ax)(nx? + x2 + x)\ 6*
n3(1 + x)2 4!
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+45a2x* + dax* 4+ 25a3x3 + 454253 + 6ax> + 15a%x2 + 4ax? + ax
n3(14+x)°

( adx5 4+ 10a*x% + 25a3x° + 15a%x° 4 ax® + 10a*x* + 50a3x* )

+5a)c(r13)c4 + 6n2x* + Llnx* + 6x* + 6n2x3 + 18nx3 + 12x3 4+ Tnx? + 7x2% + x)
n4(1 +x)
+5x(a4x4 +6a3x* + Ta%x* + ax* 4 6a3x3 + 14a%x3 + 3ax? + 7a%x% + 3ax? + ax)
n4(1 + x)*
+ 10(a%x? + ax? + ax)(n2x3 + 3nx3 +2x3 + 3nx2 + 3x2 + x)
+ 4 2
n*(1 + x)
10(nx? + x2 + x)(@>x3 + 3a%x3 + ax? + 3a%x% + 2ax? + ax)
+ 4 3
n*(1+x)

P+ D0+ +3)n+4)  10x* ¢+ D@ +2)(n+3)
+ 4 + 4

n

25x3n+ D(n+2)  15x%(m+1
. (n 4)(n >Jr X(Z >+i4
n n n

n

a%x® 4 15a°x0 + 65a*x® + 90a3x° + 31ax° + ax®
+15a5x5 +130a*x5 +270a3x5 + 124a%x° + 5ax® + 65a*x* + 27043 x*

+186a%x* + 10ax* + 90a3x3 + 124a2x3 + 10ax> + 31a%x? + 5ax? + ax
n0(1+4x)°0

ax(éxS(n + D) +2)(n+3)(n +4) +60x*(n + 1)(n 4+ 2)(n +3) + 15063 (n + D (n +2)

+90x2(n + 1) + 6x)
+

nd(14x)

6x(a>x 4 10a*x® + 25a3x° + 15a%x% + ax® + 10a*x* + 5043 x* + 45a%x* + 4ax*
+25a3x3 4 45a2x3 + 6ax3 + 15a%x% + 4ax? + ax)
n3(14x)°

+ +

n 15(a%x2 + ax? + ax)(3x* 4+ 6n2x* + 11nx* 4 6x* + 6n2x3 + 18nx3 + 12x3 + Tnx? + 7x% + x)
n3(1 + x)?
i 15(nx? 4 x2 + x)(a*x* + 6a3x* + Ta%x* 4+ ax* 4 6a°x> + 14a*x> + 3ax> + Ta®x? + 3ax? + ax)

nS(1+x)*
n 20(a®x3 + 3a%x3 4 ax? + 3a2x? + 2ax? + ax)(n%x3 4+ 3nx3 + 2x3 4+ 3nx? +3x2 + x)
n3(1 + x)3

+x6(7! + D +2)(n+3)(n+4)(n +5) n 1553+ D +2)(n +3)(n +4)
n’ n’

+65x4(n + 1)(r; +2)(n+3) . 90x3(n +51)(n +2) 4 31x2(V; +1) 4 %
n n n n

+007).

201

5!

6!
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By using the software Mathematica, we obtain the following few moments as

W{l

I"l’on(x)zlv

wa _ ax

My (x)_x+—n(l+x)’

wa 5 2ax? ax +ax?® +a*x*?  x +x?

wy' () = + T :
n(l+ x) n(1 4+ x) n

2
n2x3 4+ 3nx3 4+ 2x3 + 3nx2 + 3x% + x (23)

Wi
M3 (.X) = 2

n

a3x3 +3a%x3 + ax3 + 3a%x2 + 2ax? + ax
n3(1 +x)3

3ax(nx? +x2+x)  3x(a®x? + ax? + ax)
n2(1 4+ x) n2(1 + x)2

]

Wa
g (x)

n3x* 4+ 6n2x* + 11lnx? 4+ 6x% + 6n2x3 + 18nx3 + 1203+ Tnx?+ 7x%+ x

n3

a*x*+6a3x +7a%x +ax* +6a3 3 + 14023+ 3ax3 +Ta x2 +3ax +ax
nt(1 + x)*

(24)

dax (n®x3 + 3nx3 +2x3 +3nx2 4+ 3x2 4+ x)
+ 3
n°(1 + x)
4x(a3)c3 +3a2x3 + ax? + 3a%x2 + 2ax? + ax)
+
n3(1 +x)3

n 6(a*x? + ax? + ax)(nx? + x> + x)
n3(1 + x)?

’
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Wa
Mg (x)
@ x> +10a* x> +25a3 37 +15a%x° +ax’ +10a*x* +50a3x* +45a% x4
+ax* + 25a3x3 + 450253 + 6ax> + 15a2x% + 4ax? + ax
n3(1 + x)5
+ Sax(m3x*+6n2x* +11nx* +6x* +6n2x3 +18nx3 +12x3 + Tnx+7x%+x)
n*(1+x)
5x(a*x* 4+ 6a3x* 4+ Ta2x* + ax*+6a3x3+14ax3
+3ax3+7a%x%2+3ax?+ax)
nt(1+x)* (25)
10(a2x? + ax? + ax)(n%x3 + 3nx3 + 203 + 3nx2 +3x2 + x)
+ 4 2
n*(1 +x)
10(nx? + x2 4+ x)(@>x3 4 3a%x3 + ax?® + 3a*x% 4+ 2ax? + ax)
+ 4 3
n*(1 +x)

K+ DE+2)n+3)m+4)  10x*n+ D +2)(n+3)
+ 4 + 4

n

25x3(n + 1)(n + 2 15x%2(n + 1 x
n ( 4)( )Jr (4 )+_4’
n n n

n

a®x® + 15a°x° + 65a*x° 4+ 90a3x° + 31a%x® + ax® + 1547 x°
+130a*x> + 270a3x° + 124a%x° + 5ax> + 65a*x* + 270a3x*
+186a%x* 4 10ax* + 90a3x3 + 124a%x> + 10ax’
+31a2x2 + 5ax? + ax
n%(1 + x)°0
<6x5(n+1)(n+2)(n+3)(n+4)+60x4(n+1)(n+2)(n+3))
+150x3(n + 1)(n +2) +90x2(n + 1) + 6x
n3(1 + x)
a’x> + 10a*x° + 25a3x3 4+ 15a%x° + ax> + 10a*x*
6x | +50a3x* + 45a%x* + dax* 4+ 25a3x3 + 45a%x3 + 6ax3
+15a%x% + 4ax® + ax
n>(1 4 x)3
(15(a2x2 + ax? + ax)(n3x* + 6n2x* + 11nx* + 6x4)
+6n2x3+18nx3 +12x3 +Tnx?2+7x24x)
n3(1 + x)?2

Wa
He " (x) =

+

+

+
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15(nx? + x2 4+ x)(@*x* 4+ 6a3x* + 7ax* + ax*
+6a3x3 + 14a2x3 + 3ax> + 7a%x% + 3ax? + ax)
n3(1 + x)*
20(a3x3 +3a2x3 + ax3 4 3a%x2 + 2ax? + ax)
(n?x3 +3nx3 +2x3 +3nx2 + 3x2 4+ x)

n3(1 +x)3 26)
N on+ D +2)m+3)n+ 40 +5)
n5
15x5(n +1D(n+2)(n+3)(n+4) 65x4(n +1D(n+2)(n+3)
+ 5 + 5

90x3(n+ D +2) 31x2(n+1 X
4 ( )( )+ ( )Jr

nd nd nd

Kantorovich-Type Operators

In this section, we deal with the Kantorovich-type modifications of some well-
known operators and obtain m.g.f. and moments up to sixth order.

Bernstein-Kantorovich Operators

For f € C[0, 1], the Bernstein-Kantorovich operators are defined as

k+1

B.(f,x):=@m+1) Z (Z)xk(l —x)"k /f £ (@) dr. 27)
k=0

n+l

k+1

ot T g, 1w 0
Let f(1) =", 6 € Rothen [ & di = = enh (eﬂ+1 - 1).
n+l
Therefore,

En(eﬁt’x) = é(n +1) (e‘nf.] _ 1) n <n> (xgnf-l )k (1— x)n—k
=0

k
Ly o (=D* (=) ((xer
SLaw e (e ) (1)

n o X
= é(l—x)” n+1) <g% _1> (—=n)k (—xen+ ) '
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Now, using the binomial series Z ©k zk =1-27¢z] <1, we get
k=0

0 n
B, x) = 2 (1= 4 1) (er 1) (1 —%)

0 _0_\"
(n+1)( 1= 1) (1= x4 xeniT) (28)
It may be observed that B, (¢”’, x) may be treated as m.g.f. of the operators B,,

which may be utilized to obtain the moments of (27). Let uf" (x) = Bpl(er, x),
where e, (t) = t", r € NU {0}. The moments are given by

_ d —
ulr(x) = [ o B 9’,x)L_0
R I GaED IR 1

Using the software Mathematica, we get the expansion of (28) in powers of 6 as
follows:

En(egt, X)
1 2nx + 1 P 3n2x2 — 3nx? +6nx + 1)\ 62
- 2(n+1) 3(n +1)?2 2!
n 4n3x3 —12n°x3 + 8nx3 + 18n2x2 — 18nx2 + 14nx + 1\ 63
4(n + 1)3 3!
Sntx* — 30m3x4 + 55n2x* — 30nx* + 40n3x3
N | —120n2x3 4 80nx3 4 75n%x? — 75nx2 4 30nx + 1| 64
5(n+ 14 4
[6n3x — 60n*xd + 210n3x> — 300n2x> + 144nx> + 75n%x*
—450n3x* + 825n%x* — 450nx* + 260n3x3 — 780n%x3
L +520nx3 4+ 270n2%x2% — 270nx2 + 62nx + 1 65
6(n+1)° 5!
7n%x% — 1057°x% + 595n*x% — 157513 x% + 191812x0 — 840nx°
+126n°x5 — 1260n*x> + 4410n3x° — 6300n2x> + 3024nx°
+700n%x* — 420013 x* 4+ 7700n2x* — 4200nx* + 1400n3x3
WL —4200n2x3 + 2800nx3 + 903n%x2 — 903nx2 + 126nx + 1 96

7(n + 1)° 6!
+007).
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In particular, first few moments may be obtained as

no'(x) =1,
§n( ) 2nx + 1
X)) = ——,
i 2+ 1)
En( ) 3n%x% — 3nx? + 6nx + 1
X) = s
H2 3+ 1)
En( ) 4n3x3 — 12n2x3 + 8nx3 + 18n%x?% — 18nx? + 14nx + 1
X) = s
Hs 4+ 1)
5ntx% — 30n3x% + 55n2x% — 30nx* + 40n3x3
B | —120n%x? + 80nx? + 75n%x% — 75nx* + 30nx + 1
He 0= S+ 1) ’ (29)
[6n5x5 — 60n*x> +210n3x° — 300n2x5 + 144nx> + 75n*x4
—450n3x* + 825n%x* — 450nx* + 260n3x3 — 780n2x3
Bugyy _ +520nx% + 270n%x? — 270nx% + 62nx + 1
Hs )= 6(n + 1) ’
7n0x0 — 1057°x° + 595n*x® — 1575n3x0 + 191812x% — 840nx°
+1261°x° — 1260n*x> + 441073 x> — 6300n2x5 + 3024nx>
+700n%x* — 4200n3x* 4+ 7700n2x* — 4200nx* + 1400n3x3
By —4200n°x> +2800nx + 903n%x* — 903nx? 4 126nx + 1
e (X) =

7(n + 1)°

Szdsz-Mirakyan-Kantorovich Operators

For f € C[0, 00), the Szdsz-Mirakyan-Kantorovich operators are defined as

_ ad (nx)k knil
S,(f, x) = nZe_”xTﬁ £(1) dr. (30)
k=0 ' n

k+1

n 1
Letf(t)=eet,96R,thenﬁ eetdtzge% (e§_1>‘

n
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Therefore,
5 )
S (eet )_lne_nx<€%—1) nxe
8 ) k!
k=0
= éne_”x (e% - 1) e”“%
1 §_
= Lufet 1) 1), G1)

It may be observed that S, (e?’, x) may be treated as m.g.f. of the operators Sh,

which may be utilized to obtain the moments of (30). Let u"(x) = Sa(er, x),
where e, (t) = t", r € NU {0}. The moments are given by

Sy _ d ot
npt(x) = [d@r Sn(e x)L_O

[t

Using the software Mathematica, we get the expansion of (31) in powers of 6 as
follows:

Sn (e, x)

4 2nx + 1 o+ 3n2x% 4+ 6nx + 1 62
- 2n 3n2 2!

4n3x3 + 18n2x2 + l4nx + 1> 3
n3 3!

+

4 40n3x3 + 75n%x2 4+ 30nx + 1\ 64
5n4 4

+

6n3 5!

6!

<6n5x5 + 75n%x% + 260n3x3 + 270n%x2 + 62nx + 1 ) 9>
(™

6 4 126n°x° 4+ 700n*x* + 1400n3x3 + 903n2x2+126nx+1> 9o
Tnb

+0©67).
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In particular, first few moments may be obtained as

wo' () =1,
ppe = 2L
3 3n2x% + 6nx + 1
My (x) = RS S
3 4n3x3 + 18n2x2 + 14nx + 1
u3" (x) = a3 )
3 Snéx* 4+ 40n3x3 4 75n%x% + 30nx + 1
ny" (x) = 5,4 ,
ME" ) = 6n°x> + 75n*x* 4+ 260n3x3 + 270n°x? + 62nx+1
s =

6n3 ’

(32)

Tn0x0 4+ 126n5x5 + 700n*x* + 140013 x3 + 903n2x2 + 126nx + 1

Sn
/1’6 (-x) = 7]’16

Baskakov-Kantorovich Operators

For f € C[0, c0), the Baskakov-Kantorovich operators are defined as

k+1

- > k—1 k =T
V= -0 (") g [ foar
k=0 n

—1

k+

= 1
Let f(t) = ¢, 6 € R, then/k i =5 en T (en"fl - 1).

n—1

Therefore,

— 1 0 . n+k—1 xk k6
ot I _ =1 — P -y §
Vale™, x) = 6 (n =1 (e 1 1) Z( k )(1 + x)ntk enl

o0
Now, using the binomial series Y %zk ={1-27¢z] <1, we get
k=0

(33)
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6 —n
Ve, x) = =D (en_l _ 1) (1 - ”"ﬁ])

6 (1+x)" 14+x

- é(n—l)(e»% —1) (1+x(1—en’%1))_". 34)

It may be observed that V,, (¢, x) may be treated as m.g.f. of the operators Vo,

which may be utilized to obtain the moments of (33). Let ,uy "(x) = Vyler, x),
where e, (t) = t", r € NU {0}. The moments are given by

wVn(x) = [ s x)}
' dor =0

R I G I (BT I

Using the software Mathematica, we get the expansion of (34) in powers of 6 as
follows:

Ve, x)
1 2nx +1 P 3n2x% 4+ 3nx% + 6nx + 1) 62
B 2(n —1) 3(n —1)2 2!
n 4n3x3 4+ 12n2x3 4 8nx3 + 18n2x2 + 18nx2 + 14nx + 1\ 63
4(n —1)3 3!
[5n4x* + 30n3x* + 55n2x* + 30nx? + 40n3x3 + 120123
AL +80nx> + 75n%x% 4+ 75nx? + 30nx + 1 64
5(n — 1* 4!
[6n° x> + 60n*x> 4 2101 x> + 300n%x> + 144nx> 4 75n*x*
+450n3x* + 825n%x* 4 450nx* 4 2601 x> + 780n%x3
Lk +520nx3 + 270n%x% 4+ 270nx? + 62nx + 1 63
6(n — 1)3 5!
T 7n%x0 + 105750 + 595n*x0 + 157513 x% + 1918n2x0 + 840nx°
+1261°x> + 1260n* x> + 441013 x> + 6300n2x> 4 3024nx>
+700n*x* + 420013 x* + 7700n%x* + 4200nx* 4+ 1400n3x3
Lt +4200n2x3 4 2800nx3 + 90312x2 + 903nx% + 126nx + 1 N

7(n — 1)° 6!
+0©67).
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In particular, first few moments may be obtained as

" (x) =1,
Vn( ) 2nx + 1
X)=—"0,
i 2 —1)
Vn( ) 3n2x? 4 3nx? 4 6nx + 1
X) = s
Ha 30— 1)
V,,( ) 4n3x3 + 12n2x3 + 8nx> + 18n%x2 + 18nx? + l4nx + 1
X) = ,
H3 4 —1)3
5ntx? + 30n3x% + 55n2x% + 30nx* + 401313
v, | +120n%x3 4 80nx> + 75n%x2 + 75nx% + 30nx + 1
My (x) = 5(n — 1)4 ’ (35)
[6n5x5 + 60n*x> + 210n3x> 4 300n2x> + 144nx> + 75n%x*
+450n3x* + 825n2x* 4+ 450nx* + 260n3x3 + 780n2x3
v i +520nx3 +270nx% + 270nx? + 62nx + 1
I’LS " ('x) = 5 El
6(n—1)

[71%x0 + 10515 x0 + 595n*x° + 157513 x° + 1918120+ 840nx°
+126n7x° + 1260n*x> + 4410n3x° + 6300n2x> + 3024nx°
+700n%x* + 420013 x* 4+ 7700n2x* + 4200nx* + 1400n3x3

Vi - L +4200n%x3 + 2800nx3 + 903n2x? + 903nx? + 126nx + 1
Mg (X) =

T(n — 1)°

Lupag-Kantorovich Operators

For f € C[0, 00), the Lupas-Kantorovich operators are defined as

k+1

Li(fox)=@m+DYy 27 % " r @) dr. (36)
P 12k J &

k

n+l
kL

or g, 1 k0 / o

Let f(r) = ¢, 6 € R, then M dt = o e (en+1 _ 1)‘
k
T

Therefore,

9 k
— 1 0 > (nx)g [ entT
ot _ - n _
L.(e ,x)_a(n—i—l)Z"x(e 4 1)}: - -

k=0
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o0
Now, using the binomial series Y %zk =1-27¢z] <1, we get

k=0

T ot 1 —nx 0 en% -
Lu(".x) = 5+ 1)2 (en+1—l> 1-=

é(n +1) (e = 1) (2—et) (37)

It may be observed that L,(¢?’, x) may be treated as m.g.f. of the operators L,

which may be utilized to obtain the moments of (36). Let M,L" (x) = Ly(er, x),
where e, (t) = t", r € NU {0}. The moments are given by

L, d — ot
kb (x) = [dQ,Ln(e w)]g_o

S R [N

Using the software Mathematica, we get the expansion of (37) in powers of 6 as
follows:

— 2nx + 1 3nx2 +9nx + 1) 62
Ly x) =1 0 >
n(e, @) =1+ (2(n+1)> +< 31 172 ) 2

4nx3 +30nx2 + 40nx + 1\ 63
4n +1)3 3!

5(n + 1)* 41

+(
n (5nx4 + 70nx3 + 250nx2 + 215nx + 1) o4
+(

6nx> + 135nx* + 920nx3 + 2175nx2 + 1446nx + 1\ 6°
6(n + 1)5 51

Tnx® + 231nx5 + 2555nx* + 11585nx3 4+ 21021nx2 4+ 11893nx + 1\ 6°
+ —
T(n + 1)° 6!

+0©).
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In particular, first few moments may be obtained as

no" () =1,
3 2nx + 1
ui"(x) = m,
s 3nx% +9nx + 1
Mzn(x) = W,
z 4nx3 + 30nx% + 40nx + 1
Hy' )= A(n + 1) ’ (38)
i 5nx* 4 70nx3 4+ 250nx2 + 215nx + 1
g 0) = 500+ 1) ’
I 6nx> + 135nx* 4+ 920nx3 + 2175nx% + 1446nx + 1
ws" (x) = 6 L 1) ,
I Tnx® 4 231nx> + 2555nx* + 11585nx3 + 21021nx? 4 11893nx+1
He' () = T(n + 1)6 '

Mihegsan-Kantorovich Operators

For f € C[0, 0o) and a € R, the Mihesan-Kantorovich operators are defined as

k+1

oo nx k

_ 1 - |_l

M, (f.x) =n (1 - —) Ex ) [0 rwan
im0 1+ %) (-0

k+ll 1 1(91 %] ;
Let f(1) = ¢, 6 € R, then/"(‘*ﬁ) e dr = e"(1-4) <e"(‘a) - 1) .
n(l—al)

Therefore,
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o0
Now, using the binomial series Y %zk =1-27¢z] <1, we get
k=0

2]
A7 1 1 (1Y nx\ —a jatid
0 n(l-z
Mn(ef,X)zgn(l—;)(e( )_1)<1+7) 1 — l_fﬂ

R T

It may be observed that M, (e, x) may be treated as m.g.f. gf the operators M,,

which may be utilized to obtain the moments of (39). Let /xﬁw "(x) = My(ey, x),
where ¢, (t) = t", r € NU {0}. The moments are given by

Il
|
3

_ d —
M o1
W, "(x) = [ M, (e ,x)i|

r dor " 9=0

_ [;er {% n(l . é) (w(‘fi) - 1) [1 + % (1 —e"(‘;))}_a”gzo.

Using the software Mathematica, we get the expansion of (40) in powers of 6 as
follows:

My (e”, x)
_1 2nx + Da (Banx? + 3nx% + 6anx + a)a 6>
N 2n(a — 1) 3n2(a — 1)2 2!
n (4a%nx3 4+ 12anx® + 8nx> + 18a%nx? + 18anx? + 14a*nx + aa\ 63
4n3(a —1)3 3!
5a3nx* 4+ 30a%nx* + 55anx* + 30nx* + 40a3nx3 a
+ a“nx” + 80anx” + 15a’nx” 4+ 715a“nx~ + 30a’nx + a° 0
+_1202380 3 +75a%nx? + 75a%nx* + 3043 3 4
5n*(a — 1)* 41
[6a*nxd + 60a3nx> + 210anx> 4+ 300anx> + 144nx> + 75a*nx*
+ a’nx” + a‘nx” + anx™ + a‘nx” + a’nx a
450a3nx* 4 825a%nx* + 450anx* + 260a*nx> + 780a3nx’
Lk +520a%nx3 + 270a*nx? + 270a3nx? + 62a*nx + a* 9>

6nd(a —1)>5 5!



214 V. Gupta et al.

7a%nx% + 105a*nx® + 595a3nx% + 1575a%nx° + 1918anx® + 840nx°
+126a°nx> + 1260a*nx> + 4410a°nx> + 6300a2nx> + 3024anx?
+700a%nx* + 4200a*nx* + 7700a’nx* 4+ 4200a2nx* + 1400anx3

+4200a*nx3 + 2800a3nx3 + 903anx? 4+ 903a*nx? + 126a°nx + a° 9o
Tnb(a — 1)° 6!
+007).
In particular, first few moments may be obtained as
o' () = 1,
M, 2nx + Da
ity = 2T
2n(a — 1)
ﬁ”( ) (Banx? + 3nx? + 6anx + a)a
x) = ,
Ha n2(a — 1)
Mﬂ( ) (4a%nx3 + 12anx3 + 8nx> + 18a2nx? + 18anx? + 14a%nx + a%)a
x) = )
Hs 4n3(a — 1)3
[ 5a3nx* 4+ 30a%nx* + 55anx* + 30nx* + 40a3nx3 a
Wi | +120a%nx3 4 80anx® + 75a3nx? + 75a*nx? + 30a’nx + a*
() = S Y
Sn*(a —1)
[6a*nx® + 60anx’ + 210a%nx5 4+ 300anx’ + 144nx> + 75a*nx*
+450a3nx* + 825a%nx* + 450anx* + 260a*nx> + 780a’nx> a
W, L +520a%nx3 4+ 270a*nx? + 270anx? + 62a*nx + a*
ps'x) = o5 — 1)
7Tanx® + 105a*nx% 4+ 595a3nx® + 1575a%nx° + 1918anx® + 840nx°
+126a°nx> 4 1260a*nx> + 4410a3nx> + 6300a’nx> + 3024anx’
+700a’nx* 4 4200a*nx* 4+ 7700a’nx* 4+ 4200a’nx* + 1400a”nx>
. +4200a*nx? +2800a°nx? + 903a”nx? 4 903a*nx* + 126a°nx + o’
He " () = Tnb(a — 1)
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Approximation by Lupas—Kantorovich )
Operators Pt

Vijay Gupta, Themistocles M. Rassias, and Deepika Agrawal

Abstract The present article deals with the approximation properties of certain
Lupas-Kantorovich operators preserving e~*. We obtain uniform convergence
estimates which also include an asymptotic formula in quantitative sense. In the
end, we provide the estimates for another modification of such operators, which
preserve the function e~2*,

Introduction

In the year 1995, Lupas [9] proposed the Lupas operators:

o]

o k
Ln(f.x) = Z #f <;> ,

k=0

where (nx)g is the rising factorial given by
nmx)y=nx(nx + D(nx+2)---(nx +k—1), (nx)o=1.

Four years later, Agratini [2] introduced the Kantorovich-type generalization of the
operators L. After a decade Erencgin and Tasdelen [4] considered a generalization
of the operators discussed in [2] based on some parameters and established some
approximation properties. We start here with the Kantorovich variant of Lupas
operators defined by
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f(@0)dt )

Q—nap (x) 0 (k+1)/n
Ki(fox) =n Z e [

/n
with the hypothesis that these operators preserve the function ¢ ~*. Then using

=k < L

k=0

we write

v, i anan(x)(nan(x))k /(k-i—l)/n s
= n
00
2 "””(x)(nan(x))k k
— —k/n —l/n
= ; K12k (=€)

=n(l —e VM@ — e~ /ny=nan(x)

which concludes

x +1n (n(l — e_l/”))
nln (2 —e1/m)

2

ap(x) =

Therefore the operators defined by (1) take the following alternate form

xtin(n(1-e=1/m)) —1/n
B 1 T O x +In (n(l —e ))
K.(f,x)=n Z ( In(2— e 1/n) .

k'2k

(k+1)/n
/ f(t)de.
k/n

These operators preserve constant and the function e™*. The quantitative direct
estimate for a sequence of linear positive operators was discussed and proved in
[8] as the following result:

Theorem A ([8]) If a sequence of linear positive operators L, : C*[0, 00) —
C*[0, 00), (where C*[0, 00) be the subspace of all real-valued continuous functions,
which has finite limit at infinity) satisfy the equalities

[|Ln(e0) — 1][0,00) = ttn
[1Ln(e™") — e |lj0,00) = Bn

ILa(e™) — e 110,00) = Vi
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then

1Lnf = flli0.00) = 20" (£, v/au + 20+ 1) f € €70, 00),
where the norm is the uniform norm and the modulus of continuity is defined by

w"(f,8) = sup L) = fOl

leX—e71|<8,x,t>0

Very recently Acar et al. [1] used the above theorem and established quantitative
estimates for the modification of well-known Szdsz—Mirakyan operators, which
preserve the function ¢**, a > 0. Actually such a modification may be important
to discuss approximation properties, but if the operators preserve e * or e~2*, then
such results may provide better approximation in the sense of reducing the error. In
the present paper, we study Kantorovich variant of Lupas operators defined by (1)
with a,(x) as given by (2) preserving e~ *. We calculate a uniform estimate and
establish a quantitative asymptotic result for the modified operators.

Auxiliary Results

In order to prove the main results, the following lemmas are required.

Lemma 1 The following representation holds

A
Kn(eAt x) = M(Z _ eA/”)_"an(X)
9 A .

Proof We have

Kn(eAta X) =

00
2—nap (x) (k+1)/n
) et [
k

i K12k /n

X n—nay(x)
. 2 (nan (x))k [eAt(eA/n _ 1)]

17k
P k2

n(eA/n -1 (2 A/n)—na,,(x)
= — e .
A

Lemma2 Ife (t) =t",r € N, then the moments of the operators (1) are given
as follows:

K(ep, x) =1,

1
K, (e, x) = a,(x) + —,
2n
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" 1
Kn(ea, ) = (an(0))? + 22 —

n 3n

15(an(x)*  10a,(x) 1
Ku(es, x) = (an(x)’ + ==+ — 5= 4
3 2
Kp(eq, x) = (an(x))4 + 14(a, (x)) + So(anz(x)) 53an3(x) + %
n n n Sn

Lemma 3 If pu,m(x) = K, ((t — x)™, x), then by using Lemma 2, we have

Mn,O(x) = 19
1
Mn,l(x) =ay(x) + 2_ — X,
n
3a,(x) x 1
n  3n?’
14(a, (x))3 = 30x (@, (x))% + 18x2a, (x) — 2x3
n

[ 2(X) = (an(x) — x)* +

P a(x) = (an(x) —x)* +

+50(an(x))2 — 40xay (x) + 2x2 N 53a,(x) — x N 1

n? n3 Sn4’
Furthermore,
) x +1n (n(l —e_l/")) 1
lim n +——x|=x
n—o00 nln (2 —e~1/m) 2n
and

nin(2—e-1/m) n?In (2 —e=1/n)

n—o0

_ —1/n 2 _ —1/n
. <x+ln(n(1 e ))_x> 3[x 4+ In(n(1 — e 1/m)]

X 1
—— 4+ — | =2x.
n+3n2i| *

Main Results

In this section, we present the quantitative estimates.

Theorem 1 For f € C*[0, 00), we have

Knf = fll0,00) < 20% (fy /) »
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where
Yn = 1Kn(e™) — ¢ > |[[0,00)
2xe~ 2 (24x2 —48x — 11)e = 1
n 12n n [0.00)

Proof The operators K, preserve the constant and e™*. Thus o, = B, = 0. We
only have to evaluate y,. In view of Lemma 1, we have

dt

o

2_"“”(")(1161,, ()i (k+1)/n

K, (e_2t, Xx)=n / e
Ty,

_ n(l — e—2/n) (2 3 672/n>—nan(x)
2 9
where a, (x) is given as

x+1n (n(l — e_l/"))
nln (2 —e=1/m)

ap(x) =

Thus using the software Mathematica, we get at once

— x+1n(n(l—g_l/"))
Ky(e ™, x) = ’1(1_—62/”) (2 _ e*2/n> [_W}
’ 2

— efzx +

2xe” X (24x2 —48x — 11)e ¥ 1
+0(—=).
n 12n2 n3

This completes the proof of the theorem.

Theorem 2 Let f, f” € C*[0, 00). Then the inequality
[n[Ku(f.x) = fO] = x[f'(x) + " (0]
= pnOILL |+ 1an OIS +2 (0 +2x + ra ) 0 (170 712)
holds for any x € [0, 00), where
Pn(X) = npy1(x) — x,
1
n(x) = 3 (npn,2(x) — 2x),
Fa@) = n2\ K (e — ) ) i),

and iy 1(x), tn2(x), and py 4(x) are given in Lemma 3.
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Proof By Taylor’s expansion, we have

1
FO=F0+0=0)fx)+ 0= X)) + e, x)(t — x)%, 3)

where

/=)

e(t,x) = 5

and 7 is a number lying between x and ¢. If we apply the operator K, to both sides
of (3), we have

Kn(f.x) = f) = a1 (0) f/(x) = %Mn,z(X)f”(x)
< [Kn(e(t, x)(t — x)%, 1)1,
Applying Lemma 2, we get
[n[Ka(f. %) — )] = x[f @) + £ ()]
< [npaa ) = x| 1f/ ()] + % |nitn 2(x) = 2x] | f" ()]
+InK,(e(t, x)(t — x)%, ).
Put p, (x) 1= npty,1(x) — x and g, (x) := 3[np, 2(x) — 2x]. Thus
[n[Kn(f. %) = f)] = x[f'x) + " (0]
< 1paOLLF ] + 1gn L1 ()] + [n Ky (e(2, )t = x)°, x)].

In order to complete the proof of the theorem, we must estimate the term
[nK,(g(t, x)(t — x)?, x)|. Using the property

(e—t _ e—x>2

Lf@) = f)l < <l+ 5

)a)*(f, 8),6 >0,

we get

(e—t _ e—x)2

le(t. )] < (1 +—

)w*(f”, (S)
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For |e™™ — e™!| < 8, one has |s(t, x)| < 20*(f”,8).In case |e™* — e™!| > §, then
—x_,—1)2
le(r, 1) < 25 0 (7, 8). Thus

(e—x _ e—t)2

le(t, x)| <2 (1 + S—Zw*(f”’ 3)) .

Obviously using this and Cauchy—Schwarz inequality after choosing § = n~1/2

get

, We

nKn(le(t, )1t — )%, x) < 20*(f" (%), n™ %) [ 2 (x) + 1 ()]

= 20" (f"(x), n™ V%) [2¢, (x) + 2x + 1, (x)],

where r, (x) = n2[K,((e™ — e™")*, x).pun.4(x)]"/? and
Ki((e™™ —e™4 x) = —%(e“‘/” — (@2 — e ¥/myTnanx)

+4_ne—X(e—3/n _ 1)(2 _ e—3/n)—na,,(x)
3

_3ne—2X(e—2/n _ 1)(2 _ 6—2/}’1)—}1[1"()6)
+4nei3x(871/n _ 1)(2 _ e*l/n)fna,,(x) + 674)6'

This completes the proof of the result.

Remark 1 From the Lemma 3, p,(x) — 0,¢,(x) — 0 asn — oo and using
Mathematica, we get

lim nz,u,n,4(x) = 12x2.
n— oo
Furthermore
lim n%K, ((e_’ —e N4 x) = 12¢ % x2.
n— o0

Thus in the above Theorem 2, convergence occurs for sufficiently large n.

Corollary 1 Let f, f” € C*[0, 00). Then, the inequality
nlglgon [Kn(f, %) = )] = x[f'(x) + f7(0)]

holds for any x € [0, 00).
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Remark 2 In case the operators (1) preserve the function e~2, then in that case
using Lemma 1, we have

o2 n(l —26_2/") (2 _ e—z/n)_”“”(x),

which implies

(—e"?m)
2+ In (20270

nln(2 —e=2/n) @

ap(x) =

Also, for this preservation corresponding limits of Lemma 3 takes the following
forms:

SNEEHE
+——x|=2

lim n
n— o0 nIn2 —e=2/n) 2n
and
Cam 2 om
) 2x +In (2052 +3(2x+1n(”“+2/”) c o,
im - I
o nIn2 — e=2/n) * n2In(2 — e=2/m) n  3n? *

and we have the following Theorems land 2 and Corollary 1 taking the following
forms:

Theorem 3 For f € C*[0, 00), we have

1K f = Fllioeo < 20 (f. V262,
where

Bn = ||Kn(€_t) - e_x||[0,oo)

—xe ¥ n (12x%2 4+ 24x + 11)e™* I
n 24n2 n

Theorem 4 Let f, f” € C*[0, 00). Then the inequality

[ [Kn(f, %) = O] = x[2f(x) + £ ()]

= BN 1 +1an L 42 (24000 +2x + 7 () o7 (f7.072)
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holds for any x € [0, 00), where

Pn(x) = npp1(x) —x,

R 1
Gn(x) = 3 (npn,2(x) — 4x),

Fa@) = 0\ Ky (e — ) ) it (o).

and [Ln,1(x), n2(x) and i, 4(x) are given in Lemma 3, with values of a,(x), given
by (4).

Corollary 2 Let f, " € C*[0, 00). Then, the inequality

Jim n (K, (f, ) = fO] = x[2f(x) + f"(x)]

holds for any x € [0, c0).

Remark 3 Several other operators, which are linear and positive, can be applied
to establish analogous results. Also, some other approximation properties for the
operators studied in [3, 5-7, 10] and references therein may be considered for these
operators.
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Enumeration by e )

Check for
updates

Mehdi Hassani

Abstract We obtain some formulas, explicit bounds, and an asymptotic approxi-
mation for the number of all distinct paths between a specific pair of vertices in a
complete graph on n vertices. Also, we give further enumerative formulas related to
e, concerning the number derangements.

Introduction and Summary of the Results

Let w, denote the number of all distinct paths between a specific pair of vertices in
a complete graph on n vertices. Each path of length k between two distinct vertices
u and v consists of k + 1 distinct vertices initiated by u and terminated in v. Thus,
the number of paths of length k with 1 <k <n — lis m, and

(n—2)! (n—2)!
=Y = = (=Dl )
=1 T k=0 ’
where
"
en = ZF
k=0

Since e, — e asn — 00, naturally we seek a connection to the number e, for which
we observe that

o0

| — 1 1 1
0 - = — _— —_— = —,
=eTe= Z (n+k)' a2l ntj A=+ DE !

=1 j=1 k=1

>~
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Thus, for each n > 1, we obtain

1
O<e—e, < —, (2)
n.n!
and as a consequence, for each n > 1, we get
nle, = len!], 3)

where |x] denotes the largest integer not exceeding x. Hence, for each n > 3, we
get

Wy = le(n —2)!].

This is one of several enumerative formulas concerning the complete graphs,
considered in [2]. In the present paper, we continue our study on w, to obtain more
similar formulas, explicit bounds, and an asymptotic approximation for w;,. More
precisely, we prove the following results.

Theorem 1 Assume that m > 3 is a fixed integer, and let n € [-m + =, 1] be an
arbitrary real. Then, for each n > m, we have

Wy = Le(n —— QJ . (4)

n

More precisely (4) is valid for each arbitrary real n € [0, 1] and for each n > 3.

Theorem 2 For each integer n > 5, we have

G (e ) w0 5E) o

Moreover, as n — 00, we have

w =(f>n_1,/2—n<1+£+o(l>) (6)
" e n 12n n))’

Note that we use the small oh and the big oh notations with their usual meaning
from analysis. The key point to imply the above results is studying the difference

d, =e(n —2)! — wy,.

While the inequality (2) implies validity of 0 < (n — 2)d,, < 1 for eachn > 3, to
prove the above results, we require some sharp approximations for d,,, in particular
guaranteeing that (n — 2)d, — 1 as n — o00. More precisely, we require the
following auxiliary result, which is a corollary of Theorem 1 of [3].
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Lemma 1 For each n > 3, we have

1 1
- < , 7
n—24a " " n-=2 @)
with
1
o= —1.
e—2

Meanwhile, as an immediate consequence of the above lemma, we obtain the
following average result.

Corollary 1 For each real x > 3 we have

3 1
> d,,:logx+<y+8—§)+0<—>, ®)
3<n=<x *

where y is Euler’s constant, and § = Z:i3(dn - %) is an absolute constant
satisfying 1 < § < 1.5.

Proofs

Proof of Theorem 1 We consider the inequality (7), and we take the real constant »
such that the inequalities

1
0c— —1<g, -1 <

n—24+a n n n—2 n

all are valid for each n > 3. The leftmost inequality in (9) is equivalent by the
inequality n < m := f1(n), say. The function fi(n) is strictly decreasing for
n > 3; hence, we need to have n < lim,_, », f1(n) = 1. The rightmost inequality
in (9) is equivalent by n > nnTz —n = fa(n), say. The function f>(n) is strictly
decreasing for n > 3. Thus, we should have n > f»(3) = 0 for each n > 3, and
n > fa(m) for each n > m > 3. This completes the proof.

Proof of Theorem 2 The approximation (7) implies that

en! 1o 1
wy, = ——— - ).
nn—1) n

Now, we use Stirling’s approximation asserting that

w=(2) v (1+0(1)).
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and we consider the relation % = Ln(l + O(%)) to obtain

w, = (%)n_l @(1 + 0(%)) .

Motivated by determining the constant in the last O-term, we rewrite (7) in the form

en! 1 en! 1
— < w, < — .
nn—1 n-—2 nmn—1 n—24a«a

(10)

Now, we recall that as a corollary of Theorem 8 of [1], one may obtain validity of
the double-sided inequality

n 1 n
(E) V2mn e 180n3 < pl < (ﬁ) 2mn eﬁ, an

€ €

n\n—1 [27
M, = (—) =,
€ n

By combining the bounds (10) and (11), we get validity of 1 + % < 11% <14+ %
for each n > 3 with

n 11 1
L,=n e s — —— 1},
n—1 (n —2)M,

foreachn > 1. We let

and

U " e ! 1
=n celn —————— — .
" n—1 n—2+a)M,

The limit relations

13
lim L, = lim U, = —
n—00 n— 00 12

give the expansion (6). Moreover, the sequence L, is strictly decreasing for n > 6.
Thus, for each n > 6, we deduce L, > % > 1.08, from which we get validity of
the left-hand side of (5). By computation we confirm it for n = 5, too. On the other

hand, we have

max U, = Ug < 1.28.

n>3

This gives the right-hand side of (5) for each n > 3 and completes the proof.
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Proof of Corollary 1 To deduce (8) we let S(x) = 235,19 d,, and also H(x) =
D l<n<x % We rewrite (7) in the form

2—« 1 2

n

S St S, M . B
nin—2+aw) n  nn-=2)

By summing over the integers n > 3, we obtain

0 00 3
cS%(d __)<r§n(n—2) >
with
> 2o 3-2y-2 1)) = 0.9922
nzn(n—2+oz) 2(06+1)(3e—7)( =2y =2¢(x+1)) =0. cee

where ¥ (x) = 1;((;‘)) . Hence, the series Z,foz3 (d, — %) converges, and we denote its

value by §. Now, we use the approximation d,, — % = O(niz) to write

3<n<x n>x

The Euler—Maclaurin summation formula (see [5]) gives

1
H(x)=logx +y + 0<—),
x

where log x denotes the natural logarithm of positive real x. By combining the above
approximations, we get (8). Meanwhile, the above argument implies thatc < § < %

We note that for each n > 3, one has d,, — % > 0. Thus, the partial sum E(N) =

2’11\723 (dn, — rll) is strictly increasing. By computation we observe that £(20) < 1 <
E(21), and hence 1 < § < 1.5. This completes the proof.

Further Enumerative Formulas Related to e

In [4], analogue to (3), we prove for each n > 1 that

n k I 1
nlz(_l) :{L%+MJ, nodd, A1 € [0, 31,

— 4], neven iy €[4, 1]
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This implies that for each positive integer n > 1 and for each real A € [%, %], we
have

n!
DnZL_+mJ, (12)
€

where D, is the number of derangements (permutations with no fixed point) of n
distinct objects. Indeed

Dy =" p iy (—— ! + 13
n=g T )(n—i—l n+ )(n+2) > (13

Hence, for each n > 1, we have

1
n+1"

n!
D, ——| <
e

If n is even, D, > % and D, = [% + 1] provided 17 < A < L.If n is odd,
Dn<”—!ananzL";!+)»Jprovided0<ﬁ—i—kgl.Sowerequire%f)»f1

(&
and0 <A < %, giving (12). More precisely, for each n > 1, we obtain

L+ 1
D,,:VjL J
c

On the other hand, the expansion (13) gives

1 1 1
S0t D  arDetd T arDatdmi3y

n!
~ —D,

€

If we denote the right side of the above inequality by M (n), then we get

1 1

MO <ot are T T

from which for each n > 2, we obtain

n! 1
]
e n

A better bound for M (n) is as follows

M) O+ Lo, >—lii
ST n+2)  n+2?2 )T m+ DT
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from which for each n > 2, we get

D — n! n n+2
"Tle  m+D?2)
More generally, assuming that m is an integer with m > 3, then for each n > 2,
we get

| (letn+m =2) n+m . .
Dn_{( (n+m—2)! +(n+m—1)(n+m—1)!+e )l’l‘J len!],

and as an immediate corollary, for each n > 2, we obtain

D, = [(e+e Hn!] — [en!].
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Fixed Point and Nearly m-Dimensional m)
Euler-Lagrange-Type Additive et
Mappings

Hassan Azadi Kenary

Abstract In this paper, using the fixed point alternative approach, we prove the
generalized Hyers—Ulam—Rassias stability of the following Euler—Lagrange-type
additive functional equation

Yol Yo rmi—rx =mf(2r,~xl~)—22r,~f(xi) (1)
j=1

1<i<m,ij i=1 i=1

where ri,...,rm € R, Y /L i #0,and rj,rj # 0forsome 1 <i < j < min
random normed spaces.

Introduction and Preliminaries

The stability problem of functional equations originated from a question of Ulam
[25] concerning the stability of group homomorphisms. Hyers [9] gave a first
affirmative partial answer to the question of Ulam for Banach spaces. Hyers’
theorem was generalized by Aoki [1] for additive mappings and by Rassias [18]
for linear mappings by considering an unbounded Cauchy difference.

The paper of Rassias has provided a lot of influence in the development of what
we call the generalized Hyers—Ulam stability of functional equations. In 1994, a
generalization of Rassias’ theorem was obtained by Gavruta [4] by replacing the
bound e(||x||” + ||y||”) by a general control function ¢(x, y).

The functional equation

Ja++fx=y)=2f0)+2f() 2)
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is called a quadratic functional equation. In particular, every solution of the
quadratic functional equation is said to be a quadratic mapping. The generalized
Hyers—Ulam stability problem for the quadratic functional equation was proved by
Skof [24] for mappings f : X — Y, where X is a normed space and Y is a Banach
space. Cholewa [2] noticed that the theorem of Skof is still true if the relevant
domain X is replaced by an Abelian group. Czerwik [3] proved the generalized
Hyers—Ulam stability of the quadratic functional equation.

The stability problems of several functional equations have been extensively
investigated by a number of authors, and there are many interesting results
concerning this problem (see [4-22]).

In the sequel, we shall adopt the usual terminology, notions, and conventions
of the theory of random normed spaces as in [23]. Throughout this paper, the
spaces of all probability distribution functions are denoted by A™. Elements of
AT are functions F : R U {—o0, +00} — [0, 1], such that F is left continuous
and nondecreasing on R, F(0) = 0 and F(4+o00) = 1. It’s clear that the subset
DT ={F € AT : [T F(4+00) = 1}, where [~ f(x) = lim,_, .- f(¢), is a subset of
AT, The space AT is partially ordered by the usual point-wise ordering of functions,
thatis, forallt € R, F < G ifand only if F(¢) < G(t). Forevery a > 0, H,(¢) is
the element of D defined by

0ift <a
H,(t) = -
a(t) { lift >a
One can easily show that the maximal element for A" in this order is the distribution
function Hy(t).

Definition 1 A function 7 : [0, 1]> — [0, 1] is a continuous triangular norm
(briefly a t-norm) if T satisfies the following conditions:

(i) T is commutative and associative;
(ii) T is continuous;
(iii) T(x,1) = x forall x € [0, 1];
(iv) T(x,y) <T(z,w) wheneverx <zandy < w forall x, y, z, w € [0, 1].

Three typical examples of continuous t—norms are T (x,y) = xy, T(x,y) =
max{a + b — 1,0}, and T (x, y) = min(a, b). Recall that, if T is a t—norm and
{xn} is a given of numbers in [0, 1], Tl"z 1 Xi is defined recursively by Tll= 11 and
T | x; = T(T‘i":jlxi, xp) forn > 2.
Definition 2 A random normed space (briefly RN-space) is a triple (X, u’, T),
where X is a vector space, T is a continuous ¢f-norm, and u’ : X — D% isa
mapping such that the following conditions hold:

(i) w,(t) = Ho(t) forallt > 0if and only if x =0.

(ii) pul (1) = pl (lé—|> foralla e R,a #0,x € X andt > 0.
(iii) /L;er(t +5) > T(u, (@), u/y(s)), forallx,y € X andt,s > 0.
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Definition 3 Let (X, i/, T) be an RN-space.

(i) A sequence {x,} in X is said to be convergent to x € X in X if for all # > 0,
limn%oo,u;nfx(t) =1
(ii) A sequence {x,} in X is said to be Cauchy sequence in X if for all + > 0,
limn%oo,u;nfxm @ =1
(iii) The RN-space (X, i/, T) is said to be complete if every Cauchy sequence in
X is convergent.

Theorem 1 If (X, i/, T) is RN-space and {x,} is a sequence such that x,, — x,
then limy,—, oo ity (1) = w3 (1)

Definition 4 Let X be a set. A functiond : X x X — [0, oo] is called a generalized
metric on X if d satisfies the following conditions:

(a) d(x,y) =0ifandonlyifx = y forallx,y € X;
(b) d(x,y)=d(y,x)forallx,y € X;
(c) d(x,z) <d(x,y)+d(y,z)forallx,y, z € X.

Theorem 2 Let (X,d) be a complete generalized metric space and J : X — X be
a strictly contractive mapping with Lipschitz constant L < 1. Then, for all x € X,
either

d(J"x, J"x) = 0 3)

for all nonnegative integers n or there exists a positive integer ngy such that:

(a) d(J"x, J"x) < oo forall ng > no;

(b) the sequence {J"x} converges to a fixed point y* of J;

(c) y* is the unique fixed point of J inthe set Y ={y € X : d(J™x, y) < oo};
(d) d(y,y*) < t2pd(y, Jy) forally € Y.

In this paper, we investigate the generalized Hyers—Ulam stability of the following
additive functional equation of Euler—Lagrange type:

|-+ Y i +2Zrif<xf)=mf<2rixi>, €5

=1 1<i<m.isj i=1 i=1

where r1,...,r, € R, Y7 ri #0,and ri,rj # 0forsome 1 <i < j <m,in
random normed spaces.

Every solution of the functional equation (4) is said to be a generalized Euler—
Lagrange-type additive mapping.

RN-Approximation of Functional Equation (4)

Remark 1 Throughout this paper, rq, ..., r, will be real numbers such that r;,
ri#0forfixedl <i < j <m.
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In this section, using the fixed point alternative approach, we prove the generalized
Hyers—Ulam stability of functional equation (4) in random normed spaces.

Theorem 3 Let X be a linear space, (Y, i, Tyy) be a complete RN-space, and @
be a mapping from X™ to DT such that there exists 0 < o < % such that

X1 Xm
Ot xn) ) @ (T ) (@) 5)
forallxy,...,xm € Xandt > 0. Let f : X — Y be a mapping with f(0) = 0 and
satisfying
(1) (0)

n
Z’Jn=1 f(*rjijFZgigm,i#j r,-x,-)+2 YL rif(Xi)fmf(Z,'-'Ll rixi)
> DX, .., X))

forall x1,...,xm € X andt > 0. Then, forall x € X
EL(x) := lim 2" (i)
*) = ninc:o f n
exists and EL : X — Y is a unique Euler—Lagrange additive mapping such that

M f(x)—EL(x) () (7)

ey X X (1 —2a)t & . X 0 (1 —2a)t
- M( M( ’*’(27,»’_7;)( 6o ) J<2_ )( 6a )
X (1 —2a)t X X (1 —2a)t
o (0 57) () )l (5 5) (552),
o () (522) 0 02) (422)
T 3a rj 3a

forallx € X andt > 0.
Proof For each 1 < k < m with k # i, j, let x; = 0 in (6). Then we get the
following inequality
W (=rixibrjx ) f (rixi—r o) =2 (rexibrjx )42 f ()2 f () () = @i j (X X ) (2)
(®)

for all x;, x; € X, where

D j(x,y)(t) :=2(@O,...,0, x ,0,...,0, y ,0,...,0)()

ith jth
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forallx,y € Xandall 1 <i < j <m. Letting x; = 0 in (8), we get
Kf (=rjx )= f (rjxpy+2r) fe ) () = @i j (0, x5)(F) ©)
for all x; € X. Similarly, letting x; = 0 in (8), we get
I f(=rixi)—f Gixi)+2r £ () (1) = P j (i, 0) (1) (10)
for all x; € X. It follows from (8) to (10) that for all x;, x; € X
I (=rixibrjx ) f rixi=rx ) =2 ixitrjx ) f Gixi)+ f )= f (=rixi) = £ (=r ) ()
Ty (q)i,j(xi,xj) (%) , D j(xi,0) (%) , D (0, x;) (%)) . (11)
Replacing x; and x; by ')'C_, and % in (11), we get that
I f (x4 +f =) =2 @)+ F )+ ()= f (=)= f (=) () (12)

(o () () () () (02) )

for all x, y € X. Putting y = x in (12), we get
X X t
m2r@y—2f(—n—2feo® =Ty | @il — — )| 3]
ri rj 3

(2 oo2) () o

for all x € X. Replacing x and y by 5 and —7 in (12), respectively, we get
' o) =Ty (@ X X t
M f(x)+f(—x) ZipM i,j 2,_[ P er 3)°

o (Z0) (L) o (0.2 ) (L (14)
"\ 2’ 37707 2 ) \3
for all x € X. It follows from (13) and (14) that

M F@x)—2f(x) (F)
= M p (o) 4 ()4 022 Cn=27C0 (F)

t
> Ty (Mf(x)+f(x) <§> s M2 F () =2 f (—x)—2.f(2x) (I)) (15)
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(o (&2 (o590
oo ) (0o ()0 ()0
(1))

for all x € X. Replacing x by 5 in (15), we have

X X t X t
Hrw-27(3) @) = Tu( T | Pij an " )6 s Pij 4—”,70 5)
o (0% t role (5 t
o (05) (6) (o (5557) )
o (50 (5) 2 055) () oo
2 7)\3) TP )G ))

={g: X—>Y;g0)=0}

Consider the set

and the generalized metric d in S defined by
d(f.g) =influ e R": )= To( T (@i (2=, =22 ) (L
,8) = S Mg (x)—h(x) Zipm\Im i,j 2}’," er 6/
o (X 0 t o (0 - t role (X F t
“\2r ) \e) T T2 ) 6 ) T G )3
t t
D; ; <£,0> (—) , D (0, ﬁ) (—))) Vxe X, t> O},
ri 3 }’j 3

where inf § = +o0. [tis easy to show that (S, d) is complete (see [15], Lemma 2.1).
Now, we consider a linear mapping J : § — S such that

Jh(x) == 2h (%)

for all x € X. First, we prove that J is a strictly contractive mapping with the
Lipschitz constant 2c.
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In fact, let g, h € S be such that d(g, h) < e. Then we have

Mg (x)—h(x)(E1)

(o (35 ()0 (59 0)
o (05) (5) J (o0 (5:5) (5) 2 (50) (5):
o (03)(5)))

forall x € X and ¢ > 0 and so

HIg(x)—Th(x)(2aet)

=mu(m(ou (5-3) (5)- 20 (00) (5):

o (0-5) (5)) (o0 (o) (5):

2 (570 (5) 20 (03 (%))

= 1u(w(os (55:-3,) (5)- 2 (50) (5):

2 (025) (5) ) (o (5 5) (5)- 20 (o) (5):
2 (0)(3)))

d(Jg, Jh) =d <2g (g) 2h (%)) < 2as.

This means that

d(Jg, Jh)y =d (2g (%) . 2h (%)) < 2ad(g, h)

for all g, h € S. It follows from (16) that

d(f.if)=d(£2f(3)) <e



242 H. A. Kenary

By Theorem 2, there exists a mapping EL : X — Y satisfying the following:
(1) EL is a fixed point of J, that is,

EL (%) = %EL(x) (17)

forall x € X.
The mapping EL is a unique fixed point of J in the set

2 ={heS:d(g, h) <oo}.

This implies that EL is a unique mapping satisfying (17) such that there exists
u € (0, co) satisfying

M £ (x)—EL(x) (ut)

(o (520 )0
oo ) () (o (22) B ()0
(1) ()

forallx € X andt > 0.
(2) d(J" f,EL) — 0 as n — oo. This implies the equality

lim 2" f (zx—n) — EL(x)

n—oo
forall x € X
3) d(f,EL) < ) with f € §2, which implies the inequality d( f, EL) < 5~
and so

e ) 29
o) ()l (-2) ()2 () )
(62)(3)

forall x € X and ¢ > 0. This implies that the inequality (7) holds.
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Replacing x; by ;—,’;, forall 1 <i <n,in(6), we have

t
on M it I £/ A R, VS B ol Y () B moTiX @)
T\ St i iaming w ) Yoisirif( 5k )—m2n f\ 2L,

2)7
o (5 ) (5)
- 2n 2n 2n
t
>D(X1, ..., Xm) Sngn

forall x1,...,x, € X,t > 0. Since
. t
nll)l’IQlQ@(X],...,xm) W =1
for all xq,

..., Xxn € Xandt > 0, we have

m

=1
T EL("’jxj‘FZlgigm,i;&j rl-xl')+2 > riEL(xi)—mEL(Zlmzl r,-x,-)

forall x;,...,x,; € Xandt > 0.
On the other hand,

20 (3) B = i 2 () i 27 () =0

Thus the mapping EL : X — Y is Euler—Lagrange-type additive mapping. This
completes the proof.

Corollary 1 Let X be a real normed space, 6 > 0, and p be a real number with
p> 1. Let f: X — Y beamapping with f(0) = 0 and satisfying

o ) o )
> f(_rjxj'i'Zlgigm,i#j rz-Xi)+22,-:1 rif(xi)_mf(Zi:I rixi)
t
z m
t+ 00 llxilP)

for all x1,...,xny € X and t > 0. Then, for all x € X, the limit EL(x) =
lim;,— o0 2" f (zx—n) exists, and EL : X — Y is a unique Euler—Lagrange-type
additive mapping such that

|rirj|P(22P — 2P+ 1)y
M) —ELw) @) = Ty | T

Iriry P 227 = 2001 + 601117 (P + Ir;17)”
|22 — 20+

|rj1P (@27 — 27+t
IriP 227 — 27D 4 60x [P |rj [P (22 — 204Dyt + 60 ||x1P )
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< Irir; 1P 2P = 2)1
M ,
rir 1727 — 20t + 3617 (il + 1r;17)

ril? 2P — 2yt Irj1P @7 = 2)t
r1P@P = 2)1 436017 [r P27 = 21 + 3017

forallx € X andt > 0.

Proof The proof follows from Theorem 3 if we take

t

@(xl, ...,xm)(t) = I+G(ka=1 ||)Ck||p)

for all x1,...,x,; € X and ¢ > 0. In fact, if we choose « = 277, then we get the
desired result.

Corollary 2 Let X be a real normed space, 6 > 0, and p be a real number with
p > 1. Let f: X — Y be amapping with f(0) = 0 and satisfying (18). Then, for
all x € X, the limit EL(x) = lim;,_, o0 2" f (zx—n) exists, and EL : X — Y is a unique
Euler—Lagrange-type additive mapping such that

M £ (x)—EL(x) (1)

2P |rirj|Pt 2015 |Pt
> Tyl Tu : , ,
2P|rirj|Pt 4 30| x ([P (|7 [P + |r;j|P) " 2P|ri|Pt + 30| x[|P
2p|i’j|pl‘ ) T < |rl-rj|”t
2°|rj Pt 4360 x|17 )’ M rirj|Pt 4 30||x |17 (|ri|? + r;|P)

|ri| Pt |rjl|Pt ))
rilPt + 300 x1IP " |r;|Pt + 30| x||P
forallx € X andt > 0.
Proof The proof follows from Theorem 3 if we take

t

@(xl, ...,xm)(t) = I+G(ka=1 ||)Ck||p)

forall x1,...,x, € X and ¢t > 0. In fact, if we choose o = zlw then we get the
desired result.

Theorem 4 Let X be a linear space, (Y, i, Tyr) be a complete RN-space, and @
be a mapping from X™ to DT such that for some 0 < o < 2

@ (%1 %") () < D(x1, ..., xm)(at)
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forallxy,...,xm € Xandt > 0. Let f : X — Y be a mapping with f(0) = 0 and

satisfying (6). Then, for all x € X, the limit EL(x) := lim,— f( x) exists, and
EL : X — Y is a unique Euler—Lagrange-type additive mapping such that

I f (0)—EL) ()
2 — 2
> TM<TM(¢,.J. (ﬁ_szJ) (( 6a)t>’(bi’j <%O> (( 6ot)t>7
X\ (Gt x x\(Q-ax
o 0-5) () o :)(57)
X @ - x\ (-t
o (50 (557) 20 (0) (557)))

forallx € X andt > 0.

Proof Let (S, d) be the generalized metric space defined in the proof of Theorem 3.
Now, we consider a linear mapping J : § — S such that

Jh(x) = %h(Zx)

forall x € X.
Let g, h € S be such that d(g, h) < €. Then we have

Do) ()G 96)
o) () o 2) B () B)
62 E)

forall x € X and ¢ > 0 and so

aet
MK Jg(x)—Jh(x) T

oet
= Hlean-then \ 5

= Ug2x)—h(2x)(a&l)

X X ot X ot
>Tu\Tu| Di; Z,—r—j 3 , Di r—i,o 3 )
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ot ol e 2x 2x 2t
3 M hJ ri ’ rj 3 ’
2 o .

X
@ ; [0, ——
l’j( er

*:(07)(3)))

forall x € X and ¢ > 0. Thus d(g, h) < ¢ implies that

d(Jg. Th) :d<g(2x) h(2x)> - ae

2 7 2 PR

This means that

< 2d(g. b

_ (820 hx)
d(Jg,Jh)_d< )_ >

2 72

forall g, h € S.
It follows from (15) that for all x € X,

: O = TulTule (= =V (L) o (.0 (L
'U”#*f(x) = IM\ M\ i 2r; 2r; 3 2r;’ 3)°
P (0 * ! T D; * X
hJ ’ 2rj 3 M J ri’rj

X 2t X

b _,0 — ’dj.. O’_
(59 (5) -2 (0)

d(f,Jf)=d <f, f(,jx)) <1

forall x € X. So

By Theorem 2, there exists a mapping EL : X — Y satisfying the following:
(1) ELis a fixed point of J, that is,

EL(2x) = 2EL(x) (19)
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for all x € X. The mapping EL is a unique fixed point of J in the set
2 ={heS:d(g,h) < oo}

This implies that EL is a unique mapping satisfying (19) such that there exists
u € (0, 0o) satisfying

M £ (x)—EL(x) (1)

forallx € X andt > 0.
(2) d(J"f,EL) — 0 as n — oo. This implies the equality

2}1
fim £ _ gL
n—00 n
forall x € X.
(3) d(f,EL) < L2 with f € £2, which implies the inequality d(f, EL) < 52
2
and so

2t
M f(x)—EL(x) o
X X t X t
> Tu\Tu| @i, 2_ri’_2_rj 3 » Dij 2_7”1"0 3)

X
PD; 0, -
nJ ( 2rj

for all x € X and ¢+ > 0. The rest of the proof is similar to the proof of
Theorem 3.

Corollary 3 Let X be a real normed space, 6 > 0, and p be a real number with
p € (0,1). Let f : X — Y be a mapping with f(0) = 0 and satisfying (18). Then,
for all x € X, the limit EL(x) = lim,— f%:x) exists, and EL : X — Y isa
unique Euler—Lagrange-type additive mapping such that
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M £ (x)—EL) ()

(7 277 rrj|P (2 — 2P)t
= MM 2 T p @ = 20y + 361317 (1P + 1rj1P)

2P~ |P (2 = 2P)t 2P~ rj|P(2 = 2P)1
207 ri |P(2 = 2P) + 30 x (|77 207 VP (2 = 2P)t + 30 |1x |17 )
T ( |rirj P2 —2P)t |ri|P(2 — 2Pt
Y\ Irirj 1P @ =203 + 30117 (ril? + 1717 1rilP 2 = 20)t + 36 ]x[1P°

Irj1P 2 — 20y
[rjlP(2 —2P)t + 30| x||?

forallx € X andt > 0.

Proof The proof follows from Theorem 4 if we take

t
t+0( 20 lxell?)

for all x1,...,x, € X and ¢t > 0. In fact, if we choose « = 27, then we get the
desired result.

DX, ooy X)) =

Corollary 4 Let X be a real normed space, 6 > 0, and p be a real number with
p € (0,1). Let f: X — Y be amapping with f(0) = 0 and satisfying (18). Then,
for all x € X, the limit EL(x) = lim,_ f%:x) exists, and EL : X — Y isa
unique Euler—Lagrange-type additive mapping such that

M £ (x)—EL(x) ()

=~ 1ulT 4P|rir;|Pt 20— |Pt
= MM AP 1P+ 320710 X 1P (1P + [rj1P) 2P [Pt + 36]|x (P

27 ry|P1 ) . ( Irir |7t
s Iy ’
20=Lr; [Pt + 30||x]|P Irirj1P2 + 30 x 1P (1ril? + Ir;17)

|ri|Pt IrjlPt ))
[ri|Pe +301x|1P " |rj|Pt + 30 |x[|?
forallx € X andt > 0.
Proof The proof follows from Theorem 4 if we take

t
1+ 60( 20 lxell?)

for all x1,...,x, € X andt > 0. In fact, if we choose ¢ = 1, then we get the
desired result.

D(x1, ..., xp)() =
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Discrete Mathematics for Statistical m)
and Probability Problems e

Christos P. Kitsos and Thomas L. Toulias

Abstract This paper offers a compact presentation of the solid involvement of
Discrete Mathematics in various fields of Statistics and Probability Theory. As far
as the discrete methodologies in Statistics are concerned, our interest is focused
on the foundations and applications of the Experimental Design Theory. The set-
theoretic approach of the foundations of Probability Theory is also presented, while
the notions of concepts and fuzzy logic are formulated and discussed.

Introduction

The aim of this paper is to provide a Discrete Mathematics point of view of some
statistical applications. Two are our main lines of thought: Design Theory and
statistical distances. The Design Theory attracts interest from the group theory and
projective geometry. Design Theory is discussed, while some emphasis is given to
the Latin squares. We also recall the theory of ideals and provide some aspects from
the probability theory that, we believe, deserves more attention.

The notion of distance is fundamental in Statistics. In mathematical analysis,
especially in metric spaces, the distance serves as a criterion to check the conver-
gence of a sequence, while a sequence in Statistics (with typical example being
the Robbins-Monro iterative scheme) is asked to converge in distribution, which is
usually the normal distribution; see [13] for details.

The reason is that such sequences can provide maximum likelihood estimators
(MLE), being within the classical statistical framework, while other methods might
not.

The notion of “concept” associated with the “objects” and “attributes” is intro-
duced, from which the idea of a set-theoretic distance, in a Discrete Mathematics
sense, is emerged.
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Geometric methods, and therefore distance metrics methods, are adopted in
various problems in Statistics. In optimal Experimental Design Theory for the
continuous case, geometric methodologies are considered on the induced design
space and the relative geometrical aspects have been discussed by Kitsos et al. [20].
For the discrete case, the geometrical approach is tackled in a compact form in this
paper.

In principle, the usual (geometrical) distance metric in Statistics is considered
to be the Euclidean distance, based on the £, norm, but this is not the case
for Discrete Mathematics; see section “Finite Geometry and Design Theory.”
In section “Discrete Mathematics and Statistics,” the relation between Discrete
Mathematics and Statistics is developed. The Experimental Design Theory is also
discussed, especially the Latin squares. Moreover, a finite geometry approach is also
developed in a compact form. In section “Discrete Mathematics and Probability,”
the applications of Discrete Mathematics to Probability is presented, while in
section “Discrete Distance Measures,” certain distance measures are discussed.

Discrete Mathematics and Statistics

Introduction

Discrete Mathematics offers a strong background to statistical problems, especially
to the Design Theory. We shall trace some of these applications, bringing practice
with theory. Consider the practical problem where a manufacturer is developing a
new product. Let us assume that he/she wishes to evaluate v varieties (of the product)
and asks a number of consumers to test them. However, it seems impossible in
practice to ask each consumer to test all the varieties. Therefore, two lines of thought
might be adopted:

1. Each consumer tests the same number of varieties, say k < v.
2. Each variety should be tested by r consumers.

The above problem gives rise to the following generalization: Let X be any set
of size v, i.e., v := | X|. We say that a set & of k-subsets of X is a design, denoted
by D(v, k, r) with parameters v, k, r € IN* := IN \ {0}, when each member x € X
belongs to exactly r < v sets of A. In Design Theory, a subset B € 4 is called a
block of the design under investigation.

Suppose now that C denotes any set of k-subsets of X with v := |X]|. In general,
we say that the marks (i.e., the readings of an experiment) are members of the set

€= {(x, O)}xec- ey

What in Statistics is known as a replication of a value x is the row total r(x) :=
#({C : X occurs in C}). The column total is &k in all the cases by the definition
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Table 1 The table of

Example 1 with k = 3, X 161G 16 |G )
Cl =4 1 v v v 3

2 |V v 3

3 v 1

4 |V v v |3

5 v 1

6 v 2

k |3 3 3 3 12
of C. Therefore, it is easy to see that

Y r(x) =klC|. )

xeX

Example I The above discussion can be visualized with Table 1 where X :=
{1,2,...,6}. Notice that ) r(x) = 12.

In principle, when we are working on a statistical design D(v, k, r) then
r(x) :=r and as we are working with blocks B, b := |B]|, relation (2) is then
reduced to vr = bk, and hence

In general, it can be proved that there is a design D (v, k, r) if and only if (iff) £ ’ vr,

=)
k —\k/*

The condition that each object (i.e., element of X) belongs to the same number
of blocks can be strengthened. In particular, it can be required that a pair of objects
or, even more, that t objects are taken at a time: this is known as t-design, t € 7+,

Let X be a set with v := |X|. Then a set B of k-subsets of X is said to be

a t-design, denoted with D (v, k, r;), iff for each z-subset T of X, the number of
blocks which contain 7 is constant r,. It is interesting to notice that

i. If B is a ¢t-design, it is also an s-design, 1 <s <t — 1,5 € 7+,
ii. If Bisa D(v, k, ry) t-design, it is then also a D (v, k, ry) s-design, with
w—s)v—s—1)---(v—t+1)

Tk Sk —s—1) - (k—t41) @

iii. For0 <s <t — 1, itis required that
(k—s)(k—s—l)-~-(k—t—|—1)|r,(v—s)(v—s—1)~-~(v—t+1).

iv. A recursive formula holds:
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Table 2 A 4 x 4 Latin
square L

o aQ w >
Qg » =
Ak diviiel
> WO g

v—t+1
_1=rnn——— teN.
rr—1 rtk—t—i—l
v. If b = |B]|, then
v
b=ro=r1—.
ro r]k

Usually a 2-design with k = 3 and , = 1 is called as Steiner Triple System (STS).
Such a system can be seen by considering two words, say u1 and u», both of length n
in the alphabet {0, 1}. Let u1+u> denote the word obtained adding the corresponding
digits of 1 and u;. Then, if we consider X to be the set of all such words with the
exception of 00.. .0, the set of all three subsets of X, formed by {u1, ua, u; + us},
is a 2-design such as D(2"~!, 3, 1) which is an STS design with 2" — 1 varieties.

Latin Squares

In Statistics, and especially in Experimental Design Theory, the Latin squares (LS),
as proposed by Fisher in [5], play an important role; see [2, 23, 24] and [3] among
others. The traditional example is the following: Suppose we have to plan an
agriculture experiment in which four new kinds of fertilizers, say A, B, C, and D,
are to be tested in a square field. The “scheme” has to be as in Table 2 in order to
describe an LS.

In principle, an LS of order n is an n x n array in which each of the n elements
occurs once in each row and once in each column. The statistical term LS comes
from the fact that R.A. Fisher used “Latin letters” to cover the “square” field in
his agricultural experiments.

We shall denote with L(i, j) the (i, j) entry of an LS L, while the labels for the
rows and columns of L as well as for all its (i, j) elements shall be considered as
Z,,-valued, with Z,, being the set of nonnegative integers modulo .

Given two Latin squares of the same order n, say L and L, the relation for the
orthogonality between L and L, can be defined. Indeed, L; L L, iff for every
k,l € Zy, there are just two i, j € Z,, for which

Ly, j)=k, and L@, j)=1.
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Following this terminology, Euler in 1786 was the first who suggests constructing
an orthogonal pair of arrays of a six-order LS. He was unable to solve this problem.
It is now known that no such pair exists. Actually, the problem that Euler suggested
was

Given 36 officers of 6 different ranks from 6 different regiments, can they be arranged in a
square in such a way that each row and each column contains one officer of each rank and
one officer from each regiment?

What to admire? The physical problem itself or the underlined mathematical insight
which tries to tackle the problem? We shall come to this problem later.

Despite Euler’s problem that has no solution, there is a way of constructing
orthogonal LS. Theorem 2 below offers a method of constructing orthogonal LS
(OLS) based on properties of Z, with p being a prime.

Theorem 1 For each v > 2, the v X v array defined by L(i, j) =i + j, i, j € Zy
is an LS.

See Appendix for the proof.
Theorem 2 Let p be a prime and 0 # a € Z, given. Then, the rule

L., jy=ai+j, i, jelp, (5)
defines an LS. Furthermore, for given b # a, b € Z,, it holds that
Ly L L,. ©6)

See Appendix for the proof.

Example 2 The LS, say L;, of Table 3 below is orthogonal to LS L; of Table 2,
as the 16 pairs (A, A), (A, B)..., (D, D) occur in one of the 16 positions, i.e.,
L, 1 L by the LS orthogonality definition.

Based on Theorem 2, we say that we can obtain a set of p— 1 mutually orthogonal
LS (MOLS) of order p (MOLS ) for each prime p.

Example 3 For p = 3 we get two MOLS3, i.e.,

01 2 01 2
Li: 1 2 0 and Lp: 2 0 1
2 0 1 1 20

Table 3 A 4 x 4 Latin
square Ly

@ o O >
> Qg w
g w >0
Q» W g
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So far, we discussed that for a prime p, using the properties of the field Z,,, it is
possible to construct a set of p — 1 MOLS,. The same result holds if we replace p
with a prime power g := p”, r € Z™. Indeed:

Theorem 3 For g being a prime r-power of p, it is possible to construct ¢ — 1
mutually orthogonal Latin squares of order g (MOLS, ).

Proof Apply Theorem 2 where a € Z, is now replaced by a € Iy, with g — 1
nonzero and IF; being a finite field in place of Z,.

In practice, given any field with n elements, we would like to construct n — 1
MOLS. Due to Theorem 3 the arisen question is:

Question Is it possible to construct n — 1 mutually orthogonal Latin squares of order
n (MOLS,,) when 7 is not a prime power?

Answer In Discrete Mathematics and Statistics, this is one of the most well-known
unsolved problems. For the case of n = 6, it is known already that there is not a set
of 5 MOLSg (recall Euler’s problem mentioned earlier which is unsolved).

Another approach to Design Theory, under the context of Discrete Mathematics,
is through geometry and particular through finite geometry on projective planes.
Recall that there are two main approaches of finite plane geometry: affine and
projective. In an affine plane, the normal sense of parallel lines is valid. In a
projective plane, by contrast, any two lines intersect at a unique point, so parallel
lines do not exist. The finite affine plane geometry and finite projective plane
geometry can be described by simple axioms. An affine plane geometry is a
nonempty set X (whose elements are called “points”), along with a nonempty
collection L of subsets of X (whose elements are called “lines”), such that:

(a) For every two distinct points, there is exactly one line that contains both points.

(b) Given a line £ and a point p outside £, there exists exactly one line ¢’ containing
p such that £ N ¢/ = @ (Playfair’s axiom).

(c) There exists a set of four points, no three of which belong to the same line.

The last axiom ensures that the geometry is not trivial (either empty or too simple
to be of interest, such as a single line with an arbitrary number of points on it),
while the first two specify the nature of the geometry. Note that the simplest affine
plane contains only four points; it is called the affine plane of order 2, where the
order of an affine plane is the number of points on any line. Since no three are
collinear, any pair of points determines a unique line, and so this plane (of four
points) contains six lines. It corresponds to a tetrahedron where nonintersecting
edges are considered “parallel” or a square where not only opposite sides but also
diagonals are considered “parallel”; see Fig. 1.

In optimal Experimental Design Theory, a geometry is constructed via the
induced design space; see [12, 27] and [18] among others. In this paper, the
geometric approach is realized in the following through the finite field IF,.
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Fig. 1 A finite affine plane °
of order 2. The two diagonal N P
lines do not intersect ke \ P 4
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Finite Geometry and Design Theory

Letx, y € IFy, where IF; being a finite field. Then, the “coordinate” or analytic plane
geometry for (x, y) € IR? is still valid for the elements of IF,. As all the algebraic
“manipulations” hold in R?, the sense of “line” and “plane” for a finite number of
“points” x,y € I, is also parent in IF;. In particular, the lines in a 2-design are
the blocks on the set points; see Theorem 4 below. Thus, a line satisfies the analytic
expression ax + by + ¢ = 0 where x, y, a, b, c € ¥, with a? + b? # 0.

Theorem 4 Consider a finite field Iy, equipped with lines and planes as above.
Then, the lines of Iy are the blocks of a 2-design D(v, k, r2) of the set of points
of ¥y In particular, the design is D(qz, q, 1).

See Appendix for the proof.

The D(qz, q, 1) design, described in Theorem 4, is usually known as the affine
plane over Ity (see also the proof in Appendix). Recall the point (iv) in sub-
Section 2.1. For the 2-design above, i.e., for ¢ := 2, it is

v—2+1 v—1 ! g —1 i )
r=r =r =1x = .
R T g—1 1
According to property (v), as in Section 3.2, it is
2
v q
b=ro=r1z=(q+l)?=q(q+1). (®)

Example 4 Let g = 3, i.e., '3 = Z3 is under consideration. There are v = ¢g> = 9
points and k = g = 3. Those nine points, say P;,i = 1,2,...,9, are

P =(0,0), =01, P3=(0,2),
Py=(1,0), Ps=(,1, Ps=(1,2),
Pr=2,0, PB=(2,1), P=(22).

The b = ro = q(qg + 1) = 12 lines, say ¢;, i = 1,2,..., 12, are presented in
Table 4:
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Table 4 Lines of Example 4

Line | Equation Points

A x=0 Py, Py, P3
123 x=1 Py, Ps, Ps
03 x =2 P, Pg, Py
Ly y=0 Py, Py, P;
ls y=1 Py, Ps, Pg
Ls y=2 P3, Ps, Py

47 x+y=0 | P, Ps, Py
l3 x+y=1 P>, Py, Py
23 x+y=2 Pz, Ps, Py
£10 2x+y=0 | P, Ps, Po
211 2x+y=1 | P, Ps, P;
L1 2x +y =2 | P3, P4, Pg

Notice that there are four classes with three lines as

{(€1. €2, £3), (4. £5. L6), (£7. L3, £9), (L10. £11. £12)}.

Each class of parallel lines has no intersection (common point) between them,
while when there is an intersection, one common point exists (as in the Euclidean
case of R?). However, if we adopt the projective geometry’s approach, i.e., assume
that every two lines have always one common point, we are in a finite version
of projective geometry [4], and its relation with the Design Theory. Considering
a prime power, Theorem 5 holds where the projective plane property over IF, is
demonstrated in comparison with the affine plane over I, according to Theorem 4.

Theorem 5 For any prime power q, there is a 2-design D(v, k, 7)) = D(q2 +q+
1,g +1, 1). This particular design has the additional property that any two blocks
have just one member in common.

See Appendix for the proof.
Calculating 1 and ro = b, due to the relations (iv) and (v) in Section 3.2, it holds

v—1 (>+q+1)—1
= = —l=q+1, 9
no=n ET q+ (%a)

b=r = (D) =a"+q+1 (9b)

See the similarity between (7)—(9b) and (9a)—(9b). Moreover, we can notice that:

* There are g> + ¢ + 1 points and g% + g + 1 lines.

¢ Each line contains ¢ + 1 points and each point belongs to ¢ + 1 lines.

e any two points belong to one common line and any two lines have one common
point.
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Example 5 Consider the affine plane over IF'3, as in Example 4. We need the parallel
lines of IF'; to meet, so we add to each line a new (arbitrary) point, which corresponds
to the projective geometry’s point at infinity or infinity point. In particular,

U= uUiXxy), i=1,2,3,
U=y U{Xsy}, =456,
E; = (;U{X3}, i=17,8,9,
@; = ¢; U{Xy4}, =10,11,12.

A new line ¢, 2 {X1, X2, X3, X4}, containing the newly introduced points X;,
i = 1,2,3,4, is then introduced and called as the line at infinity or infinity-line.
Therefore, the projective plane over IF3 has in total 13 lines, i.e., E;, i=1,2,...,12,
and £+, and 13 points, i.e., the given P;,i = 1,2,...,9,and X;, j = 1,2,3,4.
Each line contains four points, i.e., each block contains four elements, and each pair
of points belongs exactly to one line. Hence, the 2-design D(13, 4, 1) is obtained.

Applications of Experimental Design

In practice, a complete randomized block design (CRBD) is analyzed as a two-way
ANalysis Of VAriance (ANOVA); see the pioneering work of [26]. The incomplete
balanced needs a special ANOVA to analyze the collected data while an incomplete
general block design is analyzed through regression analysis; see [8] among others.
A (complete) Latin square is analyzed through a three-way ANOVA in industry.
That is, ANOVA and regression analysis are adopted to analyze real data with the
assistance of an appropriate software; see [15] among others.

The theoretical insight of experimental design provides food for thought for
different branches of mathematics. We tried to present some of them in a compact
form. The experimenter faces often the need of a strong mathematical background
when analyzing a 2" factorial experiment, defined as in [30], and especially for a
portion of it. When we are talking about a confounded experiment, one may consider
the number-theoretic Kempthorne method [11]; see [9] among others, for a number-
theoretic development. A “traditional” example is the following:

Example 6 Construct two blocks in a 23 factorial experiment, so that the term ABC
is confounded. We then have the linear combination L = X + X + X3 with the
value of L is evaluated as follows:

(1) =A"B°C%, L=0+0+4+0=0,
a=AB°CO, L=14+04+0=1,
b=A'BICY L =1,

ab = A'B!C?, L =2 =0 (mod2),
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c=A'BC!, L =1,
ac = ABC!, L =2 =0 (mod2),
be = A’BIC!, L =2 = 0 (mod2),
abc = A'B'C!, L =3 =1 (mod2).

So, for

L =0 the blockis (1), ab, ac, bc,
L =1 theblockis (1),a,b,c,abc.

Therefore, if we decide to apply a %23 = 231 experiment, i.e., a half 23 factorial
experiment, we have to choose one of the two blocks as above.

Different rules have been proposed to overpass confounding. For Fisher’s
multiple confounding rule, see [23]. The violation of the structure of a 2" factorial
design, by adding center points, dominates EVolutionary OPeration (EVOP), [1].
Then we moved to a new “model” by adding more points, i.e., 2" + center + “star”,
to study response surface exploration; see [25] among others.

The nonlinear (optimal) experimental design, as it was studied by Kitsos [12], has
no relation with the elegant mathematical approach of Fisher. The nonlinear Design
Theory suffers from parameter dependence [12], and the practical solution is to
adopt sequential design; see [6]. The induced design space offers the possibility of a
geometrical consideration, [18, 20]. The compromise of a quasi-sequential approach
[14] was also proposed, while some technics based on polynomial root-finding, for
nonlinear problems, were studied in [28].

This section offers a quick attempt to complete the development of the experi-
mental design topic, the backbone of Statistics.

Discrete Mathematics and Probability

As we already discussed in section “Discrete Mathematics and Statistics,” discrete
mathematical ideas appear to have an aesthetic appeal in Statistics. Especially
during the Fisher’s and Kolmogorov’s era, there was an attempt to develop a
theoretical discrete framework to shed a new light in statistical problems. In this
section, we show influence of Discrete Mathematics in other research areas related
to Statistics. The measure-theoretic approach of Kolmogorov had a competitor
from algebra, i.e., probability algebra, which was never successfully formulated.
The measure theory context of probability was accepted completely. But, still, the
algebraic definition of probability space deserves some further attention, especially
when the foundation needs some discrete treatment.

Probability algebra (PA), as introduced in [10], is defined to be the pair (¢, P),
with o # & where its set elements A, B, C, ... € « are called events. P is a real
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function on « and is called probability. The binary operations AV B and A A B and
the unitary operation A€ (not in A) equip « with the algebraic structure of a Boolean
algebra. For the probability P we assume that:

i. P is positive definite, i.e.,
P(A) > 0 forevery A€o, and P(A) =0<= A =0 € a.
ii. Pisnormedi.e.,
P(E) =1 where E € « is the unitary element.
iii. P is additive, i.e.,
P(AvV B) =P(A) +P(B) when AAB =g.

Let S be a Boolean sub-algebra of «. Then the restriction of the function P to § is
probability on B. If o := {&, E} with P(E) = 1, P(@) = 0, the probability algebra
(e, P) is called improper.

The terms probability space and Borel probability field, introduced by
Kolmogorov in his pioneering work [22], are also constructed through the algebraic
approach, while the distribution function was also well defined; see [10, Theorem
5.4].

For given probability algebras («1, P1) and (o2, P») with «;, i = 1, 2, Boolean
algebras, consider the isomorphism

¢ : o — ay, where A +— @(A).
Then, we say that the two probability algebras are isometric iff

Pi(A) = P(¢(A)), Ac€aj.

Example 7 Let A = {011, o, ..., an}, n > 2. We define «;, to be the class of all

subsets of A forming a Boolean algebra. Let P;,i = 1,2,...,n,0 < P; < 1 with
Zi P; = 1 be associated with o;, i = 1,2, ..., n. For every subset of A of the form
{Otgl SO, e, Ogy }, we define the probability P as follows:

P({agl,agz,...,ol(n}) =Py, +Pg, +---+Py.

Then (ay, P) is a probability algebra with 2" elements, provided that P(&) = 0.

With the above, we tried to provide some elements of the algebraic foundations
of probability. Problems such us convergence in stochastic spaces, expectations
of random variables, moments, etc. can be defined appropriately this algebraic
approach to probability, [10]. The multivariate problem, the sequential line of
thought, and other statistical fields have not been tackled yet.
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Algebraic Approach to Concept

We introduce now the term concept through lattice theory. Recall that a lattice is
an abstract order structure. It consists of a partially ordered set in which every
two elements have a unique supremum (also called a least upper bound or join)
and a unique infimum (also called a greatest lower bound or meet). An example is
given by the natural numbers, partially ordered by divisibility, for which the unique
supremum is the least common multiple and the unique infimum is the greatest
common divisor.

The main question, from a statistical point of view, and not only, might be: why
lattice? When the study of hierarchies is one of the target of the research, the hier-
archy of concept c