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E horas sem conta passo, mudo,
O olhar atento,

A trabalhar, longe de tudo

O pensamento.

Porque o escrever - tanta pericia,
Tanta requer,

Que oficio tal.., nem hd noticia
De outro qualquer.

Profissao de Fé (excerto) Olavo Bilac



Preface

This is the final volume of a series of three volumes (the other ones being [9] and
[8]) devoted to the mathematics of mathematical olympiads. Generally speaking,
they are somewhat expanded versions of a collection of six volumes, first published
in Portuguese by the Brazilian Mathematical Society in 2012 and currently in its
second edition.

The material collected here and in the other two volumes is based on course
notes that evolved over the years since 1991, when I first began coaching students
of Fortaleza to the Brazilian Mathematical Olympiad and to the International Math-
ematical Olympiad. Some ten years ago, preliminary versions of the Portuguese
texts also served as textbooks for several editions of summer courses delivered at
UFC to math teachers of the Cape Verde Republic.

All volumes were carefully planned to be a balanced mixture of a smooth and
self-contained introduction to the fascinating world of mathematical competitions,
as well as to serve as textbooks for students and instructors involved with math clubs
for gifted high school students.

Upon writing the books, I have stuck myself to an invaluable advice of the
eminent Hungarian-American mathematician George Pdlya, who used to say that
one cannot learn mathematics without getting one’s hands dirty. That’s why, in
several points throughout the text, I left to the reader the task of checking minor
aspects of more general developments. These appear either as small omitted details
in proofs or as subsidiary extensions of the theory. In this last case, I sometimes
refer the reader to specific problems along the book, which are marked with an *
and whose solutions are considered to be an essential part of the text. In general,
in each section I collect a list of problems, carefully chosen in the direction of
applying the material and ideas presented in the text. Dozens of them are taken from
former editions of mathematical competitions and range from the almost immediate
to real challenging ones. Regardless of their level of difficulty, generous hints, or
even complete solutions, are provided to virtually all of them.

As a quick look through the Contents pages readily shows, this time we con-
centrate on combinatorics, number theory, and polynomials. Although the chapters’

vii



viii Preface

names quickly link them to one of these three major themes, whenever possible or
desirable later chapters revisit or complement material covered in earlier ones. We
now describe, a bit more specifically, what is covered within each major topic.

Chapters 1 through 5 are devoted to the study of basic combinatorial techniques
and structures. We start by reviewing the elementary counting strategies, emphasiz-
ing the construction of bijections and the use of recursive arguments throughout. We
then go through a bunch of more sophisticated tools, as the inclusion-exclusion prin-
ciple and double counting, the use of equivalence relations, metrics on finite sets,
and generating functions. Turning our attention to the existence of configurations,
the pigeonhole principle of Dirichlet and invariants associated with algorithmic
problems now play the central role. Our tour through combinatorics finishes by
studying some graph theory, all the way from the basic definitions to the classical
theorems of Euler (on Eulerian paths), Cayley (on the number of labeled trees), and
Turan (on complete subgraphs of a given graph), to name just a few ones.

We then turn to elementary number theory, which is the object of Chaps. 6—12.
We begin, of course, by introducing the basic concepts and properties concerned
with the divisibility relation and exploring the notion of greatest common divisor
and prime numbers. Then we turn to diophantine equations, presenting Fermat’s
descent method and solving the famous Pell’s equation. Before driving through a
systematic study of congruences, we make an interlude to discuss the basics of
multiplicative arithmetic functions and the distribution of primes, these two chapters
being almost entirely independent of the rest of the book. From this point until
Chap. 12, we focus on the congruence relation and its consequences, from the very
beginnings to the finite field Z,, primitive roots, Gauss’ quadratic reciprocity law,
and Fermat’s characterization of integers that can be written as the sum of two
squares. All of the above material is, here more than anywhere else in the book,
illustrated with lots of interesting and challenging examples and problems taken
from several math competitions around the world.

The last nine chapters are devoted to the study of complex numbers and
polynomials. Apart from what is usually present in high school classes—as the
basics of complex numbers and the notion of degree, the division algorithm, and
the concept of root for polynomials—we discuss several nonstandard topics. We
begin by highlighting the use of complex numbers and polynomials as fags in
certain combinatorial problems and presenting a complete proof of the fundamental
theorem of algebra, accompanied with several applications. Then, we study the
famous theorem of Newton on symmetric polynomials and the equally famous
Newton’s inequalities. The next theme concerns interpolation of polynomials, when
particular attention is placed on Lagrange’s interpolation theorem. Such a result
is used to solve linear systems of Vandermonde with no linear algebra, which in
turn allows us to, later, analyze an important particular class of linear recurrence
relations. The book continues with the study of factorization of polynomials over Q,
Z, and Z,, together with several interesting problems on irreducibility. Algebraic
and transcendental numbers then make their appearance; among other topics, we
present a simple proof of the fact that the set of algebraic numbers forms a field
and discuss the rudiments of cyclotomic polynomials and transcendental numbers.



Preface ix

The final chapter develops the most basic aspects of complex power series, which
are then used, disguised as complex generating functions, to solve general linear
recurrence relations.

Several people and institutions contributed throughout the years for my efforts
of turning a bunch of handwritten notes into these books. The State of Ceara
Mathematical Olympiad, created by the Mathematics Department of the Federal
University of Ceard (UFC) back in 1980 and now in its 37th edition, has since
then motivated hundreds of youngsters of Fortaleza to deepen their studies of
mathematics. I was one such student in the late 1980s, and my involvement with this
competition and with the Brazilian Mathematical Olympiad a few years later had a
decisive influence on my choice of career. Throughout the 1990s, I had the honor
of coaching several brilliant students of Fortaleza to the Brazilian Mathematical
Olympiad. Some of them entered Brazilian teams to the IMO or other international
competitions, and their doubts, comments, and criticisms were of great help in
shaping my view on mathematical competitions. In this sense, sincere thanks go
to Jodo Luiz de A. A. Falcdo, Roney Rodger S. de Castro, Marcelo M. de Oliveira,
Marcondes C. Franca Jr., Marcelo C. de Souza, Eduardo C. Balreira, Breno de A. A.
Falcio, Fabricio S. Benevides, Rui F. Vigelis, Daniel P. Sobreira, Samuel B. Feitosa,
Davi Médximo A. Nogueira, and Yuri G. Lima.

Professor Jodo Lucas Barbosa, upon inviting me to write the textbooks to the
Amilcar Cabral Educational Cooperation Project with Cape Verde Republic, had
unconsciously provided me with the motivation to complete the Portuguese version
of these books. The continuous support of Professor Hildrio Alencar, president of
the Brazilian Mathematical Society when the Portuguese edition was first published,
was also of great importance for me. Special thanks go to my colleagues—
professors Samuel B. Feitosa and Fernanda E. C. Camargo—who read the entire
English version and helped me improve it in a number of ways. If it weren’t for
my editor at Springer-Verlag, Mr. Robinson dos Santos, I almost surely would not
have had the courage to embrace the task of translating more that 1500 pages from
Portuguese into English. I acknowledge all the staff of Springer involved with this
project in his name.

Finally, and mostly, I would like to express my deepest gratitude to my parents
Antonio and Rosemary, my wife Monica, and our kids Gabriel and Isabela. From
early childhood, my parents have always called my attention to the importance of
a solid education, having done all they could for me and my brothers to attend the
best possible schools. My wife and kids fulfilled our home with the harmony and
softness I needed to get to endure on several months of work while translating this
book.

Fortaleza, Brazil Antonio Caminha Muniz Neto
December 2017
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Chapter 1 ®
Elementary Counting Techniques Qs

In this first chapter, we develop the usual elementary tools for counting the number
of distinct configurations corresponding to a certain combinatorial situation, without
needing to list them one by one. As the reader will see, the essential ideas are the
construction of bijections and the use of recursive arguments.

Although we develop all material from scratch, the reader is expected to have
some previous experience with elementary counting techniques, and is warned that
the material collected here can be somewhat terse at places.

1.1 The Bijective Principle

In all that follows, we assume that the reader has a relative acquaintance with sets
and elementary operations on them. Given n € N, we let /,, denote the set

L={jeN;1<j<n}

of natural numbers from 1 to n.

A set A is finite if A = ¢ or if there exists a bijection f : I, — A, for some
n e N.If A # (is finite and f : I, — A is a bijection, then letting a; = f(j) we
write A = {ay, ..., a,} and say that n is the number of elements of A (Problem 1
shows that this is a well defined notion). Also in this case, we write

|Al=n or #A =n

to mean that A has n elements. For the sake of completeness, we say that ¢ has 0
elements and write |J| = 0.

© Springer International Publishing AG, part of Springer Nature 2018 1
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2 1 Elementary Counting Techniques

The elementary theory of counting (configurations) has its foundations in the
following simple proposition, to which we will systematically refer as the bijective
principle.

Proposition 1.1 If A and B are nonempty finite sets, then |A| = |B| if and only if
there exists a bijection f : A — B.

Proof First of all, assume that there exists a bijection f : A — B.If |A| = n, we
can take a bijection g : I, —> A, sothat f o g : I, — B is also a bijection. Hence,
|B| = n.

Conversely, suppose that |A| = |B| = n, with bijections g : I, — A and
h:I,— B.Thenhog™': A — Bis abijection from A to B. O

The following consequence of the bijective principle is sometimes referred to as
the additive principle of counting. Before we state it, we recall that two sets A and
B are said to be disjoint if AN B = (.

Proposition 1.2 If A and B are finite disjoint sets, then
|AU B| = |A| + |B].

Proof Exercise (see Problem 2). |

A typical application of the former proposition consists in counting the number of
different ways of choosing exactly one object out of two possible distinct kinds, such
that there is a finite number of possibilities for each kind of object. In the statement
of the proposition, the kinds correspond to the disjoint sets A and B, whereas the
possibilities for each kind correspond to the elements of A and B.

An easy induction allows us to generalize the additive principle for n finite
pairwise disjoint sets. This is the content of the coming

Corollary 1.3 If Ay, Ay, ..., A, are finite pairwise disjoint sets, then
n n
#JA; =145
j=1 j=1
Proof Exercise (see Problem 3). |

For what comes next, given two sets A and B, we let A \ B denote the set
A\ B ={x € A; x ¢ B}

and say that A\ B is the difference between A and B, in this order. If B C A, and if
no danger of confusion arises, we shall sometimes refer to A\ B as the complement
of B in A, in which case we denote it as B¢, instead of A \ B.

The simple formula of the next corollary, which counts the number of elements
of the complement of a subset of a finite set, is an additional consequence of the
additive principle.



1.1 The Bijective Principle 3

Corollary 1.4 If A is a finite set and B C A, then
|B| = [A] = |A\ B.
Proof Since A = B U (A \ B), a disjoint union, the additive principle gives
|[Al=|BU(A\ B)| =[B|+|A\ B|.

O

The general philosophy behind the use of the previous corollary in problems of
counting is this: suppose we wish to count the number of elements of a certain finite
set B, but do not know how to do it directly. An interesting strategy is to search for
a finite set A D B such that we know how to count both |A| and |A \ B|. Then, we
apply the formula of the corollary to compute the desired number of elements of B.
Some concrete examples of this situation will be found in what is to come.

Our next result generalizes Proposition 1.1 and Corollary 1.4, computing the
number of elements of a union of two finite sets. Formula (1.1) below is known as
the principle of inclusion-exclusion for two finite sets, and will be generalized in
Sect. 2.1 (cf. Theorem 2.1).

Proposition 1.5 If A and B are finite sets, then
|AUB|=|A|+ |B|—|ANB. (1.1)

Proof Since A and B \ A are finite, disjoint and suchthat AUB = AU (B \ A), the
additive principle gives

[AUB|=|AU(B\ A)| =|A|+|B\ Al.
On the other hand, we also have the disjoint union
B=(B\A)U(ANB),
so that, again from the additive principle, |B| = |B\ A|+|A N B|. Then, |B\ A| =
|B| —|A N BJ, and once we plug this formula into the above relation for |A U B
we get
|AU B| = |A|+ (|B] — |AN BJ).
O

For what comes next, recall that the cartesian product of sets A and B is the
set A x B whose elements are the ordered pairs (a, b) witha € A and b € B. In
mathematical symbols,

Ax B={(a,b); ac A,b e B}.



4 1 Elementary Counting Techniques

It is also worth recalling that ordered pairs possess the following important property:
if (a, b), (c¢,d) € A x B, then

(a,b) =(c,d) & a=cand b=d.

In this respect, see Problem 5.
The coming result, together with its subsequent corollary, are known as the
multiplicative principle or as the fundamental principle of counting.

Proposition 1.6 If A and B are nonempty finite sets, then A x B is also finite, with
|A x B| = |A| - |B]|.

Proof Writing B ={y1,...,Ym} = U'}'zl{ v;}, it follows from Problem 6 that

Ax B=Ax U{yj} = U(A x {y;},

j=1 j=1

a disjoint union. Hence, Corollary 1.3 gives
m m
4% Bl =|J@ x| = D14 x ()l (12)
j=1 j=1

Now, since f : A — A x {y;} given by f(x) = (x,y;) is a bijection (with
inverse g : A x {y;} — A givenby g(x, y;) = x), the bijective principle guarantees
that |[A] = |A x {y;}| for 1 < j < m. Hence, it follows from (1.2) that

m
|Ax Bl =Y |A|=|A|-m =|A|-|B|.
j=1

O

In applications, we ought to invoke this version of the fundamental principle of
counting whenever we need to choose two objects simultaneously, such that one
of the objects is of one of two possible kinds and the other object is of the other
kind (and each kind comprises a finite number of possibilities). In the statement of
the proposition, the two possible kinds correspond to the sets A and B, whereas the
possibilities for each kind correspond to the elements of A and B.

It is time we look at a concrete example.

Example 1.7 How many natural numbers have two distinct nonzero algarisms, both
less that or equal to 5? How many of them are such that the first algarism is smaller
that the second one?
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Solution Let A = {1, 2, 3,4, 5}. The first part of the problem is clearly equivalent
to counting how many ordered pairs (a, b) € A x A are such that a # b; the second
part requires that a < b.

Let us start counting the number of ordered pairs (a,b) € A x A, without
additional restrictions. Since this is the same as counting the number of elements of
A x A, the multiplicative principle gives 5 x 5 = 25 possible pairs (a, b). In order
to count how many of them are such that a # b, let us use Corollary 1.4: the number
of such pairs is obtained by discounting, from the total number of pairs, those for
which a = b. Since there are 5 pairs (a, a) with a € A, we conclude that there are
25 — 5 = 20 pairs (a, b) witha # b.

For what is left, note that (a, b) is an ordered pair such that a < b if and only
if (b, a) is an ordered pair for which b > a; in other words, the correspondence
(a,b) — (b, a) is a bijection between the set whose elements are the ordered pairs
(a,b) € Ax Asuchthata < b and that formed by the ordered pairs (a’, b') € Ax A
for which a’ > b’. Hence, these sets have the same number of elements (namely,
ordered pairs); since they are disjoint and their union equals the set of pairs (a, b) €
A x A such that a # b, it follows from Proposition 1.2 that the desired number of
ordered pairs is % = 10. O

For the subsequent discussion, we need to extend the concept of cartesian product
to an arbitrary finite number of finite nonempty sets. To this end, given finite

nonempty sets Ay, Az, ..., Ay, let’s define their cartesian product A1 x Az X
.-+ X Ay as the set of sequences (to which we shall sometimes refer to as n-tuples)
(ai,aa, ...,ay),suchthata; € Ay, az € As, ..., a, € Ap.!

Corollary 1.8 If Ay, Aa, ..., A, are finite nonempty sets, then
n
Al X Ay X -+ X Ay| = ]_[|Aj|.
j=1

Proof Exercise (see Problem 7). |
The next corollary brings an important elaboration of the multiplicative principle.

Corollary 1.9 Let Ay, Ay, ..., Ak be finite nonempty sets with |A1| = ny, |Az2| =
no, ..., |Axl = ng. Then, there are exactly nins ...ny sequences (ay, az, ..., di)
withaj € Ajfor1 < j <k

In view of this definition, in principle we have two distinct definitions for the elements of A x B:
on the one hand, they consist of the ordered pairs (a, b) such that a € A and b € B; on the other,
they are sequences (a, b) for which a € A and b € B. Since the ordered pair (a, b) is defined
by (a, b) = {{a}, {a, b}} (cf. Problem 5) and the sequence (a, b) (witha € A and b € B) is the
function f : {1,2} - AU B such that f(1) := a € A and f(2) := b € B, we come to the
conclusion that, although we have been using the same notation, they are distinct mathematical
objects. However, for our purposes the identification of the ordered pair (a, b) to the sequence
(a, b) is totally harmless and will be done, from now on, without further comments.
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Proof As we have told above, a sequence (a1, az, ..., ay) such thata; € Ay, ap €
A, ...,ar € Ay is nothing but an element of the cartesian product A} X A X - -+ X
Ay. Hence, the number of such sequences equals the number of elements of A; x
A X - -+ x A, which in turn equals, by the previous corollary, |[A1||Az] ... |Ax] =
niny...ng. O

In words, the above corollary furnishes a method for counting in how many
(distinct) ways we can choose k objects in order but independently, with the first
object being of type 1, the second being of type 2, ..., the k-th being of type k and
having at our disposal one or more possibilities for the choice of each type of object.
Here again, the distinct types of objects correspond to the sets Ay, ..., Ak, whereas
the numbers of possibilities for each type of object correspond to the elements of
the sets under consideration.

As a special case of the situation of Corollary 1.9, we can count in how many
ways it is possible to choose, in order but independently, k elements out of a set
of n elements, with repeated choices being allowed. More precisely, we have the
following

Corollary 1.10 If |A| = n, then there are exactly n* sequences of k terms, all
chosen from the elements of A.
Proof Make A| = --- = Ay = A in Corollary 1.9. O

In other words, we say that the above corollary counts how many arrangements
with repetition of k objects, chosen out of a set with n objects, there exist.

Yet another way of looking at the result of Corollary 1.10 is to start by recalling
that a sequence of k terms, all belonging to I, is simply a function f : Iy — I;
hence, what we established in that corollary was the fact that the number of distinct
functions f : Iy — I, is exactly n¥. Later, we shall compute how many of such
functions are injective and how many are surjective.

The coming example applies the circle of ideas above to a concrete situation. For
its solution, the reader might find it helpful to recall the criterion of divisibility by 3,
which will be derived in Problem 1, page 162: the remainder of a natural number n
upon division by 3 equals that of the sum of its algarisms.

Example 1.11 Compute the quantity of natural numbers n, of ten algarisms and
satisfying the following conditions:

(a) n does not end in O.
(b) n is divisible by 3.

Solution If n = (ajaz...agajp) the decimal representation of n, then m =
(ajay ...a9) is a natural number of nine algarisms and ajg € {1,2,3,...,9}.
Now, for a fixed m = (ajay...a9), the criterion of divisibility by 3 assures
that each of the numbers (ajay...a9l), (ajay...a9d) and (ajaz...a97) leave
the same remainder upon division by 3, the same happening with the numbers
(a1az ...a92), (ayay...a9d5) and (ajar...a98), as well as with the numbers
(a1ay ...a93), (ajaz ...ag6) and (ajas...aq9). Moreover, letting ry, r» and r3
denote such common remainders, then r{, r, and r3 are pairwise distinct.



1.1

The Bijective Principle 7

Hence, for each natural number m = (ajaz...ag) of nine algarisms, we have

exactly three natural numbers n = (aja; .. .agajg) which are divisible by 3. Since
ar € {1,2,...,9%Yand as, ...,a9 € {0,1,2,...,9}, Corollary 1.9 guarantees that
the total of numbers we want to compute is 9 x 108 x 3 =27 x 108, O

Problems: Sect. 1.1

1.

»

* Prove that the notion of number of elements of a nonempty finite set is a well
defined concept. More precisely, prove that there exists a bijection f : I, — I,
if and only if m = n.

* Prove the additive principle of counting from the definition for the number of
elements of a finite set. More precisely, prove that if A and B are nonempty,
finite disjoint sets, with |[A|] = m and |B| = n, then there exists a bijection
filLyyn > AUB.

* Prove Corollary 1.3.

* Let A and B be nonempty finite sets, with |[A| = |B|. Prove that a function
f : A — B isinjective if and only if it is surjective.

. * Given sets A and B and elements ¢ € A, b € B, we formally define the

ordered pair (a, b) by letting?

(a, b) = {{a}, {a, b}}.

Use this definition to show that, for a,c € A and b,d € B, one has (a, b) =
(c,d)y©a=candb =d.
* Given nonempty sets A, By, ..., By, prove that

A x (Lnj B;) = O(A x B)).
j=1 =1

Moreover, if By, ..., B, are pairwise disjoint, prove that A x By, ..., A X B,
are also pairwise disjoint.

. * Prove Corollary 1.8.

For the next problem, we define an ordered partition of a set A as a

sequence (A1, ..., Ax) of subsets of A satisfying the following conditions: (i)
A=A1U...UAy; (i) Ay, ..., Ag are pairwise disjoint. In this case, we use
to say that A1, ..., A (in this order) form an ordered partition of A into k of

its subsets.

. Letn, k € N and A be a finite set with n elements. Show that there exist exactly

k™ ordered partitions of A into k subsets Ay, ..., Ag.

2Such a definition is due to Kazimierz Kuratowski, Polish mathematician of the twentieth century.
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9. In the cartesian plane, a pawn moves according to the following rule: being at
the point (a, b), he can go to one of the points (@ + 1,6+ 1), (a + 1,b — 1),
(a—1,b+1)or(a—1,b—1).If the pawn starts at the point (0, 0), how many
distinct positions can he occupy after his first n moves?

10. (AIME—adapted) Given k, n € N, do the following items:

(a) For a given integer | < j < n, prove that there are exactly (n — j + 1)¥
sequences formed by k elements of I,, (possibly with repetitions) such that
the smallest term of the sequence is greater than or equal to j.

(b) For a given integer 1 < j < n, prove that there are exactly (n — j + 1)¥ —
(n — j)* sequences formed by k elements of I, (possibly with repetitions),
such that the smallest term of the sequence equals j.

(c) Prove that the sum of the smallest terms of all n¥ sequences of k elements
of I, (possibly with repetitions) equals 1% 4+ 2K 4 ... 4 nk,

11. (France) Letk € N, A = {1,2,3, ..., 2"} and X be a subset of A satisfying
the following condition: if x € X, then 2x ¢ X. Find, with proof, the greatest
possible number of elements of X.

1.2 More Bijections

In this section, with the elementary results of the previous section at our disposal, we
present some instances of deeper applications of the bijective principle to establish
the equality of the numbers of elements of two finite sets.

We start by computing, in two different ways, the number of subsets of a finite
set. If A is any set, we let P(A) denote the power set of A, i.e., the family3

P(A) = {B; B C A}

Given finite sets A and B, both with n elements, a bijection f : A — B naturally
induces a bijection f : P(A) — P(B), defined for C C A by

F(O) ={f(x); x € C).

In words, given a subset C of A, we let f (C) be the subset of B whose elements are
the images of the elements of C by f. In particular, note that

f@) ={f(x); x e} =9,

since it is impossible to choose x € .

3In Set Theory, a family is a set whose elements are also sets.
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Hence, as a corollary to the bijective principle, if A and B are nonempty finite
disjoint sets, then

|Al = [B| = [P(A)| = [P(B)|. (1.3)

We shall also need another concept, which will be useful in future discussions.

Definition 1.12 Let A be a nonempty set. For B C A, the characteristic function
of B (with respect to A) is the function x5 : A — {0, 1}, defined by

0,ifx ¢ B

: 1.4
l,ifxeB (1.4)

xB(x) = {

For example, if A = {a,b,c,d,e, f,g} and B = {c, f, g}, then xp is the
function from A to {0, 1} such that

xg(a) = xp(b) = xp(d) = xp(e) =0 and xp(c) = xp(f) = xp(g) = 1.

For what follows, if A = {ai,...,a,} is a set with n elements, whenever
convenient we can associate to A the sequence (ay, ..., a,); whenever we do that,
we shall say that (ay, ..., a,) is an ordering of (the elements of) A or, sometimes,
the natural ordering of A.

If B C A, a (combinatorially) more interesting way of looking at the char-
acteristic function xp of B with respect to A is to consider it as a sequence of
0’s and 1’s, with the positions of the 1’s (with respect to the natural ordering of
A) corresponding to the elements of B. For instance, let A = {a, b, c,d, e, f, g},
furnished with the ordering induced from the lexicographical (i.e., alphabetical)
order; if B = {c, f, g}, then the characteristic function of B corresponds to the
sequence (0,0, 1,0,0, 1, 1).

More generally, let A = {ay, ..., a,}, furnished with the natural ordering. For
B C A, the characteristic sequence of B in A is the sequence sp = (¢, ..., &),
such that
0, if a j ¢ B
P = . 1.5
i {Lﬁ@eB (1)

We can finally compute the number of subsets of a set with n elements.
Theorem 1.13 A set with n elements has exactly 2" subsets.

Proof Let A = {ay,...,a,} be a set with n elements, furnished with its natural
ordering, and let S be the set of sequences of n terms, formed by the elements of the
set {0, 1}. By Corollary 1.10, we have |S| = 2". We will show that |P(A)| = 2",
and to this end it suffices to show that the function

f:PA) — S
B +— sp
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(i.e., the function which associates to each subset of A its characteristic sequence
with respect to A) is a bijection. For what is left to do, check that the function
g : S — P(A), given by

glay, ...,ay) ={a; € A; a; =1},

is the inverse of f. O

It is instructive to note that we can give another proof of the previous result, this
time relying more directly on the bijective principle. Indeed, by (1.3) it suffices to
show that the set A = {0, 1, ..., n — 1} has precisely 2" subsets. To this end, we let

fiPA) = {0,1,2,...,2" — 1)

be given by f(J) = 0and, for@ # B = {ay,...,ar} C A,with0) <a; < --- <
ar <n—1,

f(B) =27 4. 4 2%,
Since
1 <29 4o 2% <2042l oot =pn

f is well defined. To conclude that it is a bijection, recall Example 4.12 of [8], which
shows that every integer 1 < m < 2" — 1 can be written, in a unique way up to the
order of the summands, as a sum of distinct powers of 2 (obviously, none of these
can be bigger that 2”~1); such a way of writing m is called its binary representation.
Thus, the uniqueness of the binary representation is equivalent to the injectivity of
f, whereas the existence of such a representation is equivalent to the surjectivity of
f.

Notice how the above proof highlights the strength of the bijective principle in
counting problems. Let us see two more examples.

Example 1.14 Let n be a natural number of the form 4k + 1 or 4k + 2, for some
nonnegative integer k. Prove that I, contains exactly 2"~ ! subsets with even sum of
elements (and under the convention that the sum of the elements of the empty set is
0).

Proof Let Fy and JF| be the families of the subsets of I, with sum of elements
respectively even and odd. Since Fq and F) are disjoint and such that Foy U F| =
P(A), it follows from the additive principle and Theorem 1.13 that

|Fol + 171 = [P(A)| = 2".

Thus, if we show that | Fo| = | F|, we will get | Fo| = |Fy| =21
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To what is left to do, let’s construct a bijection between F( and 7. To this end,
consider the function

f:PA) — PA)
B +——~ B¢

’

where B¢ = A\ B denotes the complement of B in A. Since (B€)° = A\ (A\ B) =
B, we have f(f(B)) = B forevery B C A;hence, f o f = Idp,), so that f isa
bijection (cf. Example 6.40 of [8]). Now, the idea is to show that, if n = 4k + 1 or
n = 4k + 2, then f induces a bijection between Fy and F.

Given B C A, we have

n

Zx+Zx=Zx=Zx=w

X€B xeBC€ xX€EA x=1

= (4k + 1)(2k + 1) or 2k + 1)(4k + 3),

according to whether n = 4k + 1 or n = 4k + 2. In any case,

Ser Y

xeB xeBC

is an odd number, so that the sums of the elements of B and of B¢ have distinct
parities; in symbols,

B e Fy & B € Fi.

Therefore, the restriction g of f to Fo applies Fo into F|, whereas the restriction
h of f to Fi applies F; into Fy. However, since g and & are clearly inverses of
each other (for, f = f~!), it follows that g and /& are also bijections, so that
|Fol = |F1l. O

The bijective principle is particularly useful to understand the properties of the
partitions of a natural number n. Here and in all that follows, a partition of the
natural number # is a way of writing n as a sum of (one or more) not necessarily
distinct natural summands. For example, the distinct partitions of 4 are

4=143=1+142=14+1+14+1=2+2.

The coming example is due to L. Euler.

Example 1.15 (Euler) Prove that the number of partitions of a natural n in odd
summands equals the number of partitions of # in distinct summands.

Proof Letting Z,, denote the set of partitions of n in odd summands and D,, the set
of partitions of » in distinct summands, it suffices to construct a bijection f : Z,, —
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Dy,. To understand how to define f, consider the following partition of 51 in odd
summands:

14+ 14+3+34+3+3+34+3+5+5+7+7+7.
Then, we can also write
51 =2-146-34+2-5+3.7
=2l 14+ @22 +2Y) 342" 5421 +2% .7
=2t 1422342034254 2074207
=24 1246410+ 14+7,

which is a partition of 51 in distinct summands. In what follows, we shall make the
above particular case into a general argument to get the desired bijection.
A partition P € Z,, is

n=1+-+1+3+ 43454+ +5+T+---+T+---,

aj as as ar

where a1, a3, as, ... > 0 and, from some natural number k on, the number az;1 of
summands equal to 2k + 1 is 0. Then, we can write

n=ay-1+a3-34+as5-5+a7-7T+---.

From here, in order to get a partition f(P) of n into distinct summands, substitute
each positive coefficient a1 by its binary representation (cf. Example 4.12 de [8])
and, if 2! is one of the summands of such a representation, let 2! (2k + 1) be one of
the summands in f(P) (you can easily notice that this is exactly what we did in the
particular case of the partitions of 51).

By systematically proceeding this way, we claim that we get a partition of n into
distinct summands. Indeed, any two summands of f(P) can be written as

211 2k; + 1) and 22(2k; + 1);

if k; # ko, then such summands are clearly different from one another; if k; =
k>, then we must have I} # [o, for 2!t and 22 are two summands of the binary
representation of asx, +1 = ax,+1. In any case, f is well defined.

To prove that f is a bijection, let’s define a function g : D,, — Z, (which will be
the inverse of f) in the following way: let Q be the partition

n=my+mp+---+my)+ M3 +m3+ - +m3g)
+ (msy +msy + - +msi) + - -



1.2 More Bijections 13

of n into distinct summands, where we have grouped, within each pair of
parentheses, all summands with a single odd part. More precisely, what we are
saying is that mor41,; = 2l (2k 4+ 1), for some nonnegative integer /;. Then,
Mokt + - Fmoggry =202k + 1) + -+ 22k + 1)
=@+ 2k + D,
so that, letting axq =21 +--- + 2l we get
n=ay-1+a3-34+as-5+a7-7+---.

We thus define g(Q) to be the partition

n=1+4- 143+ +3+5+ +5+T+ -+ T+,

aj as as ar

so that g(Q) € Z,,.
Finally, it is immediate to verify that f and g are inverses of each other. O

Problems: Sect. 1.2

. Compute the number of subsets of the set /,, which contain 7.

. * (APMO) We are given a natural number n and a finite nonempty set A. Show
that there are exactly (2" — 1)|A| sequences (A1, Az, ..., A,), formed by subsets
of Asuchthat A=A UAU...UA,.

3. (Soviet Union) We are given n straight lines in the plane, in general position, i.e.,
such that no two of them are parallel and no three of them pass through the same
point. Compute the number of regions into which these lines divide the plane.

For the next problem, we say that a family J of subsets of /, is an intersecting
system if, for every distinct A, B € F, we have AN B # (.

4. (Bulgaria—adapted) Let F be an intersecting system in ;.

N =

(a) Give an example of such an F in which |F| = P
(b) Prove that | F| < 2", for any such F.

5. * Given n € N, let Z,, be the family of subsets of I, with odd numbers of
elements. If A = {x1,x2,...,x2%41} € Iy, with x] < x3 < -+ < X2k+1,
we say that x4 is the central element of A, and write xx4+1 = c(A). In this
respect, do the following items:

(@) For1 <xj < x3 <--+ < x¢+1 < n, show that the correspondence

{x1,x2, ..., x4} >+ 1 —x2p41, ..., 0+ 1 —x3,n+1—2x1}
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establishes a bijection between the sets in Z, having central elements
respectively equal toi andn + 1 —i.

(b) InProblem 5, page 20, we will show that |Z,,| = 2"=1 Use the result of item
(a), together with this fact, to show that

Z c(A)=m+1)-2"2

A€,

6. (TT) Given n € N, we define the diversity of a partition of n as the number of
distinct summands in it. Also, let p(n) stand for the number of distinct partitions
of n and g(n) for the sum of the diversities of all of the p(n) partitions of n.
Prove that:

@ gn)=14p)+pQR)+---+ pn —1).
(b) q(n) < 2np(n).

1.3 Recursion

The general philosophy behind recursive counting is the following: we wish to count
the number a,, of elements of a set A,, which is declared by means of some specific
rule(s) concerning the natural number n. We do this in a two-step process: firstly,
we use the declaration of A, to get a recurrence relation for the sequence (a,),>1,
i.e., a relation of the form

al’l=F(a1""7an717n)’ (16)

where F is some function of n variables; secondly, we use the recurrence relation,
together with algebraic and/or analytical arguments, to compute or estimate a, in
terms of n.

In this section we concentrate our efforts in the first step above, by examining
in detail some specific examples ranging in difficulty from almost trivial to real
challenging. As for the second step, for the time being we assume that the reader is
familiar with the solution of linear recurrence relations of order at most three and
with constant coefficients, as presented in Chapter 3 of [8]. Chapters 3 and 21 will
develop more powerful tools for the treatment of more general recurrence relations.

We start with a recursive counting for the number os subsets of a finite set.

Example 1.16 1f A is a set with n elements, then A has exactly 2" subsets.

Proof Let a, be the number of subsets of A (here, we are implicitly using (1.3)
when we write |A| as a function of n). For a fixed x € A, there are two Kinds of
subsets of A: those which contain x and those which do not.
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If B is a subset of A containing x, then B \ {x} is a subset of A \ {x}; conversely,
if B’ is a subset of A \ {x}, then B’ U {x} is a subset of A containing x. Since
such correspondences are clearly inverses of each other, we conclude that there are
as many subsets of A containing x as there are subsets of A \ {x}; however, since
|[A\ {x}| = n — 1, it follows that there are exactly a,_; of such subsets of A. On
the other hand, since the subsets of A not containing x are precisely the subsets of
A\ {x}, we have exactly a,_; subsets of this second kind.

The argument of the previous paragraph clearly gives a, = 2a,_; for every
n > 1. Since we obviously have a; = 2, the formula for the general term of a GP
gives

ap=aj - 2" =2".

Our next example provides a recursive approach to Problem 3, page 13.

Example 1.17 (Soviet Union) We are given n straight lines in the plane, in general
position, i.e., such that no two of them are parallel and no three of them pass through
the same point. Compute the number of regions into which these lines divide the
plane.

Solution Let a; be the number of regions into which the plane gets divided by some
k straight lines in general position. We trace out one more straight line, say r, such
that the k + 1 resulting lines are also in general position. Since r intersects the k
other lines in k distinct points, we conclude that r gets divided in k + 1 intervals by
these k points. In turn, each one of these k + 1 intervals corresponds to exactly one
region, from the a; regions we had, that r splits into two new regions. Therefore,
when we trace out line » we extinguish k£ + 1 older regions and generate 2(k + 1)
new regions. Thus, if a;4 denotes the total number of regions we get after tracing
out line r, we conclude that

a1 = ap — (k+ 1) +2k+ 1) = ap + (k + 1).

Finally, since a; = 2, the formula for telescoping sums (formula (3.15) of [8])
gives

n—1

n—1
ay = a1+ (@ —a) =2+ ) (k+1)

k=1 k=1

n

1

Sy k=1 D
k=1
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The coming example is perhaps the most celebrated of all elementary applica-
tions of recursive reasoning, being known as the Fibonacci problem.*

Example 1.18 A couple of rabbits starts generating descendants when is at least 2
months old. When this is so, it generates a new couple of baby rabbits per month.
If we start with a couple of just-born baby rabbits at month one, how many couples
will we have after 12 months?

Solution Let F,, denote the total number of couples of rabbits after n months, so
that F1 = 1 and F> = 1 (the first couple of descendants will be born only after 3
months, so will be counted just in F3).

Now, let’s look at the Fiy» couples of rabbits we will have after k£ + 2 months.
There are two possibilities for such a couple: either it already existed after £ + 1
months, or else it was born at the (k 4 2)-th month. The first possibility amounts,
by definition, to a total of Fi couples. As for the second one, note that the couple
of rabbits under consideration descends from one of the couples that already existed
after kK months; conversely, each couple that already existed after k months generates
a new couple of descendants that will be born at the (k 4+ 2)-th month, so that this
gives an additional number of Fy couples of rabbits after k 4+ 2 months.

Hence, the total numbers of couples of rabbits after k, k + 1 and k + 2 months
are related by the recursive relation

Fryo = Fiv1 + Fi,
for every k > 1. Thus,
F=FKh+F =2 F4=F+F,=3,..., Fp =144.

O

In the notations of the previous example, we recall that (F;,),>1 is known as the
Fibonacci sequence.

Example 1.19 Using the letters A, B and C, compute how many words of ten letters
(not necessarily with a meaning) one can form, so that there are no consecutive
consonants.

Solution For n > 1, let a, be the number of words of n letters A, B, C satisfying
the given condition on consonants. For k > 3, a word of k letters can finish in A,
B or C. If it finishes in A, the k — 1 remaining letters form any of the a;_; word
of k — 1 letters and without consecutive consonants; if it finishes in B or C, then

4 After Leonardo di Pisa, also known as Fibonacci, Italian mathematician of the eleventh century.
Apart from its own contributions to Mathematics—as the problem we are presently describing—
one of the greatest merits of Fibonacci was to help revive, in Middle Age Europe, the Mathematics
of Classical Antiquity; in particular, Fibonacci’s famous book Liber Abaci introduced, in Western
Civilization, the Hindu-Arabic algarisms and numbering system.
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the next to last letter must necessarily be an A (since we cannot have consecutive
consonants), and the k — 2 initial letters form any of the a;_, words of k — 2 letters
having no consecutive consonants.

The reasoning of the previous paragraph gives us the recurrence relation

ax = ax—1 + 2ax—2, ¥ k > 3.

Since a; = 3 and a; = 5 (the possible words of two letters and with no consecutive
consonants are AA, AB, AC, BA and CA), we successively compute a3 = 11,
as =21,a5 =43, a6 = 85, a7 = 171, ag = 341, ag = 683 and a;p = 1365. O

As the two last examples suggest, there are several combinatorial situations, of
distinctive recursive characters, that give rise to the algebraic problem of computing,
in terms of n € N, the n-th term of a sequence (a,),>1 that satisfies a certain
recurrence relation. The coming example, of professor Emanuel Carneiro, generates
a third order linear recurrence relation. In this respect, perhaps the reader might find
it helpful to pause for a moment and review the content of Section 3.3 of [8].
Alternatively, he/she can take a quick look at Problem 5, page 79, or at the material
of Chap. 21 (especially Theorem 21.22.)

Example 1.20 For each set A = {x1, x2, ..., X, } of real numbers, with x| < x» <
- < X, let

A(A) = Z Xj— Z Xj,

k=j=m 1<j<k

where k = ’"T'H Given an integer n > 1, show that

Z A(A) = (% +n+2)-2"73,
D#AC I,

Solution Letd, = Z@ £AC I, A(A). By examining some particular cases we easily
getd; = 1,dy = 4 and d3 = 14. In general,

diy1 = Y A4)

w#‘ACInJrl
= > AN+ Y A4
ACly 4 P£ACI, (1.7)
n+leA
= > AA) +dy.
ACIy 1

n+leA
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To analyse the last sum above, let A" = A\ {n + 1} C I, foreach A C I,,
such that n + 1 € A. Writing P,, and Z, for the families of subsets of I, with even
and odd numbers of elements, respectively, we have

YA =) AAUR+IN+ Y AAU@R+1). (1.8)
ACIanrA A'eP, A€,
n+le

In Problem 5 (see also Problem 7, page 29) we shall prove that |P,| = |Z,| =
2"—1_ Assuming this fact for the time being, let’s separately consider the two sums
at the right hand side of (1.8):

(a) If A’ € Py, it easily follows from the definition of A(-) that
A U{n+1}) =@n+ 1)+ AA),

where A(¥) = 0. However, since |P,| = 2""!, we get

Do AWUR+ID= Y AW+t D).
A'eP, p£A'€P,

(b) If A" € Z,,,say A" = {x1,x2,...,X0k+1}, With x| < x < -+ < X2k41, then

AA'Un+1}) = A(fxr, x2, ..., x40, 0+ 1))
= (k42 + -+ x2%u41 + (0 + 1))
— (1 +x2 4+ X))
=@+1)+ (g1 + -+ + x2%41)
— (o1 o) — 204
=(m+1)+ A(A) = 2xp41.

Note that x;11 € I, is the central element of A’ € T,,. Hence, letting c(A")
denote the central element of A’ € Z,,, we obtain

Do AAUm+1) = Y (4 1)+ AA) = 2e(A)

A€, A€,

=(n+1D-2""" 4 Y AU =2 ) A

A'el, AT,

In Problem 5, page 13 (see also Problem 18, page 31), we saw that

Y eA)y=@m+1)-2"2

A'el,
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Therefore,

Y AW U+ =Y AA).

A'el, AT,

Substituting the results of items (a) and (b) successively in (1.8) and (1.7),
we arrive at

dop1 =dn+ Y A(A)

AClyy1
n+leA

=d,+(+1)-2"""+ D AU+ D A

0+A'€P, AT,
=dy+(n+ 12"+ Y7 A@)
p#£A'Cly
=2d, +(n+1)-2""L.

Now, since the sequence n +—>
it follows that

dy1—2d . . . .
% = n+1 is an arithmetic progression,

dn+3 - 2dn+2 dn+l - 2dn -2 dn—i—2 - 2dn—i—l
on+1 on—1 - on+l

After clearing out denominators, such an equality gives us the linear recurrence
relation

dn+3 - 6dn+2 + 12dn+1 —8d, =0.

Finally, upon solving such a linear recurrence (cf. Problems 6 and 7,
page 393—see also Example 3.20 of [8]) we get

dy=m*>+n+2).2"3.

Problems: Sect. 1.3

1. Foreach n € N, let a, be the number of distinct ways of writing n as a sum of
summands equal to 1, 3 or 4. Prove that a, 14 = a,43 + an+1 + ay, for every
n>1.

2. Show that every convex n-gon has exactly @ diagonals.
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Fig. 1.1 The tower of Hanoi
game

3. A2 x n checkerboard must be tiled with dominoes (each of which is supposed
to have the shape of a 1 x 2 rectangle). If a,, denotes the number of such distinct
tilings, do the following items:

(a) Prove that ay4> = ag41 + ag, for every integer k > 1.
(b) Compute a, as a function of n.

4. Letn > 1 distinct circles be given in the plane, such that any two of them have
a common chord and no three of them pass through a single point. Compute, as
a function of n, the number of regions into which the plane gets divided by the
circles.

5. * We are given n € N and a set A with n elements.

(a) Let a, and b, respectively denote the totals of subsets of A with even and
odd numbers of elements. Use a recursive argument to show that a, =
ap—1 +by_1 =by.

(b) Conclude that A has exactly 2"=1 qubsets with an even number of elements
and 2"~! subsets with an odd number of elements.

The coming problem is a particular case of Kaplansky’s first lemma, which
will be dealt with, in general form, in Example 1.28.

6. Three nonconsecutive chairs are to be chosen out of a row of ten chairs. How
many are the ways of doing this?

7. The Tower of Hanoi game consists of three parallel equal rods, vertically
attached to the surface of a table, together with a pile of n disks of pairwise
unequal sizes, all having a hole in the center through which they can slide along
the rods. Figure 1.1 shows the initial configuration of the game for n = 5, with
all of the disks piled at the leftmost rod, from the smallest disk at the top to the
largest at the bottom of the pile. The purpose of the game is to move all disks
to the rightmost rod, possibly with the help of the central rod and subjected to
the following rule: at no moment a disk can be placed above a smaller one, in
any rod. For general n, let a, denote the last number of movements needed to
finish the game. Show that:

(a) ag+1 = 2ax + 1, forevery k € N.
(b) a, =2" — 1, foreveryn € N.

8. * Given k,n € N, the Stirling number of second kind® S (n, k) is defined
as the number of ways of partitioning a set of n elements into X nonempty,
pairwise disjoint subsets. For example, S(3, 2) = 3, since

5 After James Stirling, Scottish mathematician of the eighteenth century. With respect to Stirling
numbers of second kind, see also Problem 4, page 57.
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{1,2} U {3}, {1,3}U{2} and {2,3} U {1}

are the only ways of partitioning {1, 2, 3} into two nonempty disjoint subsets.

(a) Verify that S(n, 1) = S(n,n) = 1and S(n, k) =0ifn < k.
(b) Prove that, for 1 < k < n, one has the recurrence relation

S+ 1Lk+1)=8Sm,k)+Kk+DSHh, k+1).

(c) Use items (a) and (b) to compute the number of ways of distributing 7
distinct coins into three equal 3 boxes, such that no box stays empty.

The coming problem will be posed two other times along these notes: one in
Problem 8 and the other in Problem 8, page 92.
Compute, in terms of n € N, the number of sequences of n terms, all of which
equal to 0, 1, 2 or 3 and having an even number of 0’s.
A flag with n strips consists of n consecutive horizontal strips, each of which is
colored red, white or blue and such that any two adjacent strips have different
colors.

(a) Calculate how many are the distinct flags with n strips.

(b) If a, denotes the total number of flags with n strips and such that the first
and last strips have different colors, show that a,+1 + a, = 3 - 2" for every
n>1.

(c) Compute a,, as a function of n, for every n > 1.

(Bulgaria) A finite nonempty set A of positive integers is said to be selfish if
|A| € A. A selfish set A is minimal if A does not contain a selfish set different
from itself. Do the following items:

(a) Prove that the number of minimal selfish subsets of [, that do not contain
n coincides with the number of minimal selfish subsets of ,,_;.

(b) Givenm € Z and X C Z, let X+m denote the set X+m = {x+m; x € X}.
Show that, for every integer n > 2, the correspondences

A (A\{n}) —1 and B+ (B+ 1)U {n}

are inverse bijections between the family of minimal selfish subsets of I,
that do not contain »n and that of minimal selfish subsets of ,,_».

(c) Show that I, has exactly F;,, minimal selfish subsets of I,,, where F;, denotes
the n-th Fibonacci number.

For the next two problems, given a nonempty finite set A of real numbers, we
let 0 (A) and 7 (A) respectively denote the sum and the product of the elements
of A, with the convention that 0 (A) = 7(A) = a if A = {a}.
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Given a nonempty finite set X C N, let ax denote the sum

1

ax = m

P#£ACX

Do the following items:

(2) Ifm € N\ X and ¥ = X U {m}, show that ay = (i)aXJr 1

m m*
(b) Givenn € N, write a, to denote a;,. Show that

n+42 n 1
a =|——)a _
ntl n+1)"  n+1

(c) Show that a, = n for every n € N.

(USA—adapted) For a nonempty finite set X C N, let by denote the sum

o (A)

bx = TA)

#ACX

(@) Ifm e N\ X and Y = X U {m}, show that

m+o(A m+
by = bx + Z () +1= bx +ax + 1,
mJT(A) m
PLACX

where ay is the sum defined in the previous problem.
(b) Givenn € N, write b, instead of b;,. Show that

n+2
byy1 = m by + (n+1).
(c) Deduce that, for n € N, one has

1 1
bn=(n+1)2—(n+1)<1+§+---+;)—1.

(France—adapted) We say that a set X of natural numbers is good provided
it satisfies the following property: for every natural number x, if x € X then
2x ¢ X. For each natural k, let A,y = {1,2,3, ..., 2"} and by be the greatest
number of elements which a good subset of A; can have.

(a) Show that by = by_p + 2+~ for every k > 2.
(b) For each natural n, compute b,, as a function of #n.
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1.4 Arrangements, Combinations and Permutations

As an application of the ideas of the previous section, we use recursive arguments
to solve three specific, though very important, counting problems, namely, those of
counting the number of arrangements without repetitions, of permutations and of
combinations. For what follows, we recall that I,, = {1, 2, ..., n} foreveryn € N.

We start by counting, in the coming result, the number of injective functions
between two nonempty finite sets.

Proposition 1.21 Letn, k € N. If A is a set with n elements, then there are exactly
nn—1)...(m — k + 1) injective functions f : I — A.

Proof Let B be a set with m elements and let ai,, denote the number of injective
functions f : Iy — B.

Evidently, a1, = n (since there are exactly n possible choices for f (1) € A) and,
in this case, the formula in the statement of the proposition is true.

From now on, assume that k > 1. Forafixed x € A,if f : I — A s aninjective
function such that f (k) = x, then the restriction of f to Ix_1 is an injective function
f : Ly — A\ {x}. Conversely, given an injective function f : I_; — A\ {x},
we extend f to an injective function f : Iy — A by letting f (k) = x.

Since such operations of restriction and extension of injective functions are
clearly inverses of each other, we conclude that there are as many injective functions
f : Irx - A with f(k) = x as there are injective functions f o > AN {x}.
Thus, the number of such functions is exactly ax—1,,—1. However, since there are n
possible choices for x € A (for, |A| = n), we get the recurrence relation

Akn = NAk—1n—1, (1.9)

which is valid for every natural n > 1.

Now, observe that a1 = 0 for every k > 1 (for, if |A| = 1, there is no way of
choosing distinct f(1) and f(2) in A). By induction, assume that a;, = 0 whenever
k>nand 1 <n < m, where m > 1 is a natural number. Given k, m € N such that
k > m, we have k — 1 > m — 1, so that, by induction hypothesis, ax—1,,—1 = 0.
But then, (1.9) gives ax, = mag—1,m—1 = 0. Therefore, it follows by induction that
arn = Oforevery k, n € Nsuch that k > n. Yetin this case we have n—k+1 < 0, so
thatn(n —1) ... (n —k+ 1) = 0 and the formula of the statement of the proposition
is valid.

Suppose, from now on, that k < n. Then, again from (1.9), we have

Qkn = nag—1u—1 =nm — a2 -2

=nn—-1)...(n —k+2)a1 p—k+1
=nn—-1)..n—k+2)(n—k+1).
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Since an injective function f : Iy — A is simply a sequence of k pairwise
distinct terms, all chosen from the elements of A, we can rephrase the above
proposition according to the following

Corollary 1.22 [f|A| = n, then there are exactlyn(n—1) ... (n—k+1) sequences
formed by k pairwise distinct elements of A.

We can apply this corollary to a given combinatorial situation whenever it asks us
to count how many are the ordered choices of k pairwise distinct elements of a given
set A. For this reason, from now on we shall say that the previous corollary counts
the number of arrangements without repetition of k pairwise distinct elements,
chosen from a given set of n elements.

Example 1.23 How many are the natural numbers of three pairwise distinct
algarisms?

Solution To choose a natural number with three pairwise distinct algarisms is the
same as to choose a sequence (a, b, c) such that a,b,c € {0,1,2,...,9} are
pairwise distinct and a # 0. Corollary 1.4 assures that, in order to count the number
of possible such sequences, it suffices to count the number of sequences (a, b, c),
with pairwise distinct a, b, c € {0, 1,2, ..., 9}, and then to discount the number of
such sequences of the form (0, b, ¢).

By the previous corollary, the number of sequences (a, b, c) with a,b,c €
{0, 1,2,...,9} pairwise distinct but without the restriction a # 0is 10 x 9 x 8§ =
720. On the other hand, the number of such sequences of the form (0, b, ¢) is
9 x 8 = 72. Hence, the desired result is 720 — 72 = 648. m]

The counting of arrangements without repetition has a very important conse-
quence, based on the following

Definition 1.24 A permutation of the elements of a nonempty set A is a bijection
f:A— A

If A is finite and nonempty, it is not difficult to prove (see Problem 4, page 7)
that a function f : A — A is bijective if and only if it is injective. Hence, letting
k = n in the formula of Proposition 1.21, we immediately get our next result.

Corollary 1.25 [f|A| = n, then there are exactly n! permutations of the elements
of A.

Given a finite set A with n elements and a natural number k such that 0 < k < n,
the coming result uses a recursive argument to compute the number of subsets of A
with k elements each. In order to properly state it, recall (cf. Section 4.2 of [8]) that,
for nonnegative integers n and k with 0 < k < n, one defines the binomial number

(1) by letting
n\ n!
k) kl(n—k)
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Moreover, for 1 < k < n such numbers satisfy the recurrence relation

n\ (n—1 n n—1

k) \ k k—1)
which is known as Stifel’s relation and allows us to prove that (;) € N for every n
and k as above.

Proposition 1.26 If A is a finite set with n elements and 0 < k < n, then A
possesses exactly (Z) subsets of k elements.

Proof 1f k = 0 there is nothing to do, for ¥ is the only subset of A having O elements
and () = 1. Thus, let 1 < k < n and C} be the number of subsets of A with k
elements.

For a fixed x € A, there are two kinds of subsets of A with k elements: those
which do not contain x and those which do contain x. The former ones are precisely
the k-element subsets of A \ {x}; since |A \ {x}| = n — 1, there are exactly C,i’fl of
these subsets of k elements of A.

On the other hand, if B C A has k elements and x € B, then B \ {x} C A\ {x}
has k — 1 elements; conversely, if B’ C A\ {x} has k—1 elements, then B'U{x} C A
has k elements, one of which is x. Since such correspondences are clearly inverses
of each other, we conclude that there are as many k-element subsets of A containing
x, as there are k — 1 element subsets of A \ {x}; thus, there are exactly C,'c':ll such
k-element subsets of A.

Taking these two contributions into account, we obtain for 1 < k < n the
recurrence relation

=+,

which is identical to Stifel’s relation for the binomial numbers (Z) Finally, since
Cy =1= () and C} = n = (7) (for A has exactly n subsets of 1 element each—
the sets {x}, with x € A), an easy induction gives C} = (}) for0 <k <n. ]

In words, the previous proposition computes how many are the unordered choices
of k distinct elements of a set having n elements; one uses to say that such choices
are the combinations of n objects, taking k at a time. Also thanks to the former
proposition, one uses to refer to the binomial number (Z) as “n chooses k”.

Example 1.27 When all diagonals of a certain convex octagon have been drawn,
one noticed that there were no three of them passing through a single interior point
of the octagon. How many points in the interior of the octagon are intersection points
of two of its diagonals?

Solution Firstly, note that the condition on the diagonals of the octagon guarantees
that each one of the points of intersection we wish to count is determined by a
single pair of diagonals. Hence, it suffices to count how many pairs of diagonals of
the octagon intersect in its interior. To this end, note that each 4-element subset of
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the set of vertices of the octagon determines exactly two diagonals which intersect
in the interior of it; conversely, if two diagonals of the octagon do intersect in its
interior, then the set of their endpoints is a 4-element subset of the set of vertices of
the octagon. Therefore, the bijective principle assures that there are as many pairs of
diagonals intersecting in the interior of the octagon as there are 4-element subsets
of its set of vertices. By Proposition 1.26, then, the number of points of intersection
we wish to count equals (§) = 70. O

Our next example brings a beautiful application of combinations, due to the
American mathematician of the twentieth century Irving Kaplansky and known as
Kaplansky’s first lemma.®

Example 1.28 (Kaplansky) Givenn, k € N, withn > 2k — 1, show that the number
n7k+1)

k-element subsets of I, without consecutive elements equals ( X

Proof We first note that if A C [, has k elements, no two of which being
consecutive, then n > 2k — 1, for between any two elements of A there is at least
one element of I, not belonging to A. Hence, the assumption n > 2k — 1 made
in the statement is natural and gives n — k + 1 > k, so that the binomial number
("7?1) is well defined.

Now, recall that the characteristic function of A in I, is a sequence of n terms,
with exactly k of them being equal to 1 and the other n — k being equal to 0;
moreover, our assumption on A assures that any two 1’s in such a sequence are
nonconsecutive. Since the characteristic function determines A, it suffices to count
the number of such sequences.

To what is left to do, let’s first consider a sequence of 2(n — k) + 1 terms, in
which the n — k terms with even indices are equal to O:

(_707_?07 5'-'7_507_)'

2(n—k)+1

If we are to have exactly k terms equal to 1, no two of which being consecutive, it is
necessary and sufficient to choose, from the set of n — k 4 1 positions corresponding
to odd indices, the k positions in which we want to put the 1’s (as we previously
pointed out, this is possible because n — k 4+ 1 > k). According to Proposition 1.26,
there are precisely (" _I;'H) possible choices for such positions. Finally, once we
erase the not chosen positions, we are left with the characteristic sequence of a set
satisfying the conditions of the problem. Conversely, it is immediate that every such

characteristic sequence can be obtained as above, so that the answer to our problem

is ("_"I:H). ]
Now, we are given natural numbers k and n and nonnegative integers ni, ..., ng
satisfying n = n1 +- - - +ny. We also have k distinct types of objects, say ay, ..., ai,

SThere is also a Kaplansky’s second lemma, which will be the object of Problem 12. Kaplansky
devised these two results in order to solve Lucas’ problem—cf. Problem 10, page 41.
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and would like to count how many sequences of n terms have exactly n; terms equal
toay, ..., ni terms equal to a;. Yet in another way, we say that such a sequence is
a permutation with repeated elements of n objects, each of which being of one of
the types ay, ..., ax and with n objects of type ay, ..., nx objects of type ay. Let’s
now look at an equivalent problem.

If f:1, — {ai,...,ar} is a sequence satisfying the conditions of the previous
paragraph (i.e., with n; terms equal to ay, ..., n terms equal to ay), then, taking
inverse images, we obtain

L= fNanU...U fa).

At the right hand side above, the sets f -1 (aj), 1 < j <k, are pairwise disjoint and
such that | f~1(a )| =njforl < j < k; we say that the union at the right hand side
is the partition of 7, induced by f. Conversely, associated to a partition of 7,, of
the form [, = A; U...U Ay, with [Aj| =n; for 1 < j < k, we have the sequence
f 1, — {a1,...,a} such that f(A;) = {a;} for 1 < j < k. Therefore, the
bijective principle guarantees that a problem equivalent to the one of the previous
paragraph is that of counting the number of distinct partitions of a set of n elements
into k pairwise disjoint subsets Ay, ..., A, under the restriction that [A{| = n1, ...,
|Ak| = nk.

This being said, the coming result solves both counting problems described
above.

Proposition 1.29 Letn,k € Nandn = ny+- - -+ ny be a partition of n in positive
integers. If A is a set with n elements and (n " ”k) denotes the number of partitions

.....

of Ainto sets Ay, ..., Ay, with |Aj| =nj for 1 < j <k, then

n n!
= . (1.10)
ni, ..., Nk ny!...ng!

Proof We shall make induction on k € N. Firstly, the case k = 1 is trivial, for in
this case n; = n and the only subset of A with n elements is A itself. As induction
hypothesis, let/ > 2 be a natural number and assume that (1.10) is truefor 1 < k </

and every partition of n into k positive integers ny, ..., ng. Then, fix a partition
n =np + ---+ n; of n in positive integers.
The bijective principle assures that, for each subset A; of A, with |A;| = ny,

there are as many partitions of A as in the statement of the proposition as there are
partitions

A\A =A1U...UA_,

of A\ Ajinto/ — 1 subsets Ay, ..., Aj_1,with |[Aj|=njforl < j<Il-1.
Since |A \ A;| = n — ny, the total number of such partitions of A \ A; is,

by definition, equal to (nl”_’:l’[ _1); however, since there are exactly (:’) ways of



28 1 Elementary Counting Techniques

choosing the subset A; of A, the fundamental principle of counting gives the

recurrence relation
ni,...,n ni,...,n—1) \ny

n—nj
Ny yees ]

< n ) (n —ny)! <n) n!
ni,...,n; ni!...n—1! \wy ni!...n_1!ng!

Remark 1.30 In the notations of the proposition above, it is worth noting that

(k, . k) N (D

where the right hand side denotes the usual binomial number. Such and equality
reflects the fact that choosing a k-element subset out of a set with n elements is the
same as partitioning such a set into two subsets, one with k elements and the other
with n — k elements.

Finally, by applying the induction hypothesis to ( 1), we conclude that

Problems: Sect. 1.4

1. If n € Nand A is a set with n elements, prove that there are exactly n* —n(n —
1)...(n — k 4+ 1) sequences of k terms, all taken out of A but not pairwise
distinct.

2. * Do the following items:

(a) Use a combinatorial argument to prove the formula for binomial expansion:

x+ " =Z<Z>x”_kyk. (1.11)

k=0

(b) Generalize item (a), proving combinatorially the multinomial expansion

formula:
n n
(x1+-+x)" = XXk, (1.12)
Z niy,...,ng 1 k
ny,eng€ly
ny+---+ng=n
where, for ny,...,nr € Z4 such that n = ny + --- + ng, the number

(, " k) is defined as in (1.10).

Ny,..nl
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. Given n, k € N, use the result of Proposition 1.29, together with item (b) of the

previous problem, to compute the number of ordered partitions of a set A, with
|A| = n, into k subsets Ay, ..., Ag (cf. Problem 8, page 7).

Prove that the Stirling number of second kind S(n, k) (cf. Problem 8, page 20)
can be computed with the aid of the following formula:

ny,...ngeN
ni+-+ng=n

. (IMO—shortlist) Given a permutation (ay, az, ..., a,) of I, we say that a; is

a local maximum if a; is greater than its neighbors (for j = 1, this means that
a; > ap; for j = n, that a, > a,_1). Compute the number of permutations of
I,, having exactly one local maximum.

(OCM) We are given n > 6 points on a circle I', and draw all (;) chords joining
two of them. We further assume that no three of such chords pass through a
single point of the corresponding open disk D bounded by I'. Compute the
number of distinct triangles satisfying the two following properties:

i. their vertices belong to D.
ii. their sides lie on three of the (g) drawn chords.

* Use combinations to show that a set with n elements has exactly 2"~ ! subsets
with an even number of elements and 2"~! subsets with an odd number of
elements.

Compute, in terms of n € N, the number of sequences of n terms, all of which
equal to 0, 1, 2 or 3 and having an even number of 0’s.

* Given n, k € N, show that the equation x; + - - - +x; = n has exactly (”Zf Il)
nonnegative integer solutions.

* Given n, k € N, show that the equation x; + - - - + xx = n has exactly (Z:i)
positive integer solutions.

The purpose of this problem is to give another proof of Kaplansky’s first lemma
(cf. Example 1.28). To this end, do the following items:

(@) If A ={ay,...,ax} C I, is a set without consecutive elements, let x; =
a1 —Lxgy1 =n—arandx; =a; —aj—1 —2for2 < j < k. Show that
X1, ..., Xk+1 solves, in nonnegative integers, equation xj + - - - + Xk =
n—2k+1.

(b) If x1, ..., xr4+1 is a solution of equation x1 + --- + xx4+1 =n — 2k + 1l in
nonnegative integers, show how touseitto getaset A = {ay, ..., ax} C I

without consecutive elements.
(c) Obtain Kaplansky’s first lemma from the results of items (a) and (b) and
from Problem 9.

* Prove Kaplansky’s second lemma: given n, k € N, with n > 2k, the number
of k-element subsets of ,, without consecutive elements, and considering 1 and
n to be consecutive, is equal to



30

13.

14.

15.

16.

1 Elementary Counting Techniques

n n—k
n—k ( k >

For the coming problem, we define a multiset as an ordered pair (A, f),
where A is a set and f is a function from A into N. If x € A, we say that x is
an element of multiset (A, f);in such a case, f(x) € N is the frequency of x as
an element of (A, f). A multiset (A, f) is finite if A is a finite set. In this case,

the number of elements of the multiset is defined as the sum of the frequencies
of the elements of A, seen as elements of (A, f); in symbols,

(A, Pl =) f). (1.13)

xeA

Informally, we denote a multiset (A, f) simply by Ay (or even A, whenever
f is understood and there is no danger of confusion with the set A itself); we
declare Ay between double curly braces, instead of simple ones (which are
reserved for declaring sets), with each x € A being repeated exactly f (x) times;
for instance, if A = {a,b,c}and f : A - Nis given by f(a) =2, f(b) =3
and f(c) = 1, we declare the multiset A y by writing

Ar={{a,a,b,b,b,c}}.
Let n, k € N be given, with n > k, and let A be a set with k elements. Compute
the number of multisets (A, f) of n elements.
For each integer n > 1, prove that there are exactly (2”") subsets of I, with
equal quantities of even and odd elements.
We are given natural numbers m and n, with m > n. If

F={(A,...,A)); A,..., A, C I},

compute, in terms of m and n, the value of the sum
Z |A]U...UA,|

To each permutation o = (ay, ay, ..., a,) of I, let

Se = (@1 —@)* + (@2 — a3)* + - - + (an—1 — an)*.

1 n+1
E S(T:< 3 )7
o

where, in the left hand side above, o varies over all n! permutations of /,,.

Show that
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17.

18.

19.

(Saint Petersburg—adapted) We are give 2n + 1 points on a circle, such that
no two of them are the endpoints of a diameter. Prove that, among all triangles
having three of the given points as their vertices, at most

én(nJr D@2n+1)

of them are acute.’
* The purpose of this problem is to use the material of this section to present
another solution to Problem 5, page 13. To this end, do the following items:

(a) Fixed 1 <i < n, show that i is the central element of exactly

2(5007)=65)

J

sets A € Z,, where the above sum extends to all indices j satisfying 0 <
Jj <min{i — 1,n —i}.
(b) Conclude that

Yo=Y (’l’: :): —+ 122
i=1

A€,

(IMO shortlist—adapted) Let® n € Nand f I, — I, besuchthat f(f(x)) =
x forevery x € I,.

(a) Show that f is a bijection and that, if f has exactly k fixed points, then
n — k must be even.
(b) Conversely, given 0 < k < n such that n — k is even, show that

for each choice of elements xi,...,x¢ € I, and for each partition
{{a1, b1}, ..., {a;, bi}} of the remaining n — k elements of I, in subsets
of two elements each, there exists a single f : I,, — I, having xp, ..., xx

as its fixed points and satisfying f(a;) = b; for1 <i <land f(f(x)) =x
foreach x € I,.

(c) Conclude that the number of functions f : I, — I, such that f(f(x)) = x
for each x € I, is given by

k 2,...,2) k. 2ME
O<k=<n —— — O<k=n :
n—keven (n—k)/2 n—keven

7For another proof to this problem, see Example 4.18.

8For a generalization of this problem, see Problem 8, page 58.
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* (BMO—adapted)® Let n > 2 be an integer and F be a family of 3-element
subsets of [, such that, if A, B € F and A # B, then |[A N B| < 1. Prove that

1 2
|Fl < g(” —n).

(Romania) Let k, m € N be given, with m > k, and let A be a set of m elements.
Choose pairwise distinct subsets A, Az, ..., A, of A, such that [A;| > k for
I<i<nand|A;NAj| <k—1forl <i < j<n.Provethatn < ('Z)
Let A ={aj,az,...,a,},andlet Py, P, ..., P, be pairwise distinct 2-element

subsets of A, such that
P,‘ﬂPj #0331l <k<mn; sz{a,-,aj}.

Prove that each element of A belongs to exactly two of the sets Py, P, ..., Py.

°For the other half of the original problem, see Example 2.29.



Chapter 2 ®
More Counting Techniques Qs

In this chapter we study a few more elaborate counting techniques. We start by
discussing the inclusion-exclusion principle, which, roughly speaking, is a formula
for counting the number of elements of a finite union of finite sets. The presentation
continues with the notion of double counting for, counting a certain number of
configurations in two distinct ways, to infer some hidden result. Then, a brief
discussion of equivalence relations and their role in counting problems follows.
Among other interesting results, we illustrate it by proving a famous theorem of
B. Bollobas, on extremal set theory. The chapter ends with a glimpse on the use of
the language of metric spaces in certain specific counting problems.

2.1 The Inclusion-Exclusion Principle

In this section we extend the formula of Proposition 1.5 for the number of elements
of the union of two finite sets. The following result is known as the inclusion-
exclusion principle, and is usually attributed to the French mathematician of the
eighteenth century Abraham de Moivre.

Theorem 2.1 (de Moivre) If Ay, Ay, ..., A, are finite sets, then

n
[AUA UL UA, =) (=D 37 A Nl N Al 2.1)
k=1 i <--<ig
with the last sum above extending over all sequences (i1, i, ..., ix) of integers such
thatl <ij <ip <---<ip <n.

Proof Fixanx € A1 U A, U ... U A, and suppose that x belongs to exactly / of
the sets Ay, Aj, ..., A,. We shall show that the expression at the right hand side
of (2.1) counts x exactly once.
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Note that, for a fixed 1 < k < n, x is counted in the sum

Z |A;, N .. N Al

I <--<ig

as many times as the number of sequences (i1, ...,i;) suchthat 1 < i} < --- <
irx <nandx € A;; N...NA;.

Since x belongs to exactly [ of the given sets, we can restrict ourselves to the case
in which k < [; indeed, if £ > [, then x will not belong to at least one of the sets
Aj,...,A;,sothatx ¢ A;; N...NA;.

For k < [, the number of sequences (i1, ..., ix) as above equals the number of
ways of choosing k of the [ sets containing x. Therefore, there are exactly (,lc) such
sequences, and we conclude that x is counted at the right hand side of (2.1) exactly

l
Y (=t (l)
k=1 k

times. However, with the aid of the binomial expansion we get

Z( Dl 1() () Z( 1>k<>=1—(1—1>l=1,

as wished. O

Example 2.2 Letn > 3 be a natural number. Show that there does not exist sets A1,
Ay, ..., A,, with n elements each and satisfying the following conditions:

(a) Any two of the A;’s have exactly two elements in common.
(b) Any three of the A;’s have no elements in common.

Solution By the sake of contradiction, assume that there does exist sets Ay, Ao, ...,
A, satisfying the stated conditions. If we show that |A] U Ao U...U A,| = n, we
would have A; C AjUA,U...UA, and |A;| = |[AfUAU...UA,|forl <i <mn,
sothat A; = AfUAU...UA, for 1 < i < n.In particular, this would give
A = Ay =--- = A,, and item (b) will give us a contradiction.

To what is left, let’s compute the number of elements of A UA,U...U A, with
the aid of the inclusion-exclusion principle:

n
JALU. UA, =) (=D Y A, N Al
k=1

i <--<ig

= ZlAul — > 1A N Ay,

i1<ip
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where, in the last equality above, we used the fact that A;; N A;, N A;; = @ for
1 <i; < ip < i3 < n. Now, note that

n n
dolAnl =) 1Al =) n=n’
i i=1 i=1

and
n
¥ i nae = Y 2=2(3) ==,
i1<ip i1<ip
for, there are exactly (;) = w possible choices of indices i; and i> satisfying
1 <i; < i» < n.Hence, Ay U Ay U...U A, has exactly n—nn—-1 =n
elements. =

Another proof of the inclusion-exclusion principle can be given by using
characteristic functions of sets (cf. Definition 1.12). To this end, we shall need two
preliminary results on such functions.

Lemma 2.3 Let A be a nonempty set. If B and C are subsets of A, then:

(a) xp =xc & B=C.

(b) xBnc = xBXxC-

(c) xpe=1- xs.

(d) xpuc = xB + Xc — XBXC-

Proof Exercise (see Problem 1). |

Proposition 2.4 Let A be a finite set and Ay, Aa, ..., A, be subsets of A. If x, x;j :
A — {0, 1} respectively denote the characteristic functions of A1 U ... U A, and
Ajin A, then

X)) =1=]]a=x;x) 22)

j=1
forevery x € A.
Proof For x € A, we have
x@)=1xeAU...UA,
SIAI<j<n xcAj
S3Il=j=n xjx)=1

s [Ja-xen=0

j=1
e 1-[Ja-xen=1
j=1

Therefore, both sides of (2.2) coincide at every x € A, as wished. m]
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Now, observe that if B C A is finite, then

IBl =Y x5x). 2.3)

x€eA

On the other hand, in the notations of the former proposition, we have

x) =1-[]a=x)

j=1

I LD DD D G VT O RPN )]

I1<k<niy<---<iy

YooY D ),

1<k<nij<--<iy

where y;, ., denotes the characteristic function of A;; N...N A;, and we used item
(b) of Lemma 2.3 in the last equality. Hence, the above and (2.3) give

|[AjU...UA,| :ZX(x)

xeA

ZZ Z Z (_l)k_IXil...ik(x)

xX€EA 1<k<nij<--<iy

= > Y DY

1<k<nij<--<ig XEA

= Z Z (—DNA, Nl n Al

1<k<nij<--<ig

We now present two classical applications of the inclusion-exclusion principle.
For the first one, we say that a permutation (ay, az, .. ., a,) of I, is a derangement
if a; # i for 1 <i < n. This is the same as saying that the function f : I,, — I,
such that f(i) = a; for | < i < n, has no fixed points. The coming example
computes how many are these permutations of 7, (in this respect, see also Problem 6,
page 79).

Example 2.5 Given an integer n > 1, there are precisely

dy=n!y (_jf)] (2.4)
j=0 7

derangements of I,.
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Proof Let D, be the set of derangements of I,, and, for 1 < i < n, let C; be the set
of those permutations (ay, . .., a,) of I, for which a; = i. Letting P, denote the set
of all permutations of I,,, we clearly have

Pu\D, =CLUCyU...UC,.

Hence, the inclusion-exclusion principle gives

|Pa\ Dnl =1C1U... UGyl

n
_ (2.5)
=> =D YT e, NGl
k=1 i <--<ig
Since d, = |D,,|, we have
[Pu \ Dul = |Pul — | Dyl =n! —d,.
On the other hand, since
(@,...,an) €CyN...NC, & a;, =it,...,aq;, =i,

in order to count how many permutations (ay, .. ., a,) of I, belong to C;, N...NC;,,
it suffices to count how many are the permutations of 7, \ {i1, ..., ix}. Since this is

a set of n — k elements, it follows that
|Ci1 n... ﬂC,-kl = |Pukl = (n — k).

Substituting both these equalities in (2.5), we get

nl—dy, =Y (=D Y -k
k=1

i <--<ig

= (—1>"—1<"><n—k)!
2 i
— (=D*
=
k=1

where, in the next to last equality, we used the fact that there are exactly (Z) ways of
choosing integers 1 < iy < --- < iy < n. Therefore,

n n
3 (=D 3 (=D*
k=1 k=0
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Example 2.6 We are given m,n € N and finite sets A and B, such that |[A| = m
and | B| = n. Prove that the number of surjective functions f : A — B equals

(—1) (”) (n— k)",
2V,

Proof Let Fy, , denote the set of functions f : A — B, and S, ,, the subset of F;,
consisting of the surjective ones. Also, let B = {by, ..., b,} and, for 1 <i <n, F;
be the set of functions f : A — B such that b; ¢ Im (f). Then,

]:m,n\sm,n =]:1U...U]:n,

and the inclusion-exclusion principle gives

|]:m,n\8m,n| :|]:1U'-~U]:n|

n
= D YT R NN T
k=1

<---<ig

(2.6)

Letting Sy n = |Sp.nl|, we have
|~7:m,n \Sm,n| = |]:m,n| - |Sm,n| =n" — Sm,n»

where in the last equality we used the discussion in the last paragraph of Sect. 1.1.
On the other hand, for a given function f : A — B, we obviously have

feF,Nn...0NFy, & bi,....b ¢ Im(f);
in turn, this is equivalent to the fact that f can be seen as a function from A into
B\ {bi,, ..., b} However, since |B \ {b;,, ..., b; }| = n — k (and invoking once
more the discussion in the last paragraph of Sect. 1.1), we get
|]:il n... m]:ik| = |]:m,n—k| =(n-— k)m'
Substituting these relations in (2.6), we obtain

W= sma =) (DY =k
k=1

i1 <--<ig

= (—l)k‘1<n>(n — k",
2 i
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where, in the last equality, we used the fact that there are (Z) ways of choosing
integers 1 < i} < --- < iy < n. Hence,

S = 0" — 3 (=1 (’;) (k" =Y (- (Z) (n— k)",

k=1 k=0
O

We shall reobtain the results of the two examples above, by other means, in
Chap. 3 (cf. Problem 7, page 91, and Problem 9, page 92).

Example 2.7 (Romania) Compute the number of ways of coloring the vertices of
a regular dodecagon using two colors, in such a way that no monochromatic set of
vertices is the set of vertices of a regular polygon.

Solution A regular polygon having its vertices among those of the dodecagon is
either an equilateral triangle, a square, a regular hexagon or the regular dodecagon
itself. Since alternating vertices of a regular hexagon form an equilateral triangle,
we conclude that it suffices to avoid equilateral triangles and squares. Let red (R)
and blue (B) be the used colors.

There are four equilateral triangles whose vertices are among those of the
given regular dodecagon, and such equilateral triangles have pairwise disjoint sets
of vertices. Since each one of them can be colored in exactly six distinct and
non monochromatic ways, the number of distinct colorings of the vertices of the
dodecagon without monochromatic equilateral triangles equals 6* = 1296.

Let’s calculate how many of these 1296 colorings contain at least one monochro-
matic square. To this end assume, without loss of generality, that such a coloring
contains a red square. Each one of its vertices is a vertex of exactly one of the
four possible equilateral triangles. Since such a vertex is red, the other two vertices
of the corresponding equilateral triangle could be colored BB, BR or RB. By the
fundamental principle of counting, exactly 2 - 3 - 34 = 486 (2 colors, 3 squares and
3 possible colorings for the other two vertices of each one of the four equilateral
triangles) of the 1296 colorings without monochromatic equilateral triangles contain
a monochromatic square.

Let’s now compute how many of the 1296 colorings without monochromatic
equilateral triangles contain at least two monochromatic squares. We do this
considering two separate cases, according to whether the two monochromatic
squares have equal or different colors. For each equilateral triangle, exactly one
of its vertices is not a vertex of any of the two monochromatic squares. Assuming
(without loss of generality) them to be red, we conclude that there is exactly one
possible color (blue) for the third vertex. Assuming them to be one red and the other
one blue, we conclude that there are two possible colors (either red or blue) for the
third vertex. Since there are @) = 3 ways of choosing two of the three squares, the
number of colorings with at least two monochromatic squares equals
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(;>-(2-14+2-24)=102

(note that if both squares have the same color, then there are two possibilities:
they are both blue or both red; if they have different colors, there are also two
possibilities: BR ou RB).

Finally, let’s calculate how many of the 1296 colorings without monochro-
matic equilateral triangles have three monochromatic squares. The nonexistence of
monochromatic equilateral triangles forbids the three squares to have a single color.
Hence, there are six possible distinct colorings for their sets of vertices: BBR, BRB,
RBB, RRB, RBR and BRR.

Therefore, by the inclusion-exclusion principle, the number of colorings we wish
to count is

1296 — 486 + 102 — 6 = 906.

Problems: Sect. 2.1

1. * Prove Lemma 2.3.
2. How many natural numbers from 1 to 1000 have a prime factor less than 10?
3. *Given m,n € N, with m < n, prove that

n—1 n
(—1>"( )(n — k)" =0.
2D

4. Given n € N, compute the number of ways of forming a line with n couples, in
such a way that no wife is a neighbor of her husband and vice-versa.

5. (England) How many are the permutations (aj, as, ..., ag) of I such that, for
1 < j <5, the sequence (ay, ..., a;) is not a permutation of /;? Explain your
answer.

The next two problems admit from the reader a certain degree of acquain-
tance with the decomposition of a natural number n > 1 as a product of powers
of distinct primes, as well as with the notion of greatest common divisor of
two nonzero integers. Specifically for Problem 7, the reader may find it useful
to recall the following fact: if n > 1 is natural but not prime, then n admits
a prime divisor which is less than or equal to /n. The necessary material is
collected in Chap. 6. Alternatively, the reader can safely skip these problems
without loss of continuity.

6. Letn > 1be anatural number and n = p‘lx‘ . pz‘k its factorisation as a product
of powers of distinct primes p; < --- < pi. Prove that there are exactly
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1 1
n(l——)-~-(1——> 2.7)
P1 Pk

integers 1 < m < n such that gcd(m, n) = 1.

For the next problem, we let | x | stand for the integer part of x € R, i.e., the
greatest integer which is less than or equal to x. Thus, we have (for instance)
1] =1, |+v2] =1and |7] = 3.

Letn > 1 be natural and p; < p» < --- < pj be the prime numbers less than
or equal to 4/n. Prove that the quantity of prime numbers less than or equal to
n is given by the formula

k
n— ;(—1)11 Z L—pil n 3 J

I<ij<--<ij<k

For n € N, we let p(n) denote the number of distinct partitions of » in naturals
summands. Also, for | < k < n we write pi(n) to denote the number of
partitions of n into exactly k distinct natural summands. Prove that

pmy= Y DY ppn D).

1<k<+/2n %<l<n

(Mongolia) Given k,m,n € N, let p = min {n, k’”?} Show that equation
X1+ x2 + -+ - + x, = m has exactly

i(_l)j(n><m—j(k+l)+n— 1)
j=0 J nl

solutions (x1, x2, ..., x,) Withx; € Zand 0 < x; < k,for1 <t <n.

Lucas’ problem' aims at counting the number of ways in which n couples
can sit in 2n chairs around a circle, such that no wife sits beside her husband
and no two people of the same sex sit on adjacent chairs. The purpose of this
problem is to present I. Kaplansky’s solution to this problem. To this end, do
the following items:

(a) Conclude that there are 2(n!) ways of choosing the chairs of the hus-
bands. Once we are done with (a), conclude that the number of desired
configurations is equal to 2(n!)a,, where a,, counts the number of ways of
distributing the wives in the n left chairs, in such a way that no wife sits
beside her husband.

! After Edouard Lucas, French mathematician of the nineteenth century.
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(b) Label the chairs of the husbands, counterclockwisely, as hy, ha, ..., hy,
and those to be occupied by the wives (in some allowed order) as 1, 2, ...,
n, with chair 1 situated between 4 and &, chair 2 situated between s, and
h3,and so on. For 1 <i < n, let w; denote the wife of h;, and Ay;_1 (resp.
Ajy;) denote the set of ways of distributing the wives such that w; sits in
chair i — 1 (resp. chair i. Here, chair O is the same as chair n). Conclude
that

ap=n!—|A1UAyUA3UA4U...UAy_1UAl

(c) If {i1,io,...,ix} C {1,2,...,2n} has two consecutive elements (with 2n
and 1 seen as consecutive), show that A;) N A;, N...NA; =0.

d If{i; <ip <...<ix} C{l1,2,...,2n} has no consecutive elements (also
with 2n and 1 seen as consecutive), show that

|Ai, N AL N .. N Al = —k).

(e) Apply Kaplansky’s second lemma (cf. Problem 12, page 29) to conclude

that there are exactly
2n (2n —k
2n —k k

ways of composing an intersection of the form A;) N A;, N...N A;,, with
{it <ip<...<ix} C{l,2,...,2n} having no consecutive elements (and
2n and 1 seen as consecutive).

(f) Conclude that

n

. ok 2n 2n —k _
an—Z( 1 2n_k< L >(n ).

k=0

2.2 Double Counting

Double counting is nothing but the bijective principle in action once again, albeit
under a different perspective. The central idea is that, if we count a certain number
of configurations in two different ways and without making mistakes, then the
two results thus obtained must coincide. Sometimes this naive approach generates
interesting conclusions.

The best way to master double counting is by looking at some examples, and we
start with one that allows us to reobtain an important result, already derived by other
means.
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Example 2.8 If n and k are integers such that 0 < k < n, then every set with n
elements has exactly (}) subsets with k elements.

Proof Note first that it suffices to consider the case 1 < k < n.

Under this assumption, fix a set A with n elements and consider the problem of
counting how many sequences of k terms, chosen from the elements of A, can be
formed. By Corollary 1.22, the answerisn(n — 1)...(n —k + 1).

On the other hand, by permuting the elements of each k-element subset of A we
generate k! different sequences of k terms; moreover, it is immediate to see that the
sequences we get this way are all sequences of k terms chosen from A, and they
are all distinct. Hence, if (as in the previous chapter) C}' denotes the number of k-
element subsets of A, we conclude that there are exactly k!C} sequences of k terms,
all chosen from the elements of A.

Now, since n(n — 1)...(n — k + 1) and k!C} are answers to the same counting
problem, we conclude that

KIC =n(n—1)...(n —k+1)
or, which is the same,

nm—1...mn—k+1)
k!
nmn—1)...m—k+1)-(n—k)!
k!'(n —k)!

=

O

The result of the next example is known as Lagrange’s identity, after the French
mathematician of the eighteenth century Joseph L. Lagrange.

Example 2.9 Prove that, for every natural number 7, one has

2n n\? n\? n\? n\?
()= ) (1) +G) v C)
Proof Consider a group of 2n people, composed by n men and n women. We shall
compute the number of ways of choosing exactly n of the 2n people, by using two
different approaches.
On the one hand, the answer obviously is (Zn"). On the other, for 0 < k < n, the
fundamental principle of counting guarantees that we can choose k men and n — k

women in exactly (7)(,,”,) different ways; adding such possibilities as k varies from
0 to n and using the fact that () = (,",), we get the sum
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> (") -2 ()

k=0

as another answer to the posed problem. Hence, the stated equality actually take
place. O

Yet concerning the previous example, a nontrivial difficulty in the implementa-
tion of the double counting argument relied in looking at both sides of the desired
equality as different ways of counting the number of configurations relative to a
single combinatorial situation. There is no general rule on how to find out such a
counting problem; just experience and careful thinking will help. Therefore, let’s go
on and discuss another (and tougher) example.

Example 2.10 Let m and n be positive integers. Prove that

ZC0P -2

with the above sums ranging over all possible integer values of the indices j and k.

Proof Let A and B be disjoint sets, with |A| = m and |B| = n. Let’s calculate the
number of ordered pairs (X, Y), with X C Aand Y C B U X such that |Y| = m.
If | X| = k, there are (’,’(’) ways of choosing X; for each of them, the disjointness

of A and B gives |B U X| = n + k, so that there are (”:n_k) ways of choosing Y.
Therefore, by successively applying the multiplicative and additive principles, we

conclude that the number of such ordered pairs is

2()0)
- k m
We now choose Y first. More precisely, we compute how many ordered pairs

(X, Y) satisfy the given conditions and are such that |Y N B| = j. There are (;l)
ways of choosing j elements from B to put in Y; once they are chosen, we are left
to choosing m — j elements for Y, which ought to be elements of A. Then, there
are (" j) = (’7) ways of choosing these m — j elements of A, and the condition
Y C B U X forces such elements to belong to X. Apart from these m — j elements,
the remaining elements of X can form an arbitrary subset of the set formed by
the remaining j elements of A, so that we can choose such a subset in exactly 2/
different ways. Hence, the number of pairs (X, Y) is given by

2()0)
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Finally, since both of the above countings solve the same problem, the only
possibility is to have the stated equality. O

The coming example illustrates how one can use double counting arguments to
get inequalities.

Example 2.11 (IMO) Let n and k be positive integers and S be a set of n points in
the plane satisfying the following conditions:

(a) no three points of S are collinear.
(b) For every point P € S, there are at least other k points of S equidistant from P.

Prove that k < % + +/2n.
Proof Let

F={(A,B,C); A,B,C S and AB = AC).

We shall count | F| in two different ways.

Firstly, for each A € S there are at least k points of S equidistant from A and
such points generate at least k(k — 1) pairs (B, C) such that (A, B, C) € F. Since
there are n possible choices for A € S, we conclude that

|F| = nk(k —1).

Now, for fixed B, C € S, we claim that there are at most two points A in S
such that (A, B, C) € F. Indeed, since any such A belongs to the perpendicular
bisector of BC, and condition (a) gives at most two of them. However, since there
are n(n — 1) possible choices for (B, C), we conclude that

|F| <2n(n—1).
Thus,
nk(k—1) <2n(n—-1)

and, hence,

1+V8n—7 14+4/8 1
< +von < tven V2n.

k ==
2 2 2+

O

We finish this section by showing how to use a double counting argument to
obtain formula (2.4) for the number of derangements of /,,. Prior to that, however,
we need to establish the following auxiliary result, which will also be useful in
Sect. 18.1.
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Lemma 2.12 Ifag,ay,...,a, and by, by, ..., b, are real numbers such that a; =
Zl;:() (];)bj for0 <k < n, then

k

b=y (=D (".)a J (2.8)

j=0 /
for0 <k <n.

Proof Let’s make induction on 0 < k < n, noting that the result is obvious if
k = 0. As induction hypothesis, assume (2.8) to be true when k = [ — 1, for some
1 <l <n.Fork =1, we get

l -1

a = Z (l.)bj = Z <l.>bj + by,
=0 ™ j=o ™

so that, by applying the induction hypothesis and the result of Problem 1, we obtain
-1

oS

Jj=0

ﬁZl< )5 ()
S ()

j=0i=0

-+ BB ()

i=0 j=i

If we now observe that

the above computations give

R 2 S [
=al—§(—l)i(> ; 1)]( )

1—i

—a - li(—l)() Yen (7))
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Finally, since

I—i . I—i

Z(—l)’(l R l) = Z(—l)’(l R i) —l=-D"T 1=
t=0

=1
we get

-1 [

b=a+ Y (—) (f)a =y (=D (f)a
i=0

i=0
O
We present the promised example next.
Example 2.13 1f d, stands for the number of derangements of I,,, then
s
kt=>" (j)dj. (2.9)
Jj=0

In particular, di = k! ZI;-:O (_j—l.)J

Proof As in Example 2.5, let P, denote the set of all permutations of I; and let’s
count |Py| in two different ways.

Firstly, Corollary 1.25 gives |Py| = k!.

Secondly, for 0 < j < k, let F; denote the subset of P formed by those
permutations of /; having exactly j fixed points. Then,

Pr=FoUF L U...UFg;
however, since the union at the right hand side above is disjoint, we obtain
Pkl = [Fol + | F1l + - - - + | Fil. (2.10)
Now, for f € F;, we can choose its j fixed points in exactly (k) ways; on the

other hand, the restriction of f to the subset of I; formed by the other kK — j points
clearly forms a derangement of /;_ ;. Hence, the fundamental principle of counting

gives
7= (3= (2 )
il=1.)d-; = ) dik—j-
J j J k—j J



48 2 More Counting Techniques

It then follows from (2.10) that

k k k

Pl =Y 1F =) (k ¢ j>dk_,» -y (".)d,-,

j=0 j=0 j=0 J

and it suffices to compare both expressions above for |Py| to get (2.9).
For what is left, we apply the previous lemma to (2.9) (with ax = k! and by = di)
to get

Zk: ik 2": K
dp =) (=1 +’(.>j! =) (D) ——
s J 0 (k= N!
ko k= koo N
:k!z(kl).j:k! ¢ ,1|)j
i k=) e

Problems: Sect. 2.2

1. * We are given n € N and, for 0 <7, j < n, areal number g;;. Show that
n j n n
DI HIN
j=0i=0 i=0 j=i

2. Use double counting to prove that, for each natural number n, one has
" + " + " +- 4+ ") =2
0 1 2 n)
3. Prove Vandermonde’s identity”: given m, n, p € N, one has
Z m n _(m+n
= \kJ\p—-k) \ p )

with the sum at the left hand side above ranging through all possible nonnega-
tive integer values of k.

2 After Alexandre-Theéphile Vandermonde, French mathematician of the eighteenth century. For
another proof of Vandermonde’s identity, see Problem 3, page 355.



2.3

10.

Equivalence Relations and Counting 49

For each integer n > 1, prove that the number of subsets of I, with equal
quantities of odd and even elements is equal to (2:)

. A battalion commander asked volunteers to compose 11 patrols, all of which

formed by the same number of men. If each man entered exactly two patrols
and each two patrols had exactly one man in common, compute the numbers of
volunteers and of members of each patrol.

(IMO) Given n,k € N, let p,(k) denote the number of permutations of 7,
having exactly k fixed points. Prove that ) ;_ kp, (k) = n!.

. (TT) The set of natural numbers is partitioned into m infinite and nonconstant

arithmetic progressions, of common ratios dy, da, ..., dy,. Prove that
! + ! + -4 ! =1
di  d» dy

The result of the coming problem is known as Sperner’s lemma, after the
German mathematician of the twentieth century Emanuel Sperner.
A triangle ABC is partitioned into a finite number of smaller triangles, in such
a way that any two of them are either disjoint, have exactly a common vertex or
exactly a common side. Such a partition generates a certain number of points
lying in the interior or on the sides of ABC and which are vertices of smaller
triangles. We call them vertices of the partition. Randomly label the points lying
on side AB (and different from A or B) as “A” or “B”; accordingly, randomly
label the points lying on side AC (and different from A or C) as “A” or “C”,
and those lying on side BC (also different from B or C) as “B” or “C”. Then,
label each of the remaining vertices of the partition (all lying in the interior
of ABC) as A, B or C, also randomly. Prove that at least one of the smaller
triangles will be labelled as ABC.

. (Russia) A senate has 30 senators, any two of which are either friends or

enemies. It is also known that each senator has exactly six enemies. If each
three senators form a commission, compute the number of those commissions
such that its members are either pairwise friends or pairwise enemies.

We are given a convex n-gon in the plane. Prove that it is possible to choose
n — 2 points in the plane such that every triangle formed by three vertices of the
given n-gon has exactly one of the chosen points in its interior.

2.3 Equivalence Relations and Counting

Let A be a fixed nonempty set, and recall that a relation in A is a subset of the
cartesian product A x A.

3For another approach to this problem, see Problem 21, page 134.
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We say that a relation R in A is reflexive if aRa for every a € A; symmetric if,
whenever a, b € A, we have that aRb = bRa; transitive if, whenevera, b, c € A,
we have that aRb and bRc imply aRc. Finally, an equivalence relation in A is
a relation R in A which is simultaneously reflexive, symmetric and transitive. In
Mathematics, equivalence relations are customarily denoted by ~, instead of R (i.e.,
by writing a ~ b instead of aRb); from now on, we shall stick to this usage without
further comments.

Examples 2.14

(a) Let F be a partition of a nonempty set A. The relation ~ in A, defined by
a~b< IBe F;,a,be B,

is of equivalence. We say that such an equivalence relation is the one induced
by the partition F.

(b) Let A and B be nonempty sets and f : A — B be a given function. Relation ~
in A, defined by

a~b<e fla)= f(b)

is of equivalence. We say that such a relation is induced by f.
The following definition is central to all that follows.
Definition 2.15 Let A be a nonempty set and ~ be an equivalence relation in A.
For a € A, the equivalence class of a is the subset a of A defined by

a={x€A; x~al. .11

If ~ is an equivalence relation in a nonempty set A and a € A, then the
equivalence class of @ is clearly nonempty, for a € a. Our first result analyses
the equivalence classes of a generic equivalence relation.

Proposition 2.16 Ler ~ be an equivalence relation in a nonempty set A. Fora, b €
A, one has

a~bsanb+P<a=h.

In particular, the equivalence classes of ~ form a partition of A.
Proof We shall show thata ~b=>aNb# ¥ =a=b=a~b:

e Ifa ~ b, thena € b and, hence, a € @ N b; therefore,a N b #* 0.

e Ifceand (e, ifan b # ), then ¢ ~ a and ¢ ~ b; hence, the symmetry of ~
guarantees that a ~ ¢ and ¢ ~ b and, thus, its transitivity implies a ~ b. We shall
now show that @ C b (the converse inclusion being totally analogous): if x € @,
then x ~ a; however, since a ~ b, it follows once more from the transitivity of
~ that x ~ b, i.e., x € b.
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» Ifa = b, then a € @ implies a € b. But this is the same as saying that a ~ b.
O

If ~ is an equivalence relation in a nonempty set A, it follows immediately from
the previous proposition that the family A/ ~, defined by

Al ~={a; a € A} (2.12)

(i.e., the family of the equivalence classes of the elements of A with respect to ~), is
a partition of A. Such a family is called the quotient set of A by ~, and the function

n:A—>A/_~ 2.13)
a+— a
is the projection function of A on A/ ~.
Given an equivalence relation ~ in a nonempty set A, a subset B of A is said to
be a system of distinct representatives (we abbreviate SDR) for ~ if the following
conditions are satisfied:

(a) Foralla,b € B, eithera =bora # b.
(b) For every a € A, there exists b € B such thata ~ b.

In words, a SDR for an equivalence relation ~ in A is a subset of A formed by
pairwise nonrelated elements such that every element of A is related to exactly one
of them. Yet in another way, if B is a SDR for the equivalence relation ~ in A, then

A/ ~=[%; x € B). (2.14)

The following proposition provides an effective way of constructing SDR for
equivalence relations.

Proposition 2.17 Let ~ be an equivalence relation in a nonempty set A. If [ :
A/ ~ — As a function such that f(a) € a for everya € A, then Im (f) is a SDR
for ~.

Proof Let B = Im f.Ifa,b € B,saya = f(@) and b = f(B), witha, B € A,
then the hypothesis on f assures thata € @ and b € B. If a ~ b, then, since & ~ a
and b ~ B, we have by transitivity that o ~ f; thus, @ = B and, hence,

a=f@=f(p)=b.

In order to verify the validity of the second condition in the definition of a SDR,
takea € A andlet b = f(a). Then b € Im (f) and the definition of f gives b € a,
ie.,a~b. a
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In the notations of the previous proposition, we say that f is a choice function
for the equivalence relation ~. In words, the role of f is to choose one element out
of each equivalence class in A/ ~.

Concerning the role of equivalence relations in counting problems, we have
finally arrived at the result we are interested in.

Proposition 2.18 Let ~ be an equivalence relation in a finite nonempty set A. If
all of the equivalence classes of A with respect to ~ have the same number k of
elements, then there are exactly |A|/k distinct equivalence classes.

Proof If {ay, ..., a,} is a SDR with respect to ~, then A = UT:] aj, a disjoint
union. Hence,

m m
Al =) lajl =) k=km,
j=1 j=1

sothatm = |A|/k. |

As a first example of application of the previous proposition, we shall now
reobtain the formula for the number of k-element subsets of a given set A, of n
elements (the following reasoning is a slight variation of that in Example 2.8, the
major change being in the adopted viewpoint). To thisend, let 1 < k < n and S (A)
be the set of sequences of k distinct terms, all belonging to A. We already know that

n!
ISx(AD)|=nn—1)...n—k+1) = Ty
Let ~ be defined in Si(A) by
(at,...,ar) ~ (bl,...,bk) =4 {al,...,ak} = {bl, ...,bk}. (2.15)

It’s immediate to check that ~ is of equivalence, and such that the equivalence
class of a sequence (ay, ..., ax) is the set of all of its permutations. Hence, such an
equivalence class has precisely k! elements, and Proposition 2.18 assures that the
number of distinct equivalence relations is equal to

IS nl (n
k' kKl —k)! (k)

Finally, note that (2.15) allows us to identify the equivalence classes with the k-
element subsets of A, so that there are exactly (Z) of such subsets.

Another interesting situation is the following: in the set S(A) of the permutations
of a finite nonempty set A, we define an equivalence relation ~ in the following
way:

(a15"'7an)N(b17"'5bn)
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¢ (2.16)

Y Ajyk—n, ifn—k<j<n’

In other words, (ay, ...,a,) ~ (b1, ..., b,) means that, for some 1 < k < n, one
has

(b1, ...,by) = (Ar41, kg2, - .-, A1, A, a1, - . ., ag).

It’s immediate to verify that ~ is actually of equivalence in S(A). Moreover,
for each sequence (ay, ..., a,) € S(A), its equivalence class (ay, ..., a,) contains
exactly n sequences; more precisely,

(@i, ....ap) ={(a1,a2...,an-1,0an), (a2,a3, ..., a,,a1)

(@, ....an,a1,a2), ..., (ay, a1, az, ..., ap—1)}.

With respect to the equivalence relation just described, the equivalence class of
a sequence (ay, ..., a,) is said to be the circular permutation of the sequence
(ai, ..., ay). In particular, it follows from the general discussion on equivalence
relations that all of the sequences

(a17a2"'7an—laan)s (a2a a31 ---7an»al)s T (anv a], 6127 -~~1an—1)

define the same circular permutation.
With the concept of circular permutation at our disposal, we now have the
following result.

Proposition 2.19 The number of distinct circular permutations of a set of n
elementsis (n — 1)\

Proof If A is a set having n elements, we wish to count the number of equivalence
classes of S(A) with respect to the equivalence relation just described. Since

|S(A)| = n! and each equivalence class has exactly n elements, it follows from
Proposition 2.18 that there are precisely ”7' = (n — 1)! distinct equivalence classes
(i.e., circular permutations). O

For what comes next, we say that two sets A and B are incomparable with
respect to inclusion* if A ¢ B and B ¢ A. The result below brings a deeper
application of the ideas of this section, and is due to the Hungarian mathematician
Béla Bollobas. Our discussion follows [25].

4This terminology comes from the fact that the inclusion relation is a partial order in the family of
all subsets of a given set. In this respect, see the discussion at Sect. 4.3.
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Theorem 2.20 (Bollobas) If F is a family of subsets of I, pairwise incomparable
with respect to inclusion, then

EQZ)_I =h

Proof Let P be the set of permutations (ay, ..., a,) of I, such that, for some 1 <
k < n,wehave {ay, ..., ar} € F. Being a set of permutations of I,, it is immediate
that |P| < nl.

We consider in P the relation ~, given by
(ai,....ap) ~ (b1, ....bp) & {ay, ...} = {b1, ..., bk} € F,

for some integer 1 < k < n. We claim that ~ is of equivalence. Indeed, it is clear
that ~ is reflexive and symmetric. In order to show that it is transitive, take a third
permutation (ci, ..., c,) in P and assume that {ay,...,ar} = {b1,..., by} € F
and {by, ..., b} = {c1,...,c} € F, for some integers 1 < k,/ < n. Without loss
of generality, we can also assume that k < /. However, if k < [, then

{ar,...,a} =1{b1,....0k} C{b1,....b1} ={c1,...,c1} € F,

a strict inclusion; this would contradict the fact that the sets in F are pairwise
incomparable with respect to inclusion. Therefore, k = / and, thus,

{ar,...,ax} =1{b1,.... b} ={c1, ..., ck} € F,

ie., (ai,...,ay) ~ (c1,...,cp).

We now fix a permutation (ay, ..., a,) € P, with {aj,...,ar} = A € F. Then,
b1, ....by) ~ (a1, ...,ay) if and only if {by,...,br} = A, i.e, if and only if
(b1, ..., by) is a permutation of the elements of A (and, hence, (bg+1, ..., b,) is a

permutation of the elements of I, \ A); since we can permute the elements of A and
of I, \ A in exactly |A|! and (n — | A])! ways, respectively, we conclude that there are

exactly |A|!(n — |A|)! permutations (by, ..., b,) which are equivalent to the fixed
permutation (ay, ..., a,) € P. Yet in another way, if A is the set in F associated to
(ay, ..., a,) € P, then the equivalence class of (ay, ..., a,) in P contains exactly

|A|!(n — |A])! permutations.

Finally, by Proposition 2.16, the quotient set P/ ~ of equivalence classes of
‘P with respect to ~ forms a partition of P. However, since distinct equivalence
classes are associated to distinct sets A € F and every set A € F gives rise to an
equivalence class, it follows that

n=[Pl= ) #ra) =) |AlK—|AD.
(at,....an)€P/~ AeF
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This is the same as

3 Al — A1) _

n!
AeF

9

which in turn is equivalent to the desired inequality. O

For our next example we first need to recall some simple facts concerning the
notion of divisibility of integers. Further details can be found in Chap. 6.

Given a, b € Z, with b # 0, we say that b divides a, or that a is a multiple of
b, if  is an integer. Letting § = c, this is the same as saying that a = bc, with
¢ € Z. For instance, 7 divides 28, for % = 4 € 7. If b divides a, we write b | a;
otherwise, we write b 1 a and say that b does not divide a. If a is not a multiple of
b, the division algorithm® shows that there exist unique integers ¢ and r such that
a=bg+rand0<r < |b|.

We now introduce a whole class of equivalence relations in Z, which will reveal
itself to be of paramount importance to the material of Chaps. 10-20.

For a given integer n > 1, we say that two integers a and b are congruent modulo
n if n divides a — b. If a and b are congruent modulo n, we write a = b (modn);
otherwise, we write a #% b (mod n). For instance, we have 1 = —5 (mod 3), since
3| (1 = (=5)), but =3 = 7 (mod4), since 4 { (—3 — 7). Note that if a = nqg +r,
with O <r < n, thenn | (@ — r), so that a = r (mod n). Therefore, every integer is
congruent, modulo 7, to precisely one of 0, 1, ..., n — 1.

Example 2.21 Letn > 1 be a given integer. The relation ~, defined in Z by
a~b<& a=b(modn),

is an equivalence relation in Z, which is known as the relation of congruence
modulo 7.

Proof Reflexivity of ~ follows from
a~a<<a=a(modn) & n|(a—a),
which is clearly true. On the other hand, since
a~bsa=b(modn) < n|(a—>b),
andn | (a —b) & n | (b — a), we have that

a~b=>n|b—-—a)=>n|(b-a)

= b=a(modn) = b ~ a.

SFor a formal definition of an algorithm, see the footnote at page 116.
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Finally, for the transitivity of ~,ifa ~ band b ~ ¢, thenn | (a — b) and

nl(b-oc),ie, “;b and % are both integers; hence, the number

is also an integer, which in turn guarantees that n | (@ — c). But this is the same as
saying that a = ¢ (modn), so thata ~ c. O

For the coming example, given an integer m > 1, a set A C I, and another
integer 0 <r <m — 1, we let A 4 r denote the set

A+4+r={a+r(modm); a € A}.
Thus,

A4+r ={x+r;xeAandl1 <x<m-—rju

Ufx+r—m;xeAandm—r <x <m}.
For instance, if m =7, A = {1, 3, 5} and r = 4, then
A+r={1+4,34+4,54+4(mod7)} ={5,7,2}.

Example 2.22 (Austrian-Polish) Let k and n be given natural numbers, such that
3tkand 1 <k < 3n. Prove that the set I3, has exactly %(%k”) subsets of k elements,
such that the sum of its elements is a multiple of 3.

Solution Let F be the family of k-element subsets of 73,. Consider a relation ~
in F be defining A ~ B if and only if there exists an integer 0 < j < 2 such
that B = A + j modulo 3. It is immediate to check (cf. Problem 2) that ~ is an
equivalence relation, and that the equivalence class of a subset A of I, contains
exactly the three sets A, A + 1 and A + 2 (these last two modulo 3).

On the other hand, letting § = Zx <A X, we obviously have

Z x =S8 +k(mod3) and Z x = S + 2k (mod 3).
xeA+1 x€A+2

However, since 3 t k, we conclude that the three numbers S, S + k and S + 2k are
pairwise incongruent modulo 3. But since every integer is congruent to precisely
one of the integers 0, 1 or 2, modulo 3, we conclude that exactly one of S, S + k
and S + 2k is divisible by 3. This is the same as saying that exactly one of the sets
A, A+ 1and A + 2 has sum of elements equal to a multiple of 3. Hence, there are
as many k-element subsets of /3, whose sum of elements is divisible by 3 as there
are equivalence classes of F with respect to ~. But since each such equivalence
class contains three elements, Proposition 2.18 assures that the number of distinct
equivalence classes is precisely %(3,{") O
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Problems: Sect. 2.3

1. In each of the items of Example 2.14, prove that the given relations are, indeed,
of equivalence. Also, identify the corresponding equivalence classes.

2. * Given k, m € N, define a relation ~ in the family of k-element subsets of I,
by letting A ~ B if and only if there exists 0 < j < 2 for which B = A + j
modulo 3. Prove that ~ is an equivalence relation.

3. Show that the number of distinct ways of partitioning a set of ab elements into a
sets of b elements each is equal to %

4. Givenn,k € N, with 1 < k < n, let S(n, k) denote the corresponding Stirling
number of second kind (cf. Problem 8, page 20) and let A be a finite set with n
elements. Do the following items:

(a) Show that every equivalence relation on A, with exactly k equivalence
classes, can be obtained from a surjective function f : A — B, with |B| =k,
as prescribed by item (b) of Example 2.14.

(b) Show that the number of equivalence relations on A having exactly k
equivalence classes is equal to S(n, k).

(c) Conclude, from the previous items, that

1 & (k .
S(n. k) = EZ(—lv(j)(k—n :
| =

For the next problem, recall that a natural number p > 1 is said to be prime if
1 and p are the only positive divisors of p. We also recall (see Sects. 6.2 and 6.3
for details) that if @, b € N are such that p | (ab) but p { a, then p | b.

5. We are given a prime number p and m pairwise distinct colors. Prove that there
are exactly mP=m 4 1 distinct necklaces, each of which formed by p beads, each
bead being ofp one of the m given colors (there may well be beads of repeated
colors). Then, use this counting to establish Fermat’s little theorem?: if pis
prime and m is a natural number which is not divisible by p, then m?~! =
1 (mod p).

6. (IMO shortlist) Given n € N, we say that a sequence (x1, x2, ..., X,), with x; €
{0,1} for 1 < j < n, is aperiodic if there does not exist a positive divisor d
of n such that the sequence is formed by the juxtaposition of % copies of the
subsequence (x, ..., xq). If a, denotes the number of aperiodic sequences of
size n, prove that n | a,.

7. Prove the following theorem of Sperner: if F is a family of subsets of I,,, pairwise
uncomparable with respect to inclusion, then

6 After Pierre S. de Fermat, French mathematician of the seventeenth century. For a different proof
of this result, see Sect. 10.2.
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n
= <Ln/2J>’

with equality if F = {A C I,;; |A| = |n/2]}.

8. This problem generalizes Problem 19, page 31. To this end, let n € N, p be prime
and f : I, — I, be such that f(P) = Id, with (P standing for the composition
of f with itself, p times.

(a) Show that f is a bijection and, if ~ is the relation defined in 7, by
a~bob=fYa),3jeZ,

then ~ is an equivalence relation.

(b) Each equivalence class of I,, with respect to ~ has either 1 or p elements. In
particular, if f has exactly k fixed points, then p | (n — k).

(c) Conversely, given 0 < k < n such thatn — k = pl, with [ € Z, show that

for each choice of elements x1, ..., xx € I, and for each partition

L\ {xt,....xx} =A1U...UA;
of I, \ {x1,...,xx} into pairwise disjoint p-element sets, there are exactly
((p — 1)!)1 functions f as in the statement, having precisely xi, ..., xx as

their fixed points and satisfying f(A;) = A; for1 <i <.
(d) Conclude that the number of functions f : I, — I, such that f P =1dis

given by
n n—=k n—k n!
2 (k>.<p,...,p)((p_l)!)p =2

O<k<n e —f o<k=n k!-p 7
P|(’l—k) (’171{)/17 P\(l’l—k)

For the coming problem, recall that a family F of subsets of [, is an
intersecting system of I, if, forall A, B € F, we have AN B # @.
9. The purpose of this problem is to prove the famous Erdos-Ko-Rado theorem
for positive integers k and n, with 1 < k < n, if F is an intersecting system
formed by k-element subsets of I,,, then

7.

(). if k>n/2

(7). ifk<n/2”

|Fl <

To this end, do the following items:

7 After the Hungarian, Chinese and German twentieth century mathematicians Paul Erdos, Chao
Ko and Richard Rado, respectively.
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(a) Ifk > 5, show that | F| < (7).

(b) If k < 7, give an example of an intersecting system F of I,, formed by

k-element subsets of I, and such that |F| = (Z:})

(c) Also in the case k < %, fix an arbitrary intersecting system JF of I,,, formed
by k-element subsets of I,,. Let S,, denote the set of permutations o : I, —
I,,, and C, denote the set of circular permutations of I,, so that |S,| = n!,
|Cyl = (n — 1)! and, for o € S,, we have ¢ € C,, with |o| = n (here,
and as in the text, o stands for the equivalence class of o with respect to the
equivalence relation defining circular permutations). Define A € F and o €
C, as being compatible provided A = {ay, ..., ax}, for some permutation

(ar,...,ak, Qk+1,...,0n) €0.

i. For o € §,, show that at most k sets in F are compatible with &. Then,
conclude that there are at most (n—1)!k pairs (A, o) with A € F,o € S,
and A and o compatible to each other.

ii. For a fixed A € F, show that there are exactly k!(n — k)! elements
o € C, such that A and o are compatible. From this, conclude that there
are exactly k!(n — k)!|F| pairs (A, o) suchthat A € F, o € S, and A
and o are compatible.

iii. Complete the proof of Erdos-Ko-Rado theorem.

2.4 Counting with Metrics

In this section, we present a counting technique with a distinguished geometric
flavor. To this end, we shall need the following important definition, which is
actually a concept pervasive to all of Mathematics.

Definition 2.23 If X is a nonempty set, a metric in X is a functiond : X x X - R
satisfying, for all x, y, z € X, the following conditions:

(@ d(x,y) =d(, x).
() d(x,y) >0andd(x,y) =0 & x = y.
(c) d(x,z) <d(x,y) +d(y, 2).

The prototype of metric is the distance function in Euclidean space. More
precisely, letting E3 denote the three dimensional Euclidean space and d : E3 x
E3 — R be given by

d(P,Q)= PQ, ¥V P,Q € E>,

then conditions (a), (b) and (c) above are clearly satisfied, condition (c) following
from the triangle inequality.

Thanks to the geometric example of the previous paragraph, from now on we
shall refer ourselves to condition (c) of Definition 2.23 as the triangle inequality.
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Another piece of terminology borrowed from that example is isolated in the next
definition.

Definition 2.24 Let d be a metric in the nonempty set X. Given x € X andr > 0,
the ball® of center x and radius r is the subset B(x; r) of X, given by

B(x;r)={ye X; d(y,x) <r}.

Back to the former example of metric, given P € E* and r > 0 we have

B(P;r) ={Q € E* PQ <r}

= solid sphere of center P and radius r.
Thus, at least at a heuristic level, this example justifies the geometric intuition
attached to the name ball.
In what concerns Combinatorics, our primary interest relies in metrics defined
on finite nonempty sets. To understand why this is so, let us assume that X is such
a set and d is a metric on it. Further, suppose that x1, ..., x;y € X are such that the

union of the balls centered at those points and with some positive radius » cover X,
i.e., that

B(x;;r)U...UB(xg; r) = X. 2.17)

If we have an upper bound on the number of elements of any ball of radius r in
X, say

|B(x;r)| <c(r), VxeX,

with ¢(r) > 0 depending only on r (and not on the chosen x € X), then (2.17)
gives us

|X| = [B(x1;r)U...UB(x; 1)l
<|BGxp; D)+ 4+ |Blxg; 1)l
<k-c(r).

Therefore,

1
k > mm. (2.18)

8The reader with previous acquaintance with the theory of Metric Spaces will notice that what we
call a ball is generally known in the literature as a closed ball. Nevertheless, in order to ease the
writing we will stick to this slightly different terminology. We believe that, as far as these notes are
concerned, this will be a harmless practice.
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Thus, an upper bound on the number of elements of any ball of radius r
automatically gives a lower bound on the number of balls of radius r needed to
cover X.

With such a general reasoning at our disposal, let us take a look at a first relevant
example.

Example 2.25 Given n € N, let S,, be the set of sequences of n terms, all of which
equaltoOor1,i.e.,

Sy={a=(ai,a,...,ay); a;=0o0r1, V1<i<n}.

Letd : S, x &, — R be the function given, for ¢ = (aj,...,a,) and b =
(b1, ...,by) InS,, by

d(a,b) =#1 <i <n; a; # b;}.

Then, d is a metric on S, called the Hamming metric’ on S,,.

Proof We clearly have d(a, b) > 0 and d(a, b) = 0 if and only if @ = b. It is also
clear that d(a, b) = d(b, a). In order to verify the triangle inequality, note that if
a,beS,, then

n
d(a.b) =7 laj — bil.
i=1
Therefore, for a, b, ¢ € S, the triangle inequality for real numbers gives

n n
da,c) =Y lai—cil <Y (lai = bil + b — ci])

i=1 i=1

n n
= lai —bil+ Y b —cil
i=1 i=1

=d(a,b)+d(b,c).

In the notations of the previous example, given a € S, and k € N, we have

B(a; k) ={b € Sy; d(a,b) <k}

= {b € S;; a; # b; for at most k indices 1 <i < n}.

9 After the American mathematician of the twentieth century Richard Hamming, who used such
a concept to study coding problems in Computer Science and Telecommunications Engineering.
The famous Hamming codes were also named after him.
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However, since there are exactly ('?) ways of choosing j indices 1 < i < n in which
the sequences a and b are to differ, we conclude that

n n n
|B(a;k)|=(O>+<1)+~-~+(k). (2.19)

The above being said, the discussion that precedes the former example will give
the coming one.

Example 2.26 Let n € N and S, be the set of sequences of n terms, all of which
equal to 0 or 1. Show that if we choose less than

on
(o) + () 4+ )

sequences in S, then there will always be at least one sequence in S,, which differs
from each of the chosen ones in at least k + 1 distinct positions.

Proof Choose [ distinct sequences in S, say x1, ..., x;, with
2}1
O+ ) ++)

Then, (2.19) and computations analogous to those which led to (2.18) furnish

l <

|B(x1;k)U...UBQ;; k)| < [B(xi; k) + -+ + [B(xy; k)|

SERORRIAES

Now, the fundamental principle of counting gives |S,| = 2". Therefore, we
conclude from the last inequality above that the union of balls B(x1; k) U ... U
B(xy; k) does not cover S,,. Hence, there exists at least one sequence x € S, such
that x ¢ B(x;; k), for 1 <i <. But this is the same as saying that

dx,x)) >k, Y1<i<l,

and the rest follows from the definition of the Hamming metric. O

Prior to presenting another relevant example, recall that, given sets X and Y, one
defines their symmetric difference as the set X AY, given by

XAY = (XUY)\(XNY).

In words, X AY is the set formed by the elements which belong to exactly one of the
sets X and Y.
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It follows promptly from the definition that XA = X and XAY = YAX;
moreover, the reader can easily verify that

XAY = (X \Y)U (Y \ X),

for all sets X and Y.
The following lemma gathers together other properties of the symmetric differ-
ence which will be of our interest.

Lemma 2.27 If X, Y and Z are any sets, then:

(a) XAY =0 & X =Y.
(b) (XAY)AZ = XA(YAZ).
(c) XAY =Z & X =YAZ.

Proof
(a) Since we clearly have X AX = (J, it suffices to show that XAY = = X =Y.
To this end, observe that XAY =@ = X UY = X NY and, hence,
XcXuy=XnvyYcy;
similarly, ¥ C X.
(b) Itis not difficult to verify that

(XAY)AZ = (XUYUZ)\ (XNY)UXNZ)U Y NZ)),

and analogously to XA(Y AZ). We leave as an exercise to the reader the task
of checking the details.

(c) Let us show one implication, the other being completely analogous. If XAY =
Z, it follows from item (b) that

X = JAX = (YAY)AX = YA(YAX) = YAZ.
O

With the above results at our disposal, we can finally present another important
example of metric in a family of finite sets, known as the metric of symmetric
difference.

Example 2.28 If F is a nonempty family of finite sets, then the function d : F x
F — R, givenby d(X,Y) = | XAY], is a metric in F.

Proof Since XAY = YAX, we have

d(X,Y) = |XAY| = |[YAX]| = d(Y, X)
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for all X,Y e F. Itis also clear that d(X,Y) > 0 and d(X,Y) = 0 if and only
if XAY = 0; however, by item (a) of the previous lemma, this last equality takes
placeif and only if X =Y.

We are left to showing that d(X,Y) < d(X,Z)+d(Z,Y) forall X, Y, Z € F,
or, which is the same, that | XAY| < | XAZ|+|ZAY|. To this end, since |A U B| <
|A| 4 | B| for finite sets A and B, it is enough that we establish the inclusion

XAY C (XAZ)U (ZAY).
In turn, such an inclusion follows at once from the equality
(XAZ)U(ZAY)=(XUYUZ)\(XNYNZ),

whose proof we leave as an exercise to the reader. O

Fix m € N and consider the metric of symmetric difference in F = P(m), the
family of subsets of /,,. If X C I, is given, let us compute the number of subsets of
I,,, in the ball B(X; k), where k > 0 is a given integer. To this end, start by noticing
that

Y e B(X;k) & | XAY| < k;

therefore, in order to count the number of elements in B(X; k), it suffices to count
how many are the subsets Y C I, for which | XAY| < k. For a fixed Z C I, item
(c) of Lemma 2.27 guarantees the existence of a single Y C I, such that Z = XAY.
Hence,

(Y e P(m); | XAY| <k} ={Z € P(m); |Z| < k}.

Finally, since for each 0 < j < k there are exactly ('7) ways of choosing Z C I,
such that |Z| = j, it follows from the equality of families above that

|B(X; k)| =#Z € P(m); |Z| <k}

e

For the coming example, let Py (n) be the family of k-element subsets of I,, and
d be the metric of symmetric difference in Py (n). For distinct X, Y € Pi(n), we
have

d(X,Y) = |[XAY| = |XUY|—|XNY|
= |X|+|Y|-2/XNY| (2.21)
=2k —[XNY],

an even number.
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Example 2.29 (BMO—Adapted) Letn > 2 be a given integer and F be a maximal
family of 3-element subsets of I, satisfying the following condition: for any A, B €
F,with A £ B, we have |[A N B| < 1. Prove that

L5
|F| > E(n —n).

Proof Let d be the metric of symmetric difference in P3(n). It follows from (2.21)
that, for X, Y € F,

IXNY|<1l<&dX,Y)=>4.
We now claim that if 7 = {Ay, ..., A}, then

P3(n) = B(A1;2) U...U B(Ag; 2). (2.22)

Indeed, if this was not the case, then there would exist A € P3(n) \ (B(A1;2) U
...UB(Ag; 2)),1.e.,such that d(A; A;) > 4 for | <i < k. By what we did above,
this would be the same as having |A N A;| < 1 for 1 <i < k. In turn, this would
assure that 7/ = {A, A1, ..., Ax} would be a family strictly containing F and also
satisfying the stated conditions. This contradicts the maximality of F.

Thus, it follows from (2.22) that

(’;) = [Pyl = |B(A1;2) U ... U B(Ag; 2)]
(2.23)

< |[B(A1;2)[ + -+ + |B(Ag; 2)].

Now, given A = {a,b,c} € P3(n), let us compute the number of sets in
B(A;2) C P3(n): recall that, for A’ € P3(n), the distance d(A’, A) is even;
therefore, (2.21) gives

d(A',A) <2 & dA',A)=0o0r2
S A =Aor|AANA=2
& A ={a,b,c},{a,b,x}, {a,c x}or{b,c,x},
for some x € I, \ {a, b, c}. We then conclude that
|IB(A;2)|=1+4+3(n—3)=3n—28.

We finish by using (2.23) and the last computation above to obtain

i > 1 (n) _ nin—1mn-2)
~3n—-8\3 6(3n — 8)
nn—1)(n-2)
6(3n — 6)
nn—1)
ST
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Problems: Sect. 2.4

1. Prove that the Hamming metric is a particular case of the metric of symmetric
difference.

2. (Ireland) Let n > 11 be an odd integer and 7 be the set of n-tuples (x, ..., x,)
such that x; € {0,1} for 1 < i < n. Given x = (x1,...,x,) and y =
V1s..., yn)iIn T, let

f,y)=#1<i<n;x; #yi}

Suppose that there exists S C T satisfying the following conditions:

n+l

(@ |S|=27".
(b) Foreach x € T, there exists a single y € S for which f(x, y) < 3.

Prove that n = 23.
3. * Given an integer n > 3, let f(n) be the largest possible number of 4-element
subsets of I, such that any two of them have at most two elements in common.

Prove that
1 /n £ )<1 n
— < - .
16\3 =33

4., *Letn > 2be aninteger and Ay, ..., Ay C I, be such that, for1 <i < j <k,
we have |[A; AA ;| > 2r + 1, where r is a given positive integer. Prove that

k < 2
T+ 0

5. (India) Out of a committee of n members, 1997 distinct subcommittees are
composed. It is known that, for any two of these subcommittees, there are at
least five people participating of exactly one of them. Prove that n > 19.

6. (Brazil) During a summer camp, Arnold and Beatrice talked to each other using
smoke clouds, sometimes big ones, sometimes small ones. Every day before
breakfast, Arnold sent to Beatrice a sequence of 24 clouds. As Beatrice not
always manages to distinguish a small cloud from a big one, they composed a
dictionary before entering the camp. This dictionary collected n sequences of 24
sizes of clouds (for instance, one such sequence could be SBSBSBSBSBSBBS-
BSBSBSBSBS, where B stands for big and S stands for small). For each of the
n sequences, the dictionary indicated its meaning. Moreover, in order to prevent
misinterpretation, Arnold and Beatrice avoided including similar sequences in
the dictionary; more precisely, each two sequences in the dictionary always
differed in at least 8 of their 24 positions. Show that n < 4096.




Chapter 3 )
Generating Functions e

In this chapter we briefly discuss the powerful method of generating functions, i.e.,
the use of power series in the analysis of counting problems that are inaccessible by
the more elementary techniques presented so far.

Unlike other approaches to this subject (e.g., that of the classic [41]), the material
collected here makes heavy use of the methods of Differential and Integral Calculus,
in the level of [3] or [8], for instance. Although working with convergent power
series apparently requires far more background than using formal power series, it
is actually much more complicated to rigorously justify the correctedness of some
algebraic manipulations with this last type of series. Furthermore, we believe that, in
a first acquaintance with generating functions, the reader with some Calculus back-
ground feels much more comfortable in working in the realm of convergent power
series. Anyhow, for the reader’s convenience Sect. 3.2 briefly reviews the basic facts
on the convergence of power series needed for our subsequent discussions.

For a comprehensive exposition on the uses of generating functions in Combi-
natorics, we refer the interested reader to the above mentioned wonderful book of
professor H. Wilf.

3.1 Introduction

By definition, the (ordinary) generating function of a sequence (a,),>0 of real
numbers! is the power series

'We shall sometimes refer to the generating function of a sequence (a,),>1 of real numbers, but
this should be no source of confusion.
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Among all generating functions, one of the simplest ones is, in a certain sense,
that of the (sequence formed by the) nonnegative integers: ), x". As the reader
probably knows from earlier studies (cf. Section 7.4 of [8], for instance), such a
power series converges to ﬁ when |x| < 1. Thus, for |x| < 1, we have

1 n
m:Zx , (3.1)

n>0

and say that the series at the right hand side is a geometric series.

In order to illustrate the kind of use we have in mind for generating functions, we
consider in this section two preliminary examples. Their role is to give the reader an
easy glimpse on how the method works.

The first example revisits Problem 7, page 49, and employs some elementary
facts on continuous functions, which can be reviewed in Chapter 8 of [8], for
instance.

Example 3.1 (TT) The set of natural numbers is partitioned into m infinite and
nonconstant arithmetic progressions, of common differences di, da, ..., d,. Prove
that

Proof Let f(x) = ), x" be the generating function of the natural numbers.
Letting a; be the initial term of the arithmetic progression of common difference d;,
the stated condition assures that, for [x| < 1, we have

m
F) = I a2
i=1

Hence, for |x| < 1, it follows from (3.1) (with x% in place of x, in each series in the
sum at the right hand side above) that

—-x 1 —xdi’

i=1

Multiplying both sides of this last equality by 1 — x and doing some algebra at the
right hand side, we get

m _xal
3.2
Zl—i—x—i—x s xdi—] ©2)

i=1
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Now, note that both sides of the equality above define continuous functions in the
closed interval [0, 1], and our reasoning so far assures that such functions coincide
in the half-open interval [0, 1). Therefore (and it is precisely here where we use the
basic theory of continuous functions), they coincide also for x = 1, and evaluation
of (3.2) atx =1 gives

1
1:23.

i=1 !
O

Our next example uses generating functions to obtain a positional formula for the
n-th Fibonacci number.

Example 3.2 Let (F,),>1 be the Fibonacci sequence and f(x) = Zn>1 F,x" be its
generating function. For the time being, assume that the series defining f converges
on an open interval of the form (—r, r), for some real number » > 0 (we shall see,
in the paragraph following Proposition 3.7, that this is indeed the case). Then, we
can write

f@) = Fix+ P+ ) Fx”

n>3

=x+x>+ ) (Fp1+ Fpo)x"

n>3
=x+x>+x Z Fooix" 1+ x2 Z F,_ox"2
n>3 n>3

=x+x2+x(f(x) — Fix) + x> f(x)
=x+ @ +xD)f),

thus getting

X

f(x)zl_—

x —x2
forx € (—r,r).

Now, writing 1 —x—x%= (I —ax)(1—pBx),witha, 8 € R,wehavea+8 =1,
aff = —1and

X X

fO=1——a= (1 —ax)(1—Bx)’
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By imposing, without loss of generality, that « > 8, we get o = H—T\E and 8 =
1_2“5, sothatoe — B = V5. Thus,

IR i
f(x)_ﬁ(l—ax_l—ﬁx>’

By applying (3.1) (with ax and Bx in place of x) to expand the right hand side
in power series, we get

ﬂn=% D ex)" = (Bx)"

n>0 n>0

2

It is important to point out that the discussion at the beginning of this section
guarantees that the geometric series involved in the above computations converge
for every x € R for which |ax], |8x] < 1, i.e., for |x]| < ﬁ Hence, letting s =
min [r } > (), it follows that

1
> |
n

Y Bt =Y (%) X" (3.3)

n>1 n>1

for |x| < s. This way, if the power series representing f is unique, there will be no
alternative than to infer, from the last equality above, that

a __ﬂn

V5

F, = (3.4)

for every n > 1.

Finally, the uniqueness result we hinted to above is indeed true, and will be
explicitly stated in Corollary 3.6. This validates the last step above and shows
that (3.4) does hold.

Problems: Sect. 3.1

1. In the notations of Example 3.1, if aj, ap, ..., a, are the initial terms of the
progressions, prove that

a  a am m+1
o at e, T T
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2. The Lucas sequence (L,),>1 isdefinedby L1 =1, Lo =3 and Lyy2 = Li41 +
Ly, for every integer n > 1. Prove that:

(@) L, =a" + " forevery n € N, where o = # and g = 1%6

(b) Ly, = L2 +2(—1)""! forevery n € N.

(¢) L2 —5F? = 4(—1)" for every n € N, where (F,),>1 denotes the Fibonacci
sequence.

3.2 Power Series

In order to justify and extend arguments like those of the two examples of the
previous section to more general situations, we shall review in this section some
facts on the convergence of general real power series. Since a thorough exposition
of the theory of real power series belongs more properly to the realm of basic real
analysis, we have chosen to be somewhat sketchy, referring the interested reader
to Chapter 11 of [8] for a more detailed account of the theory. Later, in Chap. 21,
extensions to complex power series will be discussed and applied.

Let r > O be a real number. We say that a function f : (—r,r) — R admits the
(power series) expansion

fO) =) anx"

n>0

in the interval (—r, ), or that the power series Zn>0 apx™ converges to f in the
interval (—r, r), if

f(x) = lim apx"”
m—+400
n=0

for every x € (—r, r).
A relevant example is that of the geometric series (3.1). As a corollary we note
that, for a given o # 0, we have

1
ar = Za”x” (3.5)

1

when |x| < ﬁ Indeed, if |x| < Tl then |ax| < 1, so that it suffices to apply (3.1)

to ax in place of x.
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We shall frequently need to combine the power series expansions of two given
functions to obtain that of another function, obtained from those by means of the
arithmetic operations of addition, subtraction or multiplication of functions. In this
respect, the very definition of convergence of power series assures that, if f(x) =

Y ns0@nx" and g(x) = - byx" along (—r,r), then

(f £)(x) =Y (an & by)x"

n>0

in (—r, r). Concerning multiplication, we have the following result.

Proposition 3.3 If the functions f, g : (—r,r) — R have power series expansions
fx) = Zkzo agx® and gx) = 2130 bix!, then the function fg : (—r,r) - R
has power series expansion (fg)(x) = ano X", with

n
cn= Y axbi =) abu-k. (3.6)
k=0

k+l=n

Thus, for |x| < 1 and letting a; = 1 for every k > 0, we get from (3.1) that

1 _ 1 1 _ X !
(I-x%  1-x T-x g“"x ;‘”x
n n
= Z (Z akank> x" = Z (Z 1) x"
n>0 \k=0 n>0 \k=0
= Z(n + Dx™.
n>0

Moreover, such a reasoning can be easily generalized to give the power series
expansion for the function x +— ﬁ, for |x| < 1 (cf. Problems 1 and 2, page 78).
For the purposes we have in mind, the main result on power series is the one

collected in the coming theorem.

Theorem 3.4 Let r > 0 be such that the power series Yy, a,x" converges at
everyx € (—=r,r). If f : (=r,r) — Riis given by f(x) = Y_,~oanx", then f is
differentiable, with f'(x) =Y, -, na,x"~! for every x € (—r,r).

In words, the previous theorem guarantees that we can termwise differentiate a

convergent power series, obtaining, as result, the power series corresponding to the
derivative of the function defined by the original series.
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Example 3.5 This example shows how to use the previous result to reobtain, for

|x] < 1, the power series expansion of the function x > ;)2 Since 1# =

(I—x —X
ano x" for |x| < 1, differentiating both sides of such an equality we get

1

m = an"_l = Z(n + Dx",

n>1 n>0

and this is also valid for x € (—1, 1).

A very important corollary of Theorem 3.4 is the uniqueness of the power series
representing a certain function.

Corollary 3.6 If f : (—r,r) — R admits a power series representation in
the interval (—r,r), then f is infinitely differentiable. Moreover, its power series
representation is unique and is given by

fx)= Zanxn»

n>0

with a, = %f(”)(O), where ™ (0) denotes the value of the n-th derivative of f at
0.

Proof Firstly, note that f(0) = ag. Now, the previous theorem gives us f/(x) =
D sl na,x"~ 1 in (—r, r); in particular, this gives f’(0) = a;. Again by the former
result, f’ is differentiable and we get f”(x) = ) ,.,n(n — Dayx"~2, so that
£"(0) = 2ay. Proceeding inductively this way, we easily finish the proof. O

The actual importance of Theorem 3.4 will completely reveal itself only if we
have at our disposal some criterion which allows one to establish the convergence
of a given power series ) ., a,x" in some open interval centered at 0. For our
purposes, the coming result, which is a particular case of the comparison test for
series, will suffice.

Proposition 3.7 Let (ay)n>0 be a sequence of real numbers. If there exist positive
reals ¢ and M such that |a,| < cM" for every n > 0, then the power series

n : 11
Y =0 anXx" converges on the interval (_M’ M)'

Proof Since
lanx"| = lan|lx|" < cM"|x|* = c|Mx|"

and (cf. (3.5)) the geometric series ano [Mx|" converges when |x| < ﬁ the

comparison test for series assures that ano apx™ converges when |x| < % O

With the above proposition at hand, we are in position to complete the analysis
of Example 3.2. Indeed, letting (F},),>1 denote the Fibonacci sequence, an easy
induction shows that F;,, < 2" for every n > 1. Hence, by the previous result, the
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1 1

corresponding generating function, ), ., F,x", converges whenever x € (— 3 5).

n>1
In turn, this assures that all computations made at that example are actually valid

whenever |x| < min {%, ﬁ] = % In particular, we can use Corollary 3.6 to
conclude, from (3.3), that (3.4) does hold.

As Problem 5 will show, generating functions can be used to solve more general
second order linear recurrence relations. Actually, when we have complex
numbers at our disposal, we will completely analyse a much more general version

of this result, in Chap. 21.

Example 3.8 As a relevant application of the previous proposition in conjunction
with Theorem 3.4, let us show that

et = Z Ex” (3.7)

for every x € R.

We first claim that, given A > 0, there exist « > 0 and ngp € N such that
n! > aA" for every n > ng. Indeed, fixed a natural number ng > A we have, for
n > ng also natural,

no!
Ao

nl=no!l(nog+1)...(n — Hn > ng!l A" = n

n—ng

no!
A0
Now, given A > 0, take ¢ > 0 and ng € N as above. Letting a,, = r% c = é and

It thus suffices to take o =

M = %, we conclude that 0 < a,, < ¢cM" for every natural number n > ng, and the
previous proposition assures that the power series

no

1 1 1
ZaanZ;xn—i_ Z Exn

n>0 n=0 """ n>ngq

defines a function f : (—A, A) — R (note that % = A).

However, since A > 0 was arbitrarily chosen, we conclude that f(x) =
2 on=0 %x” is actually defined in the whole real line R. Moreover, Theorem 3.4
guarantees that f is differentiable and such that

1 1
flay=3 o —x" =3 —x = f(x)

n>1 n>0

for every x € R. In turn, this gives %(e‘xf(x)) = 0, so that x > e ¥ f(x) is

constant in R. Evaluating at x = O then yields f(x) = e* for every x € R.
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For future use, we notice that changing x by ax in the equality of the previous
example, we get

an
e = Z —x" (3.8)
n!

for every x € R.

A variation of the argument used in Example 3.8 allows us to expand f(x) =
(1 + x)“ in power series when |x| < 1 (and for a fixed real number o # 0).

To this end, given « € R and n € Z \ {0}, we begin by defining the generalized
binomial number (%) by letting () = 1 and, forn > 1,

(ot):oc(oz—l)(oz—2)...(ot—n+1). (3.9)

n n!

Lemma 3.9 Givena € Randn € N, we have:
(@ () =)+ ()

(b) g(‘nx) = (‘Zj),for every o # 0.

(c) |(‘;)| < 1 whenever |a| < 1.

Proof

(a) Is an easy computation:

<a> (a—l) 1
- = —ala—Da—-2)...(a—n+1)
n n n!

—l(ot—l)(ot—Z)...(a—n)
n!
1
:;(a—1)(a—2)...(a—n+l)(a—(a—n))

1

_(a- 1
T \n-1)
(b) Follows immediately from (3.9).

(c) If o] < 1, it follows from (3.9) and the triangle inequality that

@\[ _ lel(al + D(al+2).. (ol +n=1) _1:2-..n
n)|— n! - n! o
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The coming result is usually referred to as the binomial series expansion or
Newton’s binomial theorem, and is due to Sir Isaac Newton.?

Theorem 3.10 (Newton) For « # 0 and |x| < 1, we have

I+ =3 (‘:l‘)xn. (3.10)

n>0

Proof Let us firstly consider the case 0 < |a| < 1. Since |(‘;)x”| < |x|" (by item
(c) of the previous lemma) and ), |x|" converges when |x| < 1, Proposition 3.7
assures that ) (&)xm converges when [x| < 1. Hence, thanks to Theorem 3.4
the function f : (—1,1) — R, givenby f(x) = >, (O’)x”, is differentiable, with

/ _ o n—1 __ a—1 n—1
f(x)—l;n(n)x —ga(n_1>x (3.11)

(note that we have used item (c) of the previous lemma in the last equality above).
The above expression for f’(x), together with item (a) of the referred lemma, gives

I+0f® =al+0 Y (Z B i)x"—l

n>1
a—1\ ,_ a—1\ ,
~\ZC0)Z00)
O Ea IS S
= —1 n—2
_ o n—1
=« 1—|—n§2<n_1>x
:a%(i)x”:af(x)

Therefore, letting g(x) = (1 + x)~% f (x), we get for |x| < 1 that

§x) = —a(l+)" T f) + 1 +2)7f (x)
= (1 + )" H—afx) + (1 +x)f'(x)} =0.

2As quoted in [8], Newton is considered to be one of the greatest scientists ever, being difficult to
properly address the scope of his contributions to the development of science.
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In turn, this means that g is constant in the interval (—1, 1). However, since g(0) =
1, we get (1 4+x)7%f(x) =1 for |x| < 1, as wished.

For the general case, assume that (1 +x)* = 7 (%)x" for some & # 0 and
every x € (—1, 1). We shall show that analogous formulas hold for¢ — 1 and o + 1
(and every |x| < 1):

(a) For o — 1: Theorem 3.4 gives, for |x| < 1,

o—1 —-l..fi o _ l O\ n-1
(1 +0"" =~ (1 +x) —aZn( )x

dx = \n

a—1\ ,_ a—1\ ,
X))
n>1 n>0

(b) Fora + 1: we have

(0 =00 (e =3 (7)e+ 2 ()

n>0 n>0 n>0
o o oa+1
=1 n_1 n
n>1 n>1

A straightforward inductive argument now shows that (3.10) holds for every
o # 0 and every |x| < 1.
O

Corollary 3.11 For «, B # 0, we have

(1+p0* =Y (Z)(ﬁX)",

n>0

for every x € R satisfying |x| < Iﬂ%l

Proof 1t suffices to apply (3.10) for Bx in place of x, observing that |Bx| < 1 &
x| < W%\ |

As an example of application of the former corollary, for |x| < % we have

-2 2=y (_’11/2>(—2x)”,

n>0
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with

(—1)" 35 -1
R T R
(=n" (2n)!
T 24 (2n)
(=D 2!

n! 2n.2np!

_(=1D)"(2n
o4 n)
Hence, for |x| < % we get
1 (2n
—_2) 12 = _
(1—2x)"12 = Zzn (n>x”, (3.12)

n>0

an equality that will be quite useful in the analysis of Example 3.14.

Problems: Sect. 3.2

1. * Generalize the result of Proposition 3.3, showing that if f : (—r,r) — R has
power series expansion f(x) = ano apx", then, for k € N, we have f(x)k =
> n=0 CnX", Where

Cp = E aj, aij, .. .4,

and the sum extends over all k-tuples (ij,...,ix) of nonnegative integers
satisfying iy + - - - + iy = n.
2. *Given k € Nand |x| < 1, prove that

1 k+n—1\ ,

3. * The purpose of this problem is to show that the function f : (—1,1) — R,
given by f(x) = log(l + x), admits a power series expansion, as well as to get
such an expansion. To this end, do the following items:
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(@ If f(x) = ano apx", use Corollary 3.6 to conclude that ¢y = 0 and a,, =

(_lniil forn > 1.
(b) Use Proposition 3.7, in conjunction with Theorem 3.4, to conclude that the
(= 1)

power series ) -
R.

(¢) Show that g’(x) = ﬁ for every x € (—1, 1); then, conclude that f(x) =
g(x) forevery x € (—1, 1).

x" defines a differentiable function g : (—1,1) —

4. * Let (an)n>0 be a sequence of real numbers such that |a,| < c¢M", for some
¢, M > 0andevery n > 0.
(a) Use Proposition 3.7 to show that, for every x € (—%, %) the power series
D ons0 g x” n+1 converges.
o) If f, F : ( ,M) — Rare given by f(x) = ¥,_0anx" and F(x) =

D 00 n“+"1x"+l, Theorem 3.4 assures that F/ = f. Use this fact, together

with the Fundamental Theorem of Calculus, to show that

/ Zat”dt Zn+1 nJrl7

n>0

i.e., that we can compute the integral of a function defined by a power series
by termwise integrating the corresponding series.

5. Given u, v € R, with v # 0, let (a,)n>1 be such that ax+2 = uag+1 + vay for

every k > 1. Moreover, assume that the equation x> — ux — v = 0 has real roots’
o and 8.
(a) If @ # B, show that a,, = A" ! 4 Bﬁ"‘l for every n > 1, where A and B
are the solutions of the linear system A+ B=a .
A+ BB =a
(b) If « = B, show that a, = (A 4+ Bn)a~! forn > 1, where A and B are the
solutions of the linear system A+ B=a .
(A+2B)a =ap

6. * For x € R\ Z, we define the integer closest to x, denoted [x], as the single
integer n such that |[x —n| < % In symbols,

1
n_[x]<:>|x—n|<§.

If n > 1 is an integer and d, denotes the number of derangements of /,,, prove
that d,, = [%]

3 Actually, as will be seen in Chap.21—cf. also Problem 6, page 393—such a restriction is
unnecessary.
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3.3 More Examples

In this section, we look at some recursive problems through the eyes of generating
functions. Such examples were chosen with a twofold purpose: on the one hand, to
illustrate the diversity of situations to which the method developed in the previous
two sections can be applied; on the other, to work out some techniques which are
themselves applicable to other relevant settings.

Example 3.12 Compute, with the aid of generating functions, the number of
nonnegative integer solutions to the equation

ay+ay+---+ag=m,

where k and m are given natural numbers.

Solution Note that a; + a> + - -+ + ax = m if and only if x*'x% .. x% = x™.
Therefore, there are as many nonnegative integer solutions (ay, az, ..., a) of the
given equation as there are ways of getting a summand x™ in the product

f@O=0+x+x>+-)A4+x+x>+ ). A4+x+x>+--)
k

(yet in another way, taking x“! in the first factor, x“2 in the second, ..., x% in the
k-th factor, we get x™ in the product). However, for |x| < 1 we have

1 \f 1 k+n—1\
f(x)z(l—x):(l—x)kzz( n )x’

n>0

where, in the last equality, we applied the result of Problem 2 of the previous section.
Hence, the answer to our problem is the coefficient of x” in the above series, i.e.,
(k+’"—1) (in turn, note that this agrees with the result of Problem 9, page 29. O

m

The method of generating functions is particularly useful in the study of
sequences (a,),>0 satisfying recurrence relations more general than those treated
in the previous section. This is the case, for instance, for the sequence (a,),>0
such that ag = 1, ¢y = —1 and a, = —*=L + 2a, 5 for n > 2, since the
coefficients of the recurrence relation are not constant. In this case, the idea is to
consider the corresponding generating function, say f(x) = Y ,.,a,x", and to
follow the sequence of steps delineated below: -

I. To use the initial values and the satisfied recurrence relation to conclude that
the generating function converges on some interval of the form (—r, r), with
r>0.

II. Again with the aid of the initial values and the given recurrence relation, to
perform appropriate operations with the series expansion of f in order to get a
closed form (i.e., a formula) for f(x).
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III. To expand in power series the formula for f(x) obtained in the previous step.

IV. To use the uniqueness of power series representation, given by Corollary 3.6, to
conclude that a, is equal to the coefficient of x” in the power series expansion
of step III.

Note that the steps just described are precisely those which were followed in
Example 3.2, the first having been concluded right after Proposition 3.7. We shall
run through them once more, this time to solve the next example.

Example 3.13 Let (a,)n>0 be the sequence given by ag = 1, a1 = —1 and
anp = A + 2a, 7,
n

for every n > 2. Compute a,, as a function of n.

Solution Let f(x) = ), . anx" be the generating function corresponding to the
given sequence.

Step I:  we shall try to apply the comparison test for power series, as given by
Proposition 3.7. More precisely, assuming that |a,_»| < «"2 and |a,_1| <
o1, it comes from the triangle inequality, together with the given recurrence
relation, that

|an—1l =l

lan] < ==+ 2lan-2| < + 2" 72,

n

. n—1 _ L
Therefore, we shall have |a,| < «" provided "‘n + 2a"2 < o", or, which is
the same,

g—i—2§0{2.
n

Since this last inequality is true for @ = 2 and every n > 2, and since |ag| < 2°
and |a;| < 2!, it follows by induction that |a,| < 2" for every n > 1. Hence,
Proposition 3.7 guarantees that f is defined and is differentiable in the open

: 1 1
interval (—5, 5).

Step II:  writing the given recurrence relation as na, = —a,—1+2na,—3 forn > 2,
we have
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fx) = Znanx”_l =a; + Znanx”_l

n>1 n>2
-1
=a1+ Y (—ap_1 + 2na, 2)x"
n>2
=a| — Zanqx”_l + 2x Znanfzx"_z
n>2 n>2

= a1~ (f(0) —ao) +2x [ D (1= an2x"? +2) " ay2x"

n>2 n>2

=ar +ap— f(x) +2x(f'(x) + 21 (x)).
However, since a; + ag = 0, we get f/(x) = (4x — 1) f(x) + 2xf'(x) or, yet,
Q2x — 1) f'(x) = —(4x — 1) f(x).

In order to integrate (i.e., to find the solutions of) the above differential equation,
note first that f is positive in some interval (—r, r), for some 0 < r < % (this
comes from the fact that f(0) = a9 = 1 > 0 and f, being differentiable, is
continuous, hence has the same sign as f(0) in a suitable neighborhood of 0).
Thus, for |x| < r we can write

flo) _ Ax-t 1
f(x)  2x—1 7 2x—1

and then, for x| < 7 < %,

@)
f@

x 1
= — 2 dt
fo(w—l)

1
=—2x — Elog(l — 2x).

dt

tog /) =log /)] = |

Hence, for |x| < r < % we have

fx) =e (1 —2x)" 12 (3.13)

Step III:  firstly, recall that the power series expansion of e~2* is given by letting
a = —21in (3.8), and is valid in the whole real line:

_oy (—2)%
e 2 =ZTxk.

k>0
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Therefore, for f given as in (3.13) and |x| < r < %, it follows from (3.12) and
Proposition 3.3 that

—2)k 1 /21
fa = Z(k') o ?<I>XI

k>0 ’ >0

1
—
<
+
Il
=

T
I8
p—
2] —

L (=D ;
2 T = Y < ; ) x".
n>0 =0 (n :

Step IV:  comparing the previous expansion with f(x) = ano apx”", we get

n -1
—1)" 21
4m—-DI\1I
=0
O
In order to apply the circle of ideas discussed so far to counting problems of
recursive character, apart from the four steps previously listed one has to execute a
further one, namely: given a combinatorial problem in which one wants to compute,
as a function of n € N, the total number a, of possible configurations, one has
to compute the initial values a, and to get a recurrence relation satisfied by the
sequence (a,),>1. Let us carefully examine a relevant example.

Example 3.14 Compute, as a function of n > 3, the number of distinct ways
of partitioning a convex n-gon into triangles, by drawing diagonals which do not
intersect in the interior of the polygon.

Solution Letting a, be the number of partitions we wish to compute, it is clear that
a3 = 1. To obtain a recurrence relation valid for n > 4, label the vertices of the
n-gon as Ay, Aa, ..., Ay, consecutively and in the counterclockwise sense. There
are two possibilities:

(1) No diagonal departs from Aj: hence, diagonal A A,, must be drawn, so that we
are left to partitioning the convex (n — 1)-gon A>As3 ... A,, with no diagonals
intersecting in its interior. The number of such partitions is, of course, a,_1.

(ii) Diagonal A1 Ay is drawn, for some 3 < k < n — 1, but no diagonal A14;,
with j < k, is drawn: then, the partition of A1 A, ... A, induces partitions with
the stated property in the convex polygons Aj1Az ... Ay and A{AAk+1 ... An;
moreover, in the partition of A1A; ... Ak, no diagonal departs from Aj.
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Conversely, given any partition of A1 A ... A, with no diagonals intersecting in
its interior but some diagonal departing from A1, there exists aunique 3 < k <n—1
such that the partition under consideration comes from exactly one pair of partitions
of AjAy ... Ay and A1 AxAg+1 ... A, as in the previous paragraph.

Now, if k = 3, there is exactly 1 way of partitioning AjA2A3; if 3 < k <
n — 1, then arguing as in item (i) we conclude that there are exactly ax_; ways
of partitioning AjA> ... Ax with no diagonal departing from A;. A simple way of
unifying these possibilities is to set a, = 1, and we shall make this convention
henceforth.

Since there are a,_j42 ways of partitioning AjAxAg+1...A, as desired,
success applications of the multiplicative and additive principles give exactly
ZZ;; ag—1a,—p+2 partitions of type (ii) for A1A; ... A,.

Finally, taking both cases above into account (and recalling that a; = 2), we
obtain the following recurrence relation for a,, with n > 4:

n—1

ap = ap—1+ Zak—lan—k+2
k=3

n
= Z Ak—1an—k+2
k=3

n—1
=3 s,
k=2

For what is to come, it is worth noting that the last expression above also makes
sense for n = 3, and that if we set a; = 0 we can write it as

n
a, = Zakan_kH, Vn>3. (3.14)
k=1

As far as we know, there is no simple way to establish the convergence, in some
open interval centered at 0, of the generating function ), _; a,x" corresponding
to the sequence (a,),>1. Nevertheless, it is not difficult for the reader to convince
himself/herself that the fulfillment of this step is unnecessary if we obtain, in the
end, a positional formula for a, for which )", | a,x™ does converge in some open
interval centered at 0. We shall have more to say on this in a little while.

Back to the analysis of (3.14), note that the right hand side pretty much resembles
formula (3.6) for the coefficients of the product of two convergent power series.
Therefore, setting f(x) = Y _,- a,x", we are led to compute f ()%

o = (St ) (St ) - 35 (2 o)
k>1 >1 n>2 \k+Il=n
n—1 n—1
n>2 \k=1 n>4 \k=1
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Now, (3.14) gives a,—1 = ZZ;II aray—p, so that the computations above give

FOP =) aax" =x ) anx" = x(f(x) = xD).

n>4 n>3

Putting g(x) = ano anp+2x", we get f(x) = ng(x), and it follows from the
equality above that

xte()? = x(xPg(x) —x?) = X (g(x) — 1),
ie., xg(x)? — g(x) + 1 = 0. Thus,
11 —4x 2
2x IRV =y
and the fact that g(0) = a3 = 1 gives
1—v1—4x 2
2x 14+ /1—4x

(Recall that we are assuming that the power series defining f—and, hence, g—
converges in some open interval of the form (—r,r), for a certain r > 0;
therefore, for the square roots above to represent real numbers we may assume—by
diminishing r, if necessary—that r < Zl;-)

Finally, we get from (3.12) and Lemma 3.9 that

1 1/2 ;
g0) = 5- 1—2( . )(—4x>

n>0

1 U2\ gy
—‘amz(n )i

n—1
__ 1 (-1 (Z(n ))( 4y~ 1
n—1

gx) =

gx) =

4n 4l

n>1

1/2(n—-1 1 2
S R M
n\ n—1 n+1\n
n>1 n>0
Hence, letting C,, = #(2”") for n > 0, it follows from x?g(x) = f(x) =
> n=1anx" that
1 [201—2)
an_n—l( n—2 >_Cn_2

forn > 3.
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At this point, rigorously speaking we do not know whether or not the above
formula does solve the problem under consideration, for, in order to obtain
it, we assumed the convergence of the power series ), a,x" in some open
interval centered at 0. Yet in another way, since we cannot guarantee a priori the
convergence of Zn>1 a,x" in some interval of the form (—r, r), with r > 0, the
whole process above is nothing but a heuristic reasoning that made us infer that
C,—2 is, most likely, the correct value for a,. Nevertheless, in order to conclude it
suffices to show that, letting a; = 0, a = 1 and a, = C,,—, for n > 3, we have
an = Y p_; aran—i+1 for every n > 3.

For what is left to do, let us start by showing that the power series ), ., Cyx"
converges in some open interval centered at 0, which is quite easy: since

1 2n - 2n <o _gn
n+1\n/) " \n) ™~

for n > 0, it suffices to apply Proposition 3.7 to conclude that the series converges
in the interval (—3—1, }‘) Thus, letting

g(x) ZZZE:C%XW =:j£: n_l]»(%?)xﬁ

n>0 n>0

and reverting the previous steps, we conclude that

1 — 1 —4x

glx) = o

and, hence, that xg(x)2 — g(x) + 1 = 0. Therefore, letting f(x) = x2g(x), we get

fx) = Z Cpiox" = Zanx"

n>2 n>1

and f(x)? = x(f(x) — x?). Hence,

(Zanx")z = x(Zanx” —xz),

n>1 n>1

an equality that, once expanded, furnishes for n > 3 the desired recurrence relation,

n
an = Zakankarl-
k=1

Thus, this shows that the sequence (a,),>1 such that a, = C,—> forn > 3 is,
indeed, the only solution to our problem. O
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Yet with respect to the previous example, we say that

)
C, = < ”) (3.15)
n+1\n

n > 0, is the n-th Catalan number.* Since a, = C,_», n > 3, satisfies the
recurrence relation (3.14), it is immediate to verify that the sequence (Cj)n>0
satisfies the recurrence relation

n—1

Co=) CiCri1, (3.16)
k=0

which is then known as Catalan’s recurrence relation. Problem 5 brings another
combinatorial situation modeled by Catalan’s recurrence.

We close this chapter by using generating functions to present an alternative
proof to Example 5.27 of [8]. In order to do so, we shall need to recall two analytical
facts, collected below.

Lemma 3.15 The series Zn>1 -7 and Zn>1 )n converge. Moreover,

(— 1)"1 1 1
> 52—2-

n>1

Proof The convergence of the series is quite standard, and can be found in most
Calculus or Introductory Analysis texts (see, for instance, Example 7.39 and
Proposition 7.48 of [8]). For what is left to do, it suffices to observe that, if

1
§ =2 ,>1 3, then

(=11 1 1 1 1 s s
—_— = _— 2 —_— = _ = —_— = _ - = -,
Z n2 Z n2 ]; (2k)2 § 2 k2 S 2 2

n>1 n>1

The proof of the second result we shall need is considerably more refined than
those of the other Calculus results used so far. Therefore, we shall limit ourselves
to state it, referring the interested reader to Theorem 8.2 of [33] or (for a guided
approach) to problem 7 of Section 11.3 of [8].

Lemma 3.16 Assume that the power series ) _,.anx" converges on the interval
(=1, 1). If the number series ), an also converges, then

4 After Eugéne Catalan, Belgian mathematician of the nineteenth century.
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We can finally present the promised example. Apart from some details, we follow
Chapter 17 of [23].

Example 3.17 Let n > 1 be an integer and A = {ay,az,...,a,} be a set of n
positive integers, such that the sums of the elements of any two of its nonempty
subsets are distinct. Prove that

1 1 1
—+ =+ +— <2
a a an
Proof We first claim that it is enough to prove that ) 7 | 7= =< 2.Indeed, this being

the case, let A’ = A U {2V}, with2V > a; + -+ +ay,. The choice of N guarantees
that any two nonempty subsets of A" also have distinct sums of elements, so that

2_<Z%+W52

For what is left to do, if 0 < x < 1, then, in the notations of the paragraph that
precedes Problem 12, page 22, the stated conditions assure that

H(1+x”’) =14+ Y x® <14 ¥/ =

P#SCA j>1

Taking natural logarithms and invoking the result of Problem 3, page 78, we
successively get

k

Zlog(l + x%) < —log(1 — x)
i=1

and
Xk: xai_x2a,-+x3ai_”. <x+x_2+£+...
P 2 3 - 2 3 '
for 0 < x < 1. Dividing both sides above by x, we get the inequality
i a1 x2ai—1 N a1 ~ s x . x_z N
2 3 - 2 3 ’

i=1

which is valid on all of [0, 1).
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Now, fix x € (0, 1) and integrate the last inequality above on the interval (0, x)
to get

ko ox = x t 2
DAL — .. )dt < 1+—-—4+—+---)dt
;/0( st [ (155 )

or, according to Problem 4, page 79,

1 x2a,» x3a,- )C2 x3
—(x— +——~~>§x~|——+—+~~

“q, 2 T3 22 32

k

1

At this point, the simultaneous application of the first part of Lemma 3.15 and
of Lemma 3.16 guarantee that, as x — 1—, the limits of both left and right hand
sides above do exist and can be computed termwise. Hence, by taking those limits,
we conclude that
S i(l_i+i_...> S S B
— ai 22 32 - 22 32

1

Finally, the second part of Lemma 3.15 furnishes

Problems: Sect. 3.3

1. Use generating functions to solve the recurrence a; = 2 and ag+| = ax + (k+1),
fork > 1.

2. The sequence (ay,)x>0 is given by ap = 1 and a,+1 = 2a, +n for n > 0. In order
to compute a, in terms of n, do the following items:

(a) Assuming that @, < «", conclude that a, 1| < atl provided o" (@ — 2) >
n. Then, show that a,, < 3" for every n > 0.
(b) Show that the generating function of (a,),>0 converges in the interval

11 P 1-2x42x2
(—3, 5) and is given by f(x) = %

(c) Find real constants A, B and C such that
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1 —2x + 2x? A B C
= + + .
1-x)21-2x) (1-x)2 1—-x 1-2x

(d) Expand each summand of the right hand side above as a power series to
conclude that a, = 2"t — (n + 1) forn > 0.

3. Given k,m € N, use generating functions to compute the number of integer
solutions of the equation aj +az + - - - +ay = m, suchthata; > 1for1 <i <k.

4. Use generating functions to compute the number of nonnegative integer solutions
of the equation a; + az + a3z + a4 = 20, satisfying a; > 2 and az < 7.

5. A particle moves on the cartesian plane in such a way that from point (a, b) it can
goto either (a+1, b) or (a, b+ 1). Givenn € N, let a, be the number of distinct
ways the particle has to go from A(0, 0) to A, (n, n), without ever touching a
point (x, y) situated above the bisector of odd quadrants (i.e., one such point for
which y > x). In this respect, do the following items:

(a) Let Ag(k, k), with 0 < k < n. Prove that there are exactly aya,_1— distinct
trajectories for the particle in which Ay is the last point (before A,) on the
line y = x.

(b) Conclude that a, = Zz;(l) ara,—1—r and, hence, that a, = C,, forn > 1,
where C,, is the n-th Catalan number.

For the coming problem, the reader may find it convenient to read again the
paragraph that precedes Example 1.15.
6. For n € N, we let a, denote the number of partitions of » in natural summands,
none of which exceeds 3. The purpose of this problem is to compute a, as a
function of n, and to this end do the following items:

(a) Show that, for |x| < 1, one has

0 1
2" = 1—0( —x)(1 —x3)

n>1

(b) Find a, b, ¢, d € R for which

1 B a n b n c n d
1-—x)1=x)1=x3 (1-x3 A-x2 1—-x2 1-—x3

(¢) Conclude that

P +ia+n+ 5. if6]n
L) p dn+ D+, it 2 nbut3 40

=4 L .
(") + 3+ D45, if2fnbut3|n
L)+ tm+ 1), if2,31n
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Let a, count a certain number of configurations in terms of n € N. Up to
this point, we have tried to explicitly compute a,, with the aid of the ordinary
generating function Zn - anx" of the sequence (a,),>0. Nevertheless, there are
some instances in which is more adequate to invoke the exponential generating
function of (a,),>0, i.e., the power series

dp
>
n!

n>0

The remaining problems present a few such situations.

7. As in Example 2.5, let d,, denote the number of distinct derangements of I,,.
The purpose of this problem is to use the exponential generating functions
Y ons2 %x" to compute d, as a function of n. To this end, do the following
items:

(a) Givenintegersn >3 and 1 <k <n — 1, let(ay,...,a,) be a derangement
of {1, 2, ..., n} for which a, = k.

i. If ar = n, prove that there are exactly d,,_» such permutations.
ii. If ax # n, prove that there are exactly d,,—1 such permutations.

(b) Conclude from (a) that dn = (n— 1 (dy—1 +dy—2) forn > 3.

(c) Imposing that dy < kla* for every k < n and some oe > 0, show that d,, <
nla™ if o > 2. Then, conclude that the series Zn>2 Shx" converges on the
interval (—7, i) and, hence, defines a differentiable function f : (—5, i) —
R.

(d) Use the result of (b) to show that (1 — x) f/(x) = x(f(x) + 1).

(e) Since f(0) = %, by taking an adequate real number 0 < r < %, if needed,
we can assume that f(x) > 0 in (—r, r). Conclude that, in (—r, r), one has

d 1
d_log(f(x) +D)=—-1+ 1T
(f) Deduce from (e) that f(x) = —1 + 1~ -e™*.
(g) Use (3.1), (3.8) and Proposition 3.3 to obtain

=X (2 5

n>1 [=0

(h) Finally, compute d,, as a function of n with the aid of (g) and Corollary 3.6.

In the previous problem, the convenience of the use of the exponential
generating function of (d,),>2 was mostly due (cf. item (c)) to the fact that
D onsn Z, x" converges at some interval centered at 0, whereas ), ., dnx" does
not. Nevertheless, in the coming two problems, the involved combinatorics will
compel us to use exponential, instead of ordinary, generating functions.
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8. We want to compute, in terms of n € N, the number s,, of sequences of n terms,
all of which equal to 0, 1, 2 or 3 and having an even number of 0’s. To this end,
do the following items:

(a) Show that

n!
=y "
ag)'ay'az'as!

the sum extending over all nonnegative values of ag, a1, a2, az such that
2a0 + a; +ap +az = n.

(b) Set sp = 1 and conclude that ano nx" is the exponential generating
function of

2 4 2

x X x x 3
fo=(+5+5+ ) +5+5+)"

(c) Show that f(x) = %(64" + %), and hence that s, = %(4” +2).

9. One can also use exponential generating functions to compute the number of
surjective functions between two finite sets (cf. Example 2.6). To this end, given
m,n € N and finite sets A and B such that |[A| = m and |B| = n, do the
following items:

(a) Show that the number of surjections f : A — B is equal to the number of
ways of distributing m distinct objects among » distinct boxes, in such a way
that no box remains empty.

(b) Conclude that the number of surjections f : A — B is given by

I
alas) . ..a,"

the above sum extending over all n-tuples (ay, ..., a,) of positive integers
such thata; + - - - + a, = m.
n

() If glx) = (x + ’;—? + ’g—? + - ) , use the result of Problem 1, page 78, to

show that the term corresponding to x” in the expansion of g is given by

An

Z x4 x%2 X
al! a! a,!’

the above sum extending over all n-tuples (ay, ..., a,) of positive integers
such that a; + - - - + a, = m. Conclude that the number of desired surjective
functions is equal to the coefficient of % in the expansion of g.

(d) Use (3.8) to show that

gx)= ("= D" = Z (Z)(_l)ke(nk)x'

k=0
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Then, expanding e ~®* in power series with the aid of (3.8), conclude from
item (c) that the number of surjections we want to compute is equal to

(—D"(”)(n L
2D



Chapter 4 )
Existence of Configurations e

Generally speaking, Combinatorics deals with two different kinds of problems:
those in which we want to count the number of distinct ways of making a certain
choice and those in which we want to make sure that some configuration does
appear. In order to solve a problem of the first kind above, we employ, among
others, the counting techniques discussed in the previous chapters. For the second
kind of problem, up to this moment we have not developed any idea that could be
systematically used. It is our purpose in this chapter to remedy this state of things. To
this end, we start by discussing the famous pigeonhole’s principle of Dirichlet, along
with several interesting examples. Then we move on to some applications of the
principle of mathematical induction to the existence of configurations. The chapter
continues with the study of partial order relations, exploring Mirsky’s theorem on
the relation between chains and anti-chains. We close the chapter by explaining how,
in some situations, the search for an adequate invariant or a semi-invariant can give
the final outcome of certain seemingly random algorithms.

4.1 Pigeonhole’s Principle

In its simplest version, pigeonhole’s principle, also known as Dirichlet’s princi-
ple,1 can be stated as follows.

Proposition 4.1 (Pigeonhole’s Principle I) If we distribute n pigeons into n — 1
cages (the pigeonholes), then at least one cage will necessarily contain at least two
pigeons.

1 After the German mathematician of the nineteenth century Gustav L. Dirichlet. Actually, we
shall have to wait until Sect. 7.2 (cf. Lemma 7.7) to appreciate the original problem that motivated
Dirichlet to introduce the pigeonhole principle.
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Proof By contraposition, if each one of the n — 1 cages was to contain at most one
pigeon, then we would have at most n — 1 pigeons. O

As naive as it seems, the pigeonhole principle allows us to establish astonishing
consequences, as shown by the coming examples. In all that follows, we shall always
assume that the relation of getting acquainted to someone else is symmetric, i.e., if
A knows B, then B also knows A.

Example 4.2 There are n guests in a party. Show that we can always find two of
them who, within the party, are acquainted with the same number of people.

Proof Firstly, note that each of the n guests is acquainted with at least 0 and at most
n — 1 other ones within the party. Therefore, there are two cases to consider:

(1) Each guest knows at least one other person in the party: take n — 1 rooms,
numbered from 1 to n — 1, and put in room i all of the guests (if any) who
know exactly i other guests. Since we have n — 1 rooms (the pigeonholes)
and n guests (the pigeons), Dirichlet’s principle assures that at least one room
will contain at least two people. By the way we have allocated the guests in
the rooms, these two guests know, within the party, the same number of other
people.

(ii) There exists at least one “guest” who, actually, has no acquaintances within the
party: then, no guest knows all of the other n — 1 people, so that, in this case,
we can number the rooms from O to n — 2 and reason as in (i). Once more,
pigeonhole’s principle guarantees that at least one of the rooms will contain at
least two people. Also as in (i), these two people know, within the party, the
same number of other people.

|

Example 4.3 (IMO Shortlist) Each subset of the set {1, 2, ..., 10} is painted with
one, our of n possible colors. Find the greatest possible value of n for which one
can always find two distinct and nonempty sets A, B C {1, 2, ..., 10}, such that A,
B and A U B are all painted with the same color.

Solution Let X = {1, 2, ..., 10}. Given ten colors Cy, Cy, ..., Cqg, let us paint the
k-element subsets of X with color Cy, for 1 < k < 10. This way, given two distinct
and nonempty subsets A and B of X, there are two possibilities: either A and B
have different numbers of elements, and hence were painted with different colors,
or A and B have the same number of elements; in this second case, A U B has more
elements than A and B, and thus was painted with a color different from that of A
and B. Therefore, we conclude that n < 9.
Now, take only nine colors, and let A; = {1, ...,i} for 1 <i < 10. Since

Al CAy C---CApo

is a chain of ten distinct and nonempty subsets of X (the pigeons) but we have
only nine colors (the pigeonholes), Dirichlet’s principle assures the existence of
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indices 1 <i < j < 10 such that A; and A; are painted with a single color. Since
A;jUA; = Aj,itsuffices to let A; = A and A; = B to fulfill the stated conditions.
Thus, the largest possible value of n is 9. O

There are several interesting generalizations of the pigeonhole principle, and the
coming result collects the one who is probably the most important of them. For what
is to come, recall (cf. the paragraph preceding Problem 7, page 41) that the integer
part of a real number x, denoted |x |, is the greatest integer which is less than or
equal to x. Thus, if |[x| = n € Z,thenn < x < n + 1. It is frequently useful to
write down such inequalities as

Ix] <x < |x]+1. 4.1)

Proposition 4.4 (Pigeonhole’s Principle II) If n pigeons are distributed among k

different cages, then at least one cage will contain at least "k;IJ + 1 pigeons.

Proof Arguing once more by contraposition, let us suppose that each of the k cages
contains at most VT_lJ pigeons. Then, altogether we have at most k L”k;lJ pigeons,
and it suffices to note that, by the left inequality in (4.1),

k n—1 <k n-1 =n—1<n.
k k

Let us examine a few other examples.

Example 4.5 Prove that, in any group of twenty people, at least three of them were
born in the same day of the week.

Proof Let the twenty people be the pigeons and the 7 days of the week be the cages.
Then, associate a person to a day of the week if he/she was born in that day. The
second version of the pigeonhole principle guarantees that at least one cage will

contain at least L%J + 1 = 3 people. Thus, these three people were born in the

same day of the week. O

Example 4.6 (Leningrad”) Each 1 x 1 square of a 5 x 41 chessboard is painted
either red or blue. Prove that it is possible to choose three lines and three columns
of the chessboard so that the nine 1 x 1 squares into which they intersect are painted
with the same color.

Proof Since we have used only two colors, the second version of the pigeonhole
principle implies that, in each column (of five 1 x 1 squares), one of the two colors
must occur at least L%J + 1 = 3 times. Call such a color dominant and, for each

ZFormer name of the Russian city of Saint Petersburg.
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of the 41 columns, take note of its dominant color. Since one out of the two colors
dominates in each of the 41 columns, by invoking once more the second version of
the pigeonhole principle we conclude that one of the two colors is the dominant one
in at least L‘%J + 1 = 21 columns. Assume, without loss of generality, that such
a color is red, and call a column as red if red is its dominant color. Then, choose 21
red columns and, in each of them, choose three 1 x 1 red squares.

Notice that there are exactly (g) = 10 possible ways of choosing three of the
five 1 x 1 squares of each column. Therefore, out of the 21 red columns (and once
again from the second version of the pigeonhole principle), the three 1 x 1 chosen

red squares occupy exactly the same positions in at least L%J 4+ 1 = 3 columns.

In other words, we have at least three columns having 1 x 1 red squares in the
same set of three lines, and this is exactly what we were asked to prove. O

The next example uses an obvious generalization of the pigeonhole principle
for the case in which we have a finite number of cages and an infinite number of
pigeons.

Example 4.7 (Bosnia) A set A of natural numbers is said to be good if, for some
n € N, the equation x — y = n has infinitely many solutions (x, y) with x, y € A.
IfN=A;UA>U---U Ajg, prove that at least one of the sets A; is good.

Proof By the first version of Dirichlet’s principle, out of each set of 101 natural
numbers (the pigeons), at least two will belong to a single one of the 100 sets Aj,
Az, ..., Aqgo (the cages). In particular, for each k € N, at least two of the 101 natural
numbers 101(k — 1) + 1, 101(k — 1) + 2, ..., 101k, which we shall call x; and yx,
belong to a single one of the 100 sets Aq, Az, ..., Aigo.

Assume, without loss of generality, that x; > y; for each k. This way, we
obtain infinitely many pairs x; > y1, xo > y3, ...of natural numbers satisfying
the following conditions:

(i) the two numbers in each pair are in one of the sets Ay, Az, ..., A100;
(1) 1 < xx — yxr <100 for each k > 1;
(iil) i > j=x >y >xj > Y.

Looking at the integers k > 1 as the pigeons and at the 100 sets A1, Aa, ..., A100
as the cages, we conclude (by the obvious generalization of the pigeonhole principle
alluded to above) that there exist an index 1 < m < 100 and an infinite set B C N
such that

i €B=xi,yi €Ay
We claim that A, is a good set. Indeed, since x; — y; € {1,2,3,..., 100} for
each i € B, a further application of the obvious generalization of the pigeonhole
principle guarantees the existence of an integer | < n < 100 and an infinite set

C C B such that

ieC=xi—y =n.
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However, since i € C = x;,y; € Ay, we conclude from (iii) that the equation
x — y = n admits infinitely many solutions in A,,. O

As our next application of Dirichlet’s principle, we shall prove a particular case
of a famous result of the Hungarian mathematicians Paul Erdos and Esther Szekeres
(cf. [15]), which is known in mathematical literature as Erdos-Szekeres theorem
(for another proof of it, see Sect. 4.3).

Example 4.8 (Erdis-Szekeres) Out of any sequence of n” + 1 distinct real numbers,
one can always find a monotone subsequence of at least n + 1 terms.

Proof Let A = {x1,x2,...,x,24} be the set whose elements are the n? + 1
terms of the given sequence, and assume that the given sequence does not possess
any increasing subsequence with at least n 4+ 1 terms. Then, every increasing
subsequence starting at a certain x € A has at most n terms. Define

f:A—=>{1,2,...,n}
by letting f(x) = size of the largest increasing subsequence of the given sequence,

starting at x. Since A has n? + 1 elements, the pigeonhole principle guarantees that
we should have at least

2
H-1
{uJ Cl=nil
n
elements of A with the same image, say x;,, xi,, ..., Xj,,, With iy < i < --- <

int1. If xi; < xj forsome 1 < j <l <n+ 1, we would have f(x;;) > f(x;), for
we could enlarge an increasing sequence starting at x;, by placing x;; before it. But
since f (xij) > f(x;,) is impossible, we conclude that

Xip > Xijp > =+ >x,-"+1.

Thus, we have found a decreasing subsequence of n + 1 terms. O

We end this section by presenting four additional examples which illustrate the
wide versatility of applications of Dirichlet’s principle.

Example 4.9 (South Korea) For each positive integer m, prove that there exist
integers a and b such that |a|, |b| < m and

1++2

O<a+bx/§§
m+2

Proof Let A be the set of positive reals of the form a +b+/2, with 0 < a, b < m and
a and b not both equal to 0. Since x| + y1\/§ =x2+ yzﬁ, with x1, x2, y1, 2 € Z,
implies x; = x7 and y; = y», we conclude, with the aid of the fundamental principle
of counting, that A has exactly (m + 1)> — 1 = m? + 2m elements, the largest one
being m(1 + +/2).
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Leta = 1;;/22 and I; = ((j — Do, ja], with1 < j < m? + 2m. The union of

the I;’s is the interval (0, m(1 + +/2)], which contains A. If one of the elements of
A belongs to I, there is nothing left to do. Otherwise, there will be left m24+2m—1
intervals to contain all m? + 2m elements of A, and the Dirichlet principle assures
that at least one of these intervals, say Ii, contains at least two elements of A, say
X1+ )1 /2 and x» + yzﬁ, with x1 + y; V2 <xo+ y2\/§. Now, since I; has length
a, we get

0< (x2—x1) 4+ (2 —yDV2= (2 4+ »v2) — (x1 + 11V2) < a.

Finally, noticing that |x, — x1|, |y2 — y1| < m, we conclude that it suffices to let
a=xy—xiand b = y; — y;. m]

The next example uses the existence part of the Fundamental Theorem of
Arithmetic (Theorem 6.43), together with the notation of congruence modulo 2
(cf. Example 2.21).

Example 4.10 (IMO) Let A be a set of 1985 positive integers, none of which has
a prime divisor larger than 26. Show that it is possible to find four elements of A
whose product is a fourth perfect power.

Proof The given conditions assure that every x € A is of the form x =
2%1x302c  23% with ay, a2, ..., a9 € Z. Modulo 2, the number of distinct
9-tuples («p, ..., a9) is equal to 29 =512 (for each exponent «;, is either odd or
even). Since 1985 > 512, pigeonhole’s principle assures that we can choose x1, y| €
A such that oy, = a4y, (mod2) for 1 <i < 9. Hence, oy, + @;y, = 0(mod2) for
1 <i < 9,sothat x1y; = z%, for some z; € N. Since 1985 — 2 > 512, by
invoking Dirichlet’s principle once more, we can choose x2, y» € A\ {x1, y1} such
that xpy2 = z%, for some z» € N. Continuing this way, we obtain pairwise distinct

elements x1, y1, X2, ¥2, ..., X513, 513 € A, with x;y; = z? for some z; € N and
every 1 <i <513.
Now, since the prime factorisations of z1, z2, .. ., 513 also contain only primes

less than 26 and 513 > 512, an additional application of the pigeonhole principle
guarantees the existence of indices 1 < k <[ < 513 such that z;z; = w2, for some
w € N. Hence,

2.2 2 2\2 4
XeYeXiyr = 232 = (zrz)” = (w)” = w".

0

Example 4.11 (IMO) Let x1, x3, ..., X, be real numbers for which x12 +x§ +- 4
x,% = 1. Prove that, for every integer k > 2, there exist integers ay, az, ..., a, such
that at least one of which is nonzero, |a;| <k — 1for1 <i <n and

(k— Dy

laixi +azxxa + - - + apXy| < 1
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Proof Firstly, if (ay, az, ..., a,) is one of the k" sequences of integers satisfying
0 <a; <k—1forl <i < n, then Cauchy’s inequality (cf. Section 5.2 of [8], for
instance) gives

n n

‘Za,x]‘ ( ajz)l/z(. x%)lﬂf(k—l)\/ﬁ.

Jj=1 Jj=1

Now, subdivide interval [0, (k — 1)4/n] into k" — 1 disjoint subintervals,
(k—D)y/n

each of which having length —7={=. Since there exist k" distinct sequences
(ay,aa, ..., ap) of integers, pigeonhole’s principle guarantees that at least two of
such sequences, say (b1, by, ..., b,) and (cy1, 2, ..., ¢;), are such that both of the
sums Z?:l b;x; and ZL] cix; belong to a single one of those k£ — 1 subintervals.
Hence,

)Z(b —cj)x/’—‘Zb xXj— ZCJ J‘ (kk:i)\/_

and it sufficestoleta; = b; —c¢; for1 <i <n. O

Our final example is a problem with two parts, in which only the easiest one
makes use of Dirichlet’s principle. Nevertheless, insight from such a use gives a
valuable clue for an effective approach to the second part.

Example 4.12 (EKMC) Let k > 3 and n be integers such that n > (];) Prove that if
a;, b;, ¢; (1 <i < n) are 3n distinct real numbers, then one can find at least k + 1
distinct numbers among the 3n sums a; + b;, a; + ci, b; + c¢;. Show also that this
claim is not necessarily true if n = (];)

Proof By contradiction, assume that we have at most k distinct numbers among the
3n sums a; + b;, a; + ¢;, bj + ci, say x1, X2, ..., Xk.

Since a; + b;, a; + ¢; and b; + ¢; are pairwise distinct, (lé) is the number of
3-element subsets of {x{,x>,...,xx} and n > (l;), we conclude that there exist
1 <i < j < n for which

{ai +bi,ai +ci,bi +ci} ={aj +bj,aj+cj, bj+cj}

But it is not difficult to verify that such an equality would imply that at least one
element of {a;, b;, c;} would be equal to at least one element of {a;, b;, c;}, which
is an absurd.

For a counterexample when n = (g) we want to have only & distinct numbers
among the 3n numbers a; + b;, a; + ¢;, bj + c;, even though the 3n numbers q;,
b;, c; are still pairwise distinct. To this end, first note that, by arbitrarily choosing k
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distinct real numbers x1, x2, . .., X, we can formn = (’;) subsets of {x1, x2, ..., x¢},
of three elements each, and choose an arbitrary bijection between the sets

k

{ai +bi,a;+c,bi+c; 1 <i<n= <3>}

and
X +xs+x; 1 <r<s<t=<kh

Once we have done that, we would have, for 1 <i < j <n,

a; + b; = Xo;, ai +¢i =Xxp;, b; + ¢ = Xy,
and

aj+b; = Xaj, aj+cj=xp;, bj+cj=xy,

where 1 < a;, aj, Bi, Bj, i, ¥j < k are such that «;, B;, y; are pairwise distinct,
the same happening with «;, 8;, ;.

Facing each of the two 3-tuples of equalities above as a linear system of
equations, we can compute a;, b;, ¢; (resp. aj, bj, c¢;) in terms of xy,, xg;, x,, (resp.
Xajs XBjs xy,.), getting three distinct numbers in each case (for x;, xg;, X),—resp.
Xaj» XpBjs Xy;—are pairwise distinct).

Therefore, the central point to the construction of a counterexample is that we
ought to have

{ai,bi,ciyN{aj,bj,cj} =0
or, which is the same,
{Xa; +xp; — Xy;s Xy + Xy, — Xy, X + Xy — Xy}
and
{Xa; +Xp; = Xy, Xa; + Xy — Xp;, Xp; + Xy, — Yo}
to be disjoint.
It is thus enough to show that it is possible to choose x1, x2, ..., x; in such a way

that

Xp+Xg — Xt F Xy + Xy — Xy
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whenever r, s, t and u, v, w are two 3-tuples of distinct integers of the interval [1, k],
with {r, s, t} # {u, v, w}. Since we may have r € {u, v} or w € {r, s}, a possible
choice is to take

xi=2l x=2% x3=2°,..., x =221

The uniqueness of binary representation of naturals (cf. Section 4.1 of [8], for
instance) assures that the above conditions will be satisfied, even if we have
t € {u,v}orw e {r,s}. O

Problems: Sect. 4.1

1. We mark at random five points inside a square of side length 2. Show that it is
always possible to find two of these five points whose distance from one another
is at most /2.

2. Show that if we choose 800 points inside a cube of edge length 10, at least one
of the line segments determined by two of these points will have length less
than 2.

3. Letx € R and n be an integer greater than 1. Show that, among the numbers x,
2x, ..., (n — 1)x, there is at least one whose distance from an integer is at most

n’
The coming problem brings yet another useful version of the pigeonhole

principle. In words, it says that at least one of a number of given pigeonholes
will contain at least as much pigeons as their average value.

4. * We are given n pigeonholes and a positive integer m. We place a; pigeons in
the first pigeonhole, a; pigeons in the second, ..., a, pigeons in the n-th. If

a+ar+--+ay
n

> (resp. >)m,

prove that at least one of the pigeonholes will contain at least, m (resp. m + 1)
pigeons.

5. The natural numbers from 1 to 15 are distributed around a circle. Show that it
is always possible to find five consecutive numbers whose sum is greater than
or equal to 40.

6. We are given two equal disks A and B, each of which is divided into 200 equal
sectors, which, in turn, are painted either black or white. In disk A, there are
100 white sectors and 100 black sectors, in an unknown order. In disk B, we do
not know how many sectors are white. Prove that it is possible to place disk A
directly above disk B in such a way that at least 100 sectors of disk A lie above
sectors of disk B, whose colors match theirs.
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11.

12.

13.

14.

15.

16.

17.

18.

19.
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The next eight problems use elementary facts on the notion of divisibility of
integers. Before trying to solve them, the reader might find it convenient to run
through the statements of the definitions and results of Chap. 6.

Prove that in any set of 52 integers, there exist at least two whose sum or
difference is a multiple of 100.

. Prove that every natural number has a nonzero multiple whose decimal

representation contains solely the digits 0 and 1.
(TT) Prove that every natural number has a multiple whose sum of digits is odd.

. Show? that, if @ and n are relatively prime natural numbers, then at least one of

the numbers a, a2, . .., a"~! leaves remainder 1 upon division by 7.

We are given a set A = {aj,az,...,a,}, of n > 1 positive integers. Prove
that there exist natural numbers k and [ such that 1 < k <[ < n and the sum
ar + ag+1 + - - - + a; is a multiple of n.

Show that, by arbitrarily choosing n + 1 elements from /,, we shall necessarily
choose two such that one divides the other.

(Iran) Let A be a set of 33 natural numbers, each of which has all of its prime
factors among the prime numbers 2, 3, 5, 7, 11. Prove that there exist two
distinct elements of A whose product is a perfect square.

(Russia) We have chosen 15 pairwise relatively prime elements from the set
{1,2,...,1998}. Prove that at least one of the 15 chosen elements is necessarily
a prime number.

Given a set A of ten positive integers of two digits each, prove that it is always
possible to obtain two nonempty disjoint subsets of A having the same sum of
elements.

(India) A set of real numbers is free of sums provided no two of its elements
(not necessarily distinct) are such that their sum equals another element of the
set. Find the greatest number of elements that a free of sums set may have,
knowing that it is a subsetof A = {1,2,3,...,2n + 1}.

Show that, by choosing n + 1 elements from the set {1, 2, ..., 3n}, we have
necessarily chosen two elements x and y such that xy 4+ 1 or 4xy + 1 is a
perfect square.

For each positive integer n, find the least positive integer f(n) such that, for
every partition of the set {1, 2, ..., f(n)} into n sets, there exist integers a > 0
and 1 < x <y for whicha + x,a + y and a 4+ x + y all belong to a single one
of the n sets of the partition.

(USA)

(a) Each 1 x 1 square of a 3 x 7 chessboard is painted either white or black.
Prove that, independently of the way we have painted the squares, there
will always be four squares of the same color, which are the corner squares
of a rectangle with sides parallel to those of the chessboard.

3Let ¢(n) denote expression (2.7), deduced at Problem 6, page 40, and let a € 7 be relatively
prime with 7. In Sect. 10.2, we shall prove a theorem of L. Euler which assures that a?? always
leave remainder 1 upon division by n (in the language of Sect.2.3, a*™ = 1(mod n)).
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(b) Exhibit a way of painting the squares of a 4 x 6 chessboard so that the
condition of item (a) is never satisfied.

20. (IMO) Seventeen people discuss one of three possible subjects by letter. More
precisely, each two of the seventeen people exchange a letter in which exactly
one of the three possible subjects is touched upon. Prove that there are three of
them who exchange letters on the same subject.

4.2 Induction and Existence of Configurations

In this section, we examine some examples that illustrate how mathematical
induction can be used, in combinatorial situations, to establish the existence of
configurations possessing certain properties. We assume from the reader a thorough
acquaintance with the principle of induction, referring to Section 4.1 of [8] for
an elementary exposition of the necessary background. In particular, most often
we shall not write formal inductive proofs, i.e., sometimes initial cases will not be
checked and induction hypotheses will not be explicitly stated.

Example 4.13 (Germany) Given n € N, prove that one can assemble a square of
side length 2" by using one square piece of side length 1 and several L-triminoes,
i.e., pieces of the shape below, where each small square has side length equal to 1:

Proof We shall use induction on n to show that each square of side length 2" can be
assembled as required, with the square piece of side length 1 occupying a corner of
the 2" x 2" square.

For n = 1, the assembling is immediate, as shown in the figure below:

By induction hypothesis, assume that every square of side length 2¢ can be
assembled as prescribed. For the inductive step, take a 2Kt x 2K+1 square and
divide it into four squares of side length 2%, as shown in the figure below. Then,
place an L-trimino in the center of the larger square, so that it occupies one square
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of side length 1 in three of the four squares of side length 2%, Finally, place the 1 x 1
square piece in the corner of the 2f+1 x 25*1 square that belongs to the square of
side length 2% which was not intersected by the L-trimino already placed.

The placement of these two pieces has the effect of letting each of the four
squares of side length 2% with exactly one corner occupied by a square piece of
side length 1. Hence, induction hypothesis assures that we can finish the assembling
of each one of these four squares by using L-triminoes only, and taking these lets us
conclude that the same is true for the 2K+1 x 2K+1 square (with the square piece of
side length 1 placed in one of its corners). O

As one should expect, the coming example shows that, sometimes, strong
induction is in force.

Example 4.14 (Leningrad) List all nonempty subsets of the set {1, 2, ..., n} which
do not contain consecutive elements. For each one of them, compute the square of
the product of its elements. Prove that the sum of all of these numbers is equal to
(n+1D!'—-1.

Proof As was anticipated above, we shall make strong induction on n > 1.

If n = 1, the only nonempty subset of {1} is itself, so that the required sum is
1=21-1

By induction hypothesis, suppose that, for 1 < n < k, the desired sum is equal
to (n + 1)! — 1. Now, notice that the nonempty subsets of {1, 2, ..., k 4+ 1} without
consecutive elements can be divided in two categories:

(1) the nonempty subsets of {1, 2, ..., k} without consecutive elements;
(ii) the sets of the form A U{k + 1}, where A is a subset of {1, 2, ..., k — 1} without
consecutive elements.

The induction hypothesis guarantees that the sum of the squares of the products
of the elements of the sets of type (i) equals (k + 1)! — 1, while that of the sets of
type (ii) equals (k 4+ 1)2(k! — 1) + (k 4+ 1)? (the summand (k 4 1)? corresponding
totheset {k + 1} =0 U {k + 1}).
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Hence, the sum of the squares of the products of the elements of all desired
subsets of {1, 2, ...,k + 1} equals

Gk+DI =14+ *(+ D>k = D)+ (k+1*=
=k+D! =14 *k+ 1>k
= (k+ D! = 1+ k+ DIk + 1)
=k+DI(k+2)—1
=k+2)!—1.

O

We now give two examples that show that an inductive argument can compose
just part of the analysis of a certain combinatorial situation.

Example 4.15 (Russia) Letn > 1 be an odd integer. In open field, n children are so
positioned that, for each one of them, the distances to the other n — 1 children are
pairwise distinct. Each child has a water pistol and, at the sound of a whistle, fires
at the child closest to him/her. Show that at least one child will remain dry.

Proof Firstly, let us look at the case n = 3. Let A, B and C be the children and
assume, without loss of generality, that AB < BC < AC. Then, A fires at B and B
at A, so that C remains dry.

Now, assume that whenever 2k — 1 children (k > 1) are positioned in open field
as prescribed in the statement of the problem, at least one of them remains dry. We
then consider 2k + 1 children, also positioned as required by the problem. Since the
distances between pairs of children are pairwise distinct, there exist two children,
say A and B, such that the distance between them is the smallest one of all distances
between two of the given children. Thus, A fires at B and vice-versa. Discarding A
and B, we are left with 2k — 1 children, and there are two distinct possibilities:

(i) One of these 2k — 1 children fires at A or B: in this case, at most 2k — 2 shots
are fired towards some of the remaining 2k — 1 children (except A and B). By
the pigeonhole principle, at least one of them remains dry.

(i) None of the remaining 2k — 1 children fires at A or B: by induction hypothesis,
at least one of these 2k — 1 children remains dry.
O

Example 4.16 (IMO Shortlist) We wish to write one of the numbers 0, 1 or 2 in
each entry of a table of 19 lines and 86 columns, in such a way that the following
conditions are satisfied:

(a) Each column has exactly k zeros.
(b) For any two chosen columns, there exists a line such that the two entries of this
line situated at the chosen columns are, in some order, equal to 1 and 2.

Find all values of k for which this is possible.
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Solution We say that a set of m lines distinguishes n columns if, for any choice of
two of these n columns, it is possible to choose one of the m lines in such a way that
the entries of this line situated in the two chosen columns are equal to 1 and 2, in
some order.

We claim that m lines distinguish at most 2" columns. Indeed, it is clear that
a single line can distinguish at most two columns. Now, assume that j lines
distinguish at most 2/ columns. Then, since a single line distinguishes at most
two columns, j + 1 lines will distinguish at most two groups of 2/ columns (the
distinction made by the (j + 1)-th line between the two groups of 2/ columns is a
permutation of the pattern

11...122...2.
—— ——

27 27

Hence, j + 1 lines will distinguish at most 2/ + 2/ = 2/+1 columns.

Back to the given table, since 86 > 26, the above claim assures that we need
at least 7 lines to distinguish all of the 86 columns. On the other hand, 7 lines will
suffice, for 86 < 27. Actually, it suffices to choose 86 distinct sequences of 7 terms,
each of which equal to 1 or 2, and fulfill the first 7 lines with the terms of these 86
sequences. The remaining lines can be randomly fulfilled.

Therefore, we must have 0 < k <19 — 7 = 12. a

For the coming example, recall that, givenn € N, welet I, = {1, 2, ..., n}. Also
recall that, given sets A and B, their symmetric difference AAB is given by

AAB = (AUB)\ (AN B).

Example 4.17 (Argentina) Given n € N, let P, be the family of all subsets of . If
f : Py — I, is any function, show that there exist distinct A, B € P, and such that

f(A) = f(B) = max(AAB).
Proof Forn =1, we have f : {4, {1}} — {1} and @ A{1} = {1}, so that

f@) = f({1}) =1 =max({1}).

Suppose that the statement is true for n = k, and take a function f : Pry; —
Ii+1. There are two cases to consider:

(1) f maps all sets in Pk to elements of I;: in this case, it suffices to apply the
induction hypothesis to the restriction of f to .

(ii) There exists A € Py such that f(A) = k + 1: let F C Pi41 be the family of
the elements of Py containing k + 1, i.e.,

F={XUlk+1}; X € P}.
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‘We look at two subcases:

* there exists B € F such that f(B) = k+ 1:then,k + 1 € B\ A, so that
A#B,k+1€e€ AAB and

f(A) = f(B) =k+ 1 = max(AAB).

* f maps Finto [:let g : Py — Iy be given by setting g(X) = f(XU{k+1}),
for every X € Py. By induction hypothesis, there exist distinct A’, B’ € P,
such that

g(A)) = g(B') = max(A’AB).

Since (A'U{k+1}) A(B'U{k+1}) = A’ AB’, we conclude that f(A’U{k+1})
and f (B’ U {k + 1}) are both equal to max ((A/ Uk +1DAB U {k+ 1})),
with A’ U {k + 1} # B' U {k + 1).

O

We finish this section by revisiting Problem 17, page 31, this time with the aid of
mathematical induction.

Example 4.18 (Saint Petersburg—Adapted) We are given 2n + 1 points on a circle,
such that no two of them are the endpoints of a diameter. Prove that, among all
triangles having three of the given points as their vertices, at most

%n(n +D@2n+1)

of them are acute.

Proof For n = 1 there is nothing to do, since three points on a circle determine
exactly one triangle.

By induction hypothesis, assume that the problem is true when n = k — 1, for
some integer k > 2. Then, let n = k, so that we have 2k 4+ 1 points on the circle.
Out of them, take all pairs of points such that the chord joining them leaves k points
in one arc and k — 1 points in the other arc of the circle. Among all such pairs of
points, let A and B be two such that AB is at minimum distance from the center O
of the circle (if there is more than one pair of points with this property, choose any
one of them).

Now, there are three kinds of acute triangles having vertices at three of the 2k 4 1
given points:

(i) Those having A and B as two of their vertices: since O must belong to the
interior of such a triangle, and A B leaves k points at one side and k — 1 points
at the other side, there are at most k such triangles.

(i) Those having A or B, but not both of them, as one of their vertices: let C and
D be the other two vertices of such an acute triangle (so that the third one is
either A or B). We consider two subcases:
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e (C and D are at the same side of AB: if AC D was to be acute, then AC or
AD would leave B and O at different half-planes. In turn, this would assure
that the distance from AC or AD to O would be less than the distance of
AB to O, thus contradicting our choice of A and B. Therefore, AC D is not
acute and, accordingly, the same is true of BCD.

e (C and D are in opposite sides with respect to AB: since AC BD is convex,
at most one of the triangles AC D or BC D contains the center O, and hence
at most one of such triangles is acute. On the other hand, by the choice of A
and B the set {C, D} can be chosen in exactly k(k — 1) ways, and this is the
largest possible number of acute triangles of this kind.

(iii)) Those having neither A nor B as one of their vertices: by induction hypothesis,
there are at most é(k — D)k(2k — 1) such triangles.

Adding the contributions of the three cases above, we conclude that the number
of acute triangles having its vertices at three of the 2k + 1 given points is at most

k+k(k—1)+ é(k — DkQk—1) = ék(k—i- 2k + 1).

Problems: Sect. 4.2

1. (India) Prove that, for every n > 6, every square can be partitioned into n other
squares.

2. (Brazil) Given a natural number n > 1, we write a real number of modulus less
than 1 in each cell of an n x n chessboard, in such a way that the sum of the
numbers written in the four cells of any 2 x 2 square is equal to 0. If n is odd,
show that the sum of the numbers written in the n? cells is less than 7.

3. (TT) Point O is situated in the interior of the convex polygon A1A;...A,.
Consider all of the angles ZA; O A}, with distinct 1 < i, j < n. Prove that at
least n — 1 of them are not acute.

4. (TT) In a convex polygon P some diagonals were drawn, such that no two of
them intersect in the interior of P. Show that there are at least two vertices of P
such that none of the traced diagonals is incident to none of these two vertices.

5. (Hungary) In an n x n chessboard we have a certain number of towers (at most
one tower for each 1 x 1 square). A tower can move from one square to another
if and only if these two squares belong to a single line or column of the board
and there are no other towers in between. On the other hand, if two towers
belong to a single line or column and there are no other towers in between, then
we say that any of these towers can atfack the other. Prove that one can paint the
towers with one of three colors in such a way that no tower can attack another
tower of the same color.
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We are given n distinct lines in the plane. Prove that it is possible to paint the
regions into which these lines divide the plane of black or white, so that if two
regions share a common edge, then they have distinct colors.

(TT) Each square of a chessboard is painted either red or blue. Prove that the
squares of one of these two colors are such that a chess queen can move through
all of them (possibly passing more than once through one or more of the 1 x 1
squares of this color), without visiting a single square of the other color. We
recall that a chess queen can move an arbitrary number of squares along any
line, column or diagonal of the chessboard.

We are given n points in the plane, not all of which being collinear. Prove that:

(a) There exists at least one line that passes through exactly two of these n
points.
(b) The n points determine at least n distinct lines.

The result of item (a) is known as the Sylvester-Gallai theorem,* while that of
item (b) is due to Erdos and de Bruijn.5

In the plane we are given 2n points in general position, i.e., such that no three
of them are collinear. If n of the given points are blue and the other n are red,
prove that it always possible to draw n line segments satisfying the following
conditions:

(a) Each line segment joins a blue point to a red point.
(b) They do not intersect each other.

(OCS) Prove that, given a positive integer n, there exists another positive integer
k, with the following property: given any set of &, points in space, no four of
them being coplanar, and associating an integer number from 1 to n to each line
segment joining two of these k, points, one necessarily gets a triangle having
vertices at three of the k, points and such that the numbers associated to its
sides are all equal.

4.3 Partially Ordered Sets

This short section discusses a few facts on partially ordered sets, focusing on the
theorems of Mirsky® (cf. [30]) and Dilworth” (cf. [14]). As a corollary of Mirsky’s
theorem, we obtain another proof of Erdos-Szekeres theorem. Dilworth’s theorem,
in turn, will be applied to Graph Theory in Problem 25, page 134.

4James Sylvester, English mathematician, and Tibor Gallai, Hungarian mathematician, both of the
twentieth century.

SNicolaas de Bruijn, Dutch mathematician of the twentieth century.

6 After Leon Mirsky, Russian mathematician of the twentieth century.

7 After Robert Dilworth, American mathematician of the twentieth century.
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We start by presenting the concept of partially ordered set, together with some
examples. In the coming definition, < denotes a relation on the set A, i.e., a subset
of the cartesian product A x A.

Definition 4.19 We say that a nonempty set A is partially ordered by <, or that
(A, <) is a partially ordered set, if the following conditions are satisfied, for all
a,beA:

(a) (Reflexivity) a < a.
(b) (Antisymmetry)a <band b <a = a =b.
(c) (Transitivity)a <band b <c=a <c.

In this case, we also say that < is a partial order relation in A.

In the notations of the previous definition, < must be thought of as a way of
comparing elements of A. This being said, note that we are not demanding that <
provides a way of comparing any two elements of A; in other words, it may well
happen that there exist a,b € A suchthata £ band b £ a (i.e., such thata < b
and b < a are both false). If this is so, then we say that a and b are incomparable
(via <); otherwise, a and b are said to be comparable.

If < is a partial order relation on A for which any two elements of A are
comparable, we say that < is a total order relation, or simply a total order. We
also say that (A, <) is a totally ordered set.

It is time that we take a look at a few relevant examples of order relations. We
refer to Problem 1 for details.

Example 4.20

(a) The set of real numbers is totally ordered by the order relation <, defined by
a <X b & a < b. In this case, we say that < is the usual order in R.

(b) Let X be a nonempty set and F = P(X) be the family of all subsets of X. For
Y,Z e F(Ge,Y,Z C X),wedefineY < Z < Y C Z. It is immediate to
verify that (F, <) is a partially ordered set, which is usually denoted simply by
writing (P(X), C). In this case, we say that C is the inclusion relation in X.

(¢c) Given a, b € N, recall that a | b (one reads “a divides b”) if there exists ¢ € N
such that b = ac. Letting < be defined on Nbya < b < a | b, it is also
straightforward that (N, <) is a partially ordered set. In view of this example,
one frequently says that N is partially ordered by the divisibility relation.

(d) Let A be a nonempty set partially ordered by <. If B C A is nonempty, the
restriction of < to elements of B turns it into another partially ordered set. In
this case, we say that B is partially ordered by the order relation induced from
A.

If (A, x) is a partially ordered set and a, b € A, we write a < b to mean that
a <X b and a # b. As we indicated before, we write a Z b to mean thata < b is
false. For what we have in mind, the coming definition is central.
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Definition 4.21 Let A be a nonempty set ordered by <. With respect to <, a
nonempty subset B of A is:

(a) A chain if, for every a, b € B, we have eithera < borb < a.
(b) An antichain if, for every a, b € B, wehavea Zband b £ a.

In words (and in the above notations), B is a chain if, furnished with the order
relation induced from A, is a totally ordered set. On the other hand, B is an antichain
if any two of its elements are incomparable by <.

Example 4.22 Let N be partially ordered by the divisibility relation. Letting P =
{2,3,5,7,11, ...} denote the set of prime numbers, it will be proved in Sect. 6.3
that P is infinite. Thus, P is an infinite antichain on N, whereas {2,2-3,2-3-5,...}
is an infinite chain.

Example 4.23 If X = {aj,as,...,ay,} is a set with m elements, then, ordering
F = P(X) with respect to inclusion, the family

g = {wa {a1}5 {ala02}7{01’02,a3}-~-’{al»azv--wam}}

is a chain. Actually, F does not contain longer chains. In order to prove this assume,
by the sake of contradiction, that

C={A|CAyC...CAus}

is a chain on F, formed by m + 2 distinct subsets of X. Then, since |A;| €
{0,1,2,...,m} for 1 < i < m + 2, the pigeonhole principle assures that there
exist 1 <i < j < m + 2 for which |A;| = |Aj|. In turn, together with A; C A},
this gives A; = A, which is an absurd.

On the other hand, it is immediate to verify that, for each integer 0 < k < m, the
family

Fre={Y C X; |Y| =k}
is an antichain in F (note that Fy = {¢}}). Furthermore, note that
F=FgUF L U...UF,.

We are finally in position to state and prove Mirsky’s theorem, which is a direct
generalization of the situation described in the above example. For the proof of it,
if (A, X) is a partially ordered set and B = {a; < a» < ... < a,} is a chain in
A formed by m distinct elements, then we say that B has length m and q,, is its
maximum element.

Theorem 4.24 (Mirsky) Let (A, X) be a partially ordered set. If A does not
possess chains of length n + 1, then A can be written as the union of at most n
antichains.
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Proof Let us make induction on n, noticing firstly that, if A does not possess chains
of length 2, then A is itself an antichain, and the theorem is trivially true. By
induction hypothesis, suppose that each partially ordered set which does not posses
chains of length k can be written as a union of at most k — 1 antichains.

Let (A, <) be a partially ordered set which does not possess chains of length
k 4 1. Define B as the subset of A formed by the maximum elements of the chains
of maximum length in A. We first claim that B is an antichain with respect to <. By
contradiction, suppose that there existed x, y € B such that x < y. Since x € B, we
can find a chain C in A, of maximum length and whose maximum element is x; but
then, C U {y} would be a chain in A, with maximum element y and longer than C,
which is an absurd.

Now, note that (A \ B, <) does not have chains of length k. Indeed, if C was
such a chain in (A \ B, <), then, since A does not possess chains of length k 4 1, the
chain C would be one of maximum length in A. Therefore, the maximum element
of C would belong to B, which is a contradiction.

By applying the induction hypothesis to A \ B, we conclude that it can be written
as the union of at most k — 1 antichains. Finally, adjoining B to such a collection of
antichains, we write A as the union of at most (k — 1) 4+ 1 = k antichains. O

As we mentioned before, we now obtain the Erdos-Szekeres theorem as a
corollary of Mirsky’s theorem. Actually, the following version generalizes that of
Example 4.8.

Theorem 4.25 (Erdos-Szekeres) Ifa,b € Nandn = ab+1, then every sequence
(x1, ..., xn), of distinct real numbers, either possess an increasing subsequence of
a + 1 terms or a decreasing subsequence of b + 1 terms.

Proof Define A = {(i, x;); | <i <n} and let < be the relation in A given by
(i, x)) = (j,xj) & (i =j)or (i <jandx; <xj).
It is immediate to verify that < is a partial order in A, and that
(i1, xiy) < (i2, Xjp) < -+ < (ig, Xi)

is a chain in A if and only if (x;,,...,x;) an increasing subsequence of
(X1, ..., x,). Accordingly, for 1 <ij <ip <--- < iy <n,

{G1, xi)), (2, Xiy), -+ (ks Xi) )

is an antichain in A if and only if (x;,...,x;) is a decreasing subsequence in
(x1, ..., x,).Indeed, since i, < isz for 1 <r < s < k and all of the x;’s are distinct,
we get

(ir,xir) £ (is,xis) < Xi, < Xj is false < Xi, > Xig.
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Now, assume that (xg, ..., x,) does not contain an increasing sequence of a + 1
terms. Then, A does not have chains of length a+1, so that Mirsky’s theorem assures
that A can be written as the union of / < g antichains, say Ay, ..., A;. However,
since

l
w+1=n=pu=“Jm
i=1

!
< ZlAiL
i—1

it follows from the pigeonhole principle that, for some index 1 < i < [, we must
have

b
MHEL%J+12b+L

Problems: Sect.4.3

1. * Check that all of the relations defined in Example 4.20 are, indeed, order
relations.

2. Let A be a set of n> + 1 positive integers. Prove that there exists a subset B of A,
with n + 1 elements and satisfying one of the following conditions:

(a) Foralla,b € B,eithera |borb | a.
(b) Foralla,b € B,onehasa {bandb {a.

3. State and prove a generalization of the Erdos-Szekeres theorem for a partially
ordered finite set.

4. Let be given m,n € N and an m x (nzm + 1) table of pairwise distinct real
numbers. Show that it is possible to choose n + 1 columns of the table such that
the m x (n + 1) table composed by the chosen columns satisfies the following
condition: the numbers of each line, written from left to right, form an increasing
or decreasing sequence.

5. In a finite partially ordered set, let A and B be two chains having the greatest
possible lengths. If A N B # ¢, prove that A and B have equal lengths.

For the next problem, if (A, <) is a partially ordered set, we say thata € A is
a maximal element of A if the following condition is satisfied:

a<x,x€eA=a=x.

6. * The purpose of this problem is to Dilworth’s theorem on partially ordered
sets: if a finite partially ordered set (A, <) does not contain antichains of n + 1
elements, then A can be written as the union of n pairwise disjoint chains. To this
end, and arguing by induction on |A|[, do the following items (cf. [19]):
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(a) Leta be a maximal element of A and assume, by induction hypothesis, that
A \ {a} contains an antichain By of k elements and can be written as the
union of k pairwise disjoint chains Ay, ..., Ax. Conclude that A; N By # ¢
forl <i <k.

(b) For1 <i <k,letx; € A; be the maximum element of A; belonging to an
antichain of k elements in A \ {a}. If B = {x1, x2, ..., x¢}, show that B is
an antichain.

(c) Assume that x; < a forsome 1l <i <k.

i. Let C = {a} U {y € A;; y < x;}. Show that A \ C contains an antichain
of k — 1 elements but does not contain an antichain of k elements.

ii. Apply the induction hypothesis to A \ C and, then, conclude that A can
be written as the union of k pairwise disjoint chains.

(d) Assume that x; £ a for every 1 <i < k. Show that:

i. B U {a} is an antichain of k + 1 elements.
ii. A can be written as the union of k 4 1 pairwise disjoint chains.

4.4 Invariants

In the combinatorial situations we discuss here, we generally consider algorithms®
involving somewhat random choices of entries, and try to study the set of possible
outcomes after a certain number of iterations. In this sense, a frequently fruitful
approach consists in trying to associate an invariant to the algorithm, i.e., a
mathematical object that behaves in a predictable way along each iteration of it,
independently of the chosen inputs.

Since there are no general rules that teach us which invariant should be associated
to each particular algorithmic situation, we shall limit ourselves here to examine
some interesting examples, in order to help the reader to grasp the general idea and
to prepare him/her for the posed problems.

Example 4.26 There are several 4+ and — signs written on a blackboard. At each
second we can replace two signs by a single one, according to the following rule:
if the two erased signs are equal, we replace them by a + sign, whereas if they are
different, we replace them by a — sign. Show that, when just one sign is left on the
blackboard, it will not depend on the order we made the replacements.

8Formally, an algorithm is a finite sequence of well defined operations that, once performed on
some (more or less) arbitrary set of data (called the input of the algorithm), furnish a definite result,
called the outcome or output of the algorithm. On the other hand, each such performance of the
algorithm is generally referred to as an iteration of it. We shall encounter algorithms several times
along these notes.
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Solution By the sign rule for products, the product of the signs written on the
blackboard is an invariant for the described replacement algorithm. Thus, the final
sign on the blackboard will be equal to the result of the multiplication of all of the
+ and — signs initially written and, hence, does not depend on the order of the
replacements. O

Example 4.27 (Bulgaria) There are 2000 white balls in a box. Also, there is a
sufficient supply of white, green and red balls outside the box. The following
replacement operations are allowed with the balls lying inside the box:

(a) Two white balls by a green one.

(b) Two red balls by a green one.

(c) Two green balls by a white and a red ones.

(d) One white ball and one green ball by a red one.
(e) One green ball and one red ball by a white one.

After a finite number of these replacement operations, only three balls were left in
the box. Prove that at least one of them is green. Does there exist a finite number of
operations leaving just one ball in the box?

Solution Assume that, in a certain moment, we have x white balls, y green balls
and z red balls in the box. Let us look at how the quantity x 42y + 3z behaves when
performing one of the allowed operations:

* (a): x 4+ 2y + 3z does not change;

e (b):x+2y+3zchangestox +2(y+1)+3(z—2)=x+2y+3z—4;

e (c):x+2y+3zchangesto(x + 1) +2(y —2)+3(z+ 1) =x + 2y + 3z

e (d):x+2y+3zchangesto(x — 1) +2(y — 1) +3(z+ 1) =x+2y +3z;

e (e):x+2y+3zchangesto(x+1)+2(y—1)+3(z—1)=x+2y+3z—4.

According to the analysis above, the remainder of the division of x 4+ 2y 4 3z
by 4 is an invariant for the described replacement algorithm. Since we began with
x = 2000 and y = z = 0, we conclude that x 4 2y 4 3z is always a multiple of 4.

Now, note that with only three balls in the box, we have x + y + z = 3 and
x 42y + 3z = 4k, forsome k € N. If y = 0, then x 4+ z = 3 and x + 3z = 4k; but,
then, 4k = x + 3z = x + 3(3 — x) = 9 — 2x, which is an absurd. Therefore, we
must have y > 1, so that there will be at least one green ball in the box.

On the other hand, if at some moment we had only one ball in the box, we should
have x +y+z = 1 and x 4+ 2y 4 3z = 4k. The first equation shows that exactly one
of x, y and z is equal 1, while the other two are equal to O; but these possibilities
are clearly inconsistent with the second equation. Therefore, we will never reach a
situation in which just one ball is left in the box. O

In the following, we analyse more sophisticated examples.

Example 4.28 (Soviet Union) At first, we have n > 1 real numbers written in a
blackboard. An allowed operation is to erase two of them, say a and b, and to write
# in their place. Thus, after each operation, the total quantity of numbers written

in the blackboard is one less than it was before the operation has been executed.
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If all of the n initial numbers were equal to 1, prove that, when just one number is
left on the blackboard, it will necessarily be greater than or equal to %

Proof Suppose that, at some moment, we have the numbers x1, x2, ..., Xk written
on the blackboard. At this moment, associate the number

1 1
f(x1,...,Xk+1)=—+—+...+
X1 X2 Xk+1

to the blackboard. Without loss of generality, assume that we erase xx and x4,
writing x; = % in place of them. Since

4 1 1
Xk + Xkr1 T Xk Xkl

(cf. Example 5.1 (b) of [8], for instance) it is clear that

FOr, ooy Xem1, X)) < FX0, ooy Xk, Xkg1)-
Hence, f(xq, ..., xx) is a semi-invariant for our problem (i.e., the order relation
between the values of f(xy,..., xx), computed before and after each operation,

is an invariant for the problem—in our case, such values for a nonincreasing
sequence). Thus, when a single number x will be written on the blackboard, we
ought to have

1
.

n=f(1,1,....,1)> f(x) =

In turn, this is the same as having x > % O

Example 4.29 (Putnam) Let A be the total number of distinct sequences (ay, a2,
..., ajo) of positive integers such that

11 1
—+—+ o+ — =1
aj az aio

Decide whether A is even or odd. Justify your answer.

Solution Firstly, let us prove that the equation

1 1 1

— 4+ —=1

X1 X2 X10
has an even number of solutions x; = aj, ..., Xj9p = dajo in positive integers,
satisfying the additional condition a; # a;. Indeed, if x; = a;, xo = a2, x3 = as,
..., X10 = ajo 1s such a solution, then x| = ap, x = a1, x3 = as, ..., X10 = ajo 18

another one, and vice-versa. Therefore, we can group the above solutions in pairs,
so that there is an even number of them.
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Thanks to the above argument, in order to compute the parity of the number of
solutions of the given equation in positive integers, it suffices to compute the parity
of the number of such solutions satisfying the additional condition a; = a3 (here is
where the idea of invariance plays a role: the parity of the number of solutions in
positive integers does not vary if we impose that a; = ay).

Analogously, it suffices to compute the parity of the number of solutions in
positive integers satisfying the conditions a3 = a4, as = ag, a7 = ag and a9 = ay.
In turn, this being the case, we get

1 1 1 1 1 1
-+ —+—+—+—==. 4.2)
a a3 as aj ag 2

Following the same reasoning as above, we conclude that there is an even number
of solutions of (4.2) in positive integers and such that a; # a3, as well as an even
number of such solutions in which as # a7. Therefore, in order to compute the

parity of the total number of solutions in positive integers, we can assume that a; =
a3 and as = a7. The given equation now reduces to

2 02 1 1
—+—+—==. (4.3)

By repeating the same reasoning once more, we conclude that the parity of the
total number of solutions is the same as that of the total number of solutions of (4.3)
in which a; = as, i.e., the parity of the total number of solutions of

The last equation above is equivalent to

2(11 —24 16
a —8 ar — 8’

(4.4)

ag =

sothata; —8=1,2,4,8o0r 16.
Hence, we have exactly five positive integer solutions for (4.4), and the invariance
of parity assures that A is odd. O

Example 4.30 (Belarus) A cube lies on an infinite grid of 1 x 1 squares in such a
way that one of its faces (say J) is situated exactly above one of the squares of the
grid. The cube begins to roll on the grid, passing from one position to the next by
rotating over one of its edges. At some moment, the cube stops exactly on the same
1 x 1 square where it began to move. Then, one notices that the face of the cube in
contact with the grid is F again. Is it possible that, this time, F is rotated by 90°
with respect to its initial orientation?

Proof 1t is not possible! In order to prove this, let us paint the vertices of the grid
alternately black and white, as in ordinary chessboard. When the cube is about to
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start rolling, F has two black and two white vertices; then, paint the remaining four
vertices of the cube also black and white, in such a way that each of its edges joins
two vertices of distinct colors. It is easy to check that, as the cube rolls on the grid
from one position to the next, black (resp. white) vertices of it are always in contact
with black (resp. white) vertices of the grid. (Here is the invariance!) However, if
at some future moment F revisits its original position rotated by 90° with respect
to the initial orientation, then we would have two black vertices of F exactly above
two white vertices of the grid. This contradiction proves our initial claim. O

Our last example uses a semi-invariant reasoning to construct an optimal
configuration.

Example 4.31 (IMO Shortlist) 155 birds are standing on a circle of center O. Two
birds A and B are said to be mutually visible if and only if AOB < 10°. Assume
that more than one bird can stand on a single point. Compute the smallest possible
number of pairs of mutually visible birds.

Solution Assume that at least one bird stands at a point A, and at least another
one stands at a point B, where A and B are distinct points of the circle such that
AOB < 10°. Suppose, further, that & birds are visible from A but not from B,
whereas k birds are visible from B but not from A. If 4 < k and we let all birds in B
to fly to A, then the total number of pairs of mutually visible birds (obviously) does
not increase. By repeating such an operation several times, we obtain at the end a
configuration in which two birds are mutually visible if and only if they are placed
at a single point. Moreover, since the total number of pairs of mutually visible birds
did not increase along the performed operations (here we have the semi-invariant!),
in order to minimize this number, it suffices to consider such configurations. Also,
since % -360° = 10°, a further consequence of this reasoning and the pigeonhole
principle is that we ought to have birds in at most 35 distinct points of the circle.

Now, take 35 points along the circle, labelled 1, 2, 3, ..., 35, and place x; > 0
birds at the point i. Our problem reduces to minimizing

35 . | B
Z; (21> = Ez;xi(xi -1,
1= 1=

under the constraint Z?i 1 xi = 155. It thus suffices to minimize Zf’i | x2, under

the condition 3%, x; = 155. To this end, first note that if 1 < i < j < 35 are such
that x; — x; > 1, then

(7 +x) — (6 = D>+ (xj + DH) =2(xi —x; — 1) > 0.
Therefore, a minimizing placement of the birds must be such that the values of the

x;’s must differ by at most 1, from where we can let x; = ... = x;y = a and
Xk+1 = ... = x35 = a + 1. This way, we get
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35
Y xf =ka*+ (35— k)a+ 1)* =35(a+ 1)* — Qa + Dik.

i=1

Finally, since ka + (35 — k)(a + 1) = 155 or, which is the same, 35a — k = 120,
it is immediate to check that the minimum possible value of Z?il )cl.2 is obtained for
a = 4 and k = 20. Hence, the above discussion assures that the minimum possible
value of mutually visible birds is

> 15+ 4 20 = 270
2 2 o

Remark 4.32 Yet with respect to the solution above, let n € N be given and x1, ...,
xp be nonnegative integer variables. The argument just presented, of minimizing
Y x,.2 subjected to the constraint ) ;_,x; = m, is an example of discrete
optimization and is quite important in Combinatorics. It will make its appearance
again, in disguised form, in Problems 26 and 27, page 135, as well as in Problem 3,
page 142.

O

Problems: Sect.4.4

1. (OCM) One has six equal bottles, five of them containing 21 of water each and
the sixth one containing 11. At any time, an allowed operation is to choose two
bottles and split the total amount of water they contain into two equal parts (by
pouring water from one bottle to the other). Is it possible to reach the situation
in which every bottle has the same amount of water?

2. (Soviet Union) At the beginning of a class, a teacher writes a second degree
trinomial on the blackboard. At later moments, an allowed operation with the
trinomial written on the blackboard, say ax?+ bx +c, consists in replacing it by
cx?+bx+a (ifc # 0)or by any trinomial of the form a(x +02+b(x+1)+c,
with t € R chosen at random. If the trinomial initially written was xZ—x—1,is
there any sequence of allowed operations that makes the trinomial x2 + 3x — 1
appear in the blackboard?

3. We cut out two 1 x 1 squares situated in opposite corners of an 8 x 8 chessboard.
Is it possible to cover the 62 remaining squares with 31 rectangles 2 x 1? Justify
your answer!

4. (Argentina) Firstly, numbers 1, 2, 3, ..., 1998 are written on a blackboard.
An allowed operation is to replace two of the numbers written, say a and b, by
|a—b|. After 1997 operation, there is just one number written on the blackboard.
Prove that, regardless of the order in which the replacements have been made,
this last number will always be odd.
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A Mathematics teacher posed the following activity to his students: one of them
would write on the blackboard a list of six integer numbers; then, a second
student would choose three of these six numbers, say x, y and z, replacing
them respectively by x — y — z, 3x — 3y — 2z and 4x — 2y + 4z (thus getting,
immediately below the former one—and by repeating the three numbers that
have not been chosen—a new list of six integer numbers on the blackboard).
Such a procedure would, then, be repeated with this new list of six numbers
and another student. After the class, the blackboard was partially erased, there
remaining only two lists os numbers:

123456and 37215838

(we don’t know how many lists there were between these two left ones). Prove
that, at some replacement, a student made a mistake.

. (TT) Ten coins are placed around a circle, all of them showing heads (so that

tails cannot be seen at the beginning). Two moves are allowed:

(a) To turn down four consecutively placed coins.
(b) To turn down four coins placed as in XXOXX (here, X represents a coin to
be turned down, whereas O represents one that should stay as it is).

Is it possible to have all ten coins showing tails after a finite sequence of moves?
(Brazil) In the parliament of Terra Brasilis, each member has at most three
enemies. Prove that the parliament can be divided into two houses, in such a
way that, within his/her house, each member has at most one enemy.
(Leningrad) To begin with, numbers 1, 2, 3, ..., n are written on a blackboard.
At any subsequent time, if there are at least two numbers on the blackboard,
an allowed operation consists of erasing two of them, say a and b, and writing
a + b + ab instead (so that, after the operation is performed, we have one less
number on the blackboard). After such an operation is carried out n — 1 times,
we shall have only one number written on the blackboard. Prove that it will not
depend on the order the operations were executed.
At each vertex of a square we have a certain quantity of cards (possibly none).
An allowed operation is to remove a certain quantity of cards from one vertex
and to put twice this quantity of cards in one of the two vertices adjacent to
that one (to this end, there is a sufficiently large supply of cards outside the
square, all of them ready to be used). Assume that we begin with just one card
in one vertex, the other three vertices being empty. Is it possible, after a certain
number of steps, to have exactly 1,9, 8 and 9 cards in the vertices of the square,
in clockwise order?

The next problem revisits Problem 9, page 111, with the aid of invariants.
In the plane we are given 2n points in general position, i.e., such that no three
of them are collinear. If n of these points are blue and the other n are red,
prove that it is always possible to draw # line segments satisfying the following
conditions:
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11.

12.

(b)

13.

14.
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(a) Each line segment joins a blue point to a red point.
(b) They do not intersect each other.

A cube of edge length # is partitioned into > unit cubes. Two unit cubes are
said to be adjacent if they share a common face. Students A and B play the
following game on the bigger cube: A starts in a unit cube of his/her choice,
then moving to an adjacent unit cube. Then B, departing from this last unit
cube, moves to a third one, adjacent to the one he departed from, and so on. A
and B play alternately, without ever revisiting a unit cube visited before. If the
first who cannot play loses the game, and if A and B play with the best possible
strategies, who will be the winner?

(IMO shortlist)

(a) Decide whether or not it is possible to number the unit squares of an 8 x 8
chessboard from 1 to 64 in such a way that, for every set of four unit squares
of one of the shapes below, the sum of the numbers written on them is a
multiple of 4:

(Leningrad) All 120 faces of twenty equal cubes are painted black or white,
with three faces of each color per cube. Prove that the cubes can be placed on
an opaque table in such a way that the faces touching it form the board of a
6 x 6 square and the number of black visible faces equals the number of white
visible ones.

For the coming problem the reader will find it useful to recall the following
fact, to be proved later (cf. Proposition 6.33), on the greatest common divisor
and least common multiple of two natural numbers: given a, b € N, one has

ab = gcd(a, b) Iem (a, b).

(TT) Several positive integers are written on a blackboard. An allowed oper-
ation is to erase two distinct numbers and to write, in their places, their gcd
and lcm. Prove that, after we have repeated such an operation a certain finite
number of times the numbers written on the blackboard do not change any
more, no matter which additional operations we perform.



Chapter 5 )
A Glimpse on Graph Theory e

We begin this chapter by considering the following three combinatorial problems:

Problem 1 in a party with 100 guests, there is always an even number of people
who know, within the party, an odd number of other people.

Problem 2 a country has 10 cities and 37 two-way roads, such that each road
connects two distinct cities and each pair of cities is connected by at most one road.
Under such conditions, is it always possible to use the roads to travel from one city
to another (perhaps passing through at least one other city)?

Problem 3 a regular polygon of 100 sides is drawn on the plane, together with all
of its diagonals. Suppose we choose at random 2501 of its sides or diagonals, and
paint them red. Is it necessarily true that a red triangle, having vertices at three of
the vertices of the polygon, will be formed?

In spite of the seemingly lack of correlation between the above problems, in all
of them we have certain sets of “objects” (guests, cities, vertices), together with
relations between them (knowing each other, being connected by a road, being
connected by a red segment, according to the case). These common features will
allow us to analyse the three problems within the same abstract context, namely,
Graph Theory. There, we concentrate on the fact that two objects may or may
not be related, without paying actual attention to the particular kinds of objects or
relationships between them.

It is the purpose of this chapter to develop the most basic aspects of Graph
Theory, together with some interesting applications. Along the way, among others
we shall prove Euler’s theorem on the characterization of the existence of Eulerian
paths, Cayley’s theorem on the number of labelled trees and Turdn’s extremal
theorem on the existence of cliques. Since we will barely touch the surface of Graph
Theory, we refer the interested reader to [13, 22] or [40] for more comprehensive
introductions to this subject.
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126 5 A Glimpse on Graph Theory
5.1 Basic Concepts

In this chapter, unless stated otherwise, all sets under consideration will be finite.
Given a nonempty set A, we shall denote by P>(A) the family of the subsets of A
having two elements:

P2(A) ={B C A; |B| =2}.

_ (1Al
#P>(A) = 5 )

Definition 5.1 A (simple) graph is a pair G = (V; E), where V is a finite
nonempty set and £ C P,(V). The elements of the set V are called the vertices
of the graph G, whereas the elements of the family E are called the edges of G.

In particular,

If there is any possibility of confusion, we may write V(G) and E(G) to denote
the sets of vertices and edges of a graph G.

If G = (V; E) is a graph and u and v are two of its vertices, we shall say that u
and v are adjacent (or neighbors) provided {u, v} € E; in this case, we shall also
say that the edge {u, v} is incident to the vertices u and v. Whenever there is no
danger of confusion, we shall denote the edge {u, v} simply by uv or vu. If u and v
are not adjacent, we shall say that they are non adjacent vertices of G.

For most purposes, it is quite convenient to represent a graph G = (V; E) by
means of a diagram in which the elements of V are depicted as points or tiny circles
in the plane and the edges of G as arcs joining the corresponding vertices. Well
understood, the diagram thus obtained has no geometric meaning, and its purpose
is nothing but to schematically represent the adjacency relations between pairs of
vertices of G. For instance, if

G = ({a, b, ¢, d}; {{a, b}, {a, c}, {a, d}, {D, c}}),

then G may be represented by any one of the two diagrams shown in Fig. 5.1, for
both of them embody the same adjacency relations.

We shall have more to say on this when we study the notion of isomorphism for
graphs.

Fig. 5.1 Two representations
of a graph
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Example 5.2 Given a set V with n elements and a graph G = (V; E), Definition 5.1
allows two extreme cases, namely, those in which E = J or E = P5(V). In the first
case, we say that G = (V; @) is the trivial graph on n vertices, which can be
represented by a set of n points in the plane, with no arcs. In the second case, G is
the complete graph (or a clique) on n vertices, which can also be represented by a
set of n points in the plane, with any two of them being adjacent. From now on, we
shall denote a complete graph on n vertices by K,; in particular, note that K, has
exactly () edges.

Back to the notion of adjacency, fixed a vertex u of G = (V; E), we shall denote
by Ng (1) the set of vertices adjacent to u:

Ngw) ={veV;uvekE}

The following definition is central to all that follows.

Definition 5.3 Let G = (V; E) be a graph. For u € V, the degree of u, denoted
dg (u) is the number of vertices of G which are adjacent to u:

dg(u) = |Ngw)|.

Remark 5.4 Whenever the graph G = (V; E) is understood, for u € V we shall
denote the degree of u and the set of neighbors of u simply by d(u) and N (u),
respectively.

We are finally in position to state and prove the most basic result of Graph Theory,
which is due to Euler.!

Theorem 5.5 (Euler) In every graph G = (V; E), the sum of the degrees of the
vertices is equal to twice the number of edges. In symbols:

20E| =) dgu). (5.1)

ueV

Proof We use double counting. It suffices to observe that, if € = {u, v} is an edge
of G, then € is counted exactly twice in the right hand side of (5.1): once in the
summand dg (1) and another time in the summand dg (v). Hence, the right hand
side of (5.1) has to be equal to 2| E|, since this number also counts each edge of G
exactly twice. O

The coming corollary, also due to Euler, is the most important consequence of
the previous theorem.

Corollary 5.6 (Euler) In any graph, the number of vertices of odd degree is even.

! Actually, as we shall see later, Euler is usually credited as being the founder of Graph Theory.
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Proof Let G = (V; E) be a graph and, for an integer k > 0, let vx(G) denote the
number of vertices of G with degree k. Since the sum at the right hand side of (5.1)
has exactly vx(G) summands equal to k, we have (again by double counting) the
equality

Z deu) = Z kve(G). (5.2)

ueV k>0

It thus follows from Euler’s theorem that

21E| = ) de() =) _ku(G)

ueV k>0
=Y (2j + Dv2j11(G) + Y 2jv2;(G)
j=0 j=1
=Y 0i1(G) + Y 2j(2;(G) + v2j11(G)).
Jj=0 Jj=1
Therefore,
Z 12j+1(G) = 2|E| — Z2j(U2j(G) + v2;+1(G)),
Jj=0 Jj=1
which is an even number. |

Example 5.7 Prior to a committee’s reunion, some of its ten members shook hands.
Is it possible that the numbers of handshakes have been, in some order, equal to 1,
1,1,3,3,3,4,6,7 and 8?

Proof Look at the committee’s members as the vertices of a graph, with two vertices
being adjacent if the corresponding people shook hands. Then, if the situation just
described could have occurred, the degrees of the vertices of the graph would have
been, in some order, equal to 1, 1, 1, 3, 3, 3, 4, 6, 7 and 8. But this would contradict
the previous corollary, since we would have an odd number of vertices of odd
degree. Therefore, such a situation cannot have occurred. m]

The following definition brings the appropriate notion of equivalence for graphs.

Definition 5.8 Graphs G = (Vy; E|) and H = (V»; E») are said to be isomorphic
if there exists a bijection f : Vi — V, which preserves incidence, i.e., such that,
for every two distinct vertices u and v of G, we have

{u,v} € E1 & {f(), f(v)} € Ea.

In this case, we denote G| >~ G»>.
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It is clear from the previous definition that two isomorphic graphs have equal
numbers of vertices. On the other hand, Problem 4 guarantees that, for each n € N,
the notion of isomorphism of graphs induces an equivalence relation (cf. Sect.2.3)
in the set of graphs of n vertices.

The coming proposition gives other necessary conditions for two graphs to be
isomorphic.

Proposition 5.9 Two isomorphic graphs have equal numbers of vertices of a
certain degree. In particular, they have equal numbers of edges.

Proof Let G = (V1; E1) and H = (V,; E») be isomorphic graphsand f : Vi — V;
be an incidence-preserving bijection. If u is a vertex of G having degree k > O,
such that Ng(u) = {ui, ..., ux}, then it is immediate to see that Ny (f(u)) =
{f(uy), ..., f(ux)}. In particular, f(u) is a vertex of H having degree k. An
analogous reasoning assures that if # has degree 0, then the same holds for f(u).

Since the argument of the last paragraph is symmetric with respect to G and
H (here we are using the fact that the notion of isomorphism of graphs is an
equivalence relation), we conclude that G and H have, for every integer k > O,
equal quantities of vertices of degree k.

For what is left, we apply Euler’s theorem twice: since dg (1) = dy(f(u)) for
every u € Vi and f is a bijection between the sets of vertices of G and H, we obtain

AE 1| =) do) =Y du(f@) = Y du(fw)=2|Ea|.

ueVp ueV fwev,

Therefore, |E | = | E3|. |

Example 5.10 If G = (V; E) is a graph of n vertices we can assume, whenever
needed, that V = I,,. Indeed, since |V | = n, we can choose a bijection f : V — [,
and let H = (I,; F) be defined by setting, for i # j in I,

{i,jye Fe '), () eE.

The previous example allows us to introduce a quite useful algebraic representa-
tion of a graph, namely, its adjacency matrix. In this respect, we assume the reader
is acquainted with the most basic concepts on matrices, which can be revisited at
Chapter 2 of [4], for instance.

Definition 5.11 Given a graph G = (V; E), with |V| = n, assume, according to
the previous example, that V = I,,. The adjacency matrix of G is the n x n matrix
Adj(G) = (a;;) such that

- 1, ifi # jand {i, j} € E
0, else '
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Lemma 5.12 The adjacency matrix of a graph is symmetric, with zeros in the main
diagonal.

Proof In the notations of the previous definition we have, for i £ j in I, that
ajj = 1 <:>{i,j}€E<:>{j,i}€E<:>aji =1,

hence, Adj(G) is symmetric. The rest is immediate from the definition. O

Remark 5.13 Given a graph G = (V; E), we shall sometimes say that G is
labelled, an allusion to the fact that its vertices have names, or labels. The notion
of isomorphism of graphs allows us to introduce the concept of unlabelled graph.
More precisely, if V is a set with n elements and G is the set of graphs having
V as set of vertices, then the restriction of the relation of graph isomorphism to
G induces an equivalence relation in G. A unlabelled graph with n vertices is
an equivalence class in G, with respect to the isomorphism relation. Unless we
explicitly say otherwise, in these notes we shall consider only labelled graphs,
generally omitting the adjective “labelled”.

We finish this section by examining the important notion of subgraph of a graph.

Definition 5.14 A graph H is a subgraph of a graph G if V(H) C V(G) and
E(H) C E(G). The graph H is a spanning subgraph of G if H is a subgraph of
G for which V(H) = V(G).

We now show how to build two fundamental examples of subgraphs of a given
graph.

Example 5.15 Given a graph G = (V; E) and € € E, the subgraph of G obtained
by the edge excision of € is the graph H = (V; E'\ €). From now on, we shall denote
such a subgraph of G simply by G — €. In words, G — € is the subgraph obtained
from G by erasing the edge €. Note, further, that G — € is a spanning subgraph of
G.

Example 5.16 Given a graph G = (V; E) and u € V, the subgraph of G obtained
by vertex excision of u is the graph H = (V \ {u}; E’), where

E' = E\ {e € E; € is incident with u}.

From now on, we shall denote such a subgraph of G simply by G — u. In words,
G — u is the subgraph of G obtained by erasing vertex u, together with all of the
edges of G incident to it. Note, further, that G — u has one vertex less and dg (u)
edges less than G.

Corollary 5.6 gave a necessary condition for a list of nonnegative integers
to be the list of degrees of some simple graph. Although there is no simple



5.1 Basic Concepts 131

sufficient condition to decide whether this is so, we finish this section by presenting
Havel-Hakimi’s simple algorithm, that allows one to quickly decide it for any given
list of nonnegative integers. We follow [22].

Theorem 5.17 (Havel-Hakimi) If s is a positive integer, then the nonnegative
integers

s>t 2h>...2t>2d >...>dy
are the degrees of the vertices of some simple graph if and only if so are

nh—1,6n-1,...,t, —1,d;,...,d,.

Proof Let G be a graph whose vertices have degrees s >t > > ... > t; > d| >

. > d,. Since s is positive and the vertex u of degree s has exactly s neighbors,
we conclude that t1, 1, ...,y > 1 (note that this follows from the fact that we have
listed the degrees in descending order). For 1 <i < s, let v; be the vertex of degree
ti and, for 1 < j < n,let w; be the vertex of degree d;. We distinguish two cases:

(1) Ng(m) = {vy, ..., vg}: then the vertices of H := G — u have degrees | —
L,p—1,...,t,—1,dq,...,d,.
(i) Ng(u) # {v1, ..., vs}: then, forsome 1 <i < s andsome 1 < j < n, we have

u nonadjacent to v; and adjacent to w;. In particular, #; > d;, and we consider
two subcases (make some drawings to follow the reasoning):

* 1; =dj:let G’ be the graph obtained from G by exchanging v; and w;.

* 1; > d;: then v; has a neighbor x which is not a neighbor of w;. Let G’ be
the graph obtained from G by erasing the edges {u, w;}, {v;, x} and adding
the edges {u, v;}, {w;, x}.

After having performed either i. or ii., we are left with a graph G’ whose

list of degrees is equal to that of G, and such that Ng/(u) N {v1, ..., vs}
strictly contains Ng(u) N {vy, ..., vs}. If Noo(u) = {vy,..., vs}, we return
to i. Otherwise, we repeat ii. until we reach such a situation. In the end of
this process, we will find a graph H having degrees 11 — 1,1, — 1,...,t; —
1,d;,...,d,.

Conversely, assume that (#y — 1, — 1, ..., ¢, —1,d1, ..., dy) is the sequence of
degrees of some simple graph H, and let u; be a vertex in H with degree #; — 1. Form
a graph G by adding a vertex to H and making it adjacent to uq, ..., us. Then, the
sequence of degrees of the vertices of G is precisely (s, t1, %2, ..., t,d1, ..., dy).

O

2 After VAclav J. Havel, Czech mathematician, and Seifollah L. Hakimi, Iranian-American mathe-
matician, both of the twentieth century.
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Problems: Sect. 5.1

1. Solve Problem I at the beginning of this chapter.

2. Prove that every graph has at least two vertices with the same degree.

3. Given graphs G| = (Vi; E1) and Gy = (Va; Ep), with |Vq| = | V], prove
that G| and G are isomorphic if and only if Adj(G>) can be obtained from
Adj(G1) by means of a permutation of rows.

4. * Prove that graph isomorphism is an equivalence relation in the family of

graphs.

Compute the number of (labelled) graphs with vertices uy, ..., u,.

6. Prove that there does not exist a graph of seven vertices, with degrees 1, 1, 2, 3,
4, 5 and 6, in some order.

7. Give an example of a graph of eight vertices, of degrees 1, 1,2, 3,4, 4,5 and 6
in some order.

8. Given n € N, show that there exists a simple graph of 2n vertices, whose
degreesaren,n,n — 1, n—1,...,3,3,2,2,1, 1.

9. *If G = (V; E) is a graph, its complement is the graph G = (V: EY), where
E€ denotes the complement of E in Po(V). If |V| = n, prove that:

d

(a) do(u) +dgm) =n—1,foreveryu € V.
(b) 1E|+]E = (3).

10. A graph is self-complementary if it is isomorphic to its complement. If G is a
self-complementary graph with n vertices, prove that n leaves remainder O or 1
upon division by 4.

11. * Generalize Examples 5.15 and 5.16. More precisely, given a graph G =
(V;E)yand ¥ # B C V, 0 # A C E, define the subgraphs G — B and
G — A of G, respectively obtained by the excision of the vertices in B and of
the edges in A.

12. * Given a graph G and a subset A of V (G), the subgraph of G induced by A
is the graph G|4 = (A; E’), where

E' ={{u,v} € E; u,v € A}.

Prove that:

(a) Foru € V(G), one has G — u = Gy (G)\{u}-
(b) Gja = G — A€, where A€ denotes the complement of A in V(G) and
G — A€ is defined as in the previous problem.

13. Let G = (V; E) be a graph. We choose two nonadjacent vertices, say u and v,
and add edge {u, v} to E, thus obtaining a new graph H = (V; F). Prove that
the difference between the numbers of odd degree vertices in H and in G is —2,
0 or 2. Then, use this fact to give another proof of Corollary 5.6.
For the coming problem, the reader may find it convenient to recall the
discussion on congruence modulo 7, in Sect. 2.3.
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* Given integers 1 < n < m, let G(m, n) = G(I,; E) be the graph such that,
forl <i,j<m,

{i,j} €e E< j=i+xn(modm).

(a) Represent G(m, n) when m = 6 and n varies from 1 to 5.

(b) If m = 2n, prove that each vertex has degree 1 and | E| = n. Then, represent
the graph thus obtained.

(c) If m # 2n, prove that each vertex has degree 2 and |E| = m.

(d) Prove that G(m,n) >~ G(m,m — n).

* In the notations of the previous problem, represent the graph obtained from
G(5,1) and G (5, 2) by joining, for 1 < i < 5, vertex i of G(5, 1) to vertex 2i
of G(5, 2). The graph thus obtained is known as Petersen graph.>

For the next problem, one says that a nonempty subset A of the set of vertices
of a graph G is independent if any two vertices in A are nonadjacent in G.
* A graph G = (V; E) is bipartite if one can write V = V| U V,, with V|
and V, being disjoint, nonempty and independent sets of vertices. Prove that
|[E| < |Vi] - |V2|, with equality if and only if each vertex of Vj is adjacent to
some vertex of V,, and vice-versa.
* In the notations of the previous problem, a bipartite graph G = (V; U V;; E)
is said to be complete if |E| = |Vi| - [Vb|. If H = (W1 U W; F) is another
complete bipartite graph, prove that

G >~ H < |Vi| = |Wq| and |V;,| = |W,|, or vice-versa.

Thanks to such a result, if |V1| = m and |V»| = n, we write simply K, , to
denote the complete bipartite graph G = (V1 U V2; E).
* In the notations of Problem 16,let Vi = {1, ..., m}and V, = {m+1, ..., m+

n}. Prove that the adjacency matrix of G has the form

Adi(G) = [AOT g‘}

where A is an m x n matrix and AT denotes the transpose of A.

A bipartite graph G = (V] U V,; E), with independent sets of vertices V; and
V», has 16 vertices of degree 5 and some (at least one) vertices of degree 8. If all
of the vertices of degree 8 belong to Vi, compute how many vertices of degree
8 the graph G can have.

* A graph G is r-regular if all vertices of G have degree r.

3 After Julius P. C. Petersen, Danish mathematician of the nineteenth century.
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(a) If G is an r-regular graph with n vertices, prove that 2 | nr and that G has
exactly - edges.

(b) Given natural numbers n and r, such that » < n and nr is even, show how
to construct an r-regular graph with n vertices.

A battalion commander asked volunteers to compose 11 patrols, all of which
formed by the same number of men. If each men entered exactly two patrols
and each two patrols had exactly one men in common, compute the numbers of
volunteers and of members of each patrol.*

Let G = (V1 U V,; E) be a bipartite graph, with |V|| = m and |V»| = n. Itis
known that all vertices in V] have degree g, all vertices in V, have degree 2 and
[N(u) N N(v)| = 1, for all distinct vertices u, v € V].

(a) Compute g and n in terms of m.
(b) For the values of g and n computed as in (a), show that there is a bipartite
graph satisfying the stated conditions.

(Japan) A total of x students entered a Mathematics competition in which 2y
problems were proposed. It is known that each student solved y problems and
each problem was solved by the same number of students; moreover, each two
students solved exactly three problems in common. Compute the values of all
possible pairs (x, y) and, for each such pair, exhibit a configuration showing
which problems were solved by each student.

(Hungary) Prove that it is impossible to place the numbers 1,2, 3, ..., 13 around
acircle so that, for any two neighboring numbers x and y, we have 3 < |x—y| <
5.

Let G = (V; E) be a graph. A subset V' of V is a vertex cover of G if every
edge of G is incident to least one vertex in V'; a vertex cover V' is minimal if
G has no vertex cover with less elements than V’. A matching in G is a subset
E’ of E formed by pairwise disjoint edges; a matching E’ is maximal if G
has no matching with more edges than E’. The purpose of this problem is to
prove Konig’s theorem’: in every bipartite graph, the number of vertices in a
minimal vertex cover is equal to the number of edges in a maximal matching.
To this end, let G = (V] U V,; E) be bipartite, with independent sets of vertices
V1 and V,, and do the following items:

(a) Let < be the relation on V1 U V, givenby u < v < u € Vi, v € Vo, Show
that < is a partial order on V1 U V5.
(b) With respect to <, show that:

i. An antichain is the same as the complement of a vertex cover in G.
ii. A collection of disjoint chains of lengths greater than 1 is the same as a
matching in G.

“4For another approach to this problem, see Problem 5, page 49.

5 After Dénes Koénig, Hungarian mathematician of the twentieth century.
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Fig. 5.2 A transitive (left) or
cyclic (right) K3

26.

(c) Apply Dilworth’s theorem (cf. Problem 6, page 115) to prove Konig’s
theorem.

For the coming problem, we define a directed graph, or digraph as a graph
G such that we associate an orientation to each one of its edges. Informally, this
can be thought of as an arrow along the edge; formally, each edge of a digraph
is an ordered pair (instead of a set) (u, v), for some distinct u, v € V(G), such
that if (u, v) is an edge then (v, u) is not. Given a vertex u of a digraph G,
we define the out degree da’ (u) of u as the number of arrows departing from
u; analogously, the in degree of u, denoted d; (1), is the number of arrows
arriving at u. Hence,

de ) = dfw) +dg u)

is the degree of u in G, thought of as an ordinary graph (i.e., the graph obtained
by removing the orientations of the edges of the digraph).

If a digraph contains a K3, then such a K3 is said to be transitive or
cyclic, provided it satisfies the situation depicted at left or right, respectively, in
Fig.5.2. A digraph G is complete, or a tournament if it is a complete graph
when we remove the orientations of its edges.

*If G is a complete digraph of n vertices, prove that:

(@) Y ey dT () = (3), where V is the set of vertices of G and we write d ()
in place of dz; (u).

(b) The average out degree of G is at = %

(c) The number of transitive K3’sin Gis ), .y (d+2(”)).

(d) The number of cyclic K3’s in G is given by

n I(n 1 12
() +3() -3 e

ueV

(e) The number of cyclic K3’s in G is also given by

n(n?—1) —t
—r Z(d+(u) —dH2
ueV

Then, conclude that this is at most

n(n* —1)/24, if n is odd
n(n* —4)/24, if n iseven -
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27. (Japan) Fourteen people dispute a chess tournament in which each two players
have a match and there are no ties. Compute the largest possible number of sets
of three players such that, in the three matches involving two of them, each
player wins one match and loses another one.

5.2 Paths, Walks and Cycles

In this section we study the problem of deciding whether a graph is connected, i.e.,
has only one piece. As a byproduct, we introduce the concepts that name the section
and prove several important results related to them. In particular, we give a necessary
and sufficient condition for the existence of an Eulerian walk in a connected graph,
and characterize bipartite graphs in terms of cycles.

Definition 5.18 A walk of length k > 1 in a graph G is a sequence
P = (ug,uy, ..., up) (5.3)

of (not necessarily distinct) vertices of G, such that u;_1 is adjacent to u;, for I <
i < k. A walk P as above is said to be closed if ug = uy.

The graphs we wish to qualify are those for which there is a walk between any
two vertices. Since these graphs are quite important for our subsequent discussion,
we isolate them in the coming

Definition 5.19 A graph is connected if there exists a walk between any two of its
vertices. A non connected graph is said to be disconnected.

The coming proposition furnishes a simple (sufficient, albeit obviously not
necessary) criterion for a graph to be connected. For its statement, we need to
introduce a concept which will also be useful in other future context: given a graph
G = (V; E), its minimum degree is the nonnegative integer §(G) given by

8(G) = min{dg (u); u € V(G)}. (5.4)

Proposition 5.20 If G is a graph of n vertices for which §(G) > |5], then G is
connected.

Proof If n = 1, there is nothing to do. If n = 2, then §(G) = 1 and, hence, the two
vertices of G are adjacent. Suppose, then, that n > 2, and let # and v be distinct
vertices of G; we shall show that there is a walk between them. If # and v are
adjacent, there is nothing to do. Otherwise, since
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dg(u) +dg(v) = 2|n/2] > n =2 =#V(G) \ {u, v}),

the pigeonhole principle guarantees the existence of a vertex w # u, v, adjacent to
both u and v. Therefore, the walk (u, w, v) joins u# and v. m]

For a fixed graph G, it is immediate to verify that the relation ~ in V (G), defined
by letting

u ~v < u=v orthere exists a walk in G joining u and v, (5.5)

is of equivalence. Also, note that an equivalence class of V (G) with respect to such
a relation is, in particular, a set of vertices of G.

For the next definition, the reader may find it convenient to review the notion of
subgraph induced by a set of vertices, in Problem 12, page 132.

Definition 5.21 The connected components of a graph G are the subgraphs G4
of G, induced by the equivalence classes A of V (G) with respect to the equivalence
relation (5.5).

If A is an equivalence class of vertices of G with respect to (5.5), then, in
particular, there is a walk between any two distinct vertices in A, so that G4 is
a connected graph. On the other hand, if H is a connected subgraph of G containing
G4, then H = G4. Indeed, if u € V(H) and v € A C V(H), then the
connectedness of H assures the existence of a walk in H (and hence in G) joining
u and v; therefore, u € A, since A is an equivalence class of vertices of G with
respect to the existence of walks. Thus, we have A C V(H) C A, from where it
follows that H = G|4. The above argument allows us to assert that the connected
components of a graph are precisely its maximal connected subgraphs.

Back to the analysis of the walks in a graph, we collect yet another relevant piece
of terminology, which goes back to Euler. In this sense, if P is a walk in a graph G
as in (5.3), we say that {u;_1, u;}, for 1 <i <k, are the edges of G traversed by P.

Definition 5.22 An Eulerian walk in a connected graph is a closed walk which
traverses each edge of the graph exactly once. A connected graph is Eulerian if it
contains an Eulerian walk.

Let G be an Eulerian graph and P be an Eulerian walk in G, as in (5.3). For an
arbitrary vertex u of G, if k > 1 is the number of occurrences of u in P, we claim
that dg (u) = 2k, an even number. This is obvious if all such occurrences of u are of
the form u = u;, with 1 <i < k (for in this case u; 1 and u;4 are distinct vertices
of G, both adjacent to u); on the other hand, if ¢y = u, note that u; = u too, for P is
closed. Therefore, a necessary condition for a connected graph G to be Eulerian is
that all vertices of G are of even degree. Theorem 5.24 below guarantees that such
condition is also sufficient for the existence of an Eulerian walk. Before we discuss
it, we need an important auxiliary result.
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Lemma 5.23 If G is a connected and nontrivial graph in which every vertex has
even degree, then G contains a closed walk which does not traverse the same edge
twice.

Proof Choose a vertex ug of G and, starting at ug, construct a walk in G by
performing the following operation as many times as possible: being at a vertex
ux—1 of G, with k > 1, choose a vertex uy of G, adjacent to u;_1 and such that the
edge {ux—1, ur} has not been chosen yet.

In order to show that the algorithm described above does generate a closed walk
in G, assume that, after a certain number of (at least one) operations, we find
ourselves in a vertex uy of G. There are two possibilities:

(1) ur = ug: there is nothing to do, for the closed walk is (ug, uy, ..., ug).

(i) ur # uo: suppose that the vertex uy has appeared (with smaller indices) other
[ times along the performed operations; this used exactly 2/ + 1 of the edges
incident to uy (two edges for each of the [/ previous occurrence of uj, and an
extra edge to reach uy from ui_1). However, since u; has even degree, there
exists at least one edge incident to u; and which has not been used yet; hence,
the algorithm does not stop at u.

Finally, since the number of edges in G is finite, the above discussion assures that
the algorithm stops at uo and, when it does so, we have succeeded in constructing a
closed walk in G which does not traverse the same edge twice. O

We are now in position to prove the result of Euler alluded to above.

Theorem 5.24 (Euler) A connected and nontrivial graph G is Eulerian if and only
if all of its vertices have even degree.

Proof We have already seen, in the paragraph preceding Lemma 5.23, that the
condition that all vertices of G have even degree is indeed necessary for the
existence of an Eulerian walk. In order to establish the sufficiency, let us make
induction on the number of edges of G.

Since G is nontrivial, if all of its vertices have even degree, then it has at least
three edges; moreover, if G has exactly three edges, then it is immediate to prove
that it is isomorphic to K3, which is clearly Eulerian.

Now, assume that G has n > 3 edges, and that the theorem is true for all
connected graphs with less than n edges and such that all vertices have even degree.
By the previous lemma, we can take in G a closed walk P = (ug, uy, ..., ug—1, ug),
that does not traverse the same edge twice. Let A be the set of edges in P, and
Hi,..., H; be the nontrivial connected components of G — A (cf. Problem 11,
page 132). If a vertex u of H; occurs j > 0 times in P, then

dc W) = dp; (u) + 2,

so that dy, (1) is even. Since this is true for all indices 1 < i < [ and all vertices
u € V(H;), we conclude that Hy, ..., H; do satisfy the hypotheses of the theorem.
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Since each H; has less edges than G, the induction hypothesis guarantees the
existence of an Eulerian walk P; for H;, for 1 < i < [. At this point, the idea is
to glue the Eulerian walks P, ..., P; to P one by one, in a way to get an Eulerian
walk for G. To this end, note that P and PP; have at least one vertex in common,
say u. We may assume, without loss of generality, that P and P; start and end at
u (it suffices to change the starting points of both these closed walks, if necessary).
Hence, following P and subsequently P, we obtain a closed walk 77{ in G, which
encompasses all of the edges of P and P| and does not traverse one of them twice.
It now suffices to repeat the above argument more / — 1 times, gluing P, to P; to get
a closed walk Pé, and so on. The closed walk 731’ , obtained at the end of this process
will be an Eulerian walk in G. O

The above result, proved by L. Euler in 1735, marks the birth of Graph Theory.
Euler came to it after having been inquired on the possibility of performing a walk
along the streets of the prussian city of Konigsberg (nowadays the Russian city of
Kaliningrad), traversing exactly once each of the seven bridges the city had, at that
time, over the Pregel river.

Taking into account that these bridges join two islands of the Pregel to the
remaining parts of the city, Euler modelled the problem posed to him as the search
for finding, in the graph of Fig.5.3, a walk of the type we refer today as being
Eulerian. Although such a graph is not simple (notice the multiple edges joining
two vertices, a situation that, by the sake of simplicity, we did not allow in our
presentation of the theory), a moment’s reflection will easily convince the reader
that the previous theorem remains true for non simple connected graphs. Therefore,
this result (actually, the adaptation of the argument for the proof of the necessity
part of it, given at the paragraph preceding Lemma 5.23) guarantees that the graph
of Fig. 5.3 does not contain an Eulerian walk, for all of its vertices have odd degree.

Back to the general development of the theory, we finish this section by studying
the concepts of paths and cycles in graphs, as well as looking at some relevant
applications of them.

Definition 5.25 A path in a graph is a walk with distinct vertices.

Fig. 5.3 Graph representing c
the bridges of Konigsberg
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Even though every path is a walk, it is clear that the converse is not true in
general, namely, that there are walks which are not paths. Nevertheless, it is not
difficult to convince ourselves (cf. Problem 7) that, if a graph contains a walk
between two of its vertices, then it also contains a path between them.

Definition 5.26 A k-cycle in a graph G is a closed walk

(wo, uy, ..., ug—1, up)

in G, of length k > 3 and such that (ug, u1, ..., ux—1) is a path.

The coming result uses the concept of cycle to characterize bipartite graphs (cf.
Problem 16, page 133).

Proposition 5.27 A graph G is bipartite if and only if every cycle in G has even
length.

Proof Firstly, let us assume that G is bipartite, with independent sets of vertices V|
and Vo. If C = (ug, uy, un, ..., ug—1, up) is a cycle in G, then the independence of
the sets V| and V, guarantees that vertices u; and ;4 alternate between the sets V|
and V, for 0 <i < k — 1 (with ux = ug). In particular, the path (ug, uy, ..., ug—1)
alternates k — 1 times between V| and V, for, starting from ug, arrive at uy_1.
However, since u;_1 and ug are adjacent, they cannot belong to a single one of
the sets V| or V; and, hence, k — 1 must be odd. Therefore, the length k£ of C must
be even.

Conversely, assume that every cycle in G has even length. We use induction on
the number of edges to show that G is bipartite. If G contains some cycle C, erase
an edge € = {u, v} of C. Since no further cycles are created, all of the cycles of
G — € are also of even length. Hence, by induction hypothesis, G — € is bipatrtite,
with independent sets of vertices V| and V>, say. We shall show that V| and V, are
also independent in G. To this end, note that the path C — € in G — € joins u to v and
has odd length; since its vertices alternate between V| and V5, it follows that u € V)
and v € V,, or vice-versa. Therefore, V| and V5 are also independent in G, so that
G is bipartite too. O

The coming definition, due to the nineteenth century Irish astronomer, math-
ematician and physicist William R. Hamilton, is, in a certain sense, dual to the
definition of Eulerian walk.

Definition 5.28 A hamiltonian cycle in a graph is a cycle that passes through
all of the vertices of the graph. A connected graph is hamiltonian if it contains
a hamiltonian cycle.

Not every connected graph is hamiltonian; for instance, any graph without cycles
is not hamiltonian (for not-so-trivial examples, see Example 5.30 or Problem 21).

The question of the existence or not of hamiltonian cycles in graphs is much
more difficult than the corresponding problem for Eulerian walks. Actually, up to
now there does not exist a set of simple necessary and sufficient conditions for a
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graph to be hamiltonian. On the other hand, the coming result, due to the Hungarian
mathematician of the twentieth century Gabriel Dirac, provides a simple sufficient
condition for the existence of hamiltonian cycles in a graph. For its statement, the
reader may find it helpful to review the definition of minimum degree of a graph,
in (5.4).

Theorem 5.29 (Dirac) If G is a graph with n > 3 vertices and such that 5(G) >
5, then G is hamiltonian.

Proof Proposition 5.20 gives the connectedness of G. Now, let P = (ug, ..., ui) be
a maximal path in G (i.e., one for which there is no other of greater length). If v is a
neighbor of u( not belonging to P, we can change P by P; = (v, ug, ..., ur), thus

obtaining a path in G bigger than P, which is a contradiction. Hence, P includes
all of the neighbors of ug and, analogously, all of the neighbors of u. In turn, this
assures that the length of P is at least 5.

We first claim that there exists an index 0 < i < k — 1 such that u is adjacent to
u;+1 and u; is adjacent to ug. In order to show this,let A = {0 <i <k—1; uj41 €
Ng(ug)yand B = {0 < i < k — 1; u; € Ng(ug)}. Since all of the vertices in
Ng(up) and all of the vertices in Ng(ug) are in P, it follows that |A|, |B| > %
Since |A U B| < k, we then get

IANB|=|A|+|B|—|AUB|>n—k >0,

for P is a path in G with k + 1 vertices, so thatk + 1 < n.
Now, choose 0 <i < k — 1 as in the above claim, and consider the cycle

C = (U0, Uit1, WigD, o Uk—1, Uk, Wi, Ui—1, ... UT, UQ).

We claim that C is hamiltonian. By contradiction, suppose that some vertex of G,
say v, is not in C. Since C has more than % vertices and v has at least % neighbors,
pigeonhole’s principle (applied as in the proof of Proposition 5.20) guarantees the
existence of a vertex w in C such that w is adjacent to v. Renaming the vertices of
C, we can assume that

C = (U07 Ul)""vk’ UO)’

with vgp = w. But then, P; = (v, vg, v1, ..., vx) would be a path in G bigger than
‘P, which is impossible. O

The lower bound on §(G) asked by Dirac’s theorem is the best possible one, in
the sense of the following example.

Example 5.30 Letn > 1 be odd and let G be the graph of n vertices formed by the
union of two copies of K(,1),2 with a single common vertex, say u (i.e., take two
disjoint copies of K,1)/2, choose one vertex out of each of them and make these
two vertices coincide). One clearly has §(G) = % < % Nevertheless, G does
not contain a hamiltonian cycle, for every cycle in G containing ¥ must be entirely
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contained in one of the copies of K,1y/2 which originated G. Indeed, if C is such
a cycle, then C — u is a connected subgraph of G — u, which, in turn is the disjoint
union of two copies of K(,_1),2; therefore, C — u is contained in a single one of
these two copies and, hence, is also contained in a single one of the two copied of
K (n41),2 from which we formed G.

Problems: Sect. 5.2

1. For this problem, recall that if A = (@;;)mxn and B = (bjg)nxp are m x n and
n X p matrices with entries a;; and b j, then the product matrix of A and B (in
this order) is AB = (cix)mxp such that, for 1 <i <mand 1 < k < p, one has

n
Cik = Za,'jbjk. 5.6)

This being said, do the following items:

(a) If M is the adjacency matrix of a graph G of vertices vy, ..., vy, use the
above formula to prove that, fori # j, entry (i, j) of M? equals the number
of distinct paths of length 2 in G, joining vertices v; and v;.

(b) Generalize (5.6), showing thatif Ay, ..., Ay aren x n, with A; = (afj),,xn,
then the product matrix of Aj, ..., Ay (in this order) is Aj...Ar =
(bij)nxn» such that

k
bij = Z alllalllz alk zlk g

,,,,,

with the indices /1, ..., [} in the above sum varying over all possibilities
1<h,....,lr <n.

(c) Generalize item (a) in the following way: if M is the adjacency matrix of
a graph G of vertices vy, ..., v, and k > 1 is an integer, show that entry
(i, j) of the matrix M* equals the number of distinct walks of length k in
G, joining vertices v; and v;.

2. Given a graph G and a vertex u of G, let H = (V; E), where V is the set of the
vertices of all paths in G departing from u and E is the set formed by the edges
of these paths. Prove that H is the connected component of G containing u.

3. Prove that every graph with n vertices and at least (";1) + 1 edges is connected.
Give an example of a graph with n vertices and ("51) edges which is not
connected.

4. Solve Problem 2, posed at the beginning of this chapter.
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For the coming problem, you shall need the following fact, to be established
in Proposition 6.26: given nonzero integers m, n and c, there exist integers x
and y such that c = mx + ny if and only if gcd(m, n) divides c.

. Letm and n be given naturals and d = gcd(m, n). Prove that the graph G (m, n),

described in Problem 14, page 132, has exactly gcd(m,n) = d connected
components.

Show that if a graph G is disconnected, then its complement G (cf. Problem 9,
page 132) contains a complete bipartite graph with the same set of vertices of
G. In particular, conclude that either G or G is connected.

* If there is a walk between two vertices of a graph, prove that there is also a
path between them.

. Find an Eulerian walk in the graph depicted below:

a b

A semi-Eulerian walk in a connected graph G is a walk that starts and ends in
distinct vertices of G and traverses each edge of G exactly once. Prove that G
has a semi-Eulerian walk if and only if it has exactly two odd degree vertices.
Prove that, in every connected graph, two paths whose lengths are the largest
possible ones have at least one common vertex.

A graph G has n + 2 vertices, u1, ua, ..., Uy, v, w, and satisfies the following
conditions: v and w are both adjacent to uy, ..., uy, but not to one another; u1,
..., Uy are pairwise adjacent. For a fixed integer 2 < k < n + 1, compute the
number of paths of length &k in G, joining v to w.

If all vertices of a graph have degrees at least 2, prove that the graph contains a
cycle.

Prove that every 2-regular graph (cf. Problem 20, page 133) is a cycle.

(TT) During a meeting, each one of five mathematicians slept exactly twice.
It is also known that, for each two of those five mathematicians, there was a
moment in which both were sleeping. Prove that, at some moment, three of
them were sleeping.

(IMO) Let G be a connected graph with n edges. Prove that it is possible to label
the edges of G with the integers 1 to n, in such a way that the labels attributed
to the edges incident at each vertex of degree greater than 1 are relatively prime.
* An edge € of a graph G is said to be a cutting edge provided G — € has more
connected components than G. If G is a connected graph and € is a cutting edge
of G, prove that G — € has exactly two connected components.
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For the coming problem, given a digraph G (cf. Problem 26, page 135) and
two of its vertices, say u and v, we define an (oriented) walk in G, from u to
v, to be a sequence (ug, ..., ug) of vertices of G such that ug = u, uy = v
and the edge joining u; and u; is oriented from u; to u; 41, for 0 <i < k. In
this case, we say that k is the length of the walk. A path is a walk with distinct
vertices. Finally, recall that a complete digraph or tournament is a digraph that
turns into a complete graph when we remove the orientation of its edges.

17. In a tournament G, show that there exists a vertex from which one can reach
any other vertex with a path of length at most 2.

18. (TT) In Shvambrania there are n cities, each two of them connected by a road.
These roads do not intersect; if necessary, viaducts are used for some of them to
overpass others. An evil wizard wants to establish one way directions in each of
the roads, so that, if someone leaves a certain city, he/she can no longer return.
Prove that:

(a) The wizard can actually establish such rules.

(b) Whatever the way the wizard chooses to set his rules, there will always be a
city from which one can reach any other, and a city from which one cannot
leave.

(c) The wizard can execute his intent in exactly n! distinct ways.

19. (Brazil) Consider an n x n chessboard (n > 1 integer), and choose one of its 1>
unit squares, say cp. A path6 in the chessboard is a sequence (co, €1, ..., Cm)
of distinct unit squares of the chessboard such that, for each 0 < j < m,
squares ¢; and ¢;41 share a common edge. Such a path is said to be optimal if
it contains all of the n? unit squares of the chessboard. Moreover, we say that a
path as above contains an U if, for some 0 < j < m — 3, the unit squares c;
and c; 13 share a common edge. Show that every optimal path contains an U.

20. (Tchecoslovaquia) Prove that, in every connected graph, there exists a vertex
such that the average degree of its neighbors is greater than or equal to the
average degree of all vertices of the graph.

21. The purpose of this problem is to prove that Petersen’s graph (cf. Problem 15,
page 133) is not hamiltonian. To this end assume, by contradiction, that such
a graph possesses a hamiltonian cycle C. In the notations of Fig.5.4, do the
following items:

(a) Prove that C contains either two or four of the edges {a, a’}, {b, D'}, {c, ¢},
{d,d'} and {e, ¢'}.

(b) If four of the edges in (a) belong to C suppose, without loss of generality,
that {b, b’} is the one not belonging to C. Conclude that {a’, b'}, {b/, ¢},
{b, e} and {b, d} are in C and use this to reach a contradiction.

(c) If two of the edges of (a) are in C assume, without loss of generality, that
{a,a’} is one of them. Conclude that exactly one of the edges {a, c} or

SNote that, in principle, this definition of path does not coincide with the one given in the text.
Nevertheless, we have chosen to translate it according to the original.



53

Trees 145

Fig. 5.4 Petersen’s graph a’
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23.

24.
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{a, d} is in the cycle, say {a, c}. If {a, c} is in C, conclude that the other
edge of (a) which is in C is {d, d'}, and reach a contradiction.

Let k and n be integers such that 2 < k < n. If f(n, k) denotes the largest
possible number of K;’s in K, such that any two of these K;’s have at most
k — 2 vertices in common, prove that

1 n 1/n
k_2<k— 1) <fnh = %(k)'

(Vietnam) Find the least positive integer k for which there exists a graph of 25
vertices such that each one of them is adjacent to exactly k others, and each two
nonadjacent vertices are both adjacent to a third vertex.

(Austrian-Polish) A rectangular building is formed by two rows of fifteen
square rooms (situated as the unit squares of two adjacent rows of an ordinary
chessboard). Each room has one, two or three doors, that lead respectively to
one, two or three adjacent rooms. It is known that the doors are distributed in
such a way that it is always possible to go from one room to another without
leaving the building. Compute how many are the distinct ways of distributing
the doors along the building.

5.3 Trees

In this section we study connected graphs which do not have cycles, also said to be
acyclic. The relevant definition is the one below.

Definition 5.31 A tree is a connected and acyclic graph.

If T is a tree, a leaf of T is a vertex of degree 1, whereas a node of T is a vertex

of degree greater than 1. It is an important fact that every tree has leaves, as we now
establish.

Lemma 5.32 Every tree with more than one vertex has at least two leaves.
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Proof Let T be a tree with at least two vertices and consider, in 7', a path C with
the largest possible length. If C = (uy, up, ..., u,), we claim that u; and u, are
leaves. Indeed, if it was dr (u1) > 2, then u; would be adjacent to u and to some
other vertex, say ug. Since trees do not have cycles, we must have ug # u3, ..., u,.
Therefore, (ug, u1, us ..., u,) would be a path in T with length greater than that of
C, which is an absurd. Hence, dr (1) = 1 and, analogously, d7 (u,) = 1. O

The previous lemma allows us to prove the coming proposition, which gives a
necessary condition for a connected graph to be a tree. Soon hereafter we will show
that such a condition will be also sufficient.

Proposition 5.33 IfT = (V; E) is a tree, then |[E| = |V | — 1.

Proof We make induction on |V|. Firstly, it is clear that every tree with two vertices
has exactly one edge. Assume, by induction hypothesis, that every tree with n > 1
vertices has exactly n — 1 edges, and consider a tree T with n + 1 vertices. By the
lemma, T has a leaf u; hence, T — u is a tree with n vertices, and the induction
hypothesis assures that 7 — u has n — 1 edges. However, since T has exactly one
edge more than T — u, it follows that T has exactly n edges. O

Corollary 5.34 If G = (V; E) is a connected graph, then G contains at least one
cycle if and only if |[E| > |V|.

Proof Suppose first that G contains at least one cycle. We shall show that |[E| > |V|
by induction on |E|. If € is the edge of a cycle in G, then G — € is also connected
and has | V| vertices and |E| — 1 edges. Then, there are two possibilities:

* G — € contains a cycle: it follows from the induction hypothesis that |[E| — 1 >
Vi

* G —eisacyclic: since it is still connected, G — € is a tree. Therefore, the previous
proposition guarantees that |V| = (|E| — 1) + 1 = |E]|.

In any case, we concluded that |E| > |V|.
Conversely, if G is acyclic, then G is a tree, so that (again from the previous
result) |[E| =|V| -1 < |V]. |

Corollary 5.35 Let T = (V; E) be a connected graph. If |E| = |V| — 1, then T is
atree.

Proof If T has at least one cycle, it would follow from the previous corollary that
|E| = |V|, which is a contradiction. Thus, T is connected and acyclic, hence, a
tree. O

For what comes next, given a connected graph G, associate to each edge € of G
a weight, i.e., a positive real number w(e) (to motivate this concept, think of the
vertices of the graph as several cities of some region and of the weights as measures
of travel expenses between adjacent cities). This way, G becomes a weighted graph
and the weight w(G) of G is defined by setting
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w(G) =) w(e),

ecE

with E = E(G).

Given a connected graph G, a spanning tree of G is a spanning subgraph of G
(cf. Definition 5.14) which is a tree. An interesting problem in the elementary theory
of trees is the following one: given a weighted graph, find a spanning tree of least
possible weight, said to be a minimal spanning tree.

We deal with this problem in the coming proposition, due to the American
mathematician of the twentieth century Joseph Kruskal. Well understood, since the
set of spanning trees of a graph is finite (and nonempty, as we shall see), there always
exist minimal spanning trees in weighted graphs. The point of Kruskal’s theorem is
that the proof of it actually furnishes an algorithm for finding a minimal spanning
tree. Such an algorithm is known in Computer Science as Kruskal’s algorithm or
greedy algorithm.

Proposition 5.36 (Kruskal) If G is a weighted graph, then G has minimal span-
ning trees.

Proof Form a subgraph T of G according to the following algorithm:

(i) Choose an edge of G with least possible weight and putitin 7.

(i1) After having chosen a certain number of edges of G for T, take, among the
edges not chosen yet, one of minimum weight and whose inclusion in 7 does
not generate cycles.

(iii)) Repeat step (ii) as long as possible.

Firstly, note that the steps above give, as result, a spanning tree 7' of G. Indeed,
T is certainly acyclic; it is also connected (and thus a tree), for otherwise we could,
due to the connectedness of G, execute the algorithm one further time. Moreover,
if 7 was not spanning, there would exist in G a vertex u not belonging to 7' but
adjacent to some vertex v of 7. Without loss of generality, we may assume that u
and v are such that w({u, v}) is minimal, among all possible choices of u and v as
above. Hence, the algorithm would continue with the inclusion of the edge {u, v} in
T, which is an absurd.

Now, we let S be another spanning tree of G, and will show that w(T") < w(S).

Since S and T have the same number of edges (cf. Problem 3), there exists an
edge € of T such that € does not belong to S. Again by Problem 3, the inclusion of €
in § generates a cycle C; but since T is a tree, there exists some edge €’ in C, distinct
from € and not belonging to 7. In particular, €’ is in S.

We claim that w(e) < w(e’). Indeed, if w(e) > w(e’), then, upon executing
Kruskal’s algorithm, at the step we chose € we would have chosen ¢’, for it would
have a smaller weight. However, since €’ is not in T, this gives a contradiction.

Since w(e) < w(e’), changing €’ by € in S, we obtain a new generating tree Sy,
such that w(S1) < w(S) and S; and T have one more edge in common than S and
T do. If T has k edges not belonging to S, then, repeating the above reasoning more
k — 1 times, we obtain a sequence S, S2, ..., Sx of spanning trees such that Sy = T
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and
w(Sk) < -~ < w(S1) < w(S).

Thus, w(T) < w(S). |

We finish this section by counting the number of labelled trees (cf. Remark 5.13)
with a given number of vertices and a given set of labels. This result is due to
the nineteenth century English mathematician Arthur Cayley and, for the sake of
simplicity, we omit the set of labels from its statement.

Theorem 5.37 (Cayley) There are exactly n" =2 labelled trees of n vertices.

Proof The given formula is trivially true forn = 1 and n = 2. Assume n > 2 and,
without loss of generality, that the vertices of the trees will be labelled 1, 2, ..., n.
Let a,, be the total number of such trees and, for 1 < i < n, let A; stands for the set
of them such that the vertex with label i is a leaf. Since it is impossible that all of
the n vertices are leaves, the inclusion-exclusion principle (cf. Theorem 2.1) gives

an = |A1U... U Ay

n—1
= Z Z (DA, nL N Al (5.7)

k=1 1<ij<--<ir<n

Now, givenintegers 1 <k <nand1 <ij <--- <iy <n,notethat A;; N...N
A,, is the set of trees in which vertices iy, i2, ..., i are leaves. If T stands for one
such tree, then

Tiliz‘..ik =T — {i19 i27 sy lk}

is a tree with n —k vertices, with labels in I, \ {i1, i2, . . ., ix}. The key to count [A; N
...NA; |is tolook at how T can be reconstructed from 7;,;,.;, . To understand this,
note that for a fixed 1 < j < k vertex i; must be joined to one of the n — k vertices
of T;,i,..i;; since the involved choices are independent, we conclude that there are
exactly (n — k)k possible ways of choosing the vertices of T,;,. ;, to which vertices
i1, i2,..., iy will link themselves. Since there are a,,_ possibilities for T} ;, ., we
therefore conclude that

|A;, 0. N Al = (n — k)Fa,_y. (5.8)
In the above formula, note that the right hand side depends solely on &, but not

on iy, iy, ..., iy. Since there are exactly (Z) ways of choosing integers 1 < ij <
- < ix < n, Egs.(5.7) and (5.8) give us
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n—1
ay =y (=1 <Z> (n = b an—.
k=1

Now assume, by induction hypothesis, that a; = I'""2for 1 <1 < n. Then, the
recurrence relation above gives

n—1
an =Y (=D (Z) (n ="
k=1

We finish the proof by applying the formula of Problem 3, page 40, withm =n — 2
to get a, = n""2. |

Problems: Sect. 5.3

1. * Prove that the following claims on a graph G are equivalent:

(a) G is atree.

(b) Given arbitrarily two vertices of G, there is a single path in G connecting
them.

(c) G is connected and every edge of G is a cutting edge (cf. Problem 16,
page 143).

Then, conclude that, in a tree with n vertices, there are exactly (g) distinct paths.
2. Let T be a tree with a node of degree k. Prove that T has at least k leaves.
3. * Let G be a connected graph.

(a) Prove that any two spanning trees of G have the same number of edges.

(b) If T is a spanning tree of G and € is an edge of G that is not in 7', prove that
T U {€} contains cycles.

(c) If G has a single spanning tree, prove that G is a tree.

(d) If T is a spanning tree of G and G has k edges not belonging to T', prove that
G contains at least k distinct cycles.

4. Prove that the following algorithm also constructs minimal spanning trees of
weighted graphs:

i. Choose a vertex and, among all edges incident to it, the one with least
possible weight.

ii. After having chosen a certain number of vertices and edges, choose the edge
of least weight, among all edges not yet chosen and that join an already
chosen vertex to a not chosen yet one.

iii. Repeat the previous item as many times as possible.
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The above algorithm is due to the Dutch mathematician of the twentieth century
Edsger Dijkstra, being known as Dijkstra’s algorithm.

ab |ac |ad |ae |af |ag |bc |bg |cd |de |ef |fg
6 |3 |2 4 |3 /7 |6 |6 |2 3 |1 |8

5. Let G be a graph with set of vertices {a, b, ¢, d, e, f, g} and with edge weights
given as in the following table: Find all possible spanning trees of minimal
weight.

For the coming problem, we shall use the fact, established in Problem 1, that
a tree with n vertices contains exactly (g) distinct paths.

6. Let T be a tree with n vertices and satisfying the following condition: it is
possible to associate to each one of the n — 1 edges of T a natural weight, so
that the (;) distinct paths in T have, in some order, weights equalto 1,2, ..., (;)
The purpose of this problem is to show that, in this case, either n or n — 2 must
be a perfect square. To this end, do the following items:

(a) Show that the number of paths in 7" having odd weight is equal to:
%(g) if (;) is even
(@) +1), if (2) is odd

(b) Show that it is possible to paint the vertices of T either blue or red, in such
a way that two adjacent vertices have distinct colors if and only if the edge
joining them has odd weight.

(c) If the coloring of item (b) generates x blue vertices and y red ones, show that
the number of paths in 7 with odd weight is equal to xy.

(d) If () is even, show that n = (x — V)25 if (5) is odd, conclude that n — 2 =

(x — y)>%.

5.4 Independent Sets and Cliques

This last section on graphs is devoted to a somewhat more detailed study of complete
subgraphs of a given graph, and is partially based on the classnotes [16]. I kindly
acknowledge professor Samuel B. Feitosa for having allowed me to use them.

Given a graph G, recall that a nonempty subset A of V(G) is said to be
independent if any two vertices in A are nonadjacent. If G has n vertices, we can
partition V (G) in n sets (each set consisting of a single vertex) such that each one of
them is independent. Then, there exists a least natural number k such that V (G) can
be partitioned into k independent sets. We name such a natural number according to
the following
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Definition 5.38 Given a graph G, its chromatic number, denoted X' (G), is the
least natural number & such that the set of vertices of G can be partitioned into k
independent sets.

The reason for the word chromatic in the above definition is due to the fact that,
if ¥(G) =kand V(G) = A1 U...U A, with Ay, ..., Ay independent sets, then,
painting the vertices in A; with a color ¢; (where ¢y, ..., ¢ are distinct colors),
we obtain a coloring of the vertices of G in which any two adjacent vertices have
distinct colors; conversely, if k is the least possible number of distinct colors for
which there exists a coloring of the vertices of G with k distinct colors and with
no adjacent vertices of the same color, then the sets formed by the vertices of each
color are k independent sets that partition V (G).

Examples 5.39

(a) If G is a bipartite graph (cf. Problem 16, page 133) with at least one edge, it is
immediate to see that X'(G) = 2.

(b) If G is a 2-cycle with n vertices, then it is clear that X(G) = 2 if n is even
(for we can color the vertices by alternating two colors along the cycle), but
X(G) = 3 if n is odd (for in this case we need a third color for the last vertex
of the cycle).

Generalizing item (b) of the above example, the proof of the coming proposition
describes a rather simple algorithm which guarantees that if no vertex of a graph has
degree greater than k, then its chromatic number is at most k + 1. In all that follows,
given a graph G we let

A(G) = max{dg(u); u € V(G)}

and say that A(G) is the maximum degree in G.
Proposition 5.40 In every graph G, we have X(G) < A(G) + 1.

Proof Let A(G) = n and fix n + 1 distinct colors. Start by painting an arbitrary
vertex of G with one of the colors. Then, assume that, at some moment, k < n
vertices of G have been painted with the n 4- 1 given colors and in such a way that
adjacent vertices have distinct colors. Choose a vertex u that has not been painted
yet. Since dg () < A(G) = n, at most n of the given colors were used to paint
vertices adjacent to u; hence, we are left with at least one of the n + 1 colors to paint
u, so that it has a color distinct from those of all of its neighbors. O

The following definition furnishes a lower bound for the chromatic number of a
graph.
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Definition 5.41 An n-clique in a graph G is a subgraph of G which is isomorphic
to K,,. The clique number of G, denoted w(G), is the greatest integer n > 0 such
that G contains an n-clique.’

Since one needs n distinct colors to color the vertices of K, in such a way that
no two adjacent vertices have the same color, we have

X(G) = w(G),

for every graph G. On the other hand, we can estimate (G) upon the intuition that,
if a graph has lots of edges (when compared to its number of vertices), then w(G)
must be large. Let us take a look at a relevant

Example 5.42 Let G be a connected graph with n > 1 vertices. If G has more than
LéJ edges, then »(G) > 3.

Proof By contraposition, assume that G does not contain a K3.
Let u be a vertex of G with maximum degree, say k. We can assume that k > 1,
for, otherwise, Euler’s Theorem 5.5 would give us at most 5 edges in G, and this

would contradict the fact that ’% < |_”4—2J + 1forn > 1.

Since G has no K3, the k vertices of G adjacent to u# form an independent set.
Therefore, every edge of G which is not incident to u is incident to some of the
n — k — 1 vertices of G not belonging to Ng () U {u}. However, since each one of
these n — k — 1 vertices has degree less than or equal to k, we conclude that G has
at most

k4 (n—1—kk=—k>+nk

edges.
In order to finish the proof, it suffices to note that
2
Z>—k+nk<’,
4
so that we must have —k2 + nk < Léj. O

The coming problem brings an interesting application of the previous one.

Example 5.43 (China) Given distinct real numbers x1, x2, ..., X,, prove that there
. 2 .
exists at most | %- | ordered pairs (x;, x;) such that 1 < |x; — x| < 2.

7We call the reader’s attention for not confusing notations w(G) for the weight of a weighted graph
and w(G) for the clique number of a graph; the first uses the Latin letter w, whereas the second
uses the Greek letter w ( omega).
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Proof Construct a graph G having the x;’s as vertices, with x; adjacent to x; if and
only if 1 < |x; — x;| < 2. We claim that G does not contain K3’s. Indeed, if x;, x;
and x; were the vertices of a K3 in G, with x; < x; < xi, say, then

X —x =0 —x)+(xj —x)>1+1=2,

which is a contradiction. Therefore, by the previous example we conclude that G
2
has at most | 7 | edges. O

In order to generalize the reasoning of Example 5.42 from K3’s to K;’s, let us
firstly construct a generic example of a graph with n vertices and without K;’s. To
this end, we start by assuming that / < n, for otherwise there is nothing to do; then,
we use the division algorithm (cf. Proposition 6.7) to write

n={—-1qg+r,

with 0 < r < [ —1. Then, partition the set of n vertices into [ — 1 subsets A1, A»,...,
A;_1, such that

Al =...=1A/l=q+1 and [A,p1| =... = [A1-1] = g;

that it is possible to get such a partition follows from the equality (g + 1)+ ({ —r —
1)g = (I—1)g+r = n. Continuing, impose that each A; be an independent set, and
also that each vertex of A; is adjacent to each vertex of Aj, forall 1 <i,j <[ -1,
with i # j. The graph G thus obtained is called a Turan graph, after the Hungarian
mathematician of the twentieth century Paul Turdn, to whom we owe part of the
material of this section.

The Turan graph just constructed does not contain any Kj, since a K; contains
l-cycles, whereas G does not contain any such cycle. On the other hand, by counting
how many edges of K,, are not present in G, we conclude that it has exactly

T(n:l) = (;) —r(q;rl) —(—r— 1)(621)

edges. Substituting ¢ = 7= and doing some elementary algebra, we get

21— 2) - —1—
Ty =" Zi(zi(i)l 2 (5.9)

even though w(G) < [.
The coming result (cf. [39]) assures that, if G is a graph with n vertices and such
that w(G) < [, then G must have at most 7' (n; /) edges.

Theorem 5.44 (Turan) If a graph G of n vertices has more than T (n; 1) edges,
then w(G) > 1.
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Proof In the notations of the preceding discussion, let us make a proof by induction
on g, assuming that » and [ are fixed. If ¢ = 0, then n = r and it follows from (5.9)
that

n2(—=2)—nl—1—n)

Tl) = 20— 1)
=1 —nl—1)
- 2(0—1)

n*—n n

2 (2)
Since a graph with n vertices cannot have more that (’;) edges, the statement of the
theorem is vacuously true.’

Now, consider a graph G with n vertices, without K;’s and with the largest
possible number of edges. Clearly, G contains a K;_1, for otherwise we could add
at least one more edge to G and it would still contain no K;. Let H be a K;_; in G,

and A be the set of the remaining n — [ + 1 vertices of G (i.e., those not belonging
to H). There are three kinds of edges in G:

* The edges of H: overall, (') edges.

» The edges joining vertices in A to vertices in H: since G contains no K;’s, each
vertex in A is adjacent to at most [ — 2 vertices in H. This gives us at most
(n — 1+ 1)(I —2) edges of this kind.

* The edges of the induced subgraph G4 (cf. Problem 12, page 132): since G|4
does not contain K;’s too,andn — [ 4+ 1 = (g — 1)(I — 1) 4+ r, we can apply the
induction hypothesis to G4, so that G|4 has at most T'(n — [ + 1; ) edges.

Therefore, the graph G has at most
[—1
Th—=I1+1D4+m—-1+1D)I-2)+ 5

edges.
Finally, substituting the formula for T(n — [ + 1; 1) (obtained from (5.9)) and
performing some elementary algebra once more, we get

T(n—l+1;l)+(n—l+1)(l—2)+(lzl)=T(n;l),

so that G has at most 7' (n; [) edges. |

8In terms of Logic, an implication is true whenever it premise is false. See Chapter 1 of [34], for
instance.
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A nice way of grasping the details of the proof of Turdn’s theorem is to rework it
in the particular case (I — 1) | n. In this respect, we refer the reader to Problems 2
and 5.

We finish this section by examining yet another invariant of a graph G, one which
is closely related to w(G).

Definition 5.45 Given a graph G, its independence number, denoted o (G), is the
number of elements of a maximal independent set of vertices of G.

For the coming proposition, the reader may find it useful to recall the concept of
complementary graph (cf. Problem 9, page 132).

Proposition 5.46 Let a graph G and a nonempty subset A of the set of vertices of
G be given. The subgraph of G induced by A is a clique in G if and only if A is an
independent set in G. In particular,

w(G) = a(G) and w(G) = a(G).

Proof The first part follows immediately from the definitions. For the second part,
it suffices to use the fact that G = G. O

Example 5.47 Let G be a graph with nine vertices. Suppose that, given any five of
the vertices of G, there exist at least two edges with both endpoints among them.
Compute the least possible number of edges G can have.

Proof We consider two cases separately:

(@) w(G) > 4:fixa K4in G and let A be the set formed by the vertices of this Kj.
Then, A is independent in G and, if u is one of the five remaining vertices, the
stated condition assures that u is adjacent to at least two of the vertices in A.
Thus, we conclude that G has at least 5 - 2 = 10 edges.

(b) w(G) < 3: by Turén’s theorem, G has at most 7'(9; 4) = 27 edges and, hence
G has at least (J) — 27 = 9 edges.

For an example of such a G with 9 edges, take the union of three pairwise disjoint
K3’s. Given five vertices in G, there are two possibilities: either three of these five
vertices form one of the K3’s of G, or we choose the five vertices by taking two
vertices of two of the K3’s of G, together with one vertex of the third K3. In any
case, there are at least two edges of G having both of its endpoints among the five
vertices. O

Problems: Sect. 5.4

1. If G is a graph with at least six vertices, prove that w(G) > 3 or w(G) > 3.
2. The purpose of this problem is to provide a slightly different proof of the result
of Example 5.42 when G is a graph of 2¢ vertices, ¢ > 1, and at least ¢ + 1
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edges. To this end, fix two adjacent vertices # and v of G and do the following
items:

(a) If atleast2g — 1 edges depart from u or v to the remaining 2qg — 2 vertices,
use the pigeonhole principle to guarantee that G has a K3 of the form uvw.
(b) If at most 2g — 2 edges depart from u or v to the remaining 2g — 2 vertices,
apply an appropriate induction hypothesis to G — {u, v} (cf. Problem 11,
page 132) to conclude that such a graph (and, hence, also G) contains a K3.

Solve Problem 3 at the beginning of this chapter.
Let G be a graph with 10 vertices and 26 edges. Show that G must contain at
least five K3’s.

. Let! > 3 and g be natural numbers, and G be a graph of (I — 1)g vertices, with

at least %(l — 1)(I —2)g? edges.’ Argue along the same lines of Problem 2 to
show that G contains a K.

. (TT) Twenty teams entered a soccer tournament. Find the minimum number of

matches such a tournament must have so that, among any three teams, at least
two have played against each other.

. In a given a set of n people, it is known that out of any group of three of them

at least two are acquainted with each other, whereas out of any group of four
at least two are not acquainted with each other. Compute the largest possible
value of n.

(TT) We are given 21 points on a circle. Prove that there exist at least 100 arcs,
each of which having two of the given points as endpoints and whose measures
are less than or equal to 120°.

(Poland) Let n points on a circle with radius 1 be given. Show that there is at

most - line segments joining pairs of these points and having lengths greater

than +/2.

(USA) In a certain society, each pair of people is classified either as amicable
or hostile. Members of amicable pairs are said to be friends and members of
hostile pairs are said to be enemies. Suppose that the society has n people, g
amicable pairs and that, among any three people, at least two form an hostile
pair. Prove that there exists at least one member of the society whose set of

enemies contains, at most, no more than g (1 — 4—) amicable pairs.

Let G be a graph with n vertices, such that w(G) < k, where k > 2. Prove that
G contains at least | = 1J vertices with degrees less than or equal to L(k Dn 1.
A set of 1001 people is such that each subset of 11 people contains at least two
who know each other. Show that there exist at least 101 people in the set such
that each one of them knows at least 100 other people within the set.

(China) Let A be a subsetof S ={1,2,3,..., 106} having 101 elements. Prove
that there exist x1, x2, ..., x100 in S such that, for 1 < j < 100, the sets
Aj = {x +xj; x € A} are pairwise disjoint.

9Note that this is precisely Turan’s number 7 (n; /) whenn = (I — 1)q.



Chapter 6 ®
Divisibility Sk

This chapter is devoted to the elementary properties concerning the relation of
divisibility in the set of integers, with a particular emphasis on the division
algorithm, on the notion of greatest common divisor and the fundamental role
played by prime numbers. In spite of the elementary character of the arguments
we shall use, we will meet several interesting problems and results along the way,
like Bézout’s theorem on the characterization of the greatest common divisor of two
integers and Euclid’s theorem on the infinitude of primes.

6.1 The Division Algorithm

We start by isolating our central object of study, namely, the relation of divisibility
between two integers.

Definition 6.1 Givena, b € Z, with b # 0, we say that b divides ¢, and write b | a,
if there exists ¢ € Z such that a = bc. In case b doesn’t divide a, we write b 1 a.

Let b be a nonzero integer. If b divides a, we also say that b is a divisor of «,
that a is divisible by b or that a is a multiple of . If b | a and b > 0, then b is a
positive divisor of a. Note that every nonzero integer is a divisor of itself and of 0.
Also, 1 divide every integer.

The coming example starts by formalizing two concepts we are certainly familiar
with.

Example 6.2 An integer n is even provided it is a multiple of 2; otherwise, n is said
to be odd. According to Definition 6.1, the even integers are precisely those which
can be written in the form 2k, for some k € Z, i.e., the integers

.., —6,—4,-2,0,2,4,6,....
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The remaining integers, namely,

., —5,-3,-1,1,3,5,...,
are the odd ones. Thus, every odd integer is one plus an even integer, so that can be

generically denoted by writing 2k + 1, where k € Z.

The next example isolates an application of a simple algebraic identity which
will be quite useful for us.

Example 6.3 Let a and b be two given integers and k be a natural number.

(a) Ifa # b, then (a — b) | (a* — b¥).
(b) Ifa # —b and k is odd, then (a + b) | (a* + b¥).

Proof Standard basic algebra (cf. problem 2.1.18 of [8], for instance) gives
ak —bk = (a _b)(akfl _i_akfzb 4. +abk72 _i_bkfl)

and, for odd &,
ak bk = (a +b)(ak_l —dk 2 g gpk2 +bk—1).

Since both a*~ 1 +a*=2p 4. . .+ abf2 4+ bFVand aF ' —aF b+ .. —abk 2+
b*—1 are integers, it suffices to recall Definition 6.1. O
Example 6.4 Prove that, for every k natural, 10% — 1 is divisible by 9.

Proof Tt suffices to apply item (a) of the previous example: 105 — 1 = 10K — 1¥ is

divisible by 10 — 1 = 9. Alternatively, note that

10F—1=99...9=9.11...1,
——— ~——

k digits k digits
which is clearly a multiple of 9, or write, with the aid of the binomial formula,

k

k—1
k ; k :
10 —1=0+D -1=) :(,)9k—-/ ~1=9) j<,>9k—l—/,
J - ]
j=0

j=0

again a multiple of 9. O

The following proposition establishes some basic properties of the relation of
divisibility. The reader should make an effort to keep them in mind for future use.

Proposition 6.5 Let a, b, ¢ be nonzero integers and x, y be any integers.

(a) Ifb|aanda | b, thena = %b.
(b) Ifc|bandb | a, thenc | a.
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(c) Ifc|aandc | b, then c | (ax + by).
(d) Ifb | a, then |b| < |al|.

(e) Ifc | b, then c | ab.

(f) If b | a, then bc | ac.

Proof

(a) If @’ and b’ are integers such that a = ba’ and b = ab’, then a = (ab')a’ =
a(a’'b’), so that a’b’ = 1. Therefore, a’ = £1, and it follows that a = +b.

(b) If a = ba’ and b = cb’, with a’, b’ € Z, then a = (cb')a’ = c(a’'b’), with
a'b’ € Z.Thus, ¢ | a.

(¢c) Leta = ca’ and b = cb/, with a’, b’ € Z. Then ax + by = ca’x + cb'y =
c(a'x + b'y), with a’x + b’y € Z. We conclude that ¢ | (ax + by).

(d) Leta = ba’, witha' € Z. Then, a # 0 = a’ # 0, and hence |a’| > 1. This

gives |a| = |ba’| = |b||a’| = |b|.
(e) If b = cb’, with b’ € Z, then ab = c(ab’), with ab’ € Z. Therefore, c | ab.
(f) If a = ba’, with a’ € Z, then ac = (bc)a’, and hence bc | ac. O
Remarks 6.6

i. As a particular case of item (c) of the previous proposition, if ¢ | @ and ¢ | b,
then ¢ | (a £ b). We shall use this remark several times in what follows.
ii. Item (c) of the previous proposition can be easily generalized to prove that, if
clai,...,an,thenc | (ajx; +---+ayx,) forall x, ..., x, € Z.
iii. It follows from item (d) above that every nonzero integer has only a finite
number of divisors.

We continue by recalling that the integer part x| of x € R is defined by
x| =max{n € Z; n < x}. 6.1)
In other words, given n € Z,
x| =n&n<x<n+l. (6.2)

For instance, since 1 < V2 < 2 we have Lﬁj = 1; on the other hand, since
—3 < —-23 < =2, then |—2.3] = -3.

Our next result is usually referred to as the division algorithm' for integers, and
is one of the cornerstones of the basic theory of divisibility.

Proposition 6.7 Given a, b € Z, with b # 0, there exist unique q,r € 7Z such that
a=>bq+rand0 <r < |b|. Moreover, if b > 0, then

1At this point, the reader may wish to take another look at the definition of algorithm, at the
footnote of page 116.
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q= L%J and r =a — L%J b. (6.3)

Such integers q and r are respectively called the quotient and the remainder upon
division of a by b.

Proof Suppose first that b > 0, and let g be the greatest integer such that bg < a.
Thenbg < a < b(g+1),sothat0 < a—bq < b and it suffices to define r = a—bgq.
Note also that, since

g<-<qg+1,

S

such an integer g is precisely | £ |.
If b < 0, then —b > 0, so that there exist g, r € Z for which a = (=b)q’ + r,
with0 < r < —b. Hence,a = b(—q’) +r, with0 < r < —b = |b|. Make g = —¢’.
Now, suppose thata = bg+r = bq'+r',withq, q’,r,r’ € Zand0 < r,r" < |b|.
Then,

|r'—r| < |b| and b(q —q")=r"—r.
If g # ¢/, then |g — ¢'| > 1, so that
bl < 1bl-1g —q'l = Ir" —r| < b,

a contradiction. Therefore, ¢ = ¢’ and hence r = r'. |

The proof of the following corollary illustrates a typical application of the
division algorithm. For its statement, recall that a nonnegative integer m is a perfect
square provided m = n?, for some nonnegative integer 7.

Corollary 6.8 Every perfect square leaves remainder:

(a) 0 or 1 upon division by 3.
(b) 0 or 1 upon division by 4.
(c) O, 1 or 4 upon division by 8.

Proof Let n be a natural number.

(a) By the division algorithm, n leaves remainder 0, 1 or 2 upon division by 3, so
that n = 3¢q, 3g + 1 or 3q + 2, for some g € Z. Now, let’s consider these three
possibilities:

« Ifn = 3q, then n? =3 - 3¢
o Ifn =3q+ 1, thenn®> =33g% +2¢) + 1.
o Ifn=3¢+2 thenn? =33g2+4g +1)+ 1.

Since 3¢> € 7, the uniqueness part of the division algorithm assures that, in
the first case above, n? leaves remainder 0 upon division by 3. By the same
argument, in the other two cases n? leaves remainder 1 upon division by 3.
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(b) By the division algorithm, the remainder upon division of n by 4 is 0, 1, 2 or
3,sothatn = 4q,4q + 1, 49 + 2 or 4g + 3, for some g € Z. Hence, we can
certainly give to this item a proof that parallels that of (a). Nevertheless, let’s
see a simpler one: again by invoking the division algorithm (or Example 6.2),
we can write n = 2¢g or 2q + 1, for some g € Z.

e Ifn = 2q, then n? = 44°.
« Ifn=2q+ 1, thenn®>=4(q> +q) + 1.

Hence, upon division by 4, in the first case n? leaves remainder 0, whereas in
the second it leaves remainder 1.

(c) Once more, we could give a proof of this fact as a direct application of the
division algorithm, by writing n = 8q + r for some ¢ € Z and some r €
{0,1,2,...,7}. However, in order to avoid having to consider eight different
cases, we proceed as in the proof of item (b):

» Ifn = 2q, then n> = 4¢g>. Now, there are two possibilities:

— If ¢? is even, say g = 2k for some k € N, then n> = 8k.
— If ¢ is odd, say ¢> = 2k + 1 for some k € N, then n> = 8k + 4.

o Ifn =2qg + 1, then n> = 4q(q + 1) + 1. However, since one of the integers
q and g + 1 is even, in any case the product g(g + 1) is even, so that we can
write ¢(q + 1) = 2k for some k € N. Then, n> =4 -2k + 1 = 8k + 1.

Finally, as in the proof of the previous items, the expressions for n? obtained
above guarantee that its possible remainders upon division by 8 are exactly 0, 1
or 4. O

The following elaboration of the division algorithm with play an important role
in subsequent discussions.

Corollary 6.9 Let ay, ay and b be given integers, with b being nonzero. Then, b |
(a1 — ap) if and only if a1 and ay leave equal remainders upon division by b.

Proof Suppose first that a; = bq| + r and ay = bgs + r, with q1, g2, r € Z. Then,
ay —az = b(q1 — q2),ie.,b | (a1 — a2).

Conversely, assume that b | (a; — ap) and let a; = bq + r1 and a» = bgz + 12,
with g1, g2, 71,72 € Zand 0 < ry, ry < |b|. Then,

ai—ay = (q1 —q)b+ (r1 —r2)

and, since b | (a; — az) and b | (g1 — q2)b, item (c) of Proposition 6.5 guarantees
that b divides r; — r» = (a1 — a2) — (q1 — ¢2)b. On the other hand, inequalities
0 < ry,rm < |b| give |r1 — ra| < |b|, so that the only possibility for b dividing
r1 — rp is having |r; — r2| = 0 or, which is the same, r; = 7. m|

As an application of the previous result, the coming example computes the
possible values of the last digit of a perfect square.
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Example 6.10 Every perfect square endsin 0, 1,4, 5,6 or 9.

Proof First of all, notice that the remainder of a natural number upon division by 10
coincides with its last digit (i.e., the rightmost one, in the decimal representation of
the number). Indeed, let m = 10m’ + ag, withm’ € Z and 0 < ay < 9; since 10m’
ends in 0, it follows that the decimal representation of the sum 10m’ + ag (which
equals m) has ag as rightmost digit.

Now, letn € Nand g, r € Z be such thatn = 10g +r, with O < r < 9. Then,

n? = (10g + r)* = 100g> + 20gr + r>
= 10(10k> + 2kr) + r2,

so that 10 | (n? — r?), and Corollary 6.9 guarantees that n> and > leave equal
remainders upon division by 10. Hence, our initial remark assures that the last digit
of n? equals that of r2.

In order to finish the proof, it suffices to check which are the possible values of
the last digit of r2 when r varies from 0 to 9: 02 = 0; 12 and 9% end in 1; 22 and
82 end in 4; 32 and 72 end in 9; 4% and 62 end in 6; 5% ends in 5. Thus, the possible
values of the last digit of n?are0,1,4,5,6o0r9. a

Example 6.11 Let n > 1 be an integer. Show that any sequence of n consecutive
integers contains exactly one multiple of .

Proof Leta + 1,a + 2,...,a + n be a sequence of n consecutive integers, with
a=nq+r,0<r <n.Then,0 < n—r < n,sothata + (n — r) is one of the
numbers of our sequence. Now, note that

at+m—r)y=Mmqg+r)+@n—r)=nlg+1),

which is a multiple of n.

To what is left to do, we shall apply again the result of Corollary 6.9: the numbers
a+1,a+2,...,a+nleave pairwise disjoint remainders upon division by 7, since
the modulus of the difference between any two of them is at least 1 and at most
n — 1. Therefore, our sequence contains at most one multiple of n. O

Problems: Sect. 6.1

1. Prove the divisibility criteria by 3 and by 9: the remainder of the division of
a natural number by 3 (resp. by 9) equals the remainder of the division by 3
(resp. by 9) of the sum of the digits of its decimal representation. In particular,
a natural number is a multiple of 3 (resp. of 9) if and only if the sum of its digits
is so.

2. Find the remainder of the division of 10% by 11.
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. Prove the criterion of divisibility by 11: if the natural number » has decimal

representation n = (axakg—1 - . . ajap)1o0, then its remainder upon division by 11
equals that of the alternating sum

ao—a; +ax — ...+ (=D g + (=g

upon division by 11. In particular, 11 | n if and only if 11 divides the alternating
sum of the digits of n.

. (IMO) Find all natural numbers n of three digits, such that 11 | n and ﬁ is

equal to the sum of the squares of the digits of n.
(IMO) Find all n € N such that the product of the digits of the decimal
representation of n is equal to a n> — 10n — 22.
* Given a natural number n, prove that the product of any n consecutive integers
is always divisible by n!.
(Hungary) For n € N, prove that 8" — 3" — 6" + 1" is a multiple of 10.
(Hungary) Prove that 5 divides 17° + 2% 4 3% 4 4% 4 5%,

For the next problem, given m € Z we shall let Zm denote the set

nZ = {nq; q € Z} = {0, £n, £2n, £3n, .. .}.
Let S be a set of integers containing 0 and satisfying the following condition:
x,yeS,x#y=x—-yeS.

If S # {0}, prove that:

(a SNN#4.
(b) Ifx,y e S,thenx +y e S.
(¢) If n = min(S N N), then S = nZ.

* Compute the remainder of the division of 24 4 1 by 23? + 1. More generally,
given integers a, m and n, all greater than 1 and such that m > n, compute the
remainder of the division of a2 + 1 by a?" + 1.

The coming problem generalizes the binary representation of natural num-
bers, established in Example 4.12 of [8].
* Let m,a € N, with a > 1. Show that there exist unique integers
k,mo,my,...,mi, withk > 0,0 <mj <a—1for0 < j <k, m >0
and

k—1

m:mkak—l—mk_la + - +mia + my.

The above expression for m is known as its representation in base a.
* For x € R, prove the following items:

@ x—1<|x] <x.
®) x+1]=[x]+1
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0,ifxeZ
©) LxJ+L—xJ={_Lifx¢Z.
*Letx,y € Rand m,n € Z, with n > 0. Prove the following items:
(@ x<y=|x] <yl
(b) [nx] >nlx].
© {m—“J <|Z]+1
@ [ 5] =15)
© ]+l =lx+yl=lx]J+ ]+ 1
® x+yl+1x]+Ly) = 12x] + [2y].

For x € R, prove that its closest integer is given by {x + %J
(ORM) Find all a, b € N such that

S )= v

(Hungary) Prove that there are no odd integers x, y and z such that

(x er)2 + (y+z)2 =(x +z)2.

Let x, y and z be integers such that x> + y> = z2. Prove that 6 | xy.

For the coming problem, recall that a perfect cube is an integer of the form
g3, for some ¢ € Z.
(Brazil—adapted)

(a) Find all possible remainders upon the division of a perfect cube by 7.
(b) If x, y, z are integers such that 3+ y3 —Zisa multiple of 7, prove that at
least one of x, y, z is a multiple of 7.

(Brazil) Find all natural numbers x, y, z, n such that n* + n¥ = n?®.

(Soviet Union) For n > 3 integer, show that 1! 4+ 2! + 3! 4 ... + n! is never a
perfect square.

(Brazil) Prove that there doesn’t exist integers x and y such that 15x2—7y% = 9.
(France—adapted) For k, m,n € N, with k > 2, let F;,, = 22" 4 1 be the m-th
Fermat’s number? and G,, = @ (k —2) +n. For a fixed k, we want to find
(if any) all m, n € N such that F,, = G,,. To this end, do the following items:

(a) Prove that, if there exists such a pair (m, n), then there also exists a
nonnegative integer r such that n = 2" 4 1.

2 After Pierre S. de Fermat, French mathematician of the seventeenth century. As the perseverant
reader will testify, along the rest of this book we shall have a lot more to say on the enormous
legacy of Fermat to elementary Number Theory.
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(b) Conclude from (a) that k — 1 = 2"¢; for some #; € N, so that 22" 41 =
2272t 411 — ).

(c) Useinductionon/ € N to show that if we had 22" +1 = 2¢+Dr 27414, F1)
for some 7; € N, then 22" + 1 = 2U+D7 2 1y + 141 £ 1).

(d) Conclude on the existence or not of such a pair (m, n).

23. (Russia) For each positive integer m, let s(m) denote the sum of the digits of
the decimal representation of m. Prove that there exist infinitely many natural
numbers 7 for which s(3") > s(3"*1).

6.2 GCD and LCM

We say that a nonzero integer d is a common divisor of given nonzero integers
ai,...,ayifd | ay,...,d | a,.Notethatay, ..., a, always have common divisors:
1, for instance. Moreover, since every nonzero integer has only a finite number
of divisors, ay, ..., a, have only a finite number of common divisors. Thus, the
following definition makes sense.

Definition 6.12 The greatest common divisor of the nonzero integers ay, ao, ...,

an,denoted ged(ay, as, . .., a), is (as its name says) the greatest one of the common
divisors of ay, az, ..., a,. Nonzero integers ap, az, ..., a, are said to be pairwise
coprime or relatively prime, if gcd(ay, az, ..., a,) = 1.

The coming result is due to the French mathematician Etienne Bézout.? For its
statement, given n € Z we let nZ denote the set of integer multiples of n, namely,

nZ = {nx; x € Z} = {0, &£n, £2n, +3n, .. .}.
Theorem 6.13 (Bézout) Letay,ay, ..., a, be nonzero integers. If
n
S:{Zaixi; xi€eZ, V1 <i Sn},
i=1

then S = dZ, with d = gcd(ay, aa, ..., ay). In particular, there exist uy, uy, ...,
u, € 7 such that

ged(ay, az, ..., ay) = ajuy +azxuz + - -+ + apy. (6.4)

3French mathematician of the eighteenth century, Bézout is one of the precursors of the area of
Mathematics known today as Algebraic Geometry. In spite of the coming result, his most famous
theorem is probably the one which states that, if f and g are real polynomials in two indeterminates
X, Y, with no common factors and with degrees respectively equal to m and n, then the number of
points of intersection of the curves f(x, y) = 0 and g(x, y) = 0 in the cartesian plane is at most
mn—rfor example, two distinct ellipses have at most 2-2 = 4 points in common. For an elementary
exposition, we recommend [18] or [31].
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Proof It’s immediate to see that every multiple of an element of S belongs to S, i.e.,
ueS=ulcCs. (6.5)

On the other hand, since d divides ajx;+azxo+- - -+aux, forall xy, xo, ..., x, € Z,
we certainly have S C dZ.

In order to establish the opposite inclusion, note first that S does contain positive
integers; indeed, by choosing x; = a; and xp = --- = x, = 0, for instance, we
conclude that

af=a1x1 +axxy + -+ ayx, €8.

Since S contains positive integers, there exists a least positive integer d’ in S. If
we show that d’ = d, we will get d € S, and (6.5) (with d in place of u) will give
dZ C S.

We first claim that d’ | ay, ..., a,. Indeed, since d’ € S, there exist up, us, ...,
u, € Z such that d’ = aju; + apup + - - - + ayu,. Now, let ay = d’'q + r, with
q,r € Zand 0 < r < d'. Then,

r=a —dq
=a1 — (a1u1 + auz + - - - + apity)q

=a1(1 —u1q) +ax(—uzg) + - - - + ay(—unq),

sothat r € S.If 0 < r < d’, we would get a contradiction to the fact that d’
is the least positive integer in S. Therefore, r = 0 and d’ | a;. Analogously, d’ |
ar,...,ay.

Finally, since d’ is a common divisor of a1, az, ..., a,, in order to get d’ = d is
suffices to show that d” > d. To this end, if a; = dq1, ax = dqo, ..., ay = dqy,
with q1, g2, ..., qn € Z, then

d =au; +auy+ -+ ayup

=dqiuy +dqouz + - - - +dguuy
=d(qiuy + qaua + -+ - + quuy),

sothat0 < d | d’. Thus,d <d'. O

Remark 6.14 1In the notations of Bézout’s theorem, one uses to say, thanks to (6.4),
that ged(ay, az, ..., a,) is a linear combination of ay, as, ..., a,, with integer
coefficients. For the time being, we shall concentrate on the existence of such
a way of representing gcd(ay, az, ..., a,). However, an actual way of getting
uy,ug, ..., u, € Z as in (6.4) will be an easy consequence of Euclid’s algorithm
(cf. Proposition 6.27), together with item (b) of Corollary 6.23.
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In what follows, we collect several useful consequences of the previous theorem.

Corollary 6.15 Ler ay, ay, ..., a, be nonzero integers with gcd equal to d. If d' €
N, thend' | aj, ay, ..., a, ifand only if d’ | d.
Proof Take integers u1, us, ..., u, such thatd = aju; + aoup + - - - + a,u,. Since
d | a,ay,...,a,, item i. of Remarks 6.6 guarantees that d’ | d. The converse is
immediate. O
Corollary 6.16 Letai, as, ..., a, be nonzero given integers with gcd equal to d.
(a) d = 1if and only if there exist integers uy, us, ..., u, such that ayuy + aru +
-4 ayu, = 1.
a a an\ _
(b) ng(F, VERREE) 7) =1.
Proof
(a) If d = 1, the existence of such integers uy, us, ..., u, follows from Bézout’s
theorem. Conversely, let u1, ua, ..., u, be a set of integers satisfying the stated
conditions. Since d | ap,a,...,a,, it follows once more from item i. of

Remarks 6.6 thatd | (ajuy + - - - + ayuy),i.e.,d | 1. Thus,d = 1.
(b) Letting d = aju; + apus + - - - + ayu,, we have (”71) ur+ -+ (%) u, = 1.
Therefore, the desired result follows directly from item (a).
O

Example 6.17 (China) Let a, b, ¢ and d be nonzero integers, such that c +d # 0
and ad — bc = 1. Prove that ’Z_%Z is an irreducible fraction.

Proof We wish to prove that gcd(a + b, ¢ + d) = 1. To this end, and according to
the previous corollary, it suffices to find integers u and v such that

(a+bu+(c+dv=1.

Since ad — bc = 1, one readily notices that u = d and v = —b is a possible choice.
O

Remark 6.18 Let ay, as, ..., a, be nonzero integers with gcd equal to d. Letting
U = % for 1 <i < n,item (b) of the previous corollary assures that uy, us, ..., u,
are relatively prime integers, for which a; = duy, a» = duo, ..., a, = du,.

The above remark gives a way of writing nonzero integers ay, az, ..., a, which
will reveal itself to be useful in a number of situations. The two coming examples
stress this point.

Example 6.19 Every nonzero rational number can be written as an irreducible
fraction, i.e., has a fractional representation of the form %, where a and b are
nonzero relatively prime integers. Indeed, let r be a nonzero rational number and
r= % be a fractional representation of it. Then, m and n are nonzero integers and,
letting d = gcd(m, n), we get m = da and n = db, with gcd(a, b) = 1. This gives
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m da
r=—
n

_ _a
~db b’

which gives the desired fractional representation of r.

1 b+1

Example 6.20 (Russia) Let a and b be natural numbers such that % + Z= e N.
Prove that

a

ged(a, b) < va+b.

Proof Let d = gcd(a, b), so that there exist integers u and v such that a = du,
b = dv and gcd(u, v) = 1. Then,

a+1+b+1 _du+l+dv+1
b a  dv du
_u(du+1)+vdv+1)

duv

. d(u2+v2)+(u+v) c
n duv

N.

In turn, this assures that

-d(u2+v2)+(u—|—v):(u2+v2)+u+v

duv d

uv

is also a natural number. Hence, d | (4 + v), so that d < u + v. But this gives

d*> <du+dv=a-+b.

Corollary 6.21 Given nonzero integers ay, as, ..., a, k, we have:

(a)
(b)

ged(kay, kas, . .., kay) = |k| ged(ay, az, ..., ap).
ng(ala a25 LR ] an) = ng(ng(ala a25 ey an—1)7 al’l)~

Proof

(a)

Let d = ged(ay, ..., a,) and d' = ged(kay, ..., kay). Since d divides all of
ai, ..., a, we conclude that |k|d divides all of kay, ..., ka,, so that |k|d is a
positive common divisor of kay, ..., ka,. However, since d’ is the largest of
such common divisors, it follows that |k|d < d’. Conversely, since k divides
d’ and d’ divides all of kay, ..., ka,, we get that % is a positive integer which

divides all of ay, ..., a,. This gives % < d or, which is the same, d’ < |k|d.
Therefore, d’ = |k|d.
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(b) Letd = ged(ay,...,a,) and d' = ged(ged(ay, az, ..., a,_1), ay). Since d |
ai,...,an—1, we get from Corollary 6.15 that d | gcd(ay, ..., ay,—1). Then, d
divides both gcd(ay, ..., ay,—1) and a,, so that (once again from Corollary 6.15)
d divides the gcd of these two numbers, thatis, d | d’. A similar reasoning shows
that d’ | d, thus finishing the proof.

O

We specialize our discussion to the greatest common divisor of two nonzero
integers. Given a, b € Z \ {0}, with d = gcd(a, b), Bézout’s theorem guarantees
the existence of integer # and v such that d = au + bv. It is important to note that
such a way of writing gcd(a, b) is not unique; actually, if ¢ € Z, then we also have
d = a(u—1tb)+b(v+ta). We shall have more to say about this in Proposition 6.26.

Later, we will establish a quite important and useful algorithm for effectively
finding the gcd of two nonzero given integers, namely, Euclid’s algorithm. We start
by studying some properties of the gcd of two nonzero integers.

Proposition 6.22 For any nonzero integers a, b and c, we have that:

(a) If c | ab and gcd(b, c) = 1, then c | a.

(b) If a + bc # 0, then ged(a + be, b) = ged(a, b).

(c) If gcd(a, c) =1, then ged(a, be) = ged(a, b).

(d) If c | b and gcd(a, b) = 1, then gcd(a, ¢) = 1.

(e) If gcd(b, ¢) = 1, then gcd(a, bc) = ged(a, b) ged(a, c). In particular, if b and
c are relatively prime and divide a, then bc divides a.

Proof

(a) Letu, v € Zbe such that bu+cv = 1. Multiplying both sides of this equality by
a, we get (ab)u + c(av) = a. Finally, since ¢ | (ab), item (c) of Proposition 6.5
shows that ¢ | a.

(b) Let d = gcd(a + be, b) and d' = ged(a, b). Since d’ | a, b, we have that
d' | a,a + bc. Hence, by Corollary 6.15 we get d' | d. Conversely, since
d | (a + bc) and d | b, we conclude that d | [(a + bc) — bc], i.e.,d | a and
d | b. Again by Corollary 6.15, we obtain d | d’ and, thus, d = d’.

(¢) Setd = ged(a,b) and d' = ged(a, be). From d | b it follows that d | bc.
Therefore, d | a and d | bc, so that d | ged(a, bc) = d'. In order to finish,
let us show that d’ | d: since ged(a, ¢) = 1, Bézout’s theorem guarantees the
existence of u, v € Z such that au + cv = 1. This way, a(bu) + (bc)v = b, and
such an equality, together with the fact that d’ | a and d’ | bc, proves that d’ | b.
Then, d’ | a and d’ | b, so that d’ | ged(a, b) = d.

(d) Letd € Z be such that b = cd, and choose u, v € Z for which au + bv = 1.
Then, au + c¢(dv) = 1, and item (a) of Corollary 6.16 gives gcd(a, ¢) = 1.

(e) Once more, set d = ged(a, b) and write ¢ = du and b = dv, withu,v € Z
relatively prime. By successively applying Corollary 6.23 and the result of item
(c), we obtain

gcd(a, be) = ged(du, dvc) = d ged(u, ve) = d ged(u, c).
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However, d | b and gcd(b, ¢) = 1 imply (cf. item (d)) ged(d, ¢) = 1. Hence,
one further application of item (c) gives us

gcd(a, ¢) = ged(du, ¢) = ged(u, ¢).
Finally, taking together both relations above, we get
gcd(a, bc) =d - ged(u, c) = ged(a, b) ged(a, c).
The rest is immediate.

O

Corollary 6.23 Let a and b be nonzero integers and k, m and n be natural
numbers.

(a) If ged(a, b) = 1, then ged(a™, b") = 1.
(b) If gcd(a, b) = 1 and ab = k", then there exist u,v € Z such that a = u",
b ="

Proof
(a) Ttem (c) of the previous proposition, with 5”1 in place of b and b in place of c,
gives
ged(a, ") = ged(a, b~ - b) = ged(a, b" 1),
It follows by induction on n that gcd(a, b"*) = gcd(a, b) = 1. Analogously,

ged(@”, b") = ged(@" ! - a, b") = ged(@" !, b")

and, by induction on m, we get gcd(a”, b"*) = ged(a, ™) = 1.

Alternatively, since gcd(a, b) = 1, Bézout’s theorem guarantees the exis-
tence of x, y € Z such that ax + by = 1. Hence, the formula for binomial
expansion gives

n—1
I=(ax+by)" =) (Z) (@x)" " oy)* + by)" = aq +b"y",
k=0
with g = Z;(l) (Z)a”_k_lx"_k (by)*. Hence, item (a) of Corollary 6.16 shows

that ged(a, ") = 1. Starting from this last relation and arguing in an entirely
analogous way, we conclude that gcd(a™, b") = 1.

(b) Setu = gcd(a, k) and v = ged(b, k). Since ged(a, b) = 1, from item (d) of the
previous proposition we obtain

k = ged(k", k) = ged(ab, k) = ged(a, k) - ged(b, k) = uv,
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so that
ab =k" =u"".

Now, u | a and ged(a, b) = 1 give us (cf. item (d) of the former Proposition)
gcd(u, b) = 1; analogously, gcd(v, a) = 1. It thus follows from item (a) that

ged(u”,b) =1 and ged(v",a) = 1.
Finally,

u" |ab and gedw",b)=1=u" |la=u" <a
v" |ab and ged(v",a)=1=v"|b=v"<b

However, since ab = uv", u" < a and v" < b, the only possibility is to have
a=u"and b =v".
O

We are now in position to prove a result which was already used in [8]. We
present it as the coming

Example 6.24 Given natural numbers n and k, with k > 1, either there exists m € N
such that n = m* or &/n is an irrational number.

Proof Assume that &/n = %, with m and p relatively prime naturals (cf.

Example 6.19). Then, pkn = m*, and condition ged(m, p) = 1, together with
the results of the previous corollary, gives ged(m¥, p¥) = 1. On the other hand,
pkn = m" assures that p¥ | m*. Therefore, the only way of pX and m* being
relatively prime is that pk = 1. However, since k > 1, we must then have p = 1, so

that n = m*. O

Roughly speaking (for now, any attempt of giving a more precise definition
would be useless), an equation in (more than one) integer variables is said to be
a diophantine equation.* The analysis of general diophantine equation equations
is generally a very difficult task, demanding quite sophisticated arguments to be
accomplished. We shall meet (and solve) several important examples of Diophantine
equations along the way. For the time being, let us take a look at a simple example.

Example 6.25 Prove that there does not exist x, y € Nsuch that x34+3 = 4y(y+1).

Proof On the contrary, assume that x> + 3 = 4y(y + 1) for some x, y € N. Then,

P Hd=4yy+ D +1=Qy+1)?

4 After Diophantus of Alexandria, Greek mathematician of the third century BC, who is considered
to be one of the founding fathers of Algebra and Number Theory. In his famous book Aritmetica,
Diophantus tried to systematically study integer solutions of certain particular kinds of polynomial
equations. These, in turn, passed to be deservedly known as diophantine.
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and, hence,
3 _ 2 2 _
X=Qy+1)"—-2"=Q2y—- 12y +3).

Now, if d = gcd(2y — 1, 2y 4 3), then d is odd and divides (2y +3) — 2y —1) =4,
so that d = 1. Therefore, the product of the relatively prime integers 2y — 1 and
2y + 3 is a perfect cube, and Corollary 6.23 assures that 2y — 1 and 2y + 3 must
themselves be perfect cubes. However, one cannot find two perfect cubes whose
difference is equal to 4, so that we have reached a contradiction. m]

In spite of the ad hoc character of the solution of the previous example, the theory
we have developed so far, on the gcd of two integers, allows us to completely solve
the diophantine linear equation in two variables ax + by = c¢. Here, x and y are
integer unknowns and a, b and ¢ are given nonzero integer parameters.

Proposition 6.26 Let a, b and c be nonzero given integers. The equation ax +by =
¢ admits integer solutions if and only if gcd(a, b) | c. Moreover; if this is so and
d = gcd(a, b) and x = xo, y = Yo is some integer solution, then the formulas

b a
= —t, y=yp— —t, 6.6
X =x0+ g Y=y (6.6)

t € Z, give all possible integer solutions. In particular, ifab > Oand x,y € Z is an
integer solution, then we can assume thatx > 0 > yorx <0 < y.

Proof Firstly, suppose that there exist x, y € Z for which ax 4+ by = ¢. Since d | a
and d | b, it follows that d | (ax + by), i.e., d | c. Conversely, let ¢ = de, with
e € 7, and (by Bézout’s theorem) u and v be integers such that d = au + bv. Then,
c=a-eu+b-ev, so that the given equation admits the integer solution xo = eu,
Yo = ev.

For the second part, assume again that d | ¢, and let x = xp, y = yo be some
integer solution of the given equation. If x = x1, y = y is another integer solution,
we must have a(x; — xg) = b(yo — y1); cancelling d out of both sides of such an
equality, we obtain

b
f—;m —%0) = 200 = y1).

Thus, dg | % (x1—x0) and, since ged (%, %) = 1, item (a) of the previous proposition
guarantees that g | (x1 — xo0). Letting x; — xo = gt, we get yo — y1 = %t, and
the stated formulas easily follow. Conversely, it is immediate to verify that such
formulas do provide integer solutions to the given equation.

For what is left, assume that a, b > 0 (the remaining case a, b < 0 can be dealt
with in an analogous way), so that

b d d
xo—}——t>0<:>t>—ﬂ and yo—zt<0<:>t>ﬂ.
d b d a
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Therefore, by choosing ¢ € Z such that ¢ > —dﬂ, dﬂ, and letting x; = xo9 + by
y g b a g d

and y; = yo — %t, we have x; > 0, y;1 < 0 and ax; 4+ by; = c. Analogously,
one can show that we can take an integer solution x, y of the given equation with
x<0<y. O

Up to this moment, we only know that one can write the gcd of two nonzero
integers a and b as a linear combination au + bv, for some u, v € Z. However, we
still do not have at our disposal a method of effectively doing this. To remedy such a
situation, we consider the following algorithm, usually attributed to Euclid himself.

Euclid’s Algorithm
Step 1 ta = bg+r O<ri<bd
Step 2 b = rnqgp+n 0<m<r
Step 3 ir = g+ O<rz<n
Step j ‘rj2 = rj_1qj+rj 0<rj<rjq
Step j+1:rj_1 = rjgjy1+0

Note that the execution of the above algorithm actually stops after a finite number
of steps, for, since r1, rp, ...are integers satisfying b > r; > rp > --- > 0, there
must exist a least index j such that r; is the last nonzero remainder in the sequence
of divisions above.

The importance of Euclid’s algorithm relies upon the following result.

Proposition 6.27 In the notations above, we have ged(a, b) = r;.

Proof Several applications of item (b) of Proposition 6.22 give

ged(a, b) = ged(a — bqq, b) = ged(ry, b)
= gcd(ry, b —riq2) = ged(ry, r2)
= ged(ry — r2g3, r2) = ged(r3, r2)

= ng(Vj_l, rj) =rj,
where, in the last equality above, we used the fact thatr; | r;_;. O

Euclid’s algorithm provides a method for effectively finding a pair of integers u
and v whose existence is assured by Bézout’s theorem, i.e., such that gcd(a, b) =
au + bv. Let us see how to do this by looking at a numerical

Example 6.28 Use Euclid’s algorithm to show that gcd(120, 84) = 12. Then, solve
the linear diophantine equation 120x 4 84y = 12.
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Solution We start by executing Euclid’s algorithm:

120 =84 -1+ 36
84 =36-2+12
36 =12-3.
Since 12 is the last nonzero remainder, it follows from Proposition 6.27 that
gcd(120, 84) = 12.
We can now find integers u and v such that 12 = 120u + 84v by working
backwards with the successive divisions that led us to the ged:
12 =84-1-36-2
=84-1-(120—-84-1)-2
=84-1—-120-2+84-2
=84 -3+ 120(-2).
Finally, with the solution xg = —2, y9 = 3 of 120x 4 84y = 12 in our hands, we
can get all solutions by applying formulas (6.6):
x =-24+84/12)t = -2+ 171;
y =3 —(120/12)t =3 — 10¢.
O

Euclid’s algorithm and the proof of its correctedness (i.e., Proposition 6.27) are
also useful for theoretical purposes, as shown by the coming example.

Example 6.29 Let a, m and n be given natural numbers, witha > 1.If ¢, r € Z are
such that m = nqg + r, with 0 < r < n, prove that

ged(a@™ — 1,a" — 1) = g&d0mm _q,

Proof Let us start by showing that, if » = 0, then (" — 1) | (@™ — 1). To this end,
it suffices to observe that @™ — 1 = (a")? — 1, and to recall that we already know,
from Example 6.3, that " — 1 divides (a")? — 1.

We now prove that, if r > 0, then gcd(@™ — 1,a" — 1) = ged(@" — 1,a” — 1).
Indeed, letting a” = b whenever convenient, we get

a"—1=a""" —1=@9 - Dd" +@@ -1
= (@) =Da" + @ - 1)
=@ = D@+ b+ Dd" + @ - D).
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Letting
c=@" + b4+ b+ Da”
d =gedd” —1,a" — 1)
d =ged(@" —1,a" - 1)

we get

a"—1=@" - e+ @ —1).
Hence, item (b) of Proposition 6.22 gives

ged(@” —1,ad" — 1) = ged((@" — e+ (@ —1),a" — 1)
=gcd(@ —1,a" —1).
For what is left to do, assume, without loss of generality, that m > n. If m = n,

we are done. Assume, then, that m > n, and consider Euclid’s algorithm for m
and n:

m =nq+r 0<r <n;
n =riqx+nr 0<ry<ry;
ry =nrqi+r 0<r3<r

ricao=rj_1qj+r; 0<rj<rj_i;
ri-1=rjqj+1+0.

Our previous discussion guarantee that
ged(m, n) = ged(n, r) = ged(ry, r2) = -+ - = ged(rj—1, 7)) =7rj.
Therefore, by applying the above reasoning several times, we get

ged(@” —1,a" — 1) = ged(@" —1,d" — 1)
=gcd@" —1,a”? = 1)

=ged(@’-' —1,d"7 = 1)

—adi—1= agcd(m,n)—l.

O

We finish this section by studying the least common multiple of a finite set
of nonzero integers. Given nonzero integers ap, as, ..., a,, the positive integer
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lajay . . .ay,| is a common multiple of aj, as, ..., a,. Therefore, there exists a least
positive integer which is a common multiple of ay, az, ..., a,, and this gives sense
to the following

Definition 6.30 Given nonzero integers aj, az, ..., a, the least common multiple
ofaj,a,...,a,,denoted Icm (ay, az, ..., a,), is the smallest positive integer which
is a common multiple of all of ay, ao, ..., a,.

The coming results establish the basic properties of the Icm .

Proposition 6.31 Let ay, ay, ..., a, be nonzero integers with lcm equal to m. An
integer M is a common multiple of a1, ay, ..., a, if and only if m | M.

Proof Let M be a common multiple of ay, aa, ..., a, and write M = mq + r, with
q,r € Zand 0 <r < m. Since a1 | m and a; | M, it follows from Proposition 6.5
that a; | (M — mgq), i.e., aj | r; analogously, a>, ...,a, | r,sothat0 <r <misa
common multiple of ay, ay, ..., a,. However, since m is the least (positive) common
multiple of ay, a», ..., a,, the only left possibility is that r = 0. Hence, m | M. O

Lemma 6.32 Let ay, az, ..., a, be nonzero integers and k € N. Then,
lem (kay, kaa, ..., kay,) =k - lem (ay, ap, ..., a,).

Proof If M = lem (kay, kaa, ..., ka,) andm = lem (ay, ay, ..., a,), thenkm is a
positive common multiple of kay, kas,. .., kay, so that km > M. On the other hand,
since M is a (positive) common multiple of kay, kay,..., ka,, it follows that k | M
and M/ k is a positive common multiple of ay, as, ..., a,; therefore, M/ k > m or,
which is the same, M > km. We conclude that M = km, as desired. m]

Our next result relates the gcd and the lcm of two nonzero integers.

Proposition 6.33 [fa and b are nonzero integers, then
gcd(a, b) - lem (a, b) = |ab|.

Proof We shall begin by showing that gcd(a, b) = 1 = lcm (a, b) = |ab|. To this
end, let m be a positive common multiple of a and b. Since ged(a, b) = 1, item
(e) of Proposition 6.22 guarantees that ab | m. Hence, m > |ab|, so that |ab| is the
smallest positive common multiple of a and b, i.e., |ab| = lcm (a, b).

For the general case, first note that lcm (a, —b) = lcm (a, b); since we already
have ged(a, —b) = ged(a, b), we can assume, without loss of generality, thata, b >
0. Letd = gcd(a, b) and write a = du and b = dv, so that u and v are positive and
relatively prime integers. We wish to show that lcm (du, dv)d = d*uv or, by the
previous lemma, that Icm (u#, v) = uv. But this is exactly what we have done in the
paragraph above. O

Example 6.34 (Japan) Find all pairs (a, b) of positive integers such thata > b and

lem (a, b) + ged(a, b) +a + b = ab.
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Solution Set d = gcd(a, b), and let u, v € N be such that a = du and b = dv.
Then,a > b = u > v and

d - lem (a, b) = ged(a, b) - lem (a, b) = ab = d*uv,

so that Iem (a, b) = duv. Substituting these expressions in the original equation,
we conclude that it is equivalent to

uw+1)+ (+1) =duv, (6.7)
sothatu | (v + 1). Thus, u < v + 1 and, therefore, u = voru = v+ 1. Ifu = v,
it follows from ged(u,v) = 1 thatu = v = 1,sothatd = 4anda = b = 4. If
u = v+ 1, it follows from (6.7) that

_u@w+ D+ @+ @+ D+ @+

d =
uv (v+ Do
V243042 2
_2—=1+_’
v-+v v

which in turn implies v = 1 or v = 2. By separately examining each of these cases,
we arrive at the remaining solutions: a = 6,b =3 ora =6, b = 4. O

Problems: Sect. 6.2

1. (IMO) For n € N, prove that gcd(21n + 4, 14n + 3) = 1.

2. (OIM) Find all positive integers m and n such that 2" + 1 = n?.

3. Consider two infinite and nonconstant arithmetic progressions whose terms are
positive integers. Prove that there exist infinitely many naturals which are terms
of both of these sequences if and only if the ged of their common differences
divides the difference of their first terms.

* Given a, m,n € N, with m # n, prove that gcd(azn +1, a®" + 1)=1or2.
(Japan) Prove that gcd(n! + 1, (n + 1)! + 1) = 1, for every n € N.

(TT) If a and b are natural numbers for which ab | (a® + b?), show that a = b.
(Brazil) We partition an a x b rectangle (a, b € N) into ab squares 1 x 1.
Prove that each diagonal of the rectangle crosses the interior of exactly a + b —
gcd(a, b) squares 1 x 1.

8. Let n and k be positive integers, with n > k. Prove that the gcd of the binomial

numbers
n n+1 n+k
k)’ k) k

Now s

equals 1.



178

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

6 Divisibility

(Miklés-Schweitzer) Let n > 1 be a given integer and 2¥ be the greatest power
of 2 that divides it. Prove that the gcd of the binomial numbers

2n 2n 2n 2n
1)°\3)°\5) " \2n—1
is equal to 2¢+1,

(USA—adapted) For a fixed k € N, show that
max{ged(n® + k, (n + 1) + k); n € N} = 4k + 1.

(Hungary) If a, b and c are positive integers such that % + % = %, prove that
there exist positive integers ¢, u and v for which ged(u, v) = landa = qu(u+
v), b = qv(u +v) and ¢ = quv.

(England) Let x and y be natural numbers such that 2xy divides x> 4+ y? — x.
Prove that x is a perfect square.

(USA) Of any set of ten consecutive natural numbers, show that one can always
choose at least one element which is relatively prime to all of the nine remaining
ones.

Let a, b and m be given naturals, with gcd(a, m) = 1. Show that

m—1

ZL‘”‘H’J - Dm—1+0
m 2

Jj=0

For the coming problem, recall (cf. [8], for instance) that the fractionary
part of x € R is the real number {x} such that {x} = x — | x|. Thus, {x} € [0, 1)
and {x} =0 x € Z.

(Japan) Letn,r € Nbe such thatn > 1 andn 1 r. If d = ged(n, r), prove that

" (ri 1

i=1

(Putnam) Given m, n € N, with m > n, prove that

ged(m, n) <m) EN.

m n

(Bulgaria) Let (a,),>1 be the sequence of positive integers defined by a; = 2
and a,+1 = a,% — a, + 1 for n € N. Show that any two terms of this sequence
are relatively prime.

* As usual, let (F,),>1 be the Fibonacci sequence, i.e., the sequence given by
Fi = F, = 1 and Fiyp» = Fiy1 + Fi for every k € N. Do the following
items:
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19.

20.

21.
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(a) Prove that gcd(F,, F,,+1) = 1 forevery n € N.
(b) Provethat, foralln, k € N, withn > 1,one has F,,1x = Fy—1 Fr+ F, Fi+1.
(c) Use item (b) to successively conclude that, for all n, g, r € N:

(1) ng(an, F,) = F,.
(ii) ng(an—ly F,) =1
(iii) ged(Fugir. Fn) = ged(Fy, Fy).

(d) Show that gcd(Fy, Fin) = Fgcd(m,n) for allm,n € N.

(Croatia) Let (a,)n>1 be a sequence of integers such that a; = 1 and a,47 =
axan+1 + ay for every n € N. Prove that ged(ay,, an) = aged(m,n)-

Given relatively prime natural numbers a and b, establish the following
results:

(a) Every natural number n > ab can be written asn = ax+by, withx, y € N.

(b) The natural number ab cannot be written as in (a).

(c) Every integer n > ab — a — b can be written in the form n = ax + by, for
some nonnegative integers x and y.

(d) The integer ab — a — b cannot be written as in (c).

(e) There are exactly %(a — 1)(b — 1) nonnegative integers which cannot be
written in the form ax + by, for some nonnegative integers x and y.

(IMO—adapted) Let a, b and c be pairwise relatively prime natural numbers.

(a) Show that there do not exist x, y, z € Z such that 2abc —ab — bc — ca =
xbc + yac + zab.

(b) If n € Nsatisfies n > abc — a — bc, use the result of the previous problem
to establish the existence of x, t € Z, such that n = xbc + ta, with 0 <
x<a-—1.

(c) Show that the integer ¢ of item (b) is greater than bc — b — ¢, and use
the result of the previous problem once again to establish the existence of
v, 2 € Zy4 for which t = bz + cy.

(d) If n € Nsatisfies n > 2abc — ab — bc — ca, use the results of items (b) and
(c) to show that there exist x, y, z € Z4 such that n = xbc + yac + zab.

(IMO—shortlist) Generalize the result of the previous problem in the following

way: if ay, as, ..., a, are pairwise relatively prime natural numbers and
n
A= E Xjai...dj...ap; Xi,...,X, € Ly
Jj=1

(here, 'c?j indicates that a; is not present in the product xay .. .Zij ...ap), then

i=1

is the greatest natural number which does not belong to A.
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23. It is interesting to ask how efficient Euclid’s algorithm is, upon computing the
gcd of two nonzero integers. The purpose of this problem is to shed light on this
question, by proving a result of Lamé.> To this end, do the following items:

(a) If Fy is the k-th Fibonacci number and n € N, prove that F,,+5 > 10F),.
Then, deduce that F5,,4+2 > 10", so that the decimal representation of Fs; 2
has at least n + 1 digits.

(b) Given natural numbers a > b, assume that Euclid’s algorithm takes n steps
to compute gcd(a, b). Prove that b > F,_;.

(c) Prove Lamé’s theorem: given natural numbers a > b, the number of steps
needed in Euclid’s algorithm to compute gcd(a, b) is at most five times the
number of decimal digits of b.

24. (Brazil) Let n > 1 be an integer. Prove that

1+1+1+ +1
2 3 n

is never an integer.

6.3 Prime Numbers

An integer p > 1 is prime if its only positive divisors are 1 and p. An integer
a > 1 which is not prime is said to be composite. We shall prove in a few moments
(cf. Theorem 6.38) that the set of primes is infinite. For the time being, and for the
reader’s convenience, we list below all prime numbers less than 50; their primalities
can be checked directly and without difficulty (see, also, the discussion below on the
Eratosthenes’ sieve):

2,3,5,7,11,13,17,19,23,29,31, 37,41, 43, 47.

Our purpose in this section is to study the elementary properties of prime
numbers, paying special attention to their relation to composite numbers. We start
with the following auxiliary result, which is known as Euclid’s lemma.

Lemma 6.35 (Euclid) Every integer n > 1 can be written as a product of finitely
many primes, not necessarily distinct.®

Proof Let us make induction on n. For n = 2 there is nothing to do, for 2 is prime.
Now, let m > 2 be a given integer and assume that every integer n such that 2 <

5 After Gabriel Lamé, French mathematician of the nineteenth century.
SHere, for the sake of simplifying the writing, we say that a prime is a product of one prime. This
is in accordance with the general definition of ]_[';:l aj, for which H}:l aj =aj.
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n < m can be written as a product of finitely many primes; we shall prove that the
same is true for m itself, and to this end we distinguish two distinct cases:

(1) if m is prime, there is nothing to do.

(i1) If m is not prime, there exist integers a and b such that m = ab, with 1 <
a, b < m. By induction hypothesis, each of a and b can be written as a product
of finitely many primes, say a = p1...prand b = q1 ---q;, with k,[ > 1 and
Pls---» Pk> 41, - - -, q; primes. Therefore,

m=ab=pi1...pxq1 - q,

so that m is also a product of finitely many primes.
O

A useful consequence of the previous lemma is the following criterion for
searching prime divisors of a composite numbers, due to the Greek mathematician
of the third century BC Eratosthenes of Cyrene.’

Corollary 6.36 (Eratosthenes) If an integer n > 1 is composite, then n has a
prime divisor p such that p < \/n.

Proof Since n is composite, we can write n = ab, with a and b integers such that
1 < a < b. Letting p be a prime divisor of a (which exists, by Euclid’s lemma), it
follows that p | n and

p Sazfabzn.

Therefore, p < /n. O

The previous corollary can be successfully used to establish the primality of a
small natural number, as shown by the coming example. The method involved is
known in mathematical literature as Eratosthenes’ sieve, and consists in dividing
the natural number at scrutiny by each of the primes which are less that its square
root. According to Eratosthenes’ theorem, if none of such divisions is exact, then
the number is prime.

Example 6.37 Use the previous result to prove that 641 is prime.

Proof Firstly, note that 25 < +/641 < 26. Hence, if 641 is composite, then
Eratosthenes theorem guarantees that 641 must possess a prime divisor p < 25,
so that

pef{2,3,57,11,13,17,19,23}.

7 Apart from his work in Number Theory, another important achievement of Eratosthenes was an
indirect measurement of the Earth’s diameter, with an impressive degree of accuracy for his time.
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Nevertheless, it is immediate to verify that, upon dividing 641 by each of the primes
above, no division is exact (i.e., leaves zero remainder). Therefore, 641 is indeed a
prime number. O

A slight modification of the procedure above can be used to find prime numbers
recursively. For example, imagine one wants to find all prime numbers less than or
equal to 150. One starts by erasing, from the list of odd numbers from 3 to 150, those
which are multiples of 3. After that, the least number greater than 3 and not erased
is 5, which is then prime; thus, we perform a second step, by erasing all multiples of
5. This step leaves 7 as the least number not erased, so that 7 is prime; in the third
step, we then erase all multiples of 7. Continuing to proceed this way, we get the
following list as result:

3 5 7 9 11 13 35 17 19 24 23 25 27 29
31 33 35 37 39 41 43 45 47 49 51 53 55 57
59 61 63 65 67 69 71 73 25 27 79 81 83 85
87 89 91 93 95 97 99 101 103 185 107 109 4T 113
5 LT 149 121 123 125 127 129 131 133 135 137 139 141
143 145 147 149 151 153 155 157 159 161 163 165 167 169

The numbers which were not erased are prime.

In spite of the above, the importance of Eratosthenes’ sieve lies on a theoretical,
rather than practical, level. For instance, in order to decide whether or not 999997 is
prime, we would have to divide it by all prime numbers less than /999997 = 1000,
which is not feasible without the aid of computer programming.®

Back to Euclid’s Lemma 6.35, if we gather together equal primes we conclude
that every integer n > 1 can be write in the form n = p{"* ... pi*, with p1, ..., px
pairwise distinct primes and «1, . . ., o € N. We shall see in Theorem 6.43 that, up
to a permutation of factors, such a way of writing n is unique. However, before we
do that, let us prove another result of Euclid, which shows that the set of primes is
infinite.

Theorem 6.38 (Euclid) The set of prime numbers is infinite.
Proof By induction on #n, let us prove that if N contains n primes, then it contains

n + 1 primes. Suppose, then, that pq, ..., p, are pairwise distinct primes, and let

m=pi...pp+ 1.

8 Actually, the situation here is even more dramatic. With a little more work, it is possible to
show that Eratosthenes’ sieve is not a polynomial algorithm. This means that the quantity of
arithmetic operations one needs to perform in order to compute the n-th prime with the aid of it
grows exponentially with n. Thus, even with the aid of a powerful computer, Eratosthenes’ sieve
is not a feasible primality algorithm for large numbers.
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By Euclid’s Lemma 6.35, there exists a prime p such that p | m. If p = p; for
some 1| <i <n,then p| py...pp. It follows from Proposition 6.5 that p divides
the difference m — p; ... p,,i.e., p | 1, which is an absurd. Therefore, p is a prime
number distinct from all of the p;’s, so that we have at least n 4+ 1 primes in N. O

Remark 6.39 In spite of the above result, there are arbitrarily large gaps in the
sequence of primes. Indeed, given an integer k£ > 3, for all of the consecutive and
positive integers a + 2,a + 3,...,a + k to be composite it suffices that a be a
common multiple of 2, 3, ..., k. We shall have more to say on the distribution of
primes along N in Chap. 9.

As the next example shows, small variations of the argument used in the proof
of Euclid’s theorem allow us to prove that several arithmetic progressions contain
infinitely many primes among their terms.’

Example 6.40 Prove that there are infinitely many primes of the form 4k — 1.
Proof Assume that there is only a finite number of primes of the form 4k — 1, say

p1=3,p2=7 p3=11,..., p;, and consider the number

m=4p\py...p; — 1.

Then, m > 1 and, letting m’ = p1p>... p;, we have m = 4m’ — 1.

On the other hand, Lemma 6.35 guarantees the existence of odd primes g1, . . ., g;
such that m = ¢ ... q;. Now, observe that every odd prime is of one of the forms
4q' —1ordq’ + 1, for some g’ € Z.1f g; = 4q] + 1 for 1 <i <1, we would get

m=qi...qq=@q +1)...(4g/ +1) =4q + 1,

for some ¢ € N. But this would contradict the fact that m = 4m’ — 1. Hence, there
exists at least one index 1 <i <[ such that ¢g; = 4ql.’ —1.

Finally, since pi1, p2, ..., p; are all primes of the form 4k — 1, we must have
q; = pj forsome 1 < j < t. However, since ¢; | m, we conclude that p; should be
adivisor of m =4pip>... p; — 1, which is a contradiction. O

For the proof of Theorem 6.43 we shall need the following auxiliary result, which
is important in itself.

Lemma 641 Ifay,...,a, € Nand p is a prime such that p | ayaz...a,, then
there exists 1 <i < n such that p | a;. In particular, if ay, ..., a, are also primes,
then there exists 1 < i < n such that p = a;.

9 Actually, it is possible to prove a much more general result, due to the Dirichlet, which states that
every infinite and nonconstant arithmetic progression of naturals contains infinitely many primes,
provided its first term and its common difference are relatively prime. We shall see a relevant
particular case of Dirichlet’s theorem at Sect. 20.2.
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Proof We shall prove the case n = 2, the general case being totally analogous.
Assume that p | (ab) but p 1 a, and let d = ged(a, p). Since d | p, we have d = 1
ord = p; however, since p 1 a and d | a, we conclude thatd # p, and hence d = 1.
Thus, since p | (ab) and ged(a, p) = 1, it follows from item (a) of Proposition 6.22
that p | b.

The particular case follows at once from the first part, together with the very
definition of prime number. O

Example 6.42 1f p is a prime number, then p divides each of the binomial numbers
(¥), for every integer | <k < p — 1.

Proof We can restrict to the case of an odd p. Since

(p)_ pt  (k+D...(p—Dp
k] kWp—-k! (p—k)!

is an integer, we have that (p — k)! divides (k + 1)...(p — 1)p. Now, since p is
prime and p t 1,2, ..., p — k, the previous lemma guarantees that p 1 (p — k)!,
and hence gcd(p, (p — k)!) = 1. Therefore, item (a) of Proposition 6.22 shows that
(p — k)! must divide (k + 1) ... (p — 1). In turn, this fact allows us to write

<p>_ (k+1)...(p—1).
k) (p—k)!
eN

’

so that (?) is a multiple of p. O

The coming result is the cornerstone of elementary Number Theory, and is
known as the Fundamental Theorem of Arithmetic. Whenever convenient, we
shall abbreviate it as FTA.

Theorem 6.43 Every integer n > 1 can be written as a product of powers of
distinct primes. Moreover, such a decomposition of n is unique in the following
sense: if n = pi! % — gh B with d

. =P, P =9 ---q;,withpy < -+ < prandqy < -+ < (|
being primes and «;, B; > 1 being integers, then k = | and p; = q;, a; = B; for
l<i<k

Proof The existence was established in the paragraph preceding Theorem 6.38.

For the uniqueness, let the integer n > 1 have two decompositions as in the
statement. Since p; | n, we have that p; | q{g ! qlﬁ !, and the previous lemma
guarantees the existence of an index 1 < j < [ such that p; = ¢g;. On the other
hand, since ¢ | n, we have that ¢ | p‘lx‘ . p,‘f" ; again by the previous lemma, there
exists an index 1 < i < k such that g; = p;. Thus, p1 =¢q; > q1 = p; = pi1, from
where we get p; = ¢ and, hence,

n=p'ps...p* =p’f1q52...ql’3’.
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We shall now prove that @ = ;. By contradiction, assume that o1 % B1. We have
two different cases to consider:

(i) a1 < Pi: then p)*...p* = pf‘_“'qu...qlﬁ’, so that p1 | p52...pp~

Arguing as above, there would exist an index 2 < i < k such that p; = p;,
which is an absurd.

(ii) «; > B1: then p‘l)”_ﬁ' py ... Pt = qu . qlﬁl. Again as above, we would get
p1 = q;j for some index 2 < j < [, and this would give us the contradiction
P1=¢9; > 41 = pi1.

Thus, o; = Bi, and it follows that p3? ... p;* = qu . .qlﬂ’.

Repeating the above reasoning several times (there is an induction here, which
shall not be formalized for the sake of clearness), we successively conclude that
p2 = q2 and ax = B, p3 = g3 and a3 = B3, etc. At the end, if £ < [ we would get

1= q;f _’ﬁll .. .q[ﬁ !, which is clearly impossible. Likewise, k > [ is also impossible,
so that k = [ and there is nothing left to do. O

The FTA will be almost omnipresent along these notes. However, it is instructive
to the reader that we pause for a moment to illustrate how one can profitably use
such a result in concrete situations.

Example 6.44 The natural numbers x and y are such that 3x2 +x = 4y% + y. Prove
that x — y is a perfect square.

Proof Let p be a prime number and p®, p” and p¢ be the greatest powers of p
dividing x, y and x — y, respectively (here we are already invoking the FTA). Let us
momentarily assume that a < b. Then, p2“ | x2, yz, and it follows from item (c) of
Proposition 6.5 that p2® | (4y? —3x?). Since x — y = 4y? — 3x2, we then have that
p2“ | (x — y), and the uniqueness part of the FTA gives ¢ > 2a. On the other hand,
writing

= (x—y) —40* =1 = (x — Y+ 40 +x)]

and recalling the way we chose ¢, we conclude that p¢ | x2. Therefore, once more
from the uniqueness part of the FTA, we obtain ¢ < 2a. Hence, ¢ = 2a, which is an
even number. If a > b we conclude, quite similarly, that ¢ = 2b. Finally, since the
prime p was arbitrarily chosen, the FTA presents x — y as the product of powers of
primes with even exponents. Therefore, x — y is a perfect square. O

The presentation of an integer n > 1 as the product of powers of distinct primes
is said to be its canonical factorisation or decomposition in prime powers. The
following corollaries collect some useful consequences of the existence of such a
factorisation.

Corollary 6.45 Let a, b, m and n be natural numbers for which a™ = b". If
gcd(m, n) = 1, then there exists ¢ € N such thata = ¢" and b = ™.
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Proof 1t is clear that a and b are divisible by exactly the same primes, say p; <

< peleta = p¥ . p®and b = pl' . pP* with a;, B; > 1, be the

canonical decompositions of @ and b. Then,

pllmxl 3 'plrcnak —g" =" = piliﬁl o Pzﬁk,
and the uniqueness part of the FTA gives
mao; =nfi, vV 1=<i<k. (6.3)

Thus, m | nf; and, since m and n are relatively prime, item (a) of Proposition 6.22
allows us to conclude that m | §;. Letting u; € N be such that 8; = mu;, (6.8) gives

a; = nu;. Therefore, letting ¢ = p'f' . ka, we obtain
a=p/" ... pi*=c"and b= pi" ... pt ="

O

Let us now learn how to obtain the canonical decompositions of the positive
divisors of an integer greater than 1 and the gcd and lcm of two nonzero integers.

Corollary 6.46 Ifn = pf b p,’?k is the canonical decomposition of the integer
n > 1, then the positive divisors of n are the natural numbers of the form
p(]"1 ...p,‘f", with 0 < «; < Bi for 1 < i < k. In particular, letting d(n) denote
the number of positive divisors of n, then

k
d(n) = [T + 1. (6.9)

i=1

Proof If d > 1 is a divisor of n and p is a prime that divides d, then p also divides
n, so that p is equal to one of the primes py, ..., pr. However, since this is valid
for every prime divisor of d, it follows that d = p?l e p,‘f" , with «; > 0 for every
i (we not necessarily have o; > 1, for it may well happen that p; 1 d for one or
more values of i). Now, if d’ € N is such that n = dd’, then, as above, we get

d = p(lx' .. p:", with a > 0 for every i. Therefore,

aj+ao! aktaj
Py p ":dd/zn:pf'...pfk,

and the uniqueness part of the FTA gives «; + «] = f; for every i. In particular,
a; < B; forevery i.

Conversely, it is immediate to show that every natural number d of the form
pi . pp*, withO < a; < g for 1 <i <k, is a positive divisor of n.

For what is left to do, what we did above, again in conjunction with the
uniqueness part of the FTA, assures that the number of positive divisors of n
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coincides with the number of sequences (a7, ..., ax) of integers such that 0 < o; <
Bi for 1 <i < k. Since there are 8; + 1 possibilities for «;, formula (6.9) follows at
once from the fundamental principle of counting (cf. Corollary 1.9). O

The following example presents a simple application of the former result.

Example 6.47 Prove that the natural number 7 is a perfect square if and only if d (n)
is odd.

Proof Firstly, since 1 = 12 and d(1) = 1 is odd, we can assume that n > 1. Then,
letn > 1 be an integer and n = p’f b p,’?k be its canonical factorisation into prime
powers.

If n is a perfect square, say n = m~, with m € N, then m | n, so that m =

p(]"1 .. .p,‘f", with 0 < o; < B; for 1 <i < k. Therefore,

2

2 2 2
pfl...p,f"zn:m = p," .,

and the uniqueness part of the FTA gives 8; = 2«; for 1 <i < k. Thus, the previous
corollary gives

dn)y=B1+D...Bc+1) = Qo1 +1)... Qg + 1),

which is and odd number.
Conversely, let d(n) = (1 + 1)...(Bx + 1) be odd. Then, 8; + 1 is odd for
1 <i <k, which in turn gives B; even for 1 <i < k. Writing 8; = 2«¢;, we get

2 2a o ag\2 2
n=p" . pt=(p]" ... p) =m7,
withm = p{' ... p;*. o

For the next corollary, it is useful to extend the canonical decomposition of an
integer greater than 1 by allowing exponents equal to 0. For instance, we can write
48 = 2*.3 and 270 = 2- 33 5 by using the prime numbers 2, 3 and 5 in both cases,
so that

48 =2%.3.5% and 270=2-.3°.5.

Corollary 6.48 Let a,b > 1 be natural numbers such that a = p{'...p;* and

b= p’f1 ...pf", with p1 < --- < px prime numbers and «;, B; > Ofor 1 <i <k.
Then,

k k
scd(a, b) = l_[p;nln{oliaﬂi} and lcm (a, b) = Hp;nax{ai,ﬁi}.
i=1 i=1
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Proof Letus do the proof for the ged of @ and b (that for the Icm of a and b is totally
analogous). Since min{a;, B;} < «;, B; for every i, the number d = I—[f=1 p;nm{a"’ﬂ i)
divides both a and b. Now, let d’ be a common positive divisor of a and b.
Corollary 6.46 gives d' = p{'...pl*, with y; > 0 for every i; moreover, since,
d’' | a, b, it also gives y; < a;, B; for every i. Hence, we have y; < min {«;, B;} for
every i, so that (once more from Corollary 6.46) d’ | d. Therefore, d = gcd(a, b).
O

Back to the last paragraph before the statement of the above corollary, we can
now readily compute

gcd(48,270) =2 -3 =6 and lem (48, 270) = 2% .37 . 5 = 2160.

For what comes next, if a natural number n and a prime number p are such
that p < n, then we obviously have that p | n!l. The following result, due to
A-M. Legendre,!? teaches us how to compute the exponent of p in the canonical
decomposition of n!. Accordingly, (6.10) is known as Legendre’s formula.

Proposition 6.49 Let n > 1 be natural and p be prime. If e,(n) denotes the
exponent of p in the canonical factorisation of n!, then

ey =" {%J . (6.10)

k>1 p

Proof Firstly, note that the above sum is actually finite, for Lﬁj = 0 whenever

p* > n. Now, if k € Nand pk, 2p*, ..., mp* are the multiples of p* which are less

than or equal to n, then mpk <n<@m+1) pk or, equivalently, m < # <m+ 1.

Hence, m is the greatest integer which is less than or equal to ﬁ, ie,m= I_ﬁj. In
turn, this shows that for each integer £ > 1 there are exactly

-]

pk pk1

natural numbers which are less than or equal to n and are multiples of p¥ but not of
p**1. Each of these naturals contributes with exactly k factors p to e p(n), so that

=3l 513

O

The two coming examples bring interesting applications of Legendre’s formula.

10 A fter Adrien-Marie Legendre, French mathematician of the eighteenth and nineteenth centuries.
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Example 6.50 (Soviet Union) In how many zeros does 1000! end?

Proof We have to find the greatest power of 10 that divides 1000!. To this end, and
writing 1000! = 2¢2(1000) . 5¢5(1000), " with m e N, it is enough to compute the
smallest of e, (1000) and e5(1000). It is clear that the smallest of these is e5(1000),
which can be promptly computed with the aid of Legendre’s formula (and taking
into account that 5° > 1000):

000
e5(1000) = Z{ 5 J =200440+8 41 = 249.
j=1

Therefore, 1000! ends in 249 zeros. O
Example 6.51 (Yugoslavia) Prove that 2" { n!, for each n € N.

Proof The result is clearly true for n = 1. For n > 1, Legendre’s theorem assures
that the greatest power of 2 dividing n! has exponent k = ) =1 L J However,

Lx] < x for every x and L;_’J = 0 for every sufficiently large j; therefore, by means

of the formula for the sum of the terms of a geometric series (cf. Proposition 7.38
of [8], for instance), we get

n n
kZZLEJ< "

j=1 j=1

Hence, k < n, so that 2" { n!. O

Problems: Sect. 6.3

1. Let p and g be two consecutive odd primes. Prove that there exist integers
a, b, c > 1, not necessarily distinct, such that p + g = abc.

2. (IMO—adapted) Let k € N be such that p = 3k + 2 is prime. If m and n are
natural numbers such that

m 1 1 1 1 1 1
P R S VA T
prove that p | m.
(Hungary) Given an odd prime p, find all x, y € N such that 2 5= +
4. (IMO) Find all n € N such that n(n+ 1)(n +2)(n + 3) has exactly three dlstlnct
prime divisors.
5. (Russia) Let (a,),>1 be a sequence of natural numbers such that ged(a;, a;) =
gcd(i, j) whenever i # j. Prove that a, = n for every n > 1.

l

»
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6.

1.

12.

13.

14.
15.

16.

6 Divisibility

* We say that a natural n is square free if n = 1 or n = p;... py, where
p1 < --- < pj are prime numbers. In this respect, do the following items:

(a) Prove that every integer n > 1 can be uniquely written in the form n = ab?,
with a, b € N and a being square free.

(b) Use item (a) to show that, if there were exactly k£ prime numbers, then there
would exist exactly 2% square free integers and that the number of positive
integers less than or equal to n would be at most 2./

(c) Use item (b) to give another proof of the fact that there are infinitely many
primes.

Show that there are infinitely many primes of each of the forms 3k + 2 and
6k 4 5.

(Yugoslavia) For each n € N, prove that the number 22" _ 1 has at least n
distinct prime factors.

If p is an odd prime, prove'! that p divides (2; ) —2.

. * Let a and n be positive integers, with a > 1. Do the following items:

(a) If a" + 1 is prime, show that n is a power of 2 (we shall see in Problem 7,
page 252, that the converse is not true).!?

(b) If n > 1 and a” — 1 is prime, show that n is itself prime and a = 2 (the
converse is not true, as shown by the example 2!' — 1 = 23 - 89).

(IMO) Find all naturals n > 6 for which the natural numbers less than n and
relatively prime with n form an arithmetic progression.
(IMO.) Let k, m and n be naturals such that m 4+ k + 1 is a prime number greater
thann + 1. If ¢ = s(s + 1) for each s € N, prove that

(cmt1 — c)Cme2 — ck) - - . (Cmgn — Ck)

is divisible by cicz - - - ¢

(Hungary) Let n be a given natural. Show that there are exactly d(n?) ordered
pairs (u, v) with #, v € N and such that lem (1, v) = n.

(IMO) Find all natural numbers a and b such that a? = b,

(BMO) Find all n € N such thatn = d} +d3 +d; +d;, where | =d; < d» <
ds < dy are the smallest positive divisors of n.

(OIM) For eachn € N, let | = dj < --- < d; = n be the positive divisors of
n. Find all n satisfying the following conditions:

(a) k> 15.

(b) n=di3+dis +dis.
(© @s+1?=dis+1.

1 For a stronger version of this result, see Problem 15, page 310.

12Prime numbers of the form 22" + 1 are called Fermat primes. They enter decisively into Gauss’
description of which regular polygons can be constructed with straightedge and compass (cf. [20],
for instance).
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(Japan)13 For each integer n > 1, let I(n) be the sum of the greatest odd
divisors of the numbers 1,2, ...,nand T'(n) = 1 +2+ - - - +n. Prove that there
exist infinitely many values of n for which 37 (n) = 27T (n).

(Australia) Find all naturals n for which d(n) = % where d(n) stands for the
number of positive divisors of n.

(IMO) Let m and n be arbitrary nonnegative integers. Prove that

2m)!(2n)!
m!n!(m + n)!

is always an integer.

For each positive integer n, let a, = (*").

(a) Show that the binomial number a,, is always even.
(b) Prove that 4 | a, if and only if # is not a power of 2.

(ORM) We say that a positive divisor d of a natural number 7 is special if
d < ./n and there are no perfect squares between d and 5. Prove that every
natural n has at most one special divisor.

(Romania) Let n be a natural number whose binary representation has exactly
k digits 1. Prove that 2"~ divides n!.

Find all natural numbers a, b and k such that a and b are relatively prime and
(a + kb)(b + ka) is a power of a prime.

(Brazil) Show that there exists a set A of positive integers satisfying the
following conditions:

(a) A has 1000 elements.
(b) The sum on any number of distinct elements of A (at least one such
element) is not a perfect power of exponent greater than 1.

(Brazil—adapted) For each integer n > 1, let p(n) be the greatest prime divisor
of n. Do the following items:

(a) If g is an odd prime, show that we cannot have p(qzk) > p(qzk + 1) for
every integer k > 0.

(b) If p(¢%) < p(g* + 1) and k is minimum with such a property, show that
p@® =1 < pg*).

(c) Show that there exist infinitely many naturals n satisfying p(n — 1) <
p(n) < p(n+1).

Let p1 = 2, po = 3, p3 = 5, ...be the sequence of prime numbers. For each
keNletxy =p1p2...pr+1and A = {x1, x2,...}. Forafixedm € N, prove
that one can choose a subset B of A satisfying the following properties:

(a) |B| =m.

(b) Any two elements of B are relatively prime.

(c) The sum of the elements of any subset of B having more than one element
is not prime.

13For the converse to this problem, see Problem 5, page 226.



Chapter 7 ®
Diophantine Equations Qs

Our purpose in this chapter is to study some elementary diophantine equations.
Among these we highlight Pythagoras’ and Pell’s equation, for which we charac-
terize all solutions. We also present to the reader the important Fermat’s descent
method, which provides a frequently useful tool for showing that certain diophantine
equations do not possess nontrivial solutions, in a way to be made precise.
The aforementioned method is one of the major legacies of Pierre Simon de Fermat
to Number Theory,' and will be frequently used hereafter.

7.1 Pythagorean Triples and Fermat’s Descent

Let us start by studying the nonzero integer solutions of the equation x> + y? =
z2, which, thanks to Pythagoras’ theorem of Euclidean Geometry, is known as
Pythagoras’ equation. After we find all such solutions, we shall see how to use
that information to solve other interesting diophantine equations. The fundamental
result is as follows.

Proposition 7.1 The 3-tuples (x, y, z) of nonzero integers such that x2 + y2 =72
are given by:
x = 2uvd x = u?—v3)d
y=@w?—v¥)d or {y=2uvd , (7.1)
2= W?+v?)d 7= (u? +v)d,

where d, u and v are nonzero integers, with u and v of distinct parities and relatively
prime.

10ther remarkable ones are Fermat’s little theorem, which has already appeared in Problem 5,
page 57, and will be proved by other methods in Sect. 10.2, and Fermat’s theorem on sums of two
squares, which will be the object of Sect. 12.4.
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Proof We can assume, without loss of generality, that x, y, z > 0. If d = gecd(x, y),
then d? | ()c2 + yz), so that d? | 72, therefore, d | z. Hence, there exist nonzero
integers a, b and ¢ for which ged(a, b) = 1 and (x, y, z) = (da, db, dc). Moreover,
since

x2+y2=z2<:>a2—|—b2=c2,
we conclude that it suffices to find all nonzero integer solutions a, b, ¢ of the above
equation, subjected to the additional condition gcd(a, b) = 1.

The requirement that a> + b*> = ¢ and ged(a, b) = 1 easily give us (prove
this!) ged(a, ¢) = ged(b, c¢) = 1. Now, recall (cf. Corollary 6.8) that the square of
an integer ¢ leaves remainder O or 1 upon division by 4, according to whether ¢ is
respectively even or odd. Therefore, if a and b are both odd, then ¢? = a? + b? will
leave remainder 2 upon division by 4, which is a contradiction.

Since gcd(a, b) = 1, we are left with two cases to consider: a is odd and b is
even, or vice-versa. Let us look at the first case, the analysis of the second one being
entirely analogous. Since a is odd, b is even and c% = a? + b2, we conclude that ¢
is also odd. Now, write

b? = (c — a)(c + a). (7.2)
If d’ = ged(c — a, ¢ + a), then d’ divides both
(c+a)+(c—a)=2c and (c+a)—(c—a) =2a

so that d’ | gcd(2a,2c) = 2. However, since ¢ — a and ¢ + a are both even, we
conclude that d’ = 2, and we can write (7.2) as

% _[(c—a c+a

2) 2 2 )
with ged (% #) = 1. Thus, item (b) of Corollary 6.23 assures the existence of
relatively prime naturals u and v for which ¢ + a = 2u? and ¢ — a = 2v?, so that

a:uz—v2, b =2uv, c=u®+ v

Furthermore, since ¢ = u? + v2 is odd, we see that # and v must have distinct

parities.
Finally, direct substitution on the original equation shows that all 3-tuples as
above are indeed solutions of Pythagoras’ equation, and there is nothing left to do.
0

A 3-tuple (x,y,z) of positive integers such that x> 4+ y?> = z? is said to be

a pythagorean triple, in allusion to the Greek mathematician and philosopher
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Pythagoras of Samos and his famous theorem on right triangles. Indeed, and as
we have already mentioned, such a triple (x, y, z) determines,? up to congruence, a
single right triangle of legs of lengths x and y and hypotenuse of length z.

The coming example uses the previous result to find all integer solutions of
another diophantine equation.

Example 7.2 Find all nonzero integer solutions of the equation x> 4+ y?> = 222, with
x # Ey.

Solution In any such solution, x and y must be both even or both odd, for otherwise
xz—i—y2 would be odd, hence different from 2z2. Thus, takinga = % and b = %,
we have a, b € Z \ {0} (since x # +y) and x = a + b, y = a — b. Substituting such
expressions for x and y in the original equation, we conclude that

x2—|—y2=2z2<:>a2+b2=z2.

Since this last equation is that of Pythagoras, our previous result guarantees the
existence of nonzero integers d, u and v, with u and v relatively prime and of distinct
parities, such that

a=2uvd, b= w?>—v>d, z=@u?+v>d
or
a = (u2 — vz)d, b =2uvd, z= (u2 + vz)d.

Hence, the solutions (x, y, z) of the given equation, with x # %y, are of one of
the forms below, where d, u and v satisfy the conditions prescribed above:

x = W? = v+ 2uv)d, y=(—u®+v>+2uv)d, z=w?+v>d
or
x = (u2 —? 4+ 2uv)d, y = (u2 —v? - uv)d, z = (u2 + vz)d.

O

The equations we have analysed up to this point are, in a certain sense, privileged,
for they possess infinitely many nonzero integer solutions. Our next example will
display a diophantine equation in x, y and z having x = y = z = 0 as its
only integer solution. The proof we shall present is an application of Fermat’s
descent method, which can sometimes be profitably used to show that a diophantine
equation does not have nonzero integer solutions.

ZFor two different proofs of this fact, see chapters 4 and 5 of [9], for instance.
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Schematically, Fermat’s method consists of the fulfillment of the following
stages:

i Assume that the given equation has a solution in nonzero integers.
ii. From such an assumption, infer that it has a solution in nonzero integers which,
in a certain sense (which will depend on the problem at hand) is minimal.
iii. Deduce the existence of yet another solution in nonzero integers which is
smaller than the minimal one of item ii., thus arriving at a contradiction.

Example 7.3 Prove that the equation 3x2 + y? = 2z2 does not have nonzero integer
solutions.

Proof Firstly, observe that we cannot have exactly one of the integers x, y, z equal to
0. Hence, assume that the given equation possess a solution (x, y, z) with x, y, z €
N (for, if (x, y, z) is a solution, then so is (£x, £y, £z)). Among all such solutions
(x, v, 2), there must exist one for which z has the least possible value, say x = a,
y = b, z = c. Let us work this solution.

If 3 1 b, it follows from 3a® + b> = 2¢? that 3 { c. But then, Corollary 6.8
guarantees that > and ¢? leave remainder 1 upon division by 3, and hence equality
3a? + b = 2¢2 gives us a contradiction. Therefore, 3 | b, say b = 3b; for some
b1 € N, and it follows from

22 =3d® 4+ b* = 3(a® + 3b})
that 3 | ¢. Letting ¢ = 3¢y, for some ¢ € N, the last equality above furnishes
6c% =a+ 3b2,

so that 3 | a, say a = 3aj, with a; € N. Now, plugging a = 3a; in the last equality
above, we get

2¢} =3a} 4 b7,

so that (ay, b1, c1) is another solution, in natural numbers, of the original equation.
However, the relation 0 < ¢; = § < c is a contradiction, for we departed from
a solution in natural numbers (a, b, ¢) for which the (natural) value ¢ of z was the
least possible one.

Since our original assumption (namely, that the given equation has some solution)
leads to a contradiction, we are forced to conclude that the equation has no solution

at all. O

Back to Pythagoras’ equation, a natural generalization of it, posed by Fermat,
would be to study the more general diophantine equation below:

x" oy =" (7.3)
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Fermat himself claimed to have succeeded in using his descent method to prove
that (7.3) has no nonzero integer solutions when n > 2, and for this reason such
a result has eventually come to be known as Fermat’s last theorem. Nevertheless,
since his reasoning was never written down, some of the most brilliant minds of
Mathematics tried to reproduce it, year after year. As astonishing as it may seen,
apart from particular cases, all such attempts resulted unsuccessful, and this state of
things forged the general perception that Fermat had probably made some mistake.

It took mankind almost 350 years to settle the issue. Indeed, it was only in the
last decade of the twentieth century that the English mathematician Andrew Wiles
entered History as the one to establish Fermat’s conjecture. Wiles accomplishment
came after several years of hard work and through two long and deep papers, the
second of which in collaboration with his former student Richard Taylor. As is
almost always the case with such profound results in modern Mathematics, Wiles
and Taylor built on equally deep works of other prominent mathematicians, among
the most notable of them we should mention the Japanese Yutaka Taniyama and
Goro Shimura, and the German Gerhard Frey.3

Surprisingly enough, the descent method can be used to successfully approach
the case 4 | n in Fermat’s equation (7.3). We do this next.

Example 7.4 1If the natural number n is a multiple of 4, then there does not exist
nonzero integers x, y and z such that x" 4+ y" = z".

Proof Letn = 4k, with k € N. From x" 4+ y" = 7", with x, y, z € Z \ {0}, we get
@HT O = @2
so that (x¥, y*, z2K) is a solution of equation a* 4+ b* = ¢? in nonzero integers. Thus,
it suffices to show that this last equation does not admit nonzero integer solutions.
By the sake of contradiction, let us assume that there exist a, b, ¢ € N such that
a* 4+ b* = ¢2. We can also suppose that a, b and ¢ are chosen in such a way that
there is no other solution (e, 8, y), with o, B,y € N and y < c¢ (as the reader
surely expects, this is precisely the assumption that will give us a contradiction via
the descent method).
Since (a2, b?, c) solves Pythagoras’ equation, Proposition 7.1, together with the
minimality of ¢, guarantees that gcd(a?, b?) = 1, as well as that there exist relatively
prime natural numbers u and v, of distinct parities and such that

azzuz—vz, b2:2uv, c=u?+?
or

a2=2uv, bzzuz—vz, c=u®+v2

3For the reader interested in knowing a little more on this epic endeavor, we recommend first to run
through the best seller of Singh [35], and then to turn to the marvelous book of professors Stewart
and Tall [37].
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Let us look at the first case above, the other one being totally analogous. In
that case, a is odd and a% + v2 = u?. Therefore, by invoking once more the
characterization of pythagorean triples (and the fact that gcd(u, v) = 1) we conclude
by the existence of relatively prime natural numbers p and g, of distinct parities and
such that

a=p*—q* v=2pq, u=p*+q°.
Then,
b* = 2uv = 4pq(p* + ¢%).

and since gcd(p, g) = 1, it follows that both p and g are also relatively prime with
p? + ¢*. Hence, in order that 4pq(p* + ¢?) is a perfect square, the only possibility
is that all of p, ¢ and p* + ¢ are also perfect squares, say

p=a’ qg=p% pP+q* =%

with o, B, y € N. In turn, this finally gives

oA g =pt g =2,
with
c=+su=pP+qgi=y>y,
thus contradicting the minimality of c.
Therefore, there are no nonzero solutions of x” + y" = 7z when 4 | n. O

The next section shall bring a nontrivial (and important) application of Fermat’s
descent. For the time being, let us close this section with a beautiful application of
the characterization of pythagorean triples to a problem in Euclidean Geometry.

Example 7.5 (Crux—Adapted) Given a positive integer r, we want to compute
the number of pairwise incongruent right triangles ABC, satisfying the following
conditions:

(a) The radius of the circle inscribed in ABC equals r.
(b) The lengths of the sides of ABC are relatively prime integers.

Show that there are exactly 2/ such triangles, where [ is the number of distinct prime
factors of r.

Proof Let b and c be the legs and a be the hypotenuse of a right triangle whose
inscribed circle has radius r. It is an easy exercise of Euclidean Geometry (which
we leave to the reader) to show that r = I%.
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Since a, b and c are relatively prime and b2 + ¢ = 42, the characterization of
pythagorean triples gives relatively prime integers u > v > 0, of distinct parities,
for which

b:uz—vz, ¢ =2uv, a = u?+ 2.

Thus, to count the number of triangles satisfying the given conditions is the same
as to count the number of ordered paired (u, v) satisfying the above conditions. To
this end, note that

b+c—a
r= > =v(u —v)
and that gcd(u, v) = 1 < ged(v,u —v) = 1.

Letting r = p{' p3* -+~ p;*, with p; < p» < -+ < p; primes, we conclude that

there are exactly 2! distinct possibilities for v:

v=1 or v:pzil --~p;:",

where {i, ..., ¢} is a subset of {1, 2, ..., [}. For each such v, note that u = v + %
is completely determined and that u = v+ ¢ > v. We now have to check that  and
v have distinct parities. To this end, assume, without loss of generality, that r is even
(the analysis of the case of an odd r is quite similar). Then, v contains either all or
none of the factors 2 of r. If v has all factors 2 of r, then % is odd, and it follows
thatu = v + % is also odd; if v is itself odd, then % isevenand u = v + % is odd.
In any event, u# and v have, indeed, distinct parities.

In order to conclude that the number of right triangles we wish to count
is precisely 2! it now suffices to show that, if (uy,vy1) and (un, v2) are two
distinct choices for (u, v) as above, then the corresponding triangles are actually
incongruent. To this end, assuming that v; # vy (the case u; # u being totally
analogous), we are going to show that the two corresponding right triangles have
distinct hypotenuses. But this is straightforward:

2 2
r r
u? v =u3 + 3 ©<U—+v1> +v%:(v—+v2> +v3
1 2

2 _ T 2
¢>—2+2v1——2+2v2
v v
1 2
2 2
vy — v
N ) 1 2 2
<:>r< 75 ):2(1}2—111)
Vv,
,
& =42,
V12

which is an absurd. O
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Problems: Sect. 7.1

1. (Brazil—adapted) Given n, k € N, prove that the equation x” + ky" = 7!
has infinitely many solutions in positive integers x, y and z.
2. Find all solutions, in positive integers, of the equation

(x +y)2 + (y—i—z)2 =(x+2)>%

3. Show that the nonzero integer solutions of the equation x> 4 2y? = z? are

given by
x =2@? —20v)d, y==2uvd, z==+@u®+2v>)d,

where d, u and v are nonzero integers, with gcd(u, 2v) = 1.
4. Show that none of the following equations have nonzero integer solutions:
(@) x*+4y* =72
(b) x*+2y* =22
(©) x*+y? =322
(d) x*+5y3 =973
5. Do the following items:

(a) (Hungary) Show that there do not exist x, y € Q such that x> 4+xy+y? = 2.
(b) Find all x, y € Q for which x2 4+ xy + y?> = 1.

6. Prove the following theorem of Euler: there does not exist nonzero integers w,
x, y and z for which w? 4+ x% + y? = 7z2.
7. (Bulgaria) Prove that there does not exist rationals x, y and z such that

24y 4+ 22430 +y+2+5=0.

8. Given* a,b,c € Q such that a + b2 + V4 # 0, show that there exist
x,y,z € Q for which

1 3 3
— = x+yV2+zV4
a+by2+cV4
9. (IMO) Given n € N and a circle of radius 1, show that we can choose n points
Ay, A, ..., Ay onitsuch that A; A is rational, forany 1 <i < j <n.

10. (IMO) Leta, b, c and d be integers such thata > b > ¢ > d > 0.If
ac+bd=0b+d+a—-c)b+d—a+ o),

prove that ab + cd is not a prime number.

“For another approach to this problem, see Problem 9, page 486.
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7.2 Pell’s Equation

Recall (cf. Problem 6, page 190) that an integer greater than 1 is said to be square
free if it is not divisible by the square of a prime number. In this section, we examine
the integer solutions of equations of the form

x2—dy? =m, (7.4)

where d > 1 is square free and m is a given integer. Such an equation is known as
Pell’s equation.’

Since d is a product of distinct primes, Example 6.24 guarantees that +/d is
irrational. In particular, we conclude that the above equation has no nonzero integer
solutions when m = 0. Indeed, if this was not the case, then we would have x, y # 0
and, hence, Jd = ;—‘ € Q. On the other hand, if d, m < 0, then Pell’s equation
obviously has no solutions, whereas if d < 0 < m, then (7.4) has at most a finite
number of solutions. We also notice that, even if d,m > 0, (7.4) may have no
solution at all, as Problem 1 shows.

From now on, we shall assume that m = 1. (The general case is partially dealt
with at Problem 4; in this respect, see also [27]). Before we dive into a general
analysis, let us give a simple example showing that, in this case, Pell’s equation
may have infinitely many solutions.

Example 7.6 Show that the equation x> — 2y? = 1 has infinitely many positive
integer solutions.

Proof Note that x = 3, y = 2 is a solution. On the other hand, we can generate
infinitely many integer solutions of this equation from one nonzero integer solution
(a, b) in the following way: starting from a? — 2b% = 1, we write
(a+bv2)(a—bv2) =1
and, hence,
(@a+bvV2)*(a—bv2)* = 1.

Expanding both binomials, we arrive at

(a® +2b% + 2abN/2)(a® + 2b* — 2ab\/2) = 1

or, which is the same, at

(a* +2b%)% = 2Q2ab)* = 1.

3 After John Pell, English mathematician of the seventeenth century.
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Therefore, (a2 +2b2, 2ab) is also an integer solution and, letting a, b € N, we have
a < a® +2b?. Iterating the above argument, we obtain infinitely many solutions for
the given equation. O

The method used in the previous example can be easily generalized to show that
the general Pell’s equation x> — dy?> = 1 admits infinitely many nonzero integer
solutions, provided it admits at least one such solution. Moreover, as illustrated by
Problems 4 and 7, for instance, small modifications in that approach also allow us
to treat more general equations.

Even tough we can easily find infinitely many integer solutions of (7.4) in some
particular cases, for the time being we do not know whether or not there are other
integer solutions, not to say how to find all of them. In order to answer these
questions, we shall need a preliminary result, due to Dirichlet, on approximation of
irrational numbers by rational ones. For what comes next, recall (cf. the discussion
preceding Problem 15, page 178) that, for x € R, the fractionary part of x is the
real number {x} € [0, 1), given by {x} = x — [x].

Lemma 7.7 (Dirichlet) If o is an irrational number, then there exist infinitely
many rationals %, with x and y nonzero, relatively prime integers such that

<. (7.5)

Proof Letn > 1 be any integer and consider the n + 1 real numbers {ja} € [0, 1),
with j =0, 1, ..., n. Since

o)) o[
0,H)=0,-)ul=,2)u.---U 1),
n n n n

a union of n disjoint half-open intervals, pigeonhole’s principle guarantees the
existence of indices 0 < k < j < n such that {jo} and {ka} belong to a single
of these n half-open intervals.

Then, |{ja} — {ka}| < % or, which is the same,

1
G = Ke = (Lje] = Lka])] < —.

It thus follows that

Lje] — lka] 1 1
o — < < ,
J—k (j—fkn =~ (j—k?

(7.6)

and letting x = | jo] — ko] and y = j —k,wehave 0 < y <n and ‘§ —a’ < yiz
On the other hand, if d = gcd(x, y) and x = dx1, y = dyi, then
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X1

Y1

1<1
Ot<—2_—2,
1

y y

and we can assume that ged(x, y) = 1.
In order to guarantee the existence of infinitely many such pairs, let x and y be

nonzero, relatively prime integers such that )5‘ - a‘ < yl—z By choosing a natural

number n; for which % - oz‘ > %, and repeating the argument that led to (7.6)
with n1 in place of n, we obtain nonzero, relatively prime integers x; and y; such

that 0 < y; < n; and

X1 1 1
— = < < —-
Y1 niyr oy
Moreover, since
X1 1 1 X
— —a| < < —<|-—af,
i niyr ni y

we conclude that x—i £ X
Finally, by iterating the above reasoning we obtain infinitely many (x, y) of
nonzero, relatively prime integers satisfying (7.5). O

As we shall now see, Dirichlet’s lemma allows us to show that, for a fixed square
free natural number d > 1, there exists at least one integer value of m for which (7.4)
admits infinitely many integer solutions.

Lemma 7.8 Ifd > 1is a square free natural number, then there exists m € 7.\ {0}
such that equation x*> — dy* = m has infinitely many integer solutions.

Proof Since Jd ¢ Q, Dirichlet’s lemma assures that the set S of ordered pairs
%—«/3‘ < y_12 is infinite.
However, if (x, y) is such a pair, then |x — yv/d| < |:—,|, and triangle inequality
gives us ’

(x, ) of nonzero, relatively prime integers x, y satisfying

1
X2 — dy?| = |x — yVd|lx + yVd| < o (|x — |+ 2|y|¢3)

1 /1
=|y_|<—+2|y|ﬁ> <2Vd +1.

[yl

Thus, for each (x, y) € S, the set of integers x> — dy? is contained in the set of
the nonzero integers of the interval ( — (2\/3 + 1), 2\/3 + 1). But since this is a
finite set, there exists an integer m # 0, situated between —(2v/d + 1) and 24/d + 1,
that repeats itself an infinitely number of times among the values of x> — dy?, for
(x,y) € S. Of course, this is the same as saying that, for this value of m, equation
x? — dy? = m admits infinitely many integer solutions. O
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We are finally in position to characterize all integer solutions of (7.4) when m =
1; the key ingredients will be the previous lemma and Fermat’s method of descent.
We start by establishing the existence of solutions.

Proposition 7.9 Ifd > 1 is a square free natural number, then equation x> —dy* =
1 admits at least one solution in positive integers x and y.

Proof Take, by the previous lemma, m € Z \ {0} for which the equation x> — dy? =
m has infinitely many integer solutions. Since there are only finitely many different
remainders upon division by m, we can choose two such solution, say (x1, y;) and
(x2, y2), such that |x{| # |x2| and m divides x; — x1, y» — y1. Then,

(1 + V) (2 = y2v/d) = (132 = dy1y2) + (x2y1 — x1y2)Vd (7.7)

and, by writing x; — x; = mr and y, — y; = ms, withr, s € Z, we get

x1x2 —dy1ya = x1(x2 — x1) + (x7 — dy?) + (y1 — y2)dy1
=m@rx; +1—sdyp)

and
Xoy1 —x1y2 = (2 — x1)y1 + x1(y1 — y2) = m(r —s).

For the sake of simplicity, let x;x; — dy;y> = mu and xpy; — x1y2 = mv, with
u, v € 7. It follows from (7.7) that

(x1 4 y1vVd)(x2 — y2v/d) = m(u + vv/d) (7.8)
and, hence,

(x1 — y1vVd)(x2 + y2v/d) = m(u — v/d).
By multiplying the left and right hand sides of these two relations, we arrive at

m? = (x} —dy?)(x3 — dy3) = m*(u® — dv?),
so that u? — dv? = 1.
We are left to showing that u, v # 0. If u = 0, we would have —d v? = 1, which

is clearly impossible. If v = 0 we would get u = +£1, and it would follow from (7.8)
that

(x1 + y1vVd) (x2 — y2/d) = +m = £(x3 — dy3);

therefore,
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x1 4+ y1vd = £(x2 + yV/d),

which in turn implies |x1| = |x2|, for Jd ¢ Q. But this conclusion contradicts our
choices of x| and x;, and we are done. m]

We are finally able to state and prove the result we have been seeking, on the
characterization of all integer solutions of Pell’s equation x> —dy? = 1, for a square
free integer d > 1. Observe that the previous proposition guarantees that it has at
least one solution.

Theorem 7.10 Ifd > 1 is a square free integer, then the equation x* — dy*> = 1
admits infinitely many solutions in positive integers x, y. More precisely, if x = x1,
y = yi is the solution in positive integers for which the sum x + y~/d is as small
as possible, then the other positive integer solutions of the equation are given by the
natural numbers x,, y, satisfying the equality

X+ yavd = (x1 4+ y1Vd)",

where n € N.

Proof Leta = x| 4+ y1+/d, with x1, y; € N being chosen as in the statement of the
theorem.
Given n € N, the binomial expansion formula readily gives x,, ¥, € N such that

(x1 £ yVd)" = x, + yu/d.
Thus,

1 =] —dyD" = (x1 +nvVd)" (x1 — yivVd)"
= (xn +yn\/3)(xn - )’n\/g) = x,% —dy,z,,

so that all of the ordered pairs (x,, y,) built as in the statement of the theorem are
indeed solutions of the given equation.

Now, if (x, y) is any solution in positive integers, it suffices to show that there
exists n € N for which x + y«/g = «”. For the sake of contradiction, assume that
the converse is true. Since @ > 1, we have lim,,—, 1~ " = 400, so that there exists
n € N for which

o < x + yvd < o

or, which is the same,

1<

d
H—Z*/_ <a (1.9)

o
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However, relations o” = x;, + y,,\/g and x,zl — dy,zl = 1, would give us
x+yJd  x+yJd
a’ X + yuv/d
= (tg — yaVd) (x + yVd)

= (xxp —dyyn) + (xny — )’nx)\/g,

with
(xxy — dyyn)* — d(xay — yux)* = (x; — dy))(x* —dy*) = 1.
Hence, (xx, — dyyn, X,y — ypx) is an integer solution such that (by (7.9))

x + yvd
1 < (xxy = dyyn) + Gy = ya)Vd = a+ <

Thus, if we show that xx,, —dyy,, X,y — y,x > 0, we would arrive at a contradiction
to the minimality of o (note that, here, we are invoking Fermat’s descent method).
For what is left to do, letting a = xx,, — dyy, and b = x,,y — y,x, we have

d
a+b\/_=#>1 and a® —db* =1,
o

so that

Then, on the one hand,
2a = (a — bv/d) + (a + b/d) > 0;

on the other,

a_b[_a+bf

givesusbﬁ>a—1zo,sothatb>0. O
Example 7.11 Find all positive integer solutions of equation x> — 2y% = 1.

Solution Letting (x1, y1) be the solution in positive integers for which x| + y; V2is
as small as possible, the previous result teaches us that the positive integer solutions
of this equation are of the form (x,,, y,), where x, and y, are such that

Xn + Yn\/z = (x1 + Y1ﬁ)",

forn e N.
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Since the ordered pairs (1, 1), (1, 2), (2, 1), (2,2), (3, 1), (1,3), (2,3) and (4, 1)

are not solutions of the given equation but (3, 2) is a solution, it is immediate to
check that x; = 3 and y; = 2. Hence, the remaining solutions in positive integers
are the ordered pairs (x,, y,) given by the equality

Xn + a2 = (34 2V2)".

Problems: Sect. 7.2

1.

2.

(O8]

* If d and m leave remainder 3 upon division by 4, show that (7.4) does not
possess any integer solutions.

With respect to Example 7.11, prove that the positive integer solutions (x,, y)
of x> — 2y = 1 are recursively defined by x; = 3, y; = 2 and, for an integer
n>1,

Xpt1 = 3xp + 4yn, and yup1 = 2%, + 3yn.

. Prove that the equation x> — 2y*> = —1 has infinitely many integer solutions.
.*Letd,m € N, with d > 1 being square free. If equation x> — dy> = m

has a solution (xg, yo) in positive integers, prove that it has infinitely many such
solutions.

. (Hungary) Show that there are infinitely many positive integers n for which n* +

(n + 1)? is a perfect square.

. (Turkey) Find infinitely many solutions, in positive integers, of the equation

Y+ 1 =x(x+y).

. Generalize the result of the previous problem in the following way: leta, b, ¢ € Z

be such that A = b? — 4ac is greater than 1 and square free. If n € Z is such that
the equation

x> = Ay2 = 4an

has at least one integer solution (xo, yo) for which 2a | (xo — byp), show that the
equation

ax? —i—bxy—i—cy2 =n

has infinitely many integer solutions.



Chapter 8 )
Arithmetic Functions Chock or

This short chapter introduces an important class of functions, called arithmetic
multiplicative functions, which play a prominent role in the elementary theory of
numbers. Among the many arithmetic multiplicative functions we shall encounter
here, two deserve all spotlights: the Euler function ¢, which will reveal itself to
be an indispensable tool for basically all further theoretical developments, and the
Mobius function p, which is essential to getting the celebrated Mobius inversion
formula and its subsequent application to the Euler function.

In all that follows, we shall refer ourselves to a given function f : N — R as an
arithmetic function.

Definition 8.1 An arithmetic function f : N — R is said to be multiplicative if,
for all relatively prime m, n € N, one has f(mn) = f(m) f(n).

Since 1 is relatively prime with itself, if f : N — R is an arithmetic
multiplicative function, then f(1) = f(1)2,sothat f(1) = 0or I.Incase f(1) =0,
we get

f)y=fm-1)=fn)f(1)=0, ¥Ynel,

i.e., f vanishes identically. Hence, from now on we shall implicitly assume that if
f : N — Ris an arithmetic multiplicative function, then f(1) = 1.

Note also that if f : N — R is an arithmetic multiplicative function and n > 1 is
an integer with canonical decomposition n = p‘f‘ e p,‘:k, then several applications
of the definition give us

fm)y = f(pi") ... fF(p). (8.1)

In words, the above inequality says that, in order to compute the values f(n), with
n € N, it suffices to know how to compute the values f(p®), with p prime and
aeN.
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Finally, if f : N — R is an arithmetic function such that f(1) = 1, then the
equality f(mn) = f(m) f(n) is always true when m = 1 or n = 1; therefore, in
order to prove that such an f is multiplicative, we just have to consider the case of
m,n > 1.

We shall repeatedly use the above remarks without further notice.

Example 8.2 We saw at Corollary 6.46 that if n = pi{" ... p{* is the canonical
decomposition of a natural number n > 1 in primes, then

din)=(1+1)...(ax +1)

is the number of positive divisors of n. We claim that the function d : N — R thus

obtained is multiplicative. Indeed, if m,n > 1 are relatively prime integers with

canonical decompositions n = p{' ... p;* andm = qf}' ...qlﬁ’, then p; # g, for

all1 <i <k, 1 < j <. Therefore, the canonical decomposition of mn in primes
is

mn:p?‘...pgkqul...qf’.

so that
dimn)= (a1 +1)...(cx + DB+ ...(Br+ 1) =d(m)dn).

For what comes next, given n € N we shall write D(n) to denote the set of
positive divisors of 7, so that d(n) = |D(n)|.
Lemma 8.3 Ifm and n are relatively prime naturals, then the map
f : D(@m) x D(n) — D(mn)
(x,y) — Xy
is a bijection.

Proof It follows from Example 8.2 and the fundamental principle of counting that
|D(mn)| = d(mn) = d(m)d(n) = [D(m)| - |D(n)| = |D(m) x D(n)|.

Hence, the domain and codomain of f have equal quantities of elements. Thus, in
order to prove that f is a bijection, it suffices to establish its surjectivity. To this end,
let us apply item (d) of Proposition 6.22: if k | mn, then the condition gcd(m, n) = 1
guarantees that

k = ged(k, mn) = ged(k, m) - ged(k, n).
Therefore, if we let a = ged(k, m) and b = ged(k, n), we geta € D(m), b € D(n)

and f((a, b)) = ab = k, so that k belongs to the image of f. But since k € D(mn)
was arbitrarily chosen, we conclude that f is surjective. O
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Along the rest of this chapter, we shall write 3 ,_,, f(d) to denote the sum of
the values f(d), when d varies in D(n). Although such an use of the letter d is
conflictant with the notation for the function d of the previous example, this will be
harmless in context.

The coming proposition establishes one of the most important properties of
arithmetic multiplicative functions.

Proposition 8.4 If f : N — R is an arithmetic multiplicative function, then so is
the function F : N — R, given by

Fy= ) f@.

0<d|n

Proof If m,n € N are such that gcd(m, n) = 1, then the previous lemma, together
with the multiplicative character of f, gives

Fmn) = Y fd= Y fldid)= Y Y fd)f(d)

0<d|mn 0<dy|m 0<dj|m O<dy|n
O<dp|n
= > ran || > f@
0<d;|m O0<da|n
= F(m)F(n).

O

Example 8.5 The function f : N — R such that f(n) = n for every n € N
is obviously multiplicative. Hence, the previous proposition assures that so is the
function s : N — R, given by

smy= > fdy= > d

O<d|n 0<d|n

Since s(n) adds the positive divisors of n, given a prime number p and o € N, it
follows from Corollary 6.46 that

d ) pa—i-l -1
s(p®) = d= S —
(P= D d=3 p >
0<d|p* j=0
Thus, if n = p{'...py~, with primes p; < --- < p and natural numbers
a1, ..., Q, relation (8.1) and the above computations give

k k pij+1 1
son =[Ts@) =TT\ =— - (8.2)
j=1 j=1 !
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For our next example, we recall (cf. Problem 6, page 190) that an integer n > 1
is square free if n = py ... pg, with p; < --- < pi being primes; equivalently, #n is
square free if there does not exist an integer ¢ > 1 such that ¢ | n.

The coming definition presents one of the most important arithmetic multiplica-
tive functions multiplicativas, the Mobius function.

Definition 8.6 The Mabius function' is the function i : N — R given by

1, ifn=1
w(n) =10, if g% | n, para algum inteiro g > 1
(—l)k, if n =p;...pr, com pq, ..., pg distinct primes

In order to check that the Mobius function is indeed multiplicative, let m, n > 1
be relatively prime integers. Then, mn will be divisible by a perfect square greater
than 1 if and only if either m or n do satisfy such a property; this being the case, it
is immediate to see that

f(mn) =0= f(m)fn).

On the other hand, if m and n are square free, say n = p;...pr and m =
q1...q1,withp; < -+ < prandgq; < --- < g; being prime numbers, the condition
ged(m, n) = 1 assures that p; # g; foralli and j. Hence,mn = p1...pxq1...q
is the canonical decomposition of mn in primes, so that

p(mn) = (=D = (= DX (1) = um)pm).

The coming result brings a very important property of the Mdbius function.

Proposition 8.7 If u : N — R is the Mobius function, then
1, ifn=1
> ud ==l
0, ifn>1
O<d|n

Proof Let F : N — R be the function given by

Fm)= ) p(d).

0<d|n

Proposition 8.4 guarantees that F' is multiplicative, and we wish to show that F (1) =
1 and F(n) = 0 forn > 1. We consider three cases separately:

(i) n =1:wehave F(1) = 20<d|1 u(d) = u(l) = 1.

! After the German mathematician of the nineteenth century August Mdbius.
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(i) n = pk, with p prime and k > 1 integer: then
p g

k
F(H= Y nd) =Y up))=pnl)+up) =0.

0<d| p¥ j=0

(i) n = p{'...py*, with py < --- < pi being primes: since F is multiplicative,
it follows from (8.1) and item (ii) that

F(n) = F(p{")...F(p;*) = 0.
O

Theorem 8.8 is the reason behind the central role of Mobius function in the theory
of arithmetic multiplicative functions. For its proof, notice that the function

f:Dm) — D)

d +— nj/d ®3)

is a bijection; indeed, this follows at once from the fact that f o f = Idp,), as the
reader can promptly check.

In the notations of Proposition 8.4, formula (8.4) below, known as the Mobius
inversion formula, teaches us how to recover function f from F (even if f is not
multiplicative).

Theorem 8.8 (Mobius) Ler f : N — R be an arithmetic function (not necessarily
multiplicative). If F : N — R is given by F(n) = 20<d|n f(d), then

fo= Y F(3)ud =Y Fu(3). (8:4)

O0<d|n O<d|n

Proof The second equality in (8.4) follows from the bijectivity of the function
in (8.3). For the first equality, note first that

Y F(G)p@= Y (@ X f@r | =Y Y w@df@),
O<d|n 0<d|n 0<d'|% O<d|n 0<d'|%

However, since d | n and d’ | 5 if and only if d’ | n and d | %, it follows from the
above computations that

Y r() =Y ¥ u@srar= Y |f@) Y w@

0<d|n 0<d’|n 0<d|% 0<d'|n 0<d\§
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Now, if % > 1 (i.e., if d’ < n), then Proposition 8.7 furnishes

> wd)=0.

0<a’|§

Therefore, the next to last sum above reduces to the summand corresponding to
d' = n, so that

Yol r@) YD @ | =rm Y] uw@d = fmud) = fm.

0<d'|n 0<d| % 0<d|1

O

Before we proceed with the development of the theory, we present an example
which shows how Mobius inversion formula can be a useful tool in counting
problems.

Example 8.9 Let n € N be given. We say that a sequence (x1, x2, ..., x,), with
x; € {0,1} for 1 < j < n, is aperiodic if there does not exist a divisor 0 < d <
n of n such that the sequence is formed by the juxtaposition of 7 copies of the
subsequence (xp, ..., x4). Compute, in terms of n, the total number of aperiodic
sequences of n terms.

Proof First of all, the fundamental principle of counting assures that there exist
exactly 2" sequences (x1, x2, ..., X;) withx; € {0, 1} for 1 < j < n.

On the other hand, for such a sequence (x1, x2, ..., x,,), we define its period as
the least positive divisor d of n for which the sequence is formed by the juxtaposition
of n/d copies of the subsequence (x, ..., xz). In particular, an aperiodic sequence
(x1, x2, ..., xp) has period n.

More generally, if the sequence (x1, x2, ..., x,) has period d, then (x, ..., xg)
is necessarily aperiodic, and conversely. Hence, if a; denotes the number of
aperiodic sequences of k terms, we get

Z ag =2".

0<d|n
If we now apply the Mobius inversion formula, we obtain
— N Hd
an = Z 1% (3) 2 >
0<d|n

as wished. m]

The theory developed so far allows us to introduce and study the main properties
of another quite important arithmetic function, according to the following
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Definition 8.10 Euler’s ¢ function is the function ¢ : N — N given by
@(n) =#{1 <k <n; ged(k,n) = 1}.

In words, ¢(n) counts how many integers from 1 to n are relatively prime with
n. In what comes next, among other properties we shall show that the function ¢ is
multiplicative. We shall also use this result to compute ¢ () in terms of the canonical
decomposition of n in prime factors.> We start with a result which will be useful in
other circumstances.

Proposition 8.11 With respect to Euler’s function ¢ : N — N, we have

Y@= o(3)=n

0<d|n O<d|n

Proof The first equality comes from the bijectivity of function f in (8.3). For the
second one, let D(n) = {1l = a; < a < --- < a = n}.If 1 <k < n, then
gced(k,n) € D(n), ie., ged(k,n) = a; for some 1 < i < t. Therefore, letting
A; = {1 <k <n; gcd(k, n) = a;}, we get

[n =A1UUA[,
a disjoint union. Hence, n = Z;zl |A;|. Now, note that

A; ={1 <k <n; ged(k,n) = a;}
={1 <k/a; <n/a;; k/a; € N and gcd (k/a;,n/a;) = 1}
={l1 <l =<n/a;; ged(l,n/a;) = 1},

sothat |A;| = ¢ (an_,) Thus,

t t

=Y =Y e (%)= Lo (3):

i=1 i=1 O<d|n
O

For the coming result, also due to Euler, we shall need the fact, left as an exercise
to the reader (see Problem 1), that the product of two arithmetic multiplicative
functions yields yet another such function.

Theorem 8.12 (Euler) The Euler function ¢ : N — N is multiplicative.

2 Another approach was the object of Problem 6, page 40.
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Proof Letting G(n) = n, the previous proposition gives us ) ,_ din o(d) = G(n).
Therefore, it follows from M&bius inversion formula that

n n wu(d)
o) = > u(dG (5) = > ud- SEn ) (8.5)
0<d|n 0<d|n 0<d|n
However, since f(d) = @ is a multiplicative function (verify this assertion!),

Proposition 8.4 shows that function F : N — R, defined by

d
Foy= Y M9,

0<d|n

is also multiplicative. Hence, Problem 1 assures that ¢(n) = nF(n) is multiplica-
tive, too. O

As we have promised before, the coming corollary relates ¢(n) with the
canonical decomposition of an integer n > 1 in prime factors.

Corollary 8.13 (Euler) If the canonical decomposition of an integer n > 1 in
primes is given by n = p{' ... p;*, then

go(n):n(l—l)...<l—l). (8.6)
P1 Pk

Proof We shall firstly compute the value of ¢ (p®), with p prime and o > 1 integer:

p(p*) =#1 <k < p% ged(k, p*) = 1}
=#{1 <k < p*; ged(k, p) =1}

=#({1,2,3,...,p0’} \ {p,2p,3p,...,p°‘—1p})
=p —P
1
= p* <1 — —) .
14
Now, since ¢ is multiplicative, it follows from (8.1) that

o) = p(pi") ... 0(p")

1 1
o (o773
(- D) ()
! ( pi k Pk
1 1
o] o
=p;...p 1——)...(1——)
! "( p1 Pk
1
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The formula of the previous corollary allows us to deduce many interesting (and

useful) properties of the Euler function. The coming example presents such a result.

Example 8.14 Given m € N, show that the equation ¢(n) = m has at most a finite
number of solutions n € N.

Proof Firstly, if n = p%r, with « > 1, p prime and gcd(p,r) = 1, then the
multiplicative character of the function ¢ gives

m= @) =e(p®)er) = p*(p— De@r) > 2*71,

for ¢(r) > 1 and p > 2. Hence, taking logarithms at base 2, we obtain

o <1+ log, m.

Moreover, analogous computations furnish

m=p*(p—Der)=p-1,

whence p <m + 1.

Now, if n = p‘lx1 . p,‘f" is the canonical decomposition of 7 in primes and o =

max{ay, ..., ok}, it follows from what we did above that « < 14-log, n and, hence,

1+log, m
nS(P1~~-Pk)“§< l_[ P) .

p=<m+1
p prime

Problems: Chap. 8

—_

b

. * Prove that the product of two arithmetic multiplicative functions is also an

arithmetic multiplicative function.
Prove that, for every n € N, we have ]_[0< din d=n

Prove that ;((”11)) > /n, forevery n € N.

(OCM) A teacher chose a positive integer n and, then, posed the following

problems to two of his students: the first one should compute the number of
. e . . . 1 1 1.

ordered pairs (x, y) of positive integers satisfying the equation - + ¥ = the

second should do the same regarding the equation 1_1_1 Knowing that
X y n

the sum of the answers found by the students was 78, show that at least one of
them made a mistake.

dn)/2.

. (Hungary—adapted) For n € Nand 0 < r < 3, let D,(n) be the set of positive

divisors of n leaving remainder r upon division by 4.
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(a) If gcd(m, n) = 1, prove that there exists a natural bijection
(D1(m) x Di(n)) U (D3(m) x D3(n)) —> Di(mn).

Do the same with respect to (D1(m) x D3(n)) U (D3(m) x Di(n)) and
Ds(mn).
(b) Prove that |[D{(n)| > |D3(n)|.

6. A natural number n > 1 is said to be perfect if s(n) = 2n, where s(n) denotes
the sum of the positive divisors of n. Prove that:

(a) Ifn > 1is perfect, then Y o_,, % =2.
(b) If p is a prime number for which 27 — 1 is also prime, then 2r=1ar — )
is perfect.

7. The purpose of this problem is to establish the converse of the previous
problem, thus proving the following theorem of Euler: if n is an even perfect
number,’ then there exists a prime number p such that 27 — 1 is prime and
n=2r"1@Qpr — 1). To this end, let n = qu be an even perfect number, with
k,q € N and g being odd. Do the following items:

(a) Conclude that (2¥t1 — 1)s(g) = 2¥*T14. Then, show that there exists a € N
for which ¢ = (2¥*! — 1)a and s(¢g) = 2¥*1a.

(b) If a = 1, show that 2kl _ 1 s prime, whence k 4+ 1 = p, a prime number.

(c) Ifa = 2Kt — 1, show that s(¢) > 1 +a +a® > (a + 1)a = 2¥1a, which
is a contradiction.

(d) Ifa > 1anda # 2Kt —1, then ¢ has at least four distinct positive divisors:
1,251 —1, a and (2! — 1)a. Use this fact to conclude that s(¢) > 2¢*1q,
thus arriving at a new contradiction.

8. A natural number n is abundant if s(n) > 2n, where s(n) denotes the sum of
the positive divisors of n. If a € N is abundant, show that ab is also abundant,
regardless of the value of b € N.

9. Let f : N — R be defined by f(1) =1 and, forn > 1,

(—DF
fn)=—"—,
pPip2.-.. Pk
where pi, p2, ..., pi are the distinct prime divisors of n. Find all n € N for

which 20<d\n f(d)=0.
10. If f : N — R s an arithmetic multiplicative function, prove that

> u@df@d=[]a-rwm.
0<d|n pprlime
pln

Then, use the above result to establish the following items:

3Up to this day, no one knows whether or not there exist odd perfect numbers.
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11.

12.

13.

14.

15.

16.

(a) Zo<d\n dl’L(d) = l_[pprlime(l - p)
pln
®) Y- din w(d)? = 2%, where k is the number of distinct prime divisors of n

(note thatk = 0if n = 1).
Prove Liouville’s theorem”: for each n € N, one has
2
(X am) = dG).
0<jln 0<jln

*Let f : N — R be any function and F : N — R be given by F(n) =
Zo«un f(d). Prove that

Z F(k) =
k=1

Let f : N — {—1,1} be givenby f(1) = 1 and f(n) = (—1)¥ T T%_ where
n= p(])” e p,‘f" is the canonical decomposition of an integer n > 1 in primes.
Prove that, for every integer n > 1, one has

jilgjfU)

j=1

n

}:{%JfU)=L¢a.

j=1

(Brazil) Prove that, for every natural number n > 1, we have
1+1+ —i—l id(k)< 1+1+1+ +1
— _— PR _— < _— —_— ... —_— .
"\273 n) S &CUEIT2TS n

Let F be an arithmetic multiplicative function and f : N — R be implicitly
defined by the equality F(n) = ZO<d|n f(d), for every n € N. Prove that f is
also multiplicative.

The purpose of this problem is to give another proof of the multiplicative
character of Euler’s function ¢. To this end, given relatively prime integers
m, n > 1, arrange all natural numbers from 1 to mn as shown in the table

1 2... k... m
m+1 m+2... m+k...2m
2m + 1 2m+2 ... 2m+k ... 3m

m—1Dm+1m—1m+2...n—1m+k...mn

and do the following items:

4 After Joseph Liouville, French mathematician of the nineteenth century. As we shall see in
Sect. 20.4—cf. Theorem 20.31—Liouville was the one to give the very first example of a
transcendental number.
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17.

18.

19.

20.

21.

8 Arithmetic Functions

(a) Prove that an entry of the table is relatively prime with mn if and only if it
is relatively prime with both m and n.

(b) Show that, in any column, either all elements are prime with m or none of
them satisfies such a property.

(c) Prove that there are exactly ¢(m) columns formed by integers relatively
prime to m; moreover, each one of these columns contains precisely ¢(7n)
entries relatively prime with n.

(d) Conclude that p(mn) = ¢(m)e(n).

If F(n) = ZO< din %, compute F'(n) in terms of the canonical decomposition
of n.

(OIM shortlist) For each m € N, let A,, be the set of ordered pairs (d, n) of
integers such that d is a positive divisor of m, | < n < m and gcd(d,n) = 1.
Find all m € N for which |A,,| = 1993.

* For an integer n > 2, prove the following items:

(a) If P, = {1 <k <n; gcd(k,n) = 1}, then the correspondence k — n — k
is a bijection of P,.
(b) ¢(n) = 21, where [ is the number of elements of P, which are less than or

equal to %; in particular, ¢ (n) is even.

Given m,n € N, withn > 2,letl =a; < --- < ar = n — 1 be the positive
integers prime with n and less than or equal to n, and S, (n) = ZLI a!" be the
sum of their m-th powers. Establish the following:

(a) If k = 2I, then S,,(n) = Zﬁzl(alm + (n — a;)™). Then, use this relation to
conclude that S, (n) is even whenever # is itself even.

(b) Su(m) = X1 o(=D/ (F)n" IS m).

(¢) If m is odd, then 2S,,(n) = n Z?’:_Ol(—l)f (’;’)n’”—l—ij (n). Then, show
that n | Sy, (n) if m is odd.

In the notations of the statement of the previous problem, show that:

(a) Every 1 < m < n can be uniquely written as m = % -a,witha, d € N such
thatd | n and ged(a, d) = 1.

S(d) _ 1%k pk
(b) ZO<d\n ak - = nk .

(© Sen) = nt T () (2 ).
@) Si(n) = 3np).

() S2(n) = inp(n) + in n,,meca - p).
pln




Chapter 9 ®
Calculus and Number Theory Qs

In this chapter, we assume that the reader is conversant with the rudiments
of Calculus. More precisely, we shall assume from the reader familiarity with
convergent sequences and series, as well as with the notions of limits and derivatives
of functions. In this sense, the material of [8] covers all of what is necessary.
Here, we shall present some basic examples and results on the distribution of prime
numbers, having the classic book of professor G. Andrews [2] as guideline. We shall
also discuss a rather interesting asymptotic result of Cesaro, on pairs of relatively
prime natural numbers, following [29].

9.1 On the Distribution of Prime Numbers

One of the first results on prime numbers we have learned in this book was Euclid’s
theorem, which asserts that the set of primes is infinite. Nevertheless, as was already
pointed out in Remark 6.39, there is an distinctive lack of uniformity on the way
these numbers distribute along the naturals. It is, therefore, quite astonishing that a
result such as Hadamard’s Prime Number Theorem, quoted below, actually holds
true. Before we state it, let us set some notation: for each positive real x, we shall
write 7 (x) to denote the number of prime numbers less than or equal to x.

Theorem 9.1 (Hadamard') In the above notations, one has

fim ©.1)
x—+oo x/logx

where log : (0, +00) — R stands for the natural logarithm function.

1Jacques Hadamard, French mathematician of the nineteenth century.
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Although a proof of the above theorem is well beyond the scope of these notes,
we refer the interested reader to the marvelous book of professor T. Apostol [5] for
a self-contained approach. However, we stress that Hadamard’s theorem assures that
the functions 7 (x) and 10’; ~ are asympiotically equal, in the sense that limit (9.1)
holds true.

A few years earlier than Hadamard, the Russian mathematician P. Chebyshev
obtained a much simpler (yet rather interesting) result on prime distribution,
guaranteeing the existence of positive constants ¢ and C such that

X

=r(x)=C )
log x log x

c
for every real x > 2.

A proof of the second one of the above inequalities will be the object of
Problem 4; for a proof of the first one, we recommend to the reader the book of
professor Andrews, already quoted above. On the other hand, it readily follows from
the second one of the above inequalities that

m(x)

x ~ logx

for every real x > 2; in particular, one has

fim % _o. 9.2)

X—>4+00 X

In words, (9.2) says that the total quantity of prime numbers less than or equal
to x is an infinitesimal with respect to x (i.e., grows much slower than x itself) as
x — —+oo. In what follows, we shall give a direct prove of the validity of such a
result. We start with the following preliminary

Proposition 9.2 If k is a natural number, then

7T (x) - p(k) n 2k

b
X k X

where ¢ denotes Euler’s function.

Proof For a real number x > 0, let g, € Z be such that |x| = kg + r, with
0 < r < k. Note that

q—1
(1,2, ..., |xJ} =(U{kj+1,kj+2,...,k(j+1)}>U

=0 9.3)

Uitkg+1,kqg+2,...,kqg+r}.
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From 1 to k there is at most k prime numbers. On the other hand, if j > 1, then,
for an element of {kj + 1,kj +2,...,k(j + 1)} to be prime, it must necessarily be
relatively prime with k. Hence, such a set contains at most ¢ (k) prime numbers.

Now, since g = L%J, (9.3) allows us to write down the following upper estimate
for 7 (x):

n(x)<k+(q—l)<p(k)+r<2k+t J(p(k)<2k+ X o).

Finally, in order to get the stated result, it suffices to divide both sides of the last
inequality above by x. O

We shall also need the following technical

Lemma 9.3 Ifm > 1 is an integer and pi, pa, ..., pn are the prime numbers less
than or equal to m, then

é% K Pll)<l‘i)...(l_i)]l.

Proof Formula (3.1) for the sum of a convergent geometric series gives

(202 -2 )

On the other hand, the choice of pi1, p2, ..., pn, together with the fundamental
theorem of arithmetic, guarantees the validity of the inclusion

{1 1 1}C{ 1 o _ >o}
s Ty ee ey > J1:J2y s Jn = .
zoom pi'py .. o

Therefore,
m n
1 1 1 1
Z_'< Z J1 . J2 ]nzl_[<1+;+?+)5
Jj=1 J1sJ2seees Jn=0 pl p2 <o Pn i=1 i
and the desired result promptly follows. O

The previous lemma, together with the divergence of the harmonic series (cf.
Example 7.37 of [8], for instance), gives

, 1 1\
lim 1——)... 1= — = 400,
n——+00 P1 Pn

where p; stands for the j-th prime. Therefore,
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1 1
lim (1—-)...(1—-):0. (9.4)
n——+00 P1 Pn

With the previous results at our disposal, we are finally in position to prove the
promised weak version of Hadamard’s theorem.

Theorem 9.4 lim,_, | o ”E(x) =0.

Proof We have to prove that, given € > 0, there exists xo > 0 such that x >
(x)

Xp = —— < €. To this end, let py, p2, ..., p, be the first n prime numbers, and
k = p1p2...pp- Proposition 9.2, together with the formula for ¢ (k), gives us
1 1 1 2 e
”(x)<<1——)<1——>...<1——)+M. 9.5)
X P1 p2 Pn X

Now, (9.4) allows us to choose a natural number » such that

()62 5

If we let xg = 4””’6#”", then, for x > xp, it follows from (9.5) that

(x) € 2p1p2...Pn € 2p1p2...pn
<-+ <-+———T =g
X 2 X 2 X0

as wished. m]

The arguments that led to (9.4) used the fact that the harmonic series diverges:
anl % = +o00. Heuristically, we can say that this is due to the fact that the
sequence of naturals has foo many naturals (actually, all of them). On the other
hand, already in Lemma 3.15 we used the fact that the series of the inverses of
perfect squares converges: anl nl—z < 4o00. This time, and also from a heuristic
point of view, we can attribute the convergence of the series to the fact that the
sequence of perfect squares contains foo few naturals.

In view of the above, a natural question poses itself in the context of prime
numbers: if p, stands for the n-th prime number, does the series anl ﬁ have
too many or too few naturals, in the above sense? Theorem 9.4 would encourage us
to say that it does possess too few naturals.

At this point our intuition fails, for we shall prove below another theorem of the
great L. Euler,” asserting the divergence of the series of the inverses of primes. To

this end, we shall need the inequality below, which readily follows from (3.7):

e >14+x, Yx>0. (9.6)

2For a slightly different proof of such a result, see the problems of Section 10.9 of [8].
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Theorem 9.5 (Euler) If pr denotes the k-th prime, then the series Zkzl ﬁ
diverges.

Proof If m € N and py, p2, ..., px are the prime numbers less than or equal to m,
it is immediate to see that

1 1 m
PO | K DD DI venrl 25
1<j<im I<i<k 1<jj<--<jj<k 0152 =1

1
J
Now, observe that the second factor at the left hand side of the previous inequality
is nothing but the sum of the inverses of the square free natural numbers less than or

equal to m. Letting Y 1<j<n % denote this sum, we can write the above inequality as
j sf

1 A
(2 2)(Z5)= 27
1<j<ym lijsstm =1

Since ) j=17 d1verges and )" =17 2 converges, we conclude that

Z_

1>1
J sf

diverges. Finally, by the sake of contradiction, assume that the series of the inverses
of primes converges to a certain real number a. Then, for every n € N, we get
from (9.6) that

e £ - Mewll) 1 (D))

p<n P p<n p<n 1<j<n
p prime p prime p prime jsf

where exp : R — R denotes the exponential function of basis e. But this is indeed
a contradiction, for we already know that the sum of the inverses of the square free
natural numbers diverges. O

Problems: Sect. 9.1

1. Prove that there exists a positive real xo for which 7 (x) > 02 for x > xg.
2. For each integer k > 1, let a; be the k- th natural number which is not a perfect
square. Decide whether the series ) k=1 g converges.
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3. For each integer k > 1, let a; be the k-th composite natural number. Decide
whether the series ;- % converges.
The purpose of this problem is to show that

4.

7(x) < (301og?2) %, 9.7)

for every real x > 8, where log : (0, +00) — R denotes the natural logarithm
function. To this end, do the following items:

(a)

(b)
(©

(d)
(e

2n

For every n € N, prove that (7

) is divisible by all prime numbers p

satisfying n < p < 2n. Moreover, show that (2"") <221,
Prove that, for a natural n > 2, one has 7 (2n) < w(n) + (2log2)

If f:(0,400) - Ris given by f(x) =
(e, +00) and that f (342) < 22 f(x) for x = 8.

Use items (b) and (c) to conclude that 7(2n) < (32log?2)
integer n > 2.
Deduce that (9.7) holds for every real x > 8.

n
logn -
show that f is increasing in

X
logx?

n
Togn for every

. The purpose of this problem is to establish the converse of Problem 17, page 191.

To this end, given n € N, let I (n) denote the sum of the greatest odd divisors of
the numbers 1, 2, ..., n and do the following items:

(a)

(b)

(©

(d)

For n € N, let 7(n) be the greatest odd divisor of n and i (n) the greatest odd
integer less than or equal to n. Prove that

In) =@M +1Q3) +---+1(i(n))
+ @@ +Tt@+---+72n/2))

= L6 17+ 1 1n2)).

In the notations of (a), show that

t

1
1) =7 ) (i(go) + 17,

k=0
where 2’ is the greatest power of 2 which is less than or equal to n and, for

0 < k < t, g is the quotient one gets upon dividing n by 2%.
Use the fact that i (gz) < 2"—k to get the estimate

1) < . " 4o + 4! +t+1
=3 (5 (=5) e (s-7) )

Use the fact that = [log, n] < n to get the estimate



9.2 Chebyshev’s Theorem 227

4n® +15n+3

I(n) < B

(e) Use inequalities |log, n| > 0, 2llogyn} > plogyn—1 — 5 and

n n
g zg—1=|5|-12 5 -2

to show, in an analogous way, that

4n? — 12n — 1

I(n) > o

® IfT(n)=1+2+4+---+ n, conclude that

4n% —12n — 1 _Im 4n’ 4+ 150 +3
6n2+6n ~ Tm) ~ 6n2+6n

Then, show that if r € Q \ {%}, then é((:‘,)) = r for at most a finite number of
integer values of n.

9.2 Chebyshev’s Theorem

The Prime Number Theorem guarantees that the difference 7 (2x) — m(x) is
asymptotically equal to

2x X X ( 2logx ]>

log(2x) B log x - logx \log2 + log x

X logx —log?2
"~ logx \logx +log2 )"

Howeyver, since

logx —log?2
im ——— =
x—+oo log x 4 log?2

)

we conclude that 7(2x) — m(x) is asymptotically equal to --—. It happens (for

logx~
instance by L’Hopital’s rule) that

lim a = 400,
x—+o0 log x

so that the above reasoning assures that the number of primes between x and 2x
grows unboundedly as x — +-o00.
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In this section we give a complete proof of a much weaker result, also due to
Chebyshev, which shows that there is at least one prime number between n and 2n,
for every integer n > 1. For the proof of it, we shall need the two following auxiliary
results.

Lemma 9.6 Let n, p € N, with p prime, and let |1, be the exponent of p in the
factorisation of (2:) Then,

w=X (5] 7))

Moreover, if v, is the only integer such that p”» < 2n < p'rtl then Wp < Vp.

Proof For the first part, since (2:) = Ei’f))z!, we readily conclude that i, is given
ep(2n)
by ptr = %, where e,(2n) and e,(n) are as in Legendre’s formula (cf.

Proposition 6.10). Hence,

np = ep(2n) — 2ep(n),

and it suffices to use (6.10) to get the stated formula for i .
For the second part, it follows from the definition of v, that

. 2
j>vp=>p’>2n=>{—n4J—2\‘iJ=0.
p/ p/

On the other hand, for j > 1 we have

2n n 2n n
p/ p/ p/ p/

so that L%J -2 IJ:’—jJ < 1. Therefore, gathering together the two pieces of

information above, we obtain

w2 ()R (35D g

j=1

Lemma 9.7 If x > 2 is a real number, then

l_[ p < 4.

p=x
p prime
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Proof The lemma is clearly true for 2 < x < 3. On the other hand, if it is valid for
x = n, where n > 3 is an odd integer, then it will also be valid forn <y <n +2;
indeed, in such a case n + 1 is even, so that

1_[ p= 1_[ p <4t <4,

P=y p=n
p prime p prime

It then suffices to show that the lemma is true for x = n, where n > 3 is an odd
integer. To this end, we make induction on n > 3 odd, noticing that we already have
the validity of the result for n = 3. By induction hypothesis, assume that it is also

n*l

true for all odd integers less than a certain odd integer n > 5. Let k = 5=, with the

sign chosen in such a way that k is odd. Then, k > 3 and n — k is even and such that
n—k=2kxl—k<k+1.

Hence, if p is a prime number for which k < p < n, then p isodd, p | n!, p 1 k!
and p t (n — k)! (it cannot happen that n — k = k + 1 = p, since n — k is even).
Thus, we conclude that the product of all such primes divides

(n) . n!
k] k=K

1 r= (Z) 9.8)

k<p=<n
p prime

so that

Now, our choice of k assures that k and n — k are distinct. However, since (Z) =
(nf k) and such binomial numbers are summands in the binomial expansion of 2" =
(1+1)", we get (}) <2"7', and (9.8) furnishes

[] p=2". 9.9)
» prime

Therefore, the induction hypothesis and (9.9) give

1_[ P=< l_[ P)( 1_[ p><4k.2n—l=22k+n—1522n:4n‘

p=n p=<k k<p<n
p prime p prime p prime
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We have finally arrived at the desired result, which is known as Chebyshev’s
theorem.?

Theorem 9.8 (Chebyshev) For each integer n > 1, there is at least one prime
number between n and 2n.

Proof A general argument will prove the result when n > 128. For n < 128 take
p=3ifn=2,p=5ifn =3 and:

p=Tif4<n <6;
p=13if7<n <12
p=23if 13 <n <22;
p=43if 23 <n < 42;
p=283if43 <n <82
p=131if 83 <n < 127.

Now, assume the result is false for some integer n > 128. In the notations of
Lemma 9.6, such a supposition guarantees that

()= Tl T

p=<2n p=n
p prime p prime
2n

However, for any prime p such that T <p=n,we have

2
, and2§—n<3,
p

2 2
p>3, p°>—-np, 1=

n
- <
3 p

N W

so that % < % < 1; it thus follows that

(R ) NI

J

%

On the other hand, for any prime p such that v/2n < p < 2?” we have p? > 2n,

and Lemma 9.6 gives 1 < u, < v, = 1. Finally, for primes p such that p < +/2n,
we have, again by Lemma 9.6, that p*r < p"» < 2n.

3Pafnuty Chebyshev, Russian mathematician of the nineteenth century.
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The estimates above give us (in what follows, p denotes a prime number)

()

I

—

S|
<

[T »* [T »*

p<+2n \/2n<p§%" %”<p§n
(=) 1 »
pP<+2n «/2n<p§%"
0
<45 [ [T 2»]-
p=<«2n

where we used Lemma 9.7 in the inequality above.
Since 9 and the even integers greater than 2 are not primes, the condition n > 128
(& +/2n > 16) assures that

n(@)i@—l

Substituting this last estimate into (9.10), we arrive at

(2”) < 4% )TV - 4% )V, (9.10)

n

Finally, note that (2’:’) is the largest among all of the 2n 4+ 1 summands in the
binomial expansion of 4" = (1 + 1)2". Since the first and last of these summands
are both equal to 1, we get 2n (zn") > 4" or, which is the same, (2”) > %. In turn,

n
such an estimate, combined with (9.10), furnishes

n

4 n n
T 4FenVE
2n

which yields

2% < )V,

V2n

Taking natural logarithms an dividing both sides by ~£=, we conclude that the above
inequality can be rewritten as

v8nlog2 — 3log(2n) < 0. 9.11)
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Letting f(x) = +/8x1log2 — 31log(2x), we have f(128) = 8log2 > 0 and

0

flx) = —«/ﬂlc;gz -3

for x > 128. Thus, f is increasing for x > 128 and (9.11) is false, which gives us
the desired contradiction. O

The famous Goldbach conjecture* claims that every even number greater than
2 can be written as the sum of two (not necessarily distinct) primes. Although a
serious account on the state of the art on Goldbach’s conjecture is far beyond the
scope of these notes, Chebyshev’s theorem allows us to present a simple example
on the possibility of writing natural numbers as sums of distinct primes.

Example 9.9 Let P stand for the set of prime numbers. Show that every natural
number can be written as a sum of distinct elements of the set {1} U P.

Proof Letn > 1 be a natural number and p be the greatest prime number less than
or equal to n. If n > 2p, then Chebyshev’s theorem would give a prime g between
p and 2p, which would contradict the maximality of p. Therefore, p < n < 2p
and, hence, 0 < n — p < p. Arguing by induction, we conclude that n — p can be
written as a sum of distinct elements of the set {1} UP, and writingn = (n — p) + p
we conclude that the same is true of n. O

Problems: Sect. 9.2

1. If p, is the n-th prime, prove that p,+1 < 2p,.

2. * Prove that, for every integer n > 1, there exists a prime p whose exponent in
the canonical decomposition of n! is equal to 1.

3. (TT) Prove that, for every integer n > 1, the number 1!2!--.n! is not a perfect
square.

4. Find all natural numbers m, n, x and y such that m, n > 1 and (m!)* = (n!)”.

For the two coming problems, the reader will find it convenient to use the

following stronger version of Chebyschev’s theorem: for every integer n > 6,
there are at least two primes between n and 2n.

5. (OCS) Find all m, n € N such that (n — 1)!n! = m!.

6. Find all natural numbers n > 1 such that every natural 1 < m < n which is
relatively prime with 7 is indeed a prime number.

4 After Christian Goldbach, German mathematician of the eighteenth century.
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9.3 Cesaro’s Theorem

In 1881, E. Cesaro’ proved that the odds that two randomly chosen natural numbers
be relatively prime is equal to %. We finish this chapter by presenting an elementary
proof of this fact. Our exposition follows a nonpublished manuscript of prof. Hudson
N. Lima (cf. [29]). We start by recalling a few rather simple facts on the calculus of
probabilities.

Let E be a finite nonempty set, said to be the sampling space, and P be a
probability distribution in E, i.e., a function P : E — [0, 1] such that

Z P(x) = 1.
xeE
For each x € E, we call P(x) the probability of x; also, we say that the elements

of E are equiprobable provided

1
Px)=—, VxeE.
|E|

More generally, an event in E is a subset X of E, and we let its probability be
defined by

P(X) = Z P(x).

xeX

Back to the problem we wish to analyse, let® E = I, x I, and assume that the
elements of E are equiprobable, so that the probability of each one of them equals
nlz. Given n € N, let P, be the probability that a randomly chosen ordered pair
(a, b) € E have relatively prime entries a and b. We want to show that

. 6
lim Pn = —-
n— 00 T

We shall first of all find an adequate expression for P,, and to this end we begin by
observing that P, = ‘5—2‘, where

X ={(a,b) € I, x I; gcd(a, b) = 1}

is the event subjacent to P,.

SErnesto Cesaro, Italian mathematician of the nineteenth century.
6As in previous chapters, we set I, = {1, 2, ..., n}.
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Elementary counting gives

|X| =2#{(a,b) € I, x I,;; gcd(a,b) =1 and a < b}
—#{(a,a) € I, x I; gcd(a,a) = 1}

n
:ZZ#{a € I,; ged(a,b) =1and a < b} — 1
b=1

n
=2 o) -1,
b=1
where ¢ denotes Euler’s function. Hence,

ZZ(p(b) —1
b=1

P, = .

9.12)
n

We now need the following auxiliary result.

Lemma 9.10 If f : N — R is any function, then for n € N we have:

(@) Yk Yoeap F(d) =25y fUO) [ 1]

(b) Yok Yocap S = 3 Xy kf G [F ] ([F]+D.

Proof Item (a) is the content of Problem 12, page 219. Concerning (b), note firstly
that the set of ordered pairs (d, k) of integers such that | <k <nand0 <d | k
coincides with the set of ordered pairs (d, k) of integers such that | < d < n and
k = Id, for some integer 1| < [ < n/d. Hence, we can change the order of the
involved sums, thus getting

Dk @ =) ) kf(d)

k=1 0<dlk d=1 k=ld
1<i<%

=if(d)<d+2d+~-~+Lng)
d=1

SRR

Now, recall that, according to (8.5),

3
¢(n)_n d 9

0<d|n
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where © : N — R stands for the Mobius function. Therefore, item (b) of the
previous lemma furnishes

ZZ(p(k) —ZZk “(d)

k=1 0O<d|k

Sl e
- :Zluac) L%Jﬁéu(m 7]

The second summand in the last sum above can be computed with the aid of item
(a) of the previous lemma, together with the result of Proposition 8.7. Indeed, we
have

3 b 7] Sy Y =1,
k=1

k=10<d|k

since ZO<d\k w(d) does not vanish only for k = 1. It follows from (9.12) and (9.13)
that

1 & n |2
pn:ﬁgu(m e (9.14)

With the last formula above at our disposal, we can state and prove the coming
proposition, which assures that the limit lim,_, o, P, does exist and expresses it as
another limit which, as we shall see, can be effectively computed. We begin by
noticing that, since | (k)| < 1 for every k € N and Zkz 1 kl_z is convergent, the
series

(k)
L

is absolutely convergent, hence convergent.

Proposition 9.11 If P, is as in (9.14), then lim,,_, », P, exists and is such that
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Proof Firstly, from (9.14) we get

P,,—

M()
=1

(212
=i

In order to estimate the last sum above, we claim that, given natural numbers n
and k such that 1 < k < n, we have

(9.15)

1 1LnJ2 2 1
———= =1 l< - —.
K n?lk nk n?
Indeed,
n i LnJ<n:n2 2n+1 LnJ2<n2
k kd~ k k2 k kd — k2
N 1 2 n 1 1 LnJ2< 1
N — _<_ —_— J—
k2 kn  n?2 n?2lkd — k2
-0 < 1 1 LnJZ 2 1
R — J— <_—_’
— k2 n?lk kn n?
as wished.

Back to (9.15), we obtain from the above estimates that
n n
(k) 2 1
Pn—27<z<g—— Z“;
k=1 k=1
Now, from L'Hopital’s rule we get

21 2 "l 2
-Z-<— 14+ | —dt)==(ogn+1)—0
nkzlk n 1t n

as n — +00. Hence,

and our previous estimates assure that
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. " (k)
o, (Pn 3 k_2> =0

k=1

Finally, it follows from the above that

. . 2 (k) (k) (k)
nlinéoP":nIEEO<P"_Zk_z)+Zk_z:ZW'

k=1 k>1 k=1

The former result reduced the proof of Cesaro’s theorem to showing that

pik) _ 6
Z k2 _;’
k>1

To this end, we first need to show the coming result.

1 72
Theorem 9.12 Z a = rE

k>1
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The proof we present is due to professors A. Yaglom and I. Yaglom (cf. Chapter 8
of [1]) and relies on some elementary results on complex numbers and roots of
polynomials; Chaps. 13 and 16 cover all that is necessary. The classical alternative
proof, relying upon the theory of Fourier Series, is delineated in problems 11 and 12
of Section 11.2 of [8] (alternatively, see Chapter 8 of [33] or Chapter 2 of [36]).

Proof The first of de Moivre’s formulas (cf. Proposition 13.9) gives us

sin(nf) = Im((cos@ + i sinh)")

—miy <’f>if(cos )"~ (sin6)’
=0

L1251

=Y nk <2k'1 1)(cose)("—2’<—1) (sin ) K+D).
k=0

Therefore,

1251

sin(nf) N n (n—2k—1)
(sin)y" kg( D <2k+1>(cow) ’

whenever sin 6 = 0.
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Forn = 2m + 1, we have

sin(2m + 1)0) — cf2m+1 (Om—2k
=) (—1 £6) =2,
(sin §)2m+D kz_o( PTREIC

Thus, letting

k(2m+ 1\ i
fx) = Z( 1 <2k+1) :

we have shown that

sin((2m + 1)6)

2y _
f((coth)”) = (sing)@mn (9.16)
Setting 6y = (2mkﬁ)7t for k = 1,2,...,m, it is immediate from (9.16) that
(cotd))?, (cotbr)?, ..., (cotB,)? are m distinct roots of f. However, since f has

degree m, we conclude that those are all of its complex roots. Now, the Girard-Viete
relations between coefficients and roots of a polynomial (cf. Proposition 16.6) give

(2m3+]) B m2m — 1).

(2ml+1) - 3

(cotf))® + (c0t92)2 + o+ (cotby)? =

From this, basic Trigonometry allows us to compute

(cscO)? 4 -+ + (cscO)> = (14 (cot1)?) + -+ + (1 + (cotb,,)%)

=m + ((cotf))* + - - + (cotf,)?)
mQ2m — 1) _ 2m(m + 1)
+ 3 = 3 .

Finally, since 6; € (0, %) for 1 < j < m,wehavefor 1 < j < m the inequalities
sinf; < 6¢; < tan0;

or, which is the same,

1
(coth)2 < 9—2 < (csch)z.
j
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Therefore,

2m — 1 - | - 2 1
m(2m ):Z cotf; )252—2 Z(cscej)zz—m(”;+ )
=1 j=1 0] j=1

and, taking the definition of the 6; into account,

m@2m—1 & Cm+D? 2mm+1)
< Z < .

3 T2z = 3

Jj=1

Multiplying the last inequalities above by ﬁ, letting m — 400 and noticing
that

mQ2m — 1) . 2mm+1) 1

lim ——= = lim —— = —,
m—>o00 32m +1)2  m—>0o3Q2m+1)2 6
the squeezing principle for limits of sequences gives us the desired result. O

Theorem 9.13 If p, stands for the n-th prime number, then

. 1\ 1
nlingol_[<1——z> =2

k=1 Pk k>1

Proof Since p, > n for every n € N, the fundamental theorem of arithmetic gives
(upon expanding the right hand side below)

| 1 1 1 1
Zkz_ I+ =+ +p_;2l 5+t

k=1 pl pn pn

for every integer [ > 1. Moreover, also for every integer / > 1, we have

! 1
Py---Pn
1 1 1 1
1+—+ e | (U e ) > =

P1 P k=1

once more from the fundamental theorem of arithmetic, together with the fact that
each summand obtained from the expansion of the products at the left hand side is
also present at the right hand side.

Since
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we obtain the set of inequalities

"1 1 1 1 1 1
Yoas( g ) <

Pq P

-1
li <1+ ! +--- ! ) ! (1 ! )
m — — | = — = - —

21 2j 2 ’
[=o00 p} p; = r’ p;

She(-g) -(0-5) <ok

ou, which is the same,

we get

Finally, it now suffices to let n — 400 and invoke the squeezing theorem. O

Theorem 9.14 If p,, denotes the n-th prime number, then
w(k)
lim n( ) = E —.

> 2

8 ook 1 pk kzl k

Proof In all that follows, we make the following convention on indices: [ < m =
ij <ip.Givenn € N, let:

* A, be the set of natural numbers of the form p;, pi, ... pi,,, with s € Nand p;,,

Dis» - - -» Diy, being prime numbers such that p;, p;, ... pi,, < n;
* A, be the set of natural numbers of the form p;, p;, ... pi,,, with s € N, p;; and
Dis» - - +» Diy, being primes such that iy, i2, ..., iz < n;

* B, be the set of naturals of the form p;, p;, ... pi,,,» with s € N and p;, p;,,
.+» Diys,, being prime numbers such that p;, p;, ... pip,,, <15

* B, be the set of naturals of the form p;, p;, ... piy,,,» With s € N and p;, p;,,
.+s Pi,,, being prime numbers such that iy, i2, ..., i2s41 < 7;
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Let also

an=1+zxi2, an=1+z)%, bnzz)%andl;nzzi.

X€EA, x€A, X€By, xeB,

It is immediate to verify that
n n
w(k) -
an—bnzzk—z and a, — b, :1_[(1——)
k=1 k=1

Moreover, the limits lim a,,, lim b,,, lim a,, and lim I;n all exist, for the corresponding
sequences are nondecreasing and bounded above by Y 72, kiz In particular, this
reasoning assures the existence of the limit

nIL“;oH<1 —p—k)

Since p, > n for every n € N, we have A, C fi,, C Ap\p,..p, and B, C En C
By, py...p,- Therefore, the following inequalities are valid:

apn < dp < dp py..p, ad by < bp < bp p,._p,-
Hence, once more from the squeezing theorem, we get

lim a, = hm d, and lim b, = lim b,,
n—oo n—oQ n— oo

so that

n
1 -
lim (1 - —2> = lim a, — lim b, = lim a, — hrn by

n—00 n—00 n—00 n—
k=1

k) (k)
=n£f202% =2Mk—zv

k=1 k>1

as wished. O
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We can finally gather together the results above

i o= 2

k>1

wik)

n—o00

2

_kzl

-1
1

k2

[

k=

— . | 1
lim 1——
_n—)OO]!:[l ( pi‘)
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)

to compute

(1

n

1
T2

1 P

-1



Chapter 10 ®
The Relation of Congruence Qs

In this chapter, we define and explore the most basic properties of the important
relation of congruence modulo n > 1. Our central goal is to prove the famous
Fermat’s little theorem, as well as its generalization, due to Euler. The pervasiveness
of these two results in elementary Number Theory owes a great deal to the fact that
they form the starting point for a systematic study of the behavior of the remainders
of powers of a natural number a upon division by a given natural number n >
1, relatively prime with a. We also present the no less famous Chinese remainder
theorem, along with some interesting applications.

10.1 Basic Definitions and Properties

The central object of study in this section is the relation on Z defined as follows.

Definition 10.1 Let a, b and n be given integers, with n > 1. We say that a is
congruent to b, modulo 7, and denote a = b (mod n), provided n | (@ — b). If a is
not congruent to b modulo n, we write a # b (mod n).

Examples 10.2 According to the above definition, we can write:

(a) 3=5(mod?2),for2| (3 —5).

(b) =1 =11(mod 12), for 12 | (—1 — 11).
(¢) 2= —1(mod3), for3 | 2 — (—1)).
(d) x = —x (mod?2), for2 | (x — (—x)).
(e) 12(mod3),for31(1—2).

(f) 20 = 15 (mod 7), for 7 1 (20 — 15).

What are we really looking at when we consider congruences modulo n? In order
to answer such a question, let us observe what happens with the integers modulo 4,
for instance:

© Springer International Publishing AG, part of Springer Nature 2018 243
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4k =0 (mod4), 4k +1=1(mod4),
4k +2 =2 (mod4) and 4k + 3 = 3 (mod4).

Thus, the list ..., =5, —4, =3, =2, —1, 0, 1, 2, 3, 4, 5, ... of integers is equal,
modulo 4, to

...,3,0,1,2,3,0,1,2,3,0,1, ...

(with O corresponding to 0, of course), and we readily see that every integer is
congruent, modulo 4, to its remainder upon division by 4. This result still holds
true in general, as shown by the following result.

Proposition 10.3 Ler a and n be given integers, withn > 1.

(a) If a leaves remainder r upon division by n, then a = r (mod n). In particular,
every integer is congruent, modulo n, to exactly one of the numbers 0, 1, 2, .. .,
n—2n-—1.

(b) a =b(modn) < a and b leave equal remainders when divided by n.

Proof

(a) Assume that a leaves remainder r upon division by n. Then, the division
algorithm gives a = gn + r, for some integer ¢, and this gives thatn | (a — r).
But this is the same as writing a = r (mod n). The rest is immediate.

(b) If a = b (modn), then n | (a — b) and Corollary 6.9 (with @ and b in place of
aj and ap, and n in place of b) shows that a and b leave equal remainders when
divided by n. Conversely, if a and b leave the same remainder » upon division
by n, we can write a = nq1 + r and b = nqy + r, with q1, g2 € Z. Therefore,
a—>b=n(q1 — q2),sothatn | (@ — b). Hence, a = b (modn).

O

Remark 10.4 The definition of congruence modulo n excludes modulus n = 1 for,
otherwise, @ = b (mod 1) would be a synonym of 1 | (¢ — b), which is always
true. Hence, any two integers would be indistinguishable modulo 1, so that such a
relation would be useless, as far as divisibility is concerned.

Since congruence modulo n only sees remainders upon division by n, the reader
may well be asking himself/herself what advantage(s) (if any) do we have in using
it. As we shall see in a while, the first profit is computational in nature. Indeed, in
the two coming propositions we prove some elementary properties of congruences
that will allow us, for instance, to mechanically compute the remainder we get upon
dividing 172902 by 13. Such a task is not so easy to accomplish by using the methods
we developed so far.

Proposition 10.5 Given integers a, b, ¢ and n, with n > 1, we have:

(a) a =a (modn).
(b) a=>b(modn) = b =a(modn).
(¢) a=>b(modn) and b = c (modn) = a = c (modn).
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Proof Items (a) and (b) are immediate. Concerning (c), if a = b (modn) and b =
c(modn),thenn | (a —b) andn | (b — ¢), and item i. of Remark 6.6 assures that n
also divides a — ¢ = (@ —b) 4 (b — c¢). But this is the same as having a = ¢ (mod n).

O

Proposition 10.6 Let a, b, ¢, d, m and n be given integers, withm,n > 1.

(a) If a = b (modn) and ¢ = d (modn), then a + ¢ = b + d (modn) and ac =
bd (mod n). In particular, ac = bc (mod n).

(b) If a = b (modn), then ak = bk (mod n) for every k € N.

(c) If co,cly ... cm € Z and f(x) = cppx™ + -+ 4+ c1x + ¢g is a polynomial
function, then

a =b(modn) = f(a) = f(b) (modn).

(d) Ifa = b (modn), then gcd(a, n) = ged(b, n).

(e) Ifa+ c = b+ c(modn), then a = b (mod n).

(f) If ac = bc (modn) and ged(c,n) = d, then a = b (mod %). In particular, if
ged(c, n) =1, then a = b (mod n).

(g) If a = b (modmn), then a = b (modm) and a = b (mod n).

(h) If a = b(modn) and a = b(modm), with gcd(m,n) = 1, then a =
b (mod mn).

Proof

(a) Since (a+c¢)—(b+d)=(@—b)+ (c—d),ac—bd =a(c —d)+ (a —b)d
andn | (a —b), n | (¢ —d), it follows from item (c) of Proposition 6.5 (see also
item i. of Remark 6.6) thatn | [(a + ¢) — (b + d)] and n | (ac — bd). But this
is the same as having a + ¢ = b + d (mod n) and ac = bd (mod r). Finally, the
particular case follows from ¢ = ¢ (mod n).

(b) Letting c = a and d = b in the second part of item (a), we get a® = b? (modn).
On the other hand, had we already shown that a =p (mod n) for some [ € N,
then, once more from the second part of (a) (this time with ¢ = al andd = b)),
we obtain

dt'=a-d =b-b =" (modn).
Item (b) follows, then, by induction on k.

(c) If a = b (modn), then we get from items (a) and (b) that cka® = ¢;b* (modn),
for 0 < k < m. Hence, it follows from Problem 1 that

f@)=> ad =" ab* = fb) (modn).
k=0 k=0
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(d) Since a = b (mod n), there exists g € Z such that a = b + nq. We then wish to
show that

gcd(b + ng, n) = ged(b, n).

But this is immediate from item (b) of Proposition 6.22.

(e) If a +c¢c = b+ c(modn), then n divides (a + ¢) — (b + ¢) = a — b, which is
the same as @ = b (modn).

(f) Letn = dn’ and ¢ = dc’, with ¢’ and n’ being relatively prime integers. From
ac = bc (modn) we get (dn’) | [dc’(a—Db)] or, which is the same, n’ | ¢/(a—b).
However, since ged(n’, ¢’) = 1, item (a) of Proposition 6.22 gives n’ | (a — b).
Since n’ = 5, this is the same as a = b (mod 5). The rest is immediate.

(g) If a = b (modmn), then mn | (a — b), so that m | (a — b). This last relation is
equivalent to a = b (mod m). Analogously, a = b (mod n).

(h) Since m,n | (a — b) and gced(m,n) = 1, it follows from item (d) of
Proposition 6.22 that mn | (a — b), which is exactly what we wanted to prove.

O

We are now in position to solve the example below.
Example 10.7 Compute the remainder we get upon dividing 172°°2 by 13.
Solution Since 17 = 4 (mod 13) and 16 = 3 (mod 13), item (b) of the previous
proposition gives

172002 — 42002 _ 161001 — 31001 (1764 13).

Now, observing that 33 = 1 (mod 13) and applying items (a) and (b) of the same
proposition, we obtain

31001 =32.39%9 = 9. (3% = 9. 1’ = 9 (mod 13).
Then, Proposition 10.3 guarantees that 17°%°? leaves remainder 9 when divided

by 13. O

The elementary properties of congruence deduced in Proposition 10.6 allow us
to establish the criterion of divisibility by 9 in a much simpler way that that hinted
to in Problem 1, page 162. This is our next

Example 10.8 A natural number n and the sum of the algarisms of its decimal
representation leave equal remainders upon division by 9.

Proof Letting n = (arax—1 - ..aiap)1o be the decimal representation of the natural
number n, we have

n=ap10F + a1 105" + ... + 4110 + ao.
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Since 10 = 1 (mod 9), item (c) of Proposition 10.6 (with f(x) = apxF+ap_ x4+
-+« +ayx + ap) gives

n=f(10)= f(1) =ax +ax—1 +---+a; +aop (mod9).

The rest follows from item (b) of Proposition 10.3. |

As an additional example of the computational simplification the congruence
relation brings (and for future reference), we shall prove once again the results
of Corollary 6.8 and Example 6.10. Before that, however, it is time we make the
following simple remark.

As we already know, every integer is congruent to 0, 1, 2, 3,4, 5 or 6, modulo 7,
also, since

= —3(mod7), 5= —-2(mod7) and 6 = —1(mod 7),

we conclude that every integer is congruent, modulo 7, to one of 0, =1, £2 or %3.
On the other hand, every integer is congruent to 0, 1, 2, 3, 4, 5, 6 or 7, modulo 8;
however, since

5= —-3(mod8), 6 =—-2(mod8) and 7 = —1(mod8),

it follows that every integer is congruent, modulo 8, to 0, 1, +2, £3 or 4. The
advantage of replacing, modulo 7, the integers from O to 6 by 0, &1, +2, 43 lies
on the fact that, if in some context one needs to raise the remainders upon division
by 7 to some exponent k, then one is likely to have much less work by using 0, %1,
42, £3 in place of 0, 1, 2, 3, 4, 5, 6, for (—x)" = +xk, By the same token, it is
sometimes advantageous to replace, modulo 8, the usual remainders O, 1, 2, 3, 4, 5,
6,7by0, £1, 2, +3, 4.

Generalizing the discussion of the previous paragraph, it is not hard to verify
that:

i. If n = 2k, then every integer is congruent, modulo 7, to one of
0,£1,£2,..., £k —1),k.
ii. If n = 2k 4 1, then every integer is congruent, modulo 7, to one of
0,£1,+£2,..., £k.
We shall go one step further in formalizing the above discussion when we study

the concept of complete residue systems, in Sect. 11.1. For the time being, we
establish the above mentioned results.
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Proposition 10.9 For every a € Z, one has:

(a) a>=0,1,4,5,6 or 9 (mod 10).
(b) a®> =0 or 1 (mod3).

(c) a®> =0 or 1 (mod4).

(d) a>=0,1 or 4 (mod8).

(e) a* =0 or 1 (mod 16).

Proof
(a) Modulo 10, we have a = 0, 1, £2, 3, £4 or 5, so that

a’? = 0%, (£1)%, (£2)2, (£3)2, (£4)? or 5 (mod 10)

or, which is the same, a’ = 0,1,4,9, 6 or 5(mod 10). However, since the last
digit of a natural number is equal to the remainder we get upon dividing it by
10, it follows that the last digit of a?is equal toone of 0, 1,4, 5,6 or 9.

(b) We know that ¢ = 0 or £1 (mod 3), so that a> = 02 or (£1)2 (mod 3). Hence,
a? = 0or 1 (mod3).

(c) Since a = 0,+1 or 2 (mod4), we get a> = 02, (£1)? or 2% (mod4). Since
22 = 0 (mod 4), it follows that %> = 0 or 1 (mod 4).

(d) As in the previous items, we have a = 0, 1, £2, 43 or 4 (mod 8), and then

a? = 0%, (£1)?, (£2)2, (£3)? or 4% (mod 8).

Now, 32 =9 =1 and 42 = 16 = 0 (mod 8), so that a> = 0, 1 or 4 (mod 8).
(e) By item (d), we have a? = 8q + r,withg € Nand r = 0, 1 or 4. Hence,

a* = 8q +r)?=16(4g> +qr)+r>=16¢'+0 or 169" + 1,

with ¢’ € N.
O

The coming examples show how we can use what we have learned up to this
point about congruences to solve various interesting problems. Generally speaking,
the solutions we shall present will be a mixture of a judicious use of one or
more congruence relations, together with other ideas, each of which adapted to
the situation at hand. The reader should make an effort to perceive exactly how
each used tool helps in paving the way to the final solution, for this attitude will be
of great help in preparing him/her to tackle the problems posed at the end of the
section.

Example 10.10 (Italy) Find all x, y € N for which x? 4+ 615 = 2.

Solution Looking at the given equation modulo 3, we obtain

24 0= (—=1)" (mod3).
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Now, by item (b) of Proposition 10.9, we have x2 = 0 or 1 (mod3), so that the
congruence above gives us the following possibilities:

0= (—1) (mod3) or 1 = (=1)” (mod3).

The first one clearly never occurs. In what concerns the second, if y is odd, we get
1 = —1 (mod 3), which never happens too. Hence, y must be even, say y = 2z,
with z € N. The stated equation can then be written as

615 = 2% — x2 = (2 — x)(2% + x).
Finally, since 2° + x > 2% — x and 615 = 3 - 5 - 41, we are left to analysing the
linear systems below:
284+ x =615 28 +x =205
22—x=1 "~ |22=x=3 ~
2* 4+ x =123 or 284 x =41
2% —x=5 2% —x=15"

To this end, in each case we add both equations to obtain 2:+l = 616, 208, 128
or 56, respectively. However, since 2%+ is a power of 2, the only allowed possibility
is 2¢t1 = 128, so that

284+ x =123
2 —x=5

Then, z = 6 and x = 59, and the only solution to the original equation is x = 59
andy =2z = 12. O
Example 10.11 (OIM) Find all m, n € N such that 2™ + 1 = 3",

Solution If m = 1, then clearly n = 1. If m > 2, then 2 = 0 (mod 4) and, looking
at the equation modulo 4, we obtain

1= (=1)" (mod4).

It follows that n must be even, say n = 2u, with u € N. Substituting this into the
given equation, we get 2™ + 1 = 324 or, which is the same,

2" =3 =13+ 1).
In view of the Fundamental Theorem of Arithmetic, the equality above assures
that both 3% — 1 and 3% + 1 must be powers of 2. To get further information, let

d = ged(3* — 1,3" 4+ 1) and observe that

dl[E +1) -3 =D,
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i.e., d | 2; however, since 3* — 1 and 3% 4 1 are both even numbers, we have d = 2.
Now, the only way the gcd of two powers of 2 can be equal to 2 is when the smallest
one is itself equal to 2, so that the only possibility is to have

M —_1=2
3u+1:2m—1 .
Thus, u = 1, m = 3 and, hence, n = 2. m]

Example 10.12 (OCM) Do the following items:

(a) Prove that there does exist x, y, z € N such that 13x* + 3y* — z* = 2013.
(b) Prove that there does not exist x, y, z € N such that 13x* 4+ 3y* — z* = 2014.

Proof

(a) Letting z = 2x, we get y*—x* = 671 or, which is the same, (y2—x2)(y>+x2) =
11-61. Hence, the Fundamental Theorem of Arithmetic gives us the possibilities

22 _ 22 _
y2 x2 1 and y2 x2 11’
yo+x° =471 y 4+ xc =61

sothatx =5,y =6 and z = 2x = 10.

(b) By the sake of contradiction, assume that a solution does exist. Item (e) of
Proposition 10.9 gives a* = 0 or 1 (mod8), for every a € Z. Therefore,
13x* +3y* — z* = 0,2,4, 5 or 7 (mod 8). However, since 2014 = 6 (mod 8),
we have reached a contradiction.

O

The reader will probably notice that the solutions of our last two examples are
somewhat more terse than those of the previous ones. An effective training for the
proposed problems is to fulfill the omitted details.

2n

Example 10.13 (Romania) Letm,n, p € N, where p is an odd prime. If 2 +p2 7m p o

N, prove that such a number is itself prime.

€

Proof Leta = . Since

'2n+1 2. qm
A=+ - T
7m_p,2n 7m_p2n

it follows that (7" — p-2") | ged(p- 27+l 2.7M) Now, there are two possibilities:
(i) p = 7: in this case,

(7" —7-2") | ged(7 -2 2.7 = 14,

which gives 7~! — 2" = 1. Analysing such an equation modulo 3, we reach a
contradiction.
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(i) p # 7:in this case, we get ged(p-2"*!, 2.7™) = 2 and, hence, (7" — p-2") | 2.
Again, this implies 7" — p - 2" = 1 and, looking at such last equality also
modulo 3, we obtain 1™ — p - 2" = 1 (mod 3), so that p = 3. It follows that
7" —3.2"=1landa =7"+3-2".

If m = 1, then n = 1 and, hence a = 13, a prime number. If m > 1, then
n > 1 and

7 —1
6

It follows that m is even, say m = 2k. Thus, we get 49 — 1 = 3.2" and
distinguish two subcases:

2n—l= =7m—l_|_+7_|_1

e Ifk=1,thenm =2,n =4and a = 97, once more a prime number.
 Ifk > 1 then, factoring 49F — 1, we get

491 4 449 41 =273,

Such an equality gives k even and, writing k = 2/, we obtain
3.2 =492 — 1 =(-1)% =1 =0(mod5),

which is an absurd.
O

Example 10.14 (BMO) Let (a,),>1 be the sequence defined for n > 1 by a, =
2" + 49. Find all integers n > 1 for which a, = pq and a,,+1 = rs, where p, g, r,
s are primes such that p < g, r <sandg —p=s —7r.

Solution Let n be a natural number for which a, and a,| satisfy the stated
conditions. If p,r > 3, then we get p,q,r,s = 1 or 5(mod6). However, since
52 = 1(mod6), in any case we obtain pg,rs = 1 or 5(mod6). On the other
hand, if £ denotes the odd element of {n,n + 1}, then 2k = 2 (mod 6), whence
k449 =2+1=3 (mod 6), which, in turn, is an absurd. Thus, we must have
p < 3orr <3, so that at least one of p, r must be equal to 3 (for a, and a, 4 are
both odd).

If p>r,theng = s+ p—r > s, implying thata, = pg > rs = a,11, a
contradiction. Therefore, p < r, and hence p = 3 and ¢ = 3 + s — r. We thus get
an = pq = 3(3 + s — r). On the other hand, we also have

2ay = 2" 498 = (2" 1 49) + 49 = g, 1 + 49 = rs + 49,

sothat 6(3 +s —r) = rs +49. This gives r = 6 — %, and hence s = 61,r =5,
g = 59. Then,

3.59=a,=2"449=2"=128=n=".
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Problems: Sect. 10.1

1. * Generalize item (a) of Proposition 10.6, showing that if m,n > 1 are natural
numbers and ay, ..., an, b1, ..., by, are integers such that a; = by (mod n) for
1 <k < m,then

m m m m
Zak = Zbk (modn) and ]_[ak = ku (modn).
k=1

k=1 k=1 k=1

2. Let n = (arag—1...arap)1o be the decimal representation of the natural
number. Prove that the remainder of n upon division by 11 is equal to that of

ap—ar+ay — a3+ -+ (D" a1 + (= Dkay.

Find the remainder of the division of 10007 + 551000 by 7.

Show that 8190 4 32901 js not a perfect square.

Find the remainder upon division of 73" by 5.

Let n € N be such that n = —1 (mod 4). Prove that there exists a prime p such

that p | n and p = —1 (mod 4).

7. * Use the fact that 2* + 5* = 641 = 27 - 5 + 1 to show that 2% + lisnot a
prime number.

8. (IMO) Find the smallest natural number n satisfying the two following

conditions:

SRR

(1) The last digit of the decimal representation of # is 6.
(i) If we erase this last digit 6 and write it immediately to the left of the first
digit of n, we obtain the number 4n.

9. Find all positive integers n such that 7 | (2" + 3").
10. Find all prime numbers p and ¢ for which p? + 3pgq + ¢? is a perfect square.
The coming three problems are concerned with the Fibonacci and Lucas

sequences, so the reader may find it convenient to start by recalling (cf.
Sects. 1.3 and 3.1) that the Fibonacci sequence (F},),>1 is given by F1 = F, =
1 and Fy4p = Fi4+1 + Fi, whereas the Lucas sequence (L,),> is defined by
Ly=1,L, =3and Ly42 = Ly4+1 + Ly, for every integer n > 1.

11. Prove the following properties of the Fibonacci and Lucas sequences:

(@ 2| F,<3|nand4 | F, & 6| n.

®d) 2|L,<3|nand4 | L, & n= 3(modo6).
() 3|L, & n=2(mod4).

(d) L, = 3(mod4)if2|nand31tn.

() Ly4+12 = L,(mod8), for every n € N.

12. Also concerning the Fibonacci and Lucas sequences, prove that

1,if34n

d(Fy,, L,) = .
gC ( n»s n) {2’ 1f3|n
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13.

14.

15.
16.

17.
18.

19.
20.

21.
22.

23.

24.

Basic Definitions and Properties 253

Prove the following properties of the Fibonacci and Lucas sequence, for every
m,n,k € Nsuchthat2 | k and 3 1 k.

(a) 2Fm+n = FyLn+ FyLp.

(b) 2Lm+n =5FuFy + Ly Ly.

(©) Fpniorr = (—=1)!'F,, (mod Ly), for every t € N.
(d) Lyaok = (=1L, (mod Ly), for every t € N.

(USA) Prove that the equation xf + xg + xg‘ + .-+ xf4 = 15,999 does not
have any integer solutions.

(Romania) Find all natural numbers m, n, k such that 2" + 3" = k2.

(Soviet Union) Find all solutions in integers m, n, p > 1 of the equation

N+24+ -+ nl =mP.

(Bulgaria) Find all positive integers x, y and z for which 3* + 47 = 5%.

(Tchecoslovaquia) Find all positive integers x, y and p such that p is prime and
3

pr=y =1L

Find all a, b, ¢ € N such that a and b are even and a® + b% = 2¢.

(Hungary) Let a and b be given naturals and n be a nonnegative integer such

that a” | b. Prove that ¢"*! divides (a + 1)? — 1.

(Brazil) Find all positive integer solutions of the equation x> 4+ 15¢ = 2°.

(France) Compute the digit of units of the integer part of 1002 o Justify your

1083+7
answer.
(China—adapted) The objective of this problem is to solve equation 7* -3 = 4
in natural numbers, showing that x = y = 1 is its only solution. To this end, do
the following items:

(a) Use modulo 8 to conclude that there are no solutions if x is even.

(b) If x is odd and y > 1, look at the equation modulo 9 to show that x =
2 (mod 3) and, hence, that x = 5 (mod 6).

(c) Writing x = 6q + 5, with g € N, conclude that 7* = £2 (mod 13).

(d) Show that every power of 3 is congruent to 1, 3 or 9, modulo 13.

(e) Assuming that y > 1, use items (c) and (d) to reach a contradiction.

(Bulgaria—adapted) The purpose of this problem is to show that the only
solution of the equation 57" + 4 = 3% in nonnegative integers x, y and z
isx =1, y = 0 and z = 2. To this end, do the following items:

(a) If x = 0, the equation reduces to 77 + 4 = 3%, so that z > 2. Use modulo 9
to show that, in this case, there are no solutions.

(b) From now on, assume x > 1. Use modulo 5 to conclude that z = 2z, for
some ¢ € N.

(¢) Show that gcd(3' — 2, 3" 4+2) = 1. Then, conclude that: (i) 3' —2 = 1 and
3 42=57" ()3 —2=5"and 3" +2 =7 or (iii) 3 —2 = 77 and
3 42 =5%.

(d) In case (ii), use modulo 3 to show that there are no solutions.
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(e) In case (iii), we have 5 — 7Y = 4. From this, use modulo 4 to conclude
that y is even. Finally, if x > 2, use modulo 25 to get a contradiction.

25. (Mikl6s-Schweitzer—adapted) In order to solve equation (x + 1) —x* = 1 in
integers x, y, z > 1, do the following items:

(a) Look at the equation modulo x + 1 to conclude that z is odd.

(b) Write (x+1)¥ = x*+1 and factor the right hand side to show that x is even.
Then, write x*~! = (x+lx¢ and factor the right hand side to conclude that
y is also even.

(¢) If x = 2s and y = 2¢, with s, € N, show that (x +1)" — 1 and (x + 1)’ +1
have ged equal to 2. From this, use modulo x to show that (x+1)" —1 = 2s¢
and (x + 1)' + 1 =21,

(d) Use inequality 2s° < 2°~! to show that s = 1. Then, successively get
x=2,t=1,y=2and z = 3.

10.2 The Theorems of Euler and Fermat

The effective use of congruences to compute remainders is considerably simplified
if we find exponents which make a certain power congruent to 1. For instance,
knowing that 7> = 1(mod9) it rests much easier to compute the remainder of
251001 ypon division by 9: since 25 = 7 (mod 9), we have

251000 = 71000 = (73)333 . 72 = 19 . 49 = 4 (mod 9).

In this direction, given relatively prime integers a and n, with n > 1, the purpose
of this section is to find an exponent k € N for which

at = 1 (modn).

To this end, we shall first look at the case in which #n is prime, thus proving one of
the most important results of the elementary theory of congruences: Fermat’s little
theorem.!

Theorem 10.15 (Fermat) Givena, p € Z, with p prime, we have a? = a (mod p).
In particular, if gcd(a, p) = 1, then

a’~!' =1 (mod p). (10.1)

Proof If a? = a (mod p), then p divides a? — a = a(a?~' — 1). Hence, if
gcd(a, p) = 1, then (10.1) follows from item (a) of Proposition 6.22.

' A combinatorial proof of Fermat’s little theorem was the object of Problem 5, page 57.
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It thus suffices to show that a” = a (mod p), for every a € Z. If p = 2, there is
nothing to do, for a> —a = a(a — 1), being the product of two consecutive integers,
is always even. Let us now assume that p > 2 and prove the desired result, firstly for
a > 0, by induction on a. For a = 1, there is nothing to do. Assume, by induction
hypothesis, that the theorem holds for a certain natural value of a, i.e., assume that
k? = k (mod p), for some k € N. Fora = k + 1, we have

p—1
k+ 1P —(k+1) =K —k)+ Y (?)k"‘f.

j=1

However, since p | (k? —k) (by induction hypothesis) and p | (f) forl<j<p-—1
(by Example 6.42), it follows that p divides (k 4+ 1)? — (k + 1), so that (k + 1)? =
(k 4+ 1) (mod p).

Let us now look at the case ¢ < 0 and p odd. If @ = 0, once more there is nothing
to do. If a < 0, then, since p is odd, what we did above gives

a? = —(—a)? = —(—a) = a (mod p).

O

Before we extend Fermat’s little theorem to a composite modulo, we collect a
few examples that illustrate some applications of it.

Example 10.16 If p and q are distinct primes, prove that pg divides p9~'4-¢P~1—1.

Proof Since p and g are distinct primes, we have gcd(p,q) = 1. Hence, by
Fermat’s little theorem, ¢ divides p9~' — 1. However, since ¢ obviously divides
gP~!, we conclude that ¢ divides ¢9~' + (p?~! — 1) as well. Analogously, p
divides p?~! + (¢?~! — 1). Finally, since p and ¢ both divide p9~! 4+ ¢gP~! — 1
and are relatively prime, item (d) of Proposition 6.22 guarantees that pq divides
pi=' +gP~1 — 1 too. O

Example 10.17 (Romania) Let p and g be prime numbers, with g # 5. If ¢ | 27 +
37), prove that g > p.

Proof Since q | (2P + 37), we clearly have g # 2, 3; since g # 5 by hypothesis,
we thus have ¢ > 5. Hence, we can assume that p > 3. If ¢ < p, then ¢ —
1 < p, sothat g — 1 and p are relatively prime. In such a case, Bézout’s theorem
assures the existence of x, y € N such that px = (¢ — 1)y + 1. Therefore, from
2P = —3P(mod q) we successively get (27)* = (—3”)*(mod g) and (since —37 =

(=3)7)

2=+l = (=3)@= ¥+l (mod ¢).
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Finally, since g # 2, 3, Fermat’s little theorem gives 29 -1 (—3>)q_1 = 1 (mod g);
then, the above congruence reduces to 2 = —3(mod gq), so that ¢ = 5. Finally, such
a conclusion is obviously a contradiction. O

Example 10.18 (BMO) Let p > 2 be a prime number such that 3 | (p — 2), and let
S={(?-x>-1;0<x,y<pandx,yeZ}.

Prove that S contains at most p — 1 multiples of p.

Proof If0 < u,v < p — 1 and u® = v? (mod p), we claim that u = v. To this
end, start by noticing that > = v = 0 (mod p) if and only if u = v = 0; on the
other hand, for 1 <u, v < p — 1, Fermat’s little theorem, together with the fact that
p—1=3k+1,give

W = 3+ (mod p). (10.2)

Now,

ud =3 (mod p) = wk =3k (mod p),

and it comes from (10.2) that

w¥u = vk = uv (mod p).

Finally, cancelling out u3 from the above congruence, we obtain u = v (mod p);
condition 1 < u,v < p — 1 thus implies that u = v.
The above discussion guarantees that

x0<x<p—-1}={0,1,...,p— 1} (10.3)

On the other hand, y? — x> — 1 € § is a multiple of p if and only if y? = x3 —

1 (mod p). Hence, it follows from (10.3) that, for each 0 < y < p — 1, there exists
asingle 0 < x < p — 1 for which p divides y> — x3 — 1.

The above reasoning would provide us with at most p multiples of p in S.

Nevertheless, note that 0 = 12 — 03 —1 =33 - 23 —1is represented twice in

S, so that S actually contains no more that p — 1 multiples of p. O

We generalize Fermat’s little theorem with the following result of L. Euler, which
brings Euler’s function ¢ into prominence. For its statement, notice that if a* =
1 (mod n), then item (d) of Proposition 10.6 assures that gcd(ak, n) = ged(l,n) =
1; in particular, gcd(a, n) = 1.

Theorem 10.19 (Euler) Ifa and n are relatively prime integers, with n > 1, then

a®™ =1 (modn). (10.4)
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Proof Let p be a prime factor of n and k be a natural number. We start by making
induction on k to show that

a?P) = 1 (mod p*). (10.5)

Case k = 1 reduces to Fermat’s little theorem. Now, assume, by induction

hypothesis, that aﬁ"(l’]) = 1 (mod pl), for some natural /. Then, a“’(pl) = plq + 1 for
some integer ¢, and we have

l+1)

a?Pth = gpeh _ = (a<p(p’))p 1

p
=(plg+ 1P —1=) (f)(p’q)f —1

J=0

=) Z()

P
=y q+pyz< >p(’ g

J=

= 0 (mod p'*t1),

since 2/ > [ 4 1 for every integer [ > 1.
In order to finish the proof, let n = p1 p2 . p,‘j" be the canonical decomposi-
tion of n into powers of distinct primes, so that (cf. Theorem 8.12)

e(n) = e(p{He(p3?) ... p(pp*).

—

Letting m; = ¢(py')... <p(p;lj) .. (p*) (where the ™ above a factor means that

it is omitted from the corresponding product) we have ¢(n) = ¢( p?'/ )mj, and it
follows from (10.5) that

SN .
a(P(n) — (aW(pj )) = 1" =] (modp?]).

However, since the powers p?j are pairwise relatively prime, item (h) of Proposi-
tion 10.6 guarantees that a?™ =1 (modn). |

As in the case of Fermat’s little theorem, we pause to see, in a few examples,
some interesting applications of Euler’s theorem.

Example 10.20 (Brazil) Prove that there exists an integer k > 2 such that the
number 199...91 is a multiple of 1991.
———

k



258 10 The Relation of Congruence

Proof Notice firstly that

199...91=2.10""1 -9,
~———
k

Hence, we want to find an integer k£ > 2 such that
2. 10! = 9 (mod 1991).
To this end, since 2 - 103 =9 (mod 1991), we have

210 =9 (mod 1991) < 2- 10Kt = 2. 10% (mod 1991)
& 102 = 1 (mod 1991).

For what is left to do, note that 1991 = 11-181 and 181 is prime (by Eratostenes’
sieve, for instance). Hence, ¢(1991) = ¢(11) - ¢(181) = 10 - 180 = 1800, and
Euler’s theorem gives 10189 = 1 (mod 1991). Therefore, it suffices to take k — 2 =
1800. O

Example 10.21 (Romania) Leta and n be given natural numbers. Show that we can
choose n pairwise relatively prime elements from the set

A:{a2+a—1,a3+a2—1,a4+a3—1,...}.

Proof By induction, let k € N and assume that we have already established the
existence of a subset By C A such that | Bx| = k and the elements of By are pairwise
relatively prime. Let

Since m = 1 (moda), we have gcd(a, m) = 1. Therefore, Euler’s theorem gives
a®™ =1 (mod m).

If y = a?™+! 4 g9 _ 1 then y € A. We claim that ged(y, x) = 1 for every
x € By. To this end, it suffices to show that gcd(y, m) = 1. However, again from
Euler’s theorem, we get

y=a?MHl 4 90 _ 1 =44+ 1—1=a(modm),
and item (d) of Proposition 10.6 guarantees that
ged(y, m) = ged(a, m) = 1.

Hence, the set By+1 = By U {y} is formed by k + 1 pairwise relatively prime
elements of A, thus completing the induction step. O
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For the next example, note that if a, k € N, then the decimal representation of a*
has exactly |k log;oa] + 1 digits. Indeed, letting m denote the number of algarisms
of a¥, we have 10"~! < gk < 10" and, then,

m—1< logloak <m;

hence, m — 1 = |log,ya*] = |klog,a], as wished.

Example 10.22 Prove that there exists a power of 2 with 1000 consecutive zeros in
its decimal representation.

Proof We wish to find m € N such that the decimal representation of 2™ is of the
form

m __
2" = (x*...%00...0%%...%)10.
1000

Alternatively, letting A and B denote the natural numbers formed by the portions of
the decimal expansion of 2" situated respectively to the right and to the left of the
sequence of the 1000 consecutive zeros, we want to find m € N such that

2m — B . 101000+a + A,

with the decimal representation of A having at most a digits.
To this end, if we let k = 1000 + a and A = 2¥, we will have

2m —B. 10]000+a T A

if and only if the decimal representation of 2% has at most k — 1000 algarisms and
(dividing both sides of the last equality displayed above by 2%) 2"k = B . 5k 41,
In turn, this last condition will hold if and only if 2m=k = 1 (mod 5%).

We then have to show that it is possible to obtain k, m € N such that: (i) m > k;
(ii) the decimal representation of 2% has at most k — 1000 algarisms; (iii) om—k =
1 (mod 5%). Let us start by analysing conditions (i) and (iii).

By Euler’s theorem, we have 2069 = 1 (mod 5%). Now, since ¢(5F) = 4 . 5k—1,
there must exist ¢ € N such that 245 = 5% 4+ 1. Letting m = k 4+ 4 - 5571, we
have m > k and 2% = 1 (mod 5%).

We are then left to showing that it is possible to find k € N such that the
decimal representation of 2% has at most k — 1000 digits. To this end, the discussion
preceding the statement of this example assures that the decimal representation of
2% has exactly |k log;y2] + 1, so that it suffices to ask that the following inequality
holds:

lklogy2] + 1 < k — 1000.
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Howeyver, since
k— Lk 10g10 2J >k—k loglo 2=k loglo 5,

it is enough to start by taking a natural number k for which klog;;5 > 1001. This
is surely possible. o

Problems: Sect. 10.2

1. (Slovenia) We are given several integers whose sum equals 1496. Is it possible
that the sum of their seventh powers equals 19997
2. (Australia) If p is a prime number, prove that

11...1122...22...99...9—-123456789
—— ——— —
p p p

is divisible by p.
3. Given a sequence (x1, X2, X3, ..., X2n—2, X2n—1, X2,) Of reals, an allowed oper-
ation is to replace it by the sequence

(X1, X1, Xn42, X2, « ooy X2n—1, Xn—1, X2, Xn)-

Assume that we start with the sequence (1,2, 3, ...,2n—2, 2n — 1, 2n), where
2n + 1 is a prime number. Show that, after performing 2n allowed operations,
all of the numbers will be back to their original positions.

4. (BMO) Prove that the equation y> = x> — 4 has no integer solutions.

5. (USA) Given a prime p, prove that there are infinitely many naturals n for
which p divides 2" — n.

6. (Romania) Prove that there does not exist an integer n > 1 such that n divides
3n =2

7. (Bulgaria—adapted) Given prime numbers p and g, do the following items:

(a) If p | (57 —2P), prove that p = 3.
(b) If p > gand g | (57 — 27P), prove that g = 3.
(c) Find all such p and g for which pq | (57 —2P)(59 — 29).

8. (BMO) Prove that, for every given natural number n, there exists a natural
number m > n such that the decimal representation of 5" is obtained from
that of 5" by adding a string of algarisms to the left of it.

9. (IMO) Prove that, for every integer n > 1, there exist pairwise distinct integers
ki, ko, ..., k, > 1 such that each two of the numbers 2kt _3 ok 3
2kn — 3 are relatively prime.
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10. Let (an)n>1 be the sequence of positive integers implicitly defined by the
equality

Z ag =2",

O0<d|n

which is valid for every n € N. Prove that n | a,, for every n € N.

11. (Iran—adapted) Euler’s theorem guarantees that, for every integer n > 2, each
prime factor of 7 is also a prime factor of 2¢ — 1. Nevertheless, the converse
claim is not true in general, namely, if n > 3 is odd, then 200 _ 1 always has
prime factors which are not prime factors of n. In order to prove this, do the
following items:

(a) Let pq, ..., px be pairwise distinct odd primes, such that k > 1 or p; # 3.
Show that there does not exist integers oy, ..., ax > 0, not all zero, such
that

9(p1=D(pr=1) _ 1 = p‘l)“ ...pg"-

(b) Conclude thatif n # 1, 3% is and odd positive integer, then there exists a
prime p such that p { n but p | (22 — 1).
(c) Ifn = 3K, with k > 2, show that 2™ — 1 = 0 (mod 7).

12. The purpose of this problem is to prove the following result, which is known as
Sophie Germain’s theorem?: if p is a prime number such that 2p + 1 = ¢ is
also prime, and if x, y and z are integers for which x” + y? + z” = 0, then p
divides at least one of x, y and z. To this end, show the items below:

(a) We can assume that x, y and z are pairwise relatively prime and that p > 2.

(b) Ifx?P +yP 4+2zP =0,thenp | (x +y + 2).

(c) By contradiction, assume from now on that p { x, y, z. If r # p is a prime
divisor of y + z, then

Y= yP b =y 2P = pyP T (mod ).
(d) Conclude from (c) that r { (y?~! — yP=2z 4 ... — yzP=2 4 zP~1) and,
hence, that ged(y + z, yP =1 — yP72z 4+ —yzP 2 + 2P ) = 1.
(e) Show that there exist a,b,c,d € Z such that y + z = a”, z + x = bP,
x~|—y_c”andy”1—y” 2z+ —yz”2~|—z”1—d”

(e) Since p = 21, we have x o + ng +7'7 el = 0. Now, apply Fermat’s

little theorem to show that g | xyz.

2 After Marie-Sophie Germain, French mathematician of the eighteenth and nineteenth centuries.
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If ¢ | x, deduce that b” + ¢ — a? = 0(modgqg). Then, substitute
— ¢-1 s Ti ;
p = *5— and use Fermat’s little theorem once again to show that g | abc.

Subsequently:

i. If g | borgq | c, conclude that g | x,y or g | x, z, thus contradicting
item (a). Therefore, ¢ | a = (y + z).

ii. It follows from (c) that d? = pyP~! = pcPP=D (mod q). Substitute
p = % and apply Fermat’s little theorem yet another time to show
that +£1 = p (mod g), thus reaching a new contradiction.

13. (India—adapted) For each x € N, let S(x) denote the set

Sx)={y eN; ¢®(y) =x, forsome k € N},

where ¢ stands for the Euler function, ¢V’ = ¢ and, for each k > 1 natural,
¢ is the composite of ¢ with itself, k times. Let also

T={23" abeZi a>1).

Do the items below to show that

(a)
(b)

(©)
(d)
(e)

®

€3]

x € T & S(x) is infinite.

Prove that x € T = S(x) is infinite.

For each x € N, let u(x) denote the exponent of the greatest power of 2
that divides x. Show that u(¢(x)) > u(x).

Ifx ¢ T, prove that u(¢(x)) = u(x) if and only if x = 2" p%, where m € N
and p > 7 is a prime such that p = 3 (mod 4).

If x ¢ T is such that u((p(2) (x)) = u(p(x)) = u(x), prove that the natural
number « if item (c) is equal to 1.

Assuming that S(x) is infinite, prove that there exist aj, az,a3,... € N
such that

x=ay, a; = p(a2), ax = ¢(a3), a3 = p(a4), ...
Continue assuming S(x) to be infinite. Use the result of item (b) to prove

that there exists n € N for which
u(ay) = u(aps1) =ulapyz) = -+ .

Conclude from item (d) that, with respect to the integer n of item (f), if
i > n + 2 then there exists a prime p; > 7 such that p; = 3 (mod4) and
m; € N such that a; = 2™ p;. Then, prove that m, 1y = m,+3 = --- and,
foreveryi > 1, p; =2p;—1 + 1.
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(h) Prove that there is no infinite sequence q1, g2, g3, ...of primes such that
qgi =2qi—1 + 1foreveryi > 1.
(i) Conclude that S(x) infinite = x € T.

10.3 Linear Congruences and the Chinese Remainder
Theorem

In this section, we study linear equations and systems of equations involving
congruences.
We first consider linear congruences, i.e., congruences of the form

ax = b (modn), (10.6)

with a, b and n being given integers, such that a # 0 and n > 1, and we search for
the solutions (or roots) x € Z of the equation, i.e., the integers x for which (10.6)
holds true.

As a particular case of the above situation, we say that a is invertible modulo n
if the linear congruence (10.6) has a solution when b = 1, i.e., if there exists x € Z
such that

ax = 1 (modn).

If this is so, then such an integer x is said to be an inverse of a, modulo n. In this
respect, we have the following important

Proposition 10.23 An integer a is invertible modulo n if and only if gcd(a, n) = 1.
In this case, any two inverses of a, modulo n, are congruent modulo n.

Proof 1If a is invertible modulo 7, then there exists x € Z such that ax = 1 (mod n).
Then, there exists y € Z for which ax = ny+1 or, which is the same, xa+(—y)n =
1. In view of such an equality, we know from Corollary 6.16 that gcd(a, n) = 1.

Conversely, recall that Bézout’s theorem guarantees that the gcd of any two inte-
gers can always be written as a linear combination of them. Hence, if gcd(a, n) = 1
then there exist x, y € Z such that ax + ny = 1, and it immediately follows from
this that ax = 1 (modn).

Finally, let both x and y be inverses of a, modulo n. Then

ax =1 =ay (modn),

so that ax = ay (modn). However, since gcd(a,n) = 1, Proposition 10.6 gives
x = y (mod n). Thus, a has, modulo n, a single inverse. m]

Corollary 10.24 Ifa, p € Z, with p prime, then a is invertible modulo p if and
only if p 1 a. Moreover, in this case the inverse of a modulo p is unique.
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Proof Immediate from the fact that gcd(a, p) =1 < p ta. ]

Corollary 10.25 Let a,b,n € Z, with n > 1. If a is invertible modulo n, then the
linear congruence ax = b (modn) always has a single solution modulo n, namely,

x = a?™~1p (modn).

In particular, every inverse of a, modulo n, is congruent to a® =1 modulo n.

Proof If a is invertible modulo n, then gcd(a, n) = 1. Hence, successively applying
item (f) of Proposition 10.6 and Euler’s theorem, we get

ax = b (modn) & a?Px = a?P~1p (modn) & x = a?P~ b (modn).

O

Since any two inverses of @ modulo n are always congruent modulo », from now
on we shall say that a has a single inverse modulo n. Such an inverse will be denoted
by a~!, whenever there is no danger of confusion with the usual inverse % of a with
respect to the multiplication in Q.

As an application of the notion of inversion modulo n, we shall now prove the
famous primality criterion known as Wilson’s theorem.>

Theorem 10.26 (Wilson) A natural number p is prime if and only if

(p — D!'=—1(mod p).

Proof If p = mn, with m and n integers and 1 < n < p, then (p — 1)!

IA Il

—1 (mod p) implies (p — 1)! = —1 (modn). On the other hand, since 1 < n
p — 1, we also have that n | (p — 1)!, i.e., (p — I)! = 0(modn). Therefore,
0= (p— 1)!'=—1(modn), and hence n | 1, which is a contradiction.

Conversely, let p be prime and consider the function
fAL2,...,p=1}—>{1,2,...,p—1},

that associates to each a € {1,2,..., p — 1} its inverse ale {1,2,...,p— 1},
modulo p. Corollary 10.25 assures that f € uma bijecdo, with f(a) =b < f(b) =
a. Moreover,

3 After John Wilson, English mathematician of the seventeenth century. Although it is a primality
test, in practice Wilson’s theorem is not so useful, for, according to Stirling’s formula (cf. [8], for
instance), n! grows exponentially as n — +00.
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f(a) =a < a® = 1(mod p)
spl@-1
< pl@=Dorp|(a+])
Sa=1orp—1.

Hence, there exist ay, ...,ap-3 € {1,2,..., p — 1} such that

p=3

{1,2,...,p—1}={1,P_1}UU{ai’ai_l}’

i=1

Finally, it follows from this, together with the fact that aiai_l = 1 (mod p) for
1<i< 27, that

p—3

2
(p=D!'=(p— D [J@a ) = ~1(mod p).

i=1
0

Back to equations involving congruences, a natural generalization of the linear
congruence (10.6) is obtained by considering solutions of a system of linear
congruences. In this sense, the following result, known as the Chinese remainder
theorem, examines the existence of solutions for such systems.

Theorem 10.27 Let my, my, ..., my be pairwise relatively prime naturals, all
greater than 1. For arbitrarily given integers ai, ay, ..., ai, the system of linear
congruences

x =a; (modmy)

X = ap (mod my) (10.7)

x = a; (mod my)
admits a unique solution, modulo mymy ... my. Yet in another way, there exists a
single integer 0 <y < mymy ...my such that x € Z satisfies the system above if
and only if
x =ymodmim;...myg).

Proof Note first that if x| and x; are any two solutions of the above system, then

X1 =a; =xp(modm;), V1 <i <k.
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However, since mj, ..., my are pairwise relatively prime, it follows from
Proposition 10.6 that

x1 =xp (modmmy...myg).

Hence, if the system (10.7) has a solution at all, this will be unique, modulo
mimy...myg.
For the existence of a solution, for 1 < j < k let

yj = Hmi,

I<i<k

i#]

so that ged(yj, m;) = 1. Let also b; be the inverse of y; modulo m; and x =
21;21 ajbjy;.Forafixed 1 <[ < k, we have y; = 0 (modm;) whenever j # [,
hence, modulo m; we get

x=abyy; =aq -1 =a (modmy).

O

Problem 5 offers an alternative proof for the existence of solutions for the system
of linear congruences (10.7). In order to finish this section, let us see an example
who shows how it is possible to apply the Chinese remainder theorem to obtain
interesting results.*

Example 10.28 Given an integer n > 1, show that there exist n consecutive and
composite natural numbers.

Proof Choose n distinct primes p1, pa, ..., pp and consider the system of linear
congruences

x = —1 (mod p%)
x = —2 (mod p%)

x = —n (mod pz)

Since p1, p2, ..., py are pairwise relatively prime, the Chinese remainder theorem
assures the existence of m € N satisfying the above system. Hence, p? | (m+j) for
1 <j<n,sothatm+1,m+2,..., m+ n are all composite natural numbers. O

“In this respect, see also Problems 12, page 309, and 4, page 314.
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Problems: Sect. 10.3

1. Let a, b and n be given integers, with n > 1. With respect to the linear
congruence ax = b (mod n), prove that:

(a) There is a solution if and only if gcd(a, n) | b.
(b) If gcd(a, n) | b, then the linear congruence has exactly gcd(a, n) pairwise
incongruent solutions, modulo 7.

2. Let ay, a», ..., ax, b and n be given integers, with n > 1. Prove that the
congruence

aixy +axxy + -+ + agxxy = b (mod n)

has solutions if and only if ged(ay, az, ..., ax, n) | b.

3. A group of soldiers was arranged as to form a rectangular array, with several
rows. The commander observed that by placing 12 soldiers in each row, 7 soldiers
would be left, while by placing 13 in each row, 5 would be left. Knowing that the
total number of soldiers ranged between 600 and 700, find out how many were
them.

4. In the hypotheses of Theorem 10.27, do the following items:

(a) Show that solving (10.7) for k = 2 is equivalent to solving, in u, v € Z, the
linear diophantine equation

miu — myv = ap — daj.

(b) Show that solving (10.7) is equivalent to finding out all y € Z that solve the
system of linear congruences

m1y = ay — ay (modmy)
m1y = a3 — ay (modm3y)

m1y = ax — ay (modmy)

(c) Apply the procedure delineated along items (a) and (b) to find out all integer
solutions of the system of congruences

x =2 (mod5)
x=4(modl11) .
x =9 (mod 13)

5. In the notations of Theorem 10.27, if y; = [Tizi<k m; for 1 < j < k, prove that
i#j

X = ZI;.:] aj; y;/.;(mj ) solves the system of linear congruences (10.7).
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6. Let p1 =2, pp =3, p3 =5, ...be the sequence of primes. Show that there exists
a natural number which leaves remainder 27%-! — 1 upon division by 27¢ — 1, for
2 <k < 100.

7. Prove that there are arbitrarily long sequences of consecutive natural numbers
such that none of them is a perfect power of exponent greater than 1.

8 Let m = p‘f‘1 p,‘Z" be the canonical decomposition of the integer m > 1
in powers of distinct primes, and f be a polynomial function with integer
coefficients.

(a) Prove that the congruence f(x) = 0 (modm) has an integer solution if and
only if each one of the congruences f(x) = 0 (mod pf"' ), for1 <i <k, has
itself an integer solution.’

(b) Given t € N, let N(¢) denote the number of integer solutions, pairwise
incongruent modulo ¢, for the congruence f(x) = 0(modt?). Show that
N@m) =N N(pgh).

9. (IMO shortlist) Let be given a nonconstant arithmetic progression of natural
numbers, whose initial term and common difference are relatively prime. If it
contains a perfect square and a perfect cube among its terms, show that it also
contains a perfect sixth power.®

SIf p is prime and « € N, a sufficient condition for the solvability of a congruence of the form
f(x) =0 (mod p*) will be presented in Problem 11, page 394.

5The hypotheses that the arithmetic progression is nonconstant and has relatively prime initial term
and common ratio are actually unnecessary. They were assumed just to simplify the solution of the
problem.



Chapter 11 )
Congruence Classes Qs

In this chapter, we return to the point of view of Example 2.21, looking at
congruence modulo # as an equivalence relation. As a byproduct of our discussion, a
number of interesting applications will be presented, among which is an alternative,
simpler proof of Euler’s theorem. We will also introduce the quotient set Z, and
show that it can be furnished with operations of addition and multiplication quite
similar to those of Z. In particular, the case of Z,, with p prime, will be crucial to
our future discussion of polynomials.

11.1 Systems of Residues

Given an integer n > 1, Proposition 10.5 assures that the relation ~ in Z, defined by
a~b<s a=b(modn),

is an equivalence relation, called the congruence relation modulo 7.
For a € 7Z, we let the congruence class of a, modulo n, be defined as the
equivalence class a of a with respect to the relation of congruence modulo 7:
a ={x€Z;, x=a(modn)}
={xeZ,x=a+nq,3Iq €} (11.1)
={..,-2n4+a,—n+a,a,n+a,2n+a,...}5.

Given a € Z, we know that there exists a single integer 0 < r < n (the remainder
of the division of a by n) such that ¢ = r (mod ). Therefore, {0, 1,...,n — 1} is
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a system of distinct representatives for the relation of congruence modulo n, and
Proposition 2.16 together with (2.12) furnish the partition

Z=0UTU---Un—1 (11.2)

of Z. More generally, we have the following important

Definition 11.1 A complete residue system modulo 7, (abbreviated CRS) is a
system of distinct representatives for the congruence relation modulo 7.

It follows from (11.2) and (11.1) that every CRS modulo 7 is a set {ag, aj,
..., an—1} of integers, such that a, = r (modn) for 0 < r < n — 1. Alternatively,
since 0 = 77, we can view a CRS modulo n a set {ai, ay, ..., a,} of integers, such
that a, = r (mod n) for 1 < r < n. Yet in another way, a set of n integers is a CRS
modulo 7 if and only if its elements are pairwise incongruent modulo 7.

Example 11.2 Given anintegern > 1,thesets {0, 1,2,...,n—1}and {1, 2, ..., n}
are obviously CRS modulo n. Another example is furnished by the set

n n
ez ~Lexcl].
{x 2_)c<2

Indeed, note first thatif —5 <x <y < 7, thenx # y (modn), for0 <y —x < n.
Now, it suffices to separately consider the cases n even and n odd, in order to show
that the set displayed above has exactly n elements.

The coming proposition provides a useful way of constructing new CRS out of
given ones.

Proposition 11.3

(a) Let a, b and n be given integers, with n > 1 and a and n relatively prime.
If the set {xg, x1, ..., Xxn—1} is a CRS modulo n, then the set {axy + b, ax; +
b,...,axy—1 + b} is also a CRS modulo n.

(b) Let m and n be integers greater than 1 and relatively prime. If the sets
{x0, x1, ..., Xxm—1} and {yo, ¥1, ..., Yn—1} are CRS modulo m and n, respec-
tively, then the set

{nx; +my;; 0<i<m,0=<j<n}

is a CRS modulo mn.
Proof

(a) Since every CRS modulo n has n elements, it suffices to show that if 0 < 7,
Jj <nand

ax; +b =ax; + b (modn),
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then i = j. To this end, it follows from the above congruence that ax; =
ax;j (modn). Now, since gcd(a, n) = 1, item (f) of Proposition 10.6 guarantees
that x; = x; (mod n). Finally, since {xo, x1, ..., x,—1} is a CRS modulo n, this

last congruence givesusi = j.
(b) Analogously to the proof of item (a), it suffices to show that if 0 < i, j < m,
0<k,l <nand

nx; +myy = nx; +my; (modmn),

then i = j and k = /. Assuming the validity of the above congruence, we have
from item (g) of Proposition 10.6 that

nx; +myy = nx; +my; (modm) and nx; + my; = nx; + my; (modn).
In turn, the last two congruences above readily give
nx; = nxj (modm) and my; = my; (modn).

However, since m and n are relatively prime, by applying again item (f) of
Proposition 10.6 we obtain

x; =xj (modm) and y; = y; (modn).
Finally, since {xq, x1, ..., Xn—1}and {yo, y1, ..., Yn—1} are CRS modulo m and
n, respectively, we geti = jand k =1[. O

The previous proposition furnishes a proof of a particular case of the chinese
remainder theorem which sheds light in the proof of the general case presented in
the last section. In this respect, see also Problems 2 and 3.

Example 11.4 Let m| and m be relatively prime naturals greater than 1, and a; and
ap be arbitrarily given integers. We will show that the system of linear congruences

{XEGI (modmy) (11.3)

x = ar (mod m»y)

has a single solution, modulo mm>.
To this end, item (b) of the previous proposition assures that

{miuy + mouy; x; € Zand 1 <u; <m; fori =1,2}
is a CRS modulo mmy. If we set x = mu| + mouy, for some such u; and u, then

x = mpuy (modmi) and x = mu; (modmy).
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Therefore, by the transitivity of congruences, x will solve (11.3) if and only if
we can choose 1 < uy <mjand 1 < uy < my such that

mouy = ay (modmi) and miu; = ap (mod my).
Although Corollary 10.25 assures we can uniquely choose such #1 and u», this
is also an immediate consequence of item (a) of the previous proposition. Indeed,
since gcd(m1, my) = 1, that item guarantees that
{max2; 1 < xo <my}
is a CRS modulo m1; hence, there is a single 1 < up < mj such that mous

aj (modmp). By the same token, there is a single 1 < u; < my such that mu
ap (mod m»).

The coming example brings a beautiful combinatorial application of the concept
of complete residue system, which appeared as the last problem of the 1995 IMO.!
For what is to come, recall that for Z C R and r € R we write Z + r to denote the
setZ+r={z+r;z€Z}.

Example 11.5 (IMO) Let p be an odd prime. Compute the number of subsets of p
elements of the set {1, 2, ..., 2p} such that the sum of the elements of each such
subset is divisible by p.

Solution Let F be the family of the (2” ) — 2 subsets of p elements of the set
{1,2,...,2p}, different from X = {1,2,...,ptand Y = {p+1,p+2,...,2p}
(notice that these two sets have sums of elements equal to multiples of p).

Let ~ be the relation defined in F by setting A ~ B if and only if the following
conditions are satisfied:

(i) There exists 0 <r < p — 1 suchthat (AN X) +r = BN X (mod p).
@iil) ANY=BNY.

(Here, according to the paragraph that immediately precedes Example 2.22, for
reRandZ CRweletZ+r={z+r; z€Z}.)

It is immediate to verify that ~ is an equivalence relation in F. On the other
hand, given A € F and B € A (the equivalence class of A in F), we have

B=(BNX)UBNY)=[(ANX)+r]UANY).

Therefore, the equivalence class A will have as many sets as its elements as there
are distinct sets of the form (A N X) + r, when r € Z varies from 0 to p — 1.

!For another approach to this example, see Example 20.7.
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In order to address this counting problem, let A" = AN X and §" = ) 4 x.
Since A # X,Y,wehave  # A’ # X, sothat 1 < |A’| < p — 1. Hence,

D x=) x+rlA|=5+r|A

x€A'+r xeA’

On the other hand, since ged(|A’|, p) = 1, item (a) of Proposition 11.3 guarantees
that, as r € Z varies from 0 to p — 1, the numbers S’ + r|A’| thus obtained form
a CRS modulo p. In particular, the sums ) /., x are pairwise distinct, so that
the sets A, A’ +1,..., A+ (p — 1) are themselves pairwise distinct. Therefore,
the class A has exactly p sets, and it follows from Proposition 2.18 that there are

exactly
1 /(2
»((3)2)
p 2

distinct equivalence classes.

If we now show that in each of the classes above there is exactly one set whose
sum of elements is a multiple of p, it will follow that the number of sets we wish to

count is precisely
1 /(2
o((3)2) 2
p 2

(Recall that we cannot forget X and Y!)

For what is left to do, fix A € F (and, hence, the class A) andlet A” = ANY.
We wish to count how many are the integers 0 < r < p — 1 such that the sum of the
p elements of the set

B=[ANX)+r]UANY)= (A +r)UA”

is a multiple of p (remember that the set B above is a generic element of the class
A). However, for such a B, it follows from what we did above that

Zx Zx+2x

X€B xeA'+r xeA”
=D x+rlAl+ )
xeA’ xeA”

= Zx +r|A'| =S +r|A,

xeA
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where § = ), x. Thus, such a sum will be congruent to 0 modulo p if and only
if

|A'|r = —S (mod p).

But since gcd(|A’|, p) = 1, we know from Corollary 10.24 (or from item (a) of
Proposition 11.3, with b = 0 and |A’| in place of a) that there exists a single 0 <
r < p — 1 such that the congruence displayed above is satisfied. O

Back to the development of the theory, given q,r € Z, with 0 < r < n, recall
that gcd(ng + r,n) = gecd(r, n). Thus, we can define the gcd between n and a
congruence class modulo n by letting

ged(r, n) = ged(x, n), for x er; (11.4)
in particular,
gcd(r, n) = ged(r, n).

Note that, by Proposition 10.23, the congruence classes 7 for which ged(7, n) =
1 are precisely those formed by the integers invertible modulo #. Therefore, we have
the following

Definition 11.6 A reduced residue system (we abbreviate RRS) modulo 7 is a set
I of integers such that

1, if ged(r,n) =1

INF| =
[1n7] {0, if gedF,n) £ 1°

for every congruence class 7, modulo 7.

For a fixed integer n > 1, the most important example of RRS modulo # is the
set

{x € Z; ged(x,n) =1and 1 <x <nj}.

More generally, if 7 is a RRS modulo r, then (11.4) easily assures that |/| = ¢(n),
where ¢ stands for the Euler function. On the other hand, it is clear that every RRS
I modulo n can be enlarged to a CRS modulo 7, as well as that every CRS modulo
n contains a RRS modulo 7.

The coming result teaches us how to construct new RRS out of known ones.

Proposition 11.7 Let m,n > 1 be given integers.

(a) Ifaninteger a is relatively prime withn and {x1, x2, . .., Xyp(n)} is a RRS modulo
n, then {axy, axy, ..., axym} is also a RRS modulo n.
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(b) If{x1,x2, ..., Xpmm)} and {y1, y2, ..., Yom)} are RRS modulo m and modulo n,
respectively, then

{nxi +my;; 1<i<g@im), 1 <j=<epm) (11.5)

is a RRS modulo mn.
Proof

(a) Since every RRS modulo n is part of a CRS, it follows from item (a) of
Proposition 11.3 that

ax; #axj(modn), V1 <i<j<=<qn).

It now suffices to show that gcd(ax;, n) = 1, which follows immediately from
item (c) of Proposition 6.22.

(b) By invoking again the fact that every RRS modulo 7 is part of a CRS, item (b) of
Proposition 11.3 assures that the set in (11.5) has exactly ¢(m)@(n) elements,
which are pairwise incongruent modulo mn. However, since ¢(m)p(n) =
@(mn) (recall that gcd(m,n) = 1), we conclude that such a set has ¢(mn)
elements. Hence, in order to show that it is indeed a RRS modulo mn, we are
left to showing that

ged(nx; +myj, mn) =1

forall 1 < i < ¢(m), 1 < j < ¢(n). To this end, items (b) and (c) of
Proposition 6.22 give

ged(nx; +myj, m) = ged(nx;, m) = ged(x;, m) =1
and, analogously, gcd(nx; + my;, n) = 1; therefore, by applying one further
time item (c) of that result, we obtain gcd(nx; + my;, mn) = 1. O

With the concept of RRS and item (a) of the former proposition at our disposal,
we can give another, conceptually clearer, proof of Euler’s theorem.

Theorem 11.8 (Euler) If a and n are relatively prime integers, with n > 1, then
a®™ =1 (modn). (11.6)
Proof Let k = ¢(n) and {x1, x2,...,xr} be a RRS modulo n. Item (a) of the
previous proposition assures that {ax, axa, ..., axi} is also a RRS modulo n;
hence, modulo »n the integers axy, axp, ..., axy are, in some order, congruent to

X1, X2, ..., Xk. Termwise multiplication of the corresponding congruences gives

akxlxz...xk =ax|-axpy...-axp = x1xp...x; (modn).
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Finally, since gcd(x1x> ... xx, n) = 1, we can invoke item (f) of Proposition 10.6 to
cancel x1x3 . .. x; out of the congruence above to obtain ak =1 (mod n). |

Problems: Sect.11.1

1. Let n > 1 be an integer and {ay, az, ..., a,} be a CRS modulo n. Show that,
modulo »n, we have

0, if n is odd
ata+--t+ap=y, .. . .
5 if n is even

The following problem generalizes item (b) of Proposition 11.3. The subse-
quent one generalizes the argument of Example 11.4.

2. Letmy, my, ..., my be pairwise relatively prime naturals, all greater than 1, and
yj = [lizizem; for 1 < j < k. Show that
i#]

{uryr +uoma + - +ugmy; 1 <u; <m; for 1 <i <kj

is a CRS modulo mmy . ..my.
3. Use the result of the previous problem to prove the general version of the chinese
remainder theorem.

11.2 The Quotient Set Z,

Let us now examine the quotient set
Zn:{69Tv~”yn_l}v (117)

of Z with respect to the relation of congruence modulo n. Proposition 10.6 allows
us to introduce in Z, two operations, to which we shall also refer to as addition and
multiplication and which share properties analogous to those of the usual operations
of addition and multiplication of integers. Actually, we have the following important
result.

Proposition 11.9 In Z,, the operations

a®b=a+band a®Ob=ua-b, (11.8)
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are well defined operations, commutative and associative. Moreover, © is distribu-
tive with respect to ®, and 0 and 1 are identities (also called neutral elements) for
@ and O, respectively, in the sense that

foreverya € Z,,.

Proof Firstly, we have to show that the operations given by (11.8) are indeed
well defined, in the sense that @ @ b and @ © b are independent of the chosen
representatives for the congruence classes @ and b.

To this end, if @ = ¢ and b = d, then a = ¢ (modn) and b = d (mod n), and it
follows from Proposition 10.6 that

a+b=c+d(modn) and a-b = c-d (modn).

Howeyver, this is the same as

a+b=c+d and a-b=c-d,

so that

adb=c®dd and aOb=c0Od.

What is left to do is simpler. For instance, for the commutativity of @, we get
from the commutativity of the addition of integers that

i®b=a+b=bta=bda;

analogously, we prove that © is commutative and that @ and © are associative, i.e.,
that

a®(boc)=(@db ®c
and
a0 (boo)=@ob o,

The checking of the distributivity of © with respect to @ will be left as an exercise
to the reader (cf. Problem 2). Finally,

a®0=a+0=adand a@®@l=a-1=aqa,

as we wished to show. O
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For the sake of exemplifying, we show below the addition and multiplication
tables of Zg:

Addition Table for Zg
® 0 1 2 3 4 |5
o o 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

Multiplication Table for Zg¢
© o0 1 2 3 4 |5
0 0 0 0 0 0 0
1 o 1 2 3 4 5
2 0 2 4 0 2 4
3 0 3 0 3 0 3
4 0 4 2 0 4 2
5.0 5 4 3 2 1

Whenever there is no danger of confusion, we shall write simply + and -,
instead of & and ©, to denote the operations of addition and multiplication in Z,,,
respectively. Proceeding this way, we call the reader’s attention to the fact that,
whenever we write

d+b=a+band a-b=a-b,
each of the 4 and - signs stand for two different operations. For instance, the first
+ sign denotes the addition operation in Z,, whereas the second + sign denotes the
usual addition of integers. Moreover, an analogous remark holds for both - signs.
The associativity of the addition of Z,, immediately gives the cancellation law
a+b=a+c=b=c
Indeed, if @ + b = @ + ¢, then

—a+@+b)=—a+@+7
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and, hence,
(—a+a@)+b=(=a+a) +c.

Now, since —a +a@ = —a + a = 0 and 0 is the neutral element for the addition of
Zn, the equality above gives b = .

A cancellation law for the multiplication of Z, is somewhat more complicated.
In order to examine it, we first have the following

Definition 11.10 An element @ € Z, is a unit if there exists b € Z, such that
a-b=1.

As it happens within the ordinary number system of integers, the classes +1 are
units in 7Z,, for £1 - £1 = 1. On the other hand, the news is that there might be
other units; for instance, in Zg the classes 4 and 7 are units, since

4.7=4.7=1=7-4.

If @ € Z, is a unit, then we do have the following cancellation law with respect
to multiplication:

a-c=a-d=c=d.

Indeed, taking E_e Z, such that @ - b = 1 (and, hence, also b - @ = 1), it follows
froma -c =a - d that

b-(@-¢)=b-@-d).
Then, the associativity of multiplication furnishes
(b-ay-c=(0b-a)-d

or, which is the same, 1-¢ = 1 - d. This last equality amounts to ¢ = d, as wished.
In particular, if @ € Z, is a unit, then the element b € Z, whose existence is
guaranteed by Definition 11.10 is unique, for if

a-b=1=a-¢,

then the cancellation law for multiplication gives b = ¢. From now on, we shall say
that such a b € Z,, is the multiplicative inverse of @ in Z,,.
The coming proposition characterizes all of the units of Z,,.

Proposition 11.11 A congruence class a € 7Z, is a unit in Z, if and only if
gcd(a, n) = 1. In particular, Z,, has exactly ¢(n) distinct units.
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Pro_of B_y deﬁrition,_ﬁ € Zpy is a unit if and only if there exists b € Z, such that
a-b=1,ie., ab =1 or, which is the same,

ab =1 (modn).

Hence, @ is a unit in Z, if and only if a € Z is invertible modulo n. However, by
Proposition 10.23, this is the same as asking that gcd(a, n) = 1.

For what is left to do, it suffices to note that, since Z, = (1,2, ..., 7n}, the set
of the units of Z,, coincides with the set of the classes @ such that 1 < a < n and
gcd(a, n) = 1. Since such a set has ¢(n) elements, we are done. |

We have now arrived at the most important case.
Corollary 11.12 If p is prime, then every element of Z, \ {0} is a unit of Zp.

Proof By the previous proposition, it suffices to show that, if a # 0in Zp, then
gcd(a, p) = 1. However, a # 0 is the same as a # 0 (mod p), or p t a; moreover,
the proof of Lemma 6.41 assures that p { a if and only if gcd(a, p) = 1. O

As far as the arithmetic operations of addition, subtraction, multiplication and
division are concerned, the previous corollary allows us to put Z,, with p prime, on
an equal footing with respect to Q and R (and, after Chap. 13, also with respect to
the set C of complex numbers). All of these number systems are examples of what
algebraists call fields.

More precisely, in Z, (for every n > 1, not only n prime) we can define an
operation —, called subtraction, which is analogous to the ordinary subtraction of
real numbers. We do so by setting (cf. Problem 3)

a—b=a—b.

We now restrict to the case in which n = p, a prime number. Writing @~ to denote
the multiplicative inverse of a € Z, \ {0} (i.e., letting @~ ! denote the congruence
class b € Z, whose existence is assured by Definition 11.10), we have

a-a'=T1,

moreover, if @ - b = ¢, witha, b,c € Z p and b #* 0, then it is immediate to verify
that

_ _ 1
a=c-b .

Hence, we can introduce in Z, a notion of division which is also similar to the usual
division of rational (or real, or complex) numbers, by letting

fora € Z, and b € Z), \ {0}.
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Problems: Sect. 11.2

FENON]

. Write the addition and multiplication tables of Z5 and Z;.
. * Prove that, in Z,, the multiplication is distributive with respect to addition.

More precisely, show that
a-(b+c)=(@-b)+@-o),

for every a, b, € Zy.

. * Prove that the operation of subtraction in Z, is well defined.
. Show that, in Z», all units are equal to their multiplicative inverses.
. For integers m and n, with n > 1, let the operation of multiplication by m in

Zy, be given by m - @ = m - a. Show that it is well defined and such that
m-@+b)y=m-a+m-b and my+my)-a=my-a+msy-a,

for every m,my,my € Zand @, b € Z,.

. If an integer n > 1 is not prime, show that Z, has zero divisors, i.e., that there

exist@, b € Z, \ {0} such that @ - b = 0. Also, show that if p is a prime number,
then Z,, does not possess zero divisors.

. Let a and n be given integers, with n > 1. In Z,, show that the equationa-x = b

has a solution for every b € Z, if and only if @ is a unit in Z,. In this case, show
that the solution x € Z, is unique, being given by x =a~! - b.



Chapter 12 )
Primitive Roots and Quadratic Residues ek

In this last chapter devoted to Number Theory, we return to the analysis of the
congruence

ak = 1 (modn), (12.1)

concentrating ourselves in two distinct problems, briefly discussed below.

As a first problem, we know from Euler’s theorem that, if gcd(a,n) = 1,
then (12.1) is always satisfied for k = ¢(n), where ¢ stands for the Euler function.
However, for a fixed a € Z relatively prime to n, we do not know if such a natural
value of k is the least possible one. In this respect, one of the core results of this
chapter is the characterization of the integers n > 1 for which there exists some
integer a, relatively prime with n and such that the least possible natural exponent &
in (12.1) is k = ¢(n); such an a will be called a primitive root modulo n.

A second problem we want to address here requires an important change of point
of view towards (12.1). Instead of fixing the basis a, prime with n, and looking for
the values of k € N for which that congruence has a solution, we fix k € N and look
for the integer value of a which solve it. Note that this amounts to finding the roots
of the equation x¥ =Tin Z,. However, due to the elementary character of these
notes, we restrict ourselves to the case k = 2, when the desired roots a € Z will be
the quadratic residues modulo n.

Along our way through the analysis of the two problems above, several inter-
esting applications will be presented. Among them, we would like to highlight yet
another famous theorem of P. de Fermat, characterizing the natural numbers that can
be written as the sum of the squares of two integers.
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284 12 Primitive Roots and Quadratic Residues
12.1 The Concept of Order Modulo n

Let a and n be integers such that n > 1 and gcd(a,n) = 1. We know from
Euler’s Theorem 10.19 that there always exists a (at least one) natural number k
for which ¢* = 1 (modn), namely, k = ¢(n). However, nothing we have done so
far guarantees that ¢ (n) is the least such k; for instance 23 = 1 (mod 7), even though
¢(7) = 6. These considerations motivate the following

Definition 12.1 Given relatively prime integers a and n, with n > 1, the order of
a, modulo n, denoted ord, (a), is the least possible 4 € N for which

a" =1 (modn).
We obviously have
ord,(a) < ¢(n).

On the other hand, the coming result establishes the most elementary properties of
the concept of order modulo 7.

Proposition 12.2 Leta,n € Z, withn > 1 and gcd(a, n) = 1.

(a) If ord,(a) = h, then the integers 1, a, a%, ..., a"~' are pairwise incongruent,
modulo n. In particular, if ord, (a) = ¢(n), then the set {1, a,a®, ..., a%™~1}
is a RRS modulo n.

(b) aF =1 (modn) < ord,(a) | k. In particular, ord, (a) | ¢(n).
Proof

(a) If there existed 0 < k < [ < h such that ¢/ = af (modn), item (f) of
Proposition 10.6 would give us a'~* = 1 (modn), with 0 < I —k < h. But
this would contradict the minimality of 4.

For what is left to do, it suffices to see that, if ord, (a) = ¢(n), then the set
{1, a, at, ..., a“’(")_l} has ¢(n) integers relatively prime with n and pairwise
incongruent modulo n. Thus, such a set is a RRS modulo 7.

(b) Letord,(a) = h, so that, in particular, a" = 1 (modn). If k = hl, then
a =a" = (@ =1 = 1 (modn).
Conversely, let k be a natural number satisfying a* = 1 (modn). The division
algorithm assures the existence of integers ¢ and r, with 0 < r < h, such that

k = gh + r. Thus, we have

l=d"=a""" =@ -a" =19-4" =a" (modn).
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Now, if r > 0, then r would be a natural exponent less than / and such that a” =
1 (mod n); in turn, this would contradict the minimality of /. Therefore, r = 0 and
hence & | k, i.e., ord, (a) | k.

Finally, ord,(a) | ¢(n) follows from the first part of item (b), together with
Euler’s Theorem 10.19. a

Example 12.3 Compute the orders of 2 modulo 17 and of 7 modulo 10.

Solution If 2 = ord;7(2), then i | ¢(17) = 16,sothat h = 1,2, 4, 8 or 16. It is
evident that & # 1, 2; also, 2= (mod 17), and hence & # 4. On the other hand,
28 = 22 = (—=1)2 = 1 (mod 17), so that h = 8.

If h = ordjo(7), then i | ¢(10) = 4, so that h = 1, 2 or 4. Obviously, & # 1;
however, since 72 = —1 (mod 10), we also have i # 2. Thus, h = 4. m]

Let us now see how Proposition 12.2 can be applied to an interesting problem.

Example 12.4 1f p is an odd prime, prove that all prime factors of 27 — 1 are of the
form 2kp + 1, for some k € N.

Proof 1If q is a prime factor of 27 — 1, then ¢ is odd and 27 = 1 (mod g¢). It follows
from item (b) of the previous proposition that ord, (2) | p and, hence, ord, (2) = 1 or
p. However, if ord, (2) = 1, then ¢ = 1, which is an absurd; therefore, ord, (2) = p.

On the other hand, it follows from Fermat’s little theorem that 29~ = 1 (mod g).
Then, again by item (b) of the previous proposition, we have

p=ordy(2) | (g = D).

However, since ¢ is odd, there must exist k € N such that g — 1 = 2kp. O

The coming result establishes other useful properties of the concept of order
modulo n, which will be of paramount importance for further developments.

Proposition 12.5 Let a and n be relatively prime integers, withn > 1.

(a) ord,(a) = ord,(a + n).
(b) If m > 1 is a natural number such that m | n, then ord,, (a) | ord, (a).
(c) Iford,(a) = h and k € N, then ord, (a*) =

gcd(h,k)"
(d) Ifk €N, then ord, (a*) = ord,(a) < gcd(ord, (a), k) = 1.
(e) Iford,(a) = h, then the set {a,a?, ..., a"} has exactly ¢(h) elements of order
h modulo n.
Proof

(a) It follows from a = a +n (mod n) that a* = (a +n)¥ (mod n), for every k € N.
In particular, a¥ = 1 (mod n) if and only if (¢ + n)* = 1 (modn), and hence a
and a + n have equal orders modulo .
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(b) Since m | n, item (g) of Proposition 10.6 yields that if af = 1 (modn), then

a® = 1 (modm). In particular, since a® = 1 (modn) when k = ord,(a), we
have

a4 @ =1 (mod m).

Item (b) of Proposition 12.2 now furnishes ord,,(a) | ord, (a).

(c) Letd = gcd(h, k). By item (b) of Proposition 12.2, we have

(@) =1 (modn) & a" =1(modn) < h | kj
@hlk ,©h|,
Slgie ol

where in the last equivalence we have applied item (a) of Proposition 6.22,
together with the fact that ged (4, £) = 1. From this, we immediately get

h h
ord,(@") = = = ——.
d ~ ged(h, k)

(d) This obviously follows from (c).
(e) By item (d), the number of exponents 1 < k < h such that ak has order h

modulo n equals the number of exponents 1 < k < h which are relatively
prime with A. Therefore, it is equal to ¢(h). O

Problems: Sect.12.1

—_—

. Compute ord7(2), ord;(2) and ord;s(7).
. Prove that, for every positive integer n, the number 23" + 1 is not a multiple of

17.

. Let a and n be relatively prime integers, with n > 2. If there exists a natural k

such that ¢* = —1(mod n), prove that ord ,(a) is even.

. (Putnam) Find all n € N for whichn | 2" — 1).
. (Turkey) For each n € N, prove that n! divides the product

n—1
[]e"-2).
j=0

. Given a natural n > 2, we label the vertices of a regular 2n-gon P as 1, 2, 3,

woo,n,—n,—(m —1),..., =3, =2, —1, successively and in the clockwise sense.
Then, we choose vertices of P in the following way: at the first round, we choose
vertex 1; on the other hand, if vertex k; was chosen at the i-th round, then at the
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(i + 1)-th round we choose the vertex situated |k;| vertices away from vertex k;,
in the clockwise sense if k; > 0 and in the counterclockwise sense if k; < O.
Such a procedure continues until we choose a vertex which was already chosen
in a former round. At the end of this process, let f(n) be the number of non
chosen vertices.

(a) If f(n) = 0, prove that 2n + 1 is an odd prime.
(b) Compute f(1997).

7. (IMO—adapted) Given a prime number p, we want to show that there exists
a prime number ¢ such that g t (n” — p), for all n € N. To this end, do the
following items':

(a) Show that it suffices to find a prime g for which ord,(p) = p and q #
1 (mod pz).

(b) Letting a = %, show that a has at least one prime factor ¢ for which
g # 1 (mod p?), and that ordy(p) = p.

12.2 Primitive Roots

Given integers a and n such that n > 1 and gcd(a, n) = 1, in this section we will
be particularly interested in the case in which ord,(a) = ¢(n). Such a case is so
important that is worth the following

Definition 12.6 Let a and n be integers such that n > 1 and ged(a, n) = 1. We say
that a is a primitive root modulo » if ord, (a) = ¢(n).

Let us take a look at a couple of examples.
Examples 12.7

(a) Since 2! = 2(mod3) and ¢(3) = 2, it follows that ord3(2) = 2 = ¢(3),
i.e., 2 is a primitive root modulo 3. Similar computations show that 2 is also a
primitive root modulo 5.

(b) Modulo 7 we have 2! = 2,22 = 4 and 23 = 1. Hence, ord7(2) = 3 < 6 = ¢(7)
and it follows that 2 is not a primitive root modulo 7.

The main result of this section is the characterization of all integer values n > 1
for which primitive roots modulo n do exist. More precisely, we shall show that an
integer n > 1 has a primitive root if and only if n = 2, 4, pk or 2pk, for some
odd prime p. We start this path by computing the number of pairwise incongruent
primitive roots modulo 7, provided such a root does exist.

' The coming items are based on the solution of Professor Samuel B. Feitosa.
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Proposition 12.8 If an integer n > 1 has a primitive root, say a, then every
primitive root modulo n is congruent to one of the elements of the set

{a*; 1 <k < o(n) and ged(p(n), k) = 1}.

In particular, n has exactly ¢ (¢ (n)) pairwise incongruent primitive roots.

Proof The second part follows immediately from the first, by the very definition of
Euler’s function: the number of exponents 1 < k < ¢(n) such that k is relatively
prime with ¢(n) is exactly ¢ (¢(n)).

For the first part, letting a be a primitive root modulo n, we have that ord, (a) =
@) and A = {a,a’...,a?"™} is a RRS modulo n. Hence, any primitive root
modulo 7 is congruent, modulo 7, to one of the elements of A, so that it suffices to
see which elements of A have order (modulo ») equal to ¢ (n). However, by item (d)
of Proposition 12.5, for 1 < k < ¢(n) we have

ord, (@) = p(n) & ged(p(n), k) = 1.
]

Example 12.9 Example 12.7 assures that 2 is a primitive root modulo 5. Since
¢(5) = 4, the previous propositions teaches us that a set of pairwise incongruent
primitive roots modulo 5 is

(2% 1 <k <4 and ged(@, k) = 1} = {2, 2°%).

Hence, the pairwise incongruent primitive roots modulo 5 are 2 and 3 (for 2° = 8 =
3 (mod 5)).

We now go towards characterizing the integers which do possess primitive roots,
starting with a necessary condition.

Theorem 12.10 If and integer n > 1 has primitive roots, then n = 2, 4, p* or 2p¥,
where p is an odd prime and k is a natural number.

Proof Firstly, note that the integers n > 1 which differ from those at the statement
of the theorem are either of the form n = bc, with b, ¢ > 2 being relatively prime
integers, or of the form n = 2k for some integer k > 2. It thus suffices to show
that such integer values of n do not have primitive roots, and we shall do this by
showing that every integer a relatively prime with n satisfies ord, (a) < ¢(n). We
look separately at the two possibilities above:

(1) n = bc, with b, ¢ > 2 relatively prime integers: since gcd(b, ¢) = 1, we have
o) = p(bc) = p(b)p(c). On the other hand, condition b, ¢ > 2 assures (cf.
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Problem 19, page 220) that ¢ (b) and ¢(c) are both even. If a € Z is prime with
n, then a is prime with b and ¢ and, from Euler’s theorem, we get

a?miz — (a‘p(b))(p(C)/z = 19/2 = 1 (mod b)
and

a?™/2 — (a‘p(c)>¢(b)/2 =19®/2 = 1 (mod ¢).

Therefore, item (h) of Proposition 10.6 gives a*™/2 = 1 (mod n); in particular,

ordy(a) < @ < o(n)

and, hence, a is not a primitive root modulo 7.
(i) n = 2k, for some integer k > 2: let a be an odd integer (i.e., prime with 2). If
we show that

a® 7 =1 (mod2b),
we will have
ordy (a) < 2872 < 21 = (2%

and a will not be a primitive root modulo 2¥. For what is left to do, let us
make induction on k: the initial case k = 3 follows from Proposition 10.9,
since > = 1 (mod 8) for odd a. Assume we had already proved that, for some
integer k > 3, there exists ¢ € N such that azk_2 = 2kq + 1. Then,

_ 92\ 2
azk 1 — (azk 2) — (2kq + 1)2 — 22kq2 + 2k+1q + 1
= 2125192 4 ) + 1 = 1 (mod 2411,

as wished. m]

We are left to establishing the converse of the previous theorem, namely, that all
numbers of one of the forms 2, 4, p¥ and 2p¥, for some odd prime p and some
k € N, have primitive roots. It is clear that 1 is a primitive root modulo 2 and 3 is
a primitive root modulo 4. The rest of this section is devoted to the analysis of the
two remaining cases.
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The coming result shows that it suffices to worry about the numbers of the
form p*.

Proposition 12.11 If p is an odd prime and a € 7. is a primitive root modulo p*,
then a or a + pX is a primitive root modulo 2 p*.

Proof Let h = ord,«(a). If a is odd, then a is relatively prime with 2 p*. Then, by

using item (b) of Proposition 12.5, together with the fact that ord pe(@) = o( %), we
obtain

o(p*) = ord k(@) | h = ordy (@) | p(2p") = (ph),

where, in the last equality above, we used the fact that p is odd. Therefore,
ord, k(a) = ¢(2 pX) and a is a primitive root modulo 2 p¥.
If a is even, change a by a + p* from the beginning and argue as above. O

We shall complete the proof of the converse of Theorem 12.10 (i.e., the analysis
of the case p¥), in two steps. Nevertheless, before that we need an auxiliary result.

Lemma 12.12 Let p be an odd prime. If a is a primitive root modulo p?, then, for
every integer k > 1, we have a? ) = b p* + 1, for some by, € Z such that p { by.

Proof Let us make induction on k > 1. Fermat’s little theorem gives a?~! = b1 p +
1, for some b; € Z. If p | by, we would have al~! =1 (mod p2) and, hence,
ord P2 (@) <p—1<gp( pz); this would contradict the fact that a is a primitive root

modulo p?.

Assume that, for some integer k > 1, we have a‘/’(pk) = bkpk + 1, with b, € Z
such that p 1 bg. Then, Newton’s binomial formula gives

p
a<ﬁ(Pk+l) — (a<ﬂ(17k)> = “rbkpk)p

p—1
=1+ p" 4> (?)b,ﬁp/" + bl pr*.
j=2

Now, for 1 < j < p — 1 Example 6.42 assures the existence of ¢y € N such that

(i’) = pcy. Therefore, the last expression above furnishes

p—1
k+1 i
a(p([) ) =1 +bkpk+1 + E ckb]{»p/k—’_l +b1€ppk
=

p—1
— 1+ b phH (Z Ckb]ip(Jfl)kfl + b]l;p(pfl)kfz)karz.
j=2
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Letting ¢ denote the expression within parentheses and noticing that t € Z, we
finally get

aw(pk+1) -1 +bkpk+1 + tpk+2 =1+ by + tp)pk+l.
However, since p { by, it suffices to let by = by + tp to obtain ¢ ™) =

b1 PXH + 1, with p t by m

We can finally execute the first of the two steps needed to finish the proof of the
existence of primitive roots modulo p*, for an odd prime p.

Theorem 12.13 Let p be an odd prime and a be relatively prime with p.

(a) If a is a primitive root modulo p, then a or a + p is a primitive root modulo p>.
(b) If a is a primitive root modulo p and modulo p?, then a is a primitive root
modulo p*, for every integer k > 1.

Proof

(a) It follows from item (a) of Proposition 12.5 and from our hypotheses that
ord,(a+ p) = ord,(a) = p—1. On the other hand, item (b) of Proposition 12.2
assures that

ord 2 (a + p). ord,2 (@) | 9(p®) = p(p — 1),
whereas item (b) of Proposition 12.5 gives
p—1=ord,(a) | ordpz(a) and p—1=ord,(a+ p) | ord[,z(a + p).

Hence, ord 2 (a) = p—1or p(p—1), the same being valid for ord > (a + p);
thus, we are left to showing that

ord 2(a) =p—1=ordp@+p) #p—1L

To this end, if a?~1 = 1 (mod pz), then modulo p2 we have

p—1
—1 ) ;
@+p? ' =a?" +(p—Dpa 2+ (pj )p’a’”’
j=2

=a’"' +(p—1)paP~?
=1—paP 2 #£1,
for p t a.

(b) Suppose that @ is a primitive root modulo p and modulo p?. We shall use
induction on k to prove that a is a primitive root modulo p*, for every k € N.
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The cases k = 1 and k = 2 are our hypotheses. Assume, then, that we have
already proved that a is a primitive root modulo p*, for some integer k > 2.

Items (b) of Propositions 12.2 and 12.5 give us

k-‘rl) —

9(p") = ord i (a) | ord s1(a) | p(p pe(p").

so that

ord k1 (@) = ¢(p") or (p**).

On the other hand, since a is a primitive root modulo p?, the previous lemma
furnishes a“’(Pk) = by pk + 1, for some by € Z such that p { bg. In particular,

a??") % 1 (mod pr+h),

so that ord +1(a) # o(ph). O

Theorem 12.13 puts us in quite a nice position. Indeed, if we show that an odd
prime p has a primitive root, say a, then a + p will also be such a root (by item (a)
of Proposition 12.5); hence, item (a) of the previous theorem allows us to assume
that a is a primitive root modulo p and modulo p?, and after that item (b) of that
same result assures that a is a primitive root modulo p*, for every k € N.

We are then left to showing that odd primes have primitive roots. Unfortunately,
at this point such a proof is beyond the scope of the material we have at our disposal,
and will have to wait until Sect. 19.3 (cf. Theorem 19.20) to be presented. Thus, for
the time being we assume the existence of primitive roots modulo p, taking the
opportunity to present some instructive examples.

Example 12.14 Prove that 2 is a primitive root modulo 3% and modulo 5%, for every
keN.

Proof From Example 12.7 and the previous theorem, it suffices to show that 2 is
a primitive root modulo 9 and modulo 25. Let us check that 2 is a primitive root
modulo 9, the case of modulo 25 being entirely analogous: since ¢(9) = 6, we
have ordg(2) | 6; however, since none of 21 22 or 23 is a multiple of 9, we get
ordg(2) = 6 = ¢(9). m|

The next two examples show how powerful the information on the existence of
primitive roots can be.

Example 12.15 If p is prime and n € N, prove that

0(mod p), if (p — D tn

1" 42" 4. .. —H'= .
At =D {—1<modp>,if(p—1)|n
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Proof If (p — 1) | n,say n = (p — 1)k, then Fermat’s little theorem gives, for
l<a=<p-1,

a" =aP~ V% =1k = 1 (mod p).
Therefore,

"+2"+.- .+ (p—1'=141+---+1=—1(mod p).
N——

p—1
If (p — 1) 1 n, let a be a primitive root modulo p. Since {a, a, ..., ap’l} is a
RRS modulo p, we conclude that the numbers a, a, ..., a?" ! are, modulo p and
in some order, congruentto 1, 2, ..., p — 1. Hence (also modulo p),

pn _ gn

1n+2n+n_+(p_1)nEan+a2n+._.+a(p—l)n=(;1—_1.

Now, by invoking Fermat’s little theorem once more, we get
al’ —a" = (@' —a" =a" — a" = 0(mod p).

On the other hand, since ord,(a) = p — 1 and (p — 1) { n, item (b) of
Proposition 12.2 guarantees that p 1 (¢ — 1). Therefore, p | %, as we wished
to show. m|

Example 12.16 (IMO) Find all n € N for which n? divides 2" + 1.

Solution It is clear that such an n must be odd and that n = 1 is a possible value.
Then, let n > 1 be a natural number satisfying the given conditions and write n =
p¥q, where p is the least prime divisor of n and k € N is the exponent of p in the
canonical decomposition of n in prime powers. Then, gcd(p, g) = 1 and

2" 41 2" 41
eN=> ——eN.
n2 Pk
By Fermat’s little theorem, we have 27 = 2 (mod p), from where an easy

induction gives 2w =2 (mod p). Thus, modulo p we obtain
052W+1=ﬂw+1520+L

so that 2% = 1 (mod p). Letting t = ord,(2), it follows that ¢t | 2¢ and (again
by Fermat’s little theorem) ¢ | (p — 1); therefore, ¢t | gcd(2q, p — 1). However,
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since the prime divisors of g are greater than p, this forces us to have + = 2 and,
consequently, p = 3. Hence,

241 2%y
n2 - 32kq2

€N, (12.2)

which successively implies 23 = (mod 3%) and
2230 = 1 (mod 3%).

Since we have already shown (cf. Example 12.14) that 2 is a primitive root
modulo 3%, the above congruence gives

2321 = (3% = ordyu (2) | 2 - 3Kq,

so that 3%~1 | g. However, since p = 3 and gcd(3, g) = 1, we must have k = 1.
Therefore, n = 3¢ and we conclude from (12.2) that

87 41
72

By the sake of contradiction, assume that ¢ > 1 and let w be the least prime
divisor of ¢, say ¢ = w'v, where v € N and [ is the exponent of w in the canonical
decomposition of g as a product of prime powers. Once more from Fermat’s little
theorem, we have 8“” = 8 (mod w) and, hence,

0=87+1=8""41=8"+1(modw), (12.3)
so that 8%V = 1 (mod w). Letting f = ord,,(8), it follows that ¢ | 2v and (one more
time from Fermat) ¢ | (w — 1). However, since the prime factors of v (if they exist)
are all greater than w, we conclude that = 1 or 2, and this gives w | (8! — 1)
orw | (82 —1).In any case, it follows from w > p = 3 that w = 7, and (12.3)
furnishes

0=8"+1=1"+1=2(mod7),

which is an absurd. We finally conclude that ¢ = 1 and n = 3¥g = 3. O

Problems: Sect. 12.2

1. Show that 2 is a primitive root modulo 29.
2. Letm,n € N be such that m | n, and let a € Z be a primitive root modulo .
Prove that a is also a primitive root modulo m.
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3. Prove the following generalization of Wilson’s theorem: if n € N has primitive
rootsand 1 =ay < az < -+ < app) = n — 1 are the integers from 1 to n and
relatively prime with 7, then

nl(aaz...apm +1).

4. (Vietnam) Show that, for every integer n > 1, there exists an integer k,, > 1
such that 19% — 97 is a multiple of 2".

5. (IMO shortlist) Given k € N, prove that there are infinitely many natural
numbers 1 for which n - 25 — 7 is a perfect square.

6. (Romania) Find all prime numbers p and ¢, distinct from 2 and 3 and such that
3pq | (@*P4~' — 1), for every natural number a relatively prime with 3 pq.

7. (Brazil—adapted) Let p > 5 be a prime number for which prl is also prime,
and let f : Zy — Rbegiven by f(xy) = f(x)f(y) and f(x 4+ p) = f(x),
forallx,y € Z;.

(a) Show that f(0), f(1) € {0, 1} and that f is constantif f(0) = lor f(1) =
0.

(b) From now on, assume that f(0) = 0 and f(1) = 1. Use Fermat’s little
theorem to conclude that f(a) € {—1, 1} for every a € N such that p 1 a.

(c) If there exists a primitive root a modulo p such that f(a) = 1, then

_ |0, ifplx
f(x)_{l, ifptx

(d) If f(a) = —1 for every primitive root @ modulo p, then

_Jo,ifplx
foo = {x/’—l (=1 (mod p), if p o x

8. (Turkey) Prove that the two following claims on n € N are actually equiva-
lent:

(a) missquare free? and, if p is one of its prime divisors n, then (p—1) | (n—1).
(b) For every a € N, we have thatn | (a”" — a).

9. (India—adapted) Forn € N, lets, = 14+ Y ;_, k"~1. The purpose of this
problem is to characterize all n € N such that n | s,. To this end, do the
following items:

(a) If p is prime and g € N, show that p | Z;’ial Zf:_ol (pj + D)L
(b) Conclude that, if n | s,, then n is square free.

2Cf. Problem 6, page 190.
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10.

11.

12.
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(c) Letn = py...ps, with p; < --- < p; being prime numbers, and ¢; =
n
E.
i. Show thats, =1+ ¢; lp;Tl 1"=1 (mod p;).
ii. If a is a primitive root modulo p;, show that
a[’i("—l) _ an—l
Sp = 1 ~|—ql (W (modpl)
iii. From ii., successively conclude that, if n | s,, then p; | (a”’] —1),
(pi—D | (n—Dand (p; =1 | (gi — D.
iv. If n | s,, use the results of items i. and iii. to conclude that p; | (g; — 1).
v. Use the result of the two previous items to prove that n | s, if and only
if pi(pi — D (g —Dforl <i=<t.
(Brazil—adapted) Let p be an odd prime, k # p, 2p be a natural number such

that 1l <k <2(p+1)andn =2pk + 1.

(@) If n is prime and a is a primitive root modulo n, prove that
ged(@® +1,n) = 1.

(b) Assume that there exists an integer 2 < a < n such that a*” = —1 (mod n)
and gcd(ak +1,n) = 1.

i. If d = ord, (a), show thatd | (n — 1) and d { 2k. Conclude that p | d
and, hence, that p | ¢(2kp + 1).
ii. Use the formula for ¢(2kp 4 1) to infer that there exists an integer
[ > 1 for which Ip 4 1 is a prime divisor of n.
iii. Use n = 2kp + 1 to prove that n = (Ip + 1)(hp + 1) for some integer
h € {0, 1}. Then, conclude that we cannot have 7 = 1, so that n is
composite.

Show that there exists n € N such that the last 1000 digits in the decimal
representation of 2" are all equal to 1 or 2.

The result of the coming problem is due to the French mathematician of
the twentieth century Claude Chevalley, thus being known as Chevalley’s
theorem.

If p is an odd prime, we wish to show that, modulo p, the number of distinct
solutions of the congruence

xi‘+x§+x§+xi +x§' = (0 (mod p)
is a multiple of p. (Here, two solutions (ai,...,as) and (by, ..., bs) are

considered to be distinct if there exists 1 < i < 5 such that a; # b; (mod p).)
To this end, do the following items:
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@ If f(x1,...,x5) = 1 — (&} + x5 + -+ +x)?~! and m is the number of
distinct solutions of the given congruence, then

m= Z f(x1,...,x5) (mod p),

where A ={1,2,...,p —1}.
(b) Modulo p, one has

m=p — Z Z xfal...x;kxs

ar+tas=p—1x1,...,x5€A

S (Zx;wl)...(ng%).

o)++as=p—1 “xj€A x5€A

© far+---+as = p—1,witha; > 0for 1 <i <5, then there exists
I <i<S5suchthate; =0or (p— 1) t4y,.
(d) If (p — 1) 1 4, use a primitive root ¢ modulo p to conclude that

p—1 4pa 4a
4 4j a’_—a
E x“:é a</“=WEO(m0dp).
j=1

xeA

(e) Finish the proof, showing that m = 0 (mod p).

12.3 Quadratic Residues

In this section, we study algebraic congruences of the form

x? = a (modn).

To this end, we shall need the following

Definition 12.17 Leta,n € Z, with n > 1 and ged(a, n) = 1. We say that a is a
quadratic residue modulo » if the congruence

2=a (mod n)

has at least one integer solution x. Otherwise, a is said to be a quadratic nonresidue
modulo n.
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With respect to the above definition, our main task in this section will be to
obtain necessary and sufficient conditions for an integer a to be a quadratic residue
modulo 7. In the text we shall concentrate ourselves in the case of a prime n, leaving
the general case for the problems posed at the end of the section.

Proposition 12.18 Let p be an odd prime.

(a) If a is a quadratic residue modulo p, then the congruent x> = a (mod p) has
exactly two incongruent solutions modulo p.
(b) Among the integers 1, 2, ..., p — 1 there are exactly 25~ quadratlc residues

and P quadratlc nonresidues modulo p.
Proof

(a) If xl,xz € Z are such that xl = a(mod p) and x2 = a(mod p), then
xl = x2 (mod p), so that p | (xl —x2) However, since p is prime, we conclude
that p | (x; — xp) or p | (x; + x2). Hence, the congruence stated in item (a)
has at most two incongruent solutions modulo p, namely, x; and —x; (they are
incongruent since p is odd and ged(a, p) = 1 = gecd(x1, p) = 1. On the other
hand, letting a be a quadratic residue modulo p, we know that there exists a
solution xg € Z for the congruence x> = a (mod p). It immediately follows
that —xq is also a solution of such a congruence, with —xg # xo (mod p).

(b) Since {1,2,..., p — 1} is a RRS modulo p, in order to count how many of its
elements are quadratic residues modulo p, it suffices to compute how many of
the numbers 12, 22, ..., ( p — 1)? are pairwise incongruent modulo p. To this

end, note that if 1 <i < £5—, then

= (p — i)* (mod p);

on the other hand, if 1 <i < j < pT_l, then

2 # j? (mod p),
since j2 — i (j—i)(j+i)and0<j—i<j+i<p
Therefore there are exactly 25— 1 quadratic residues modulo p and, hence,

exactly (p — 1) — (p—l) = p ! quadratlc nonresidues modulo p. O

The coming proposition is due to Euler, being known in mathematical literature
as Euler’s criterion for quadratic residues.

Proposition 12.19 (Euler) If p is an odd prime and a € Z, then a is a quadratic
residue modulo p if and only if

a z =1 (mod p).
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Proof Assume first that a is a quadratic residue modulo p. Then, ged(a, p) = 1 and
there exists xg € Z such that xg = a (mod p). In particular, xg is also prime with p,
and Fermat’s little theorem furnishes

p—1 — —
AT = (x(%)pT =xé7 = 1 (mod p).

Conversely, suppose a% = 1 (mod p), so that in particular gcd(a, p) = 1.
Then, letting o be a primitive root modulo p, we have that {o, a2, ..., ocl’_l} is
a RRS modulo p. Therefore, there exists an integer 1 < k < p — 1 for which
o* = a (mod p). Hence,

p—1

ak<T) = ap77l = 1 (mod p),

and it follows from ord, (@) = p — 1 that (p — 1) | k (PT71) We conclude that k is

l

even, say k = 2/, and letting xp = o' we get

2l

xé:oe :oekEa(modp).

Thus, a is a quadratic residue modulo p. O

Corollary 12.20 If p is an odd prime, then an integer a, relatively prime with p, is
a quadratic nonresidue modulo p if and only if

a"T = —1(mod p).
Proof Fermat’s little theorem gives
p=1 p=l 1
(@ =@z +1)=a’"" —1=0(mod p).
However, since p is prime, we get

aprl — 1 =0 (mod p) 0rapT4+150(m0dp).

On the other hand, it follows from Euler’s criterion that a is a quadratic
nonresidue modulo p if and only if the first of the two congruences above does

not hold, i.e., if and only ifap%l + 1 =0 (mod p). O
Remark 12.21 Tt is possible to prove (cf. Problem 7, page 493) that if a € Z is not

a perfect square, then there exist infinitely many primes p such that a is a quadratic
nonresidue modulo p.

In order to ease computations with quadratic residues and nonresidues, we shall
need the following notation, introduced by A-M. Legendre.
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Definition 12.22 For integers a and p, with p prime, we let the Legendre symbol
(%) be given by:

u 1, if a is a quadratic residue modulo p
<—> = 1 —1, if a is a quadratic nonresidue modulo p .
P 0,if pla

The convenience of Legendre’s symbol is explained by the next two results.
Proposition 12.23 If p is an odd prime and a, b € 7, then:
— ay _ (b
(a) a=b(mod p) = (;) - (p)
2
@\ _
(b) If pta, then (7) =1
—1
(c) (%) = a7 (mod p).
a b\ _ (ab
@ (5)(3) = (%)

Proof Since the proofs of items (a) and (b) are immediate, let us start by proving
item (c): if p | a, then

(3> —0=a"" (modp);
p

otherwise, Proposition 12.19 and Corollary 12.20 assure that, modulo p,

ap%l _ { 1 if a is a quadratic residue modulo p _ <a>
o)

—1 if a is a quadratic nonresidue modulo p

In what concerns (d), we first note that if p | ab, then p | a or p | b and, hence,

5 G)=0=(5)

If p tab, then p ta and p 1 b, and it follows from item (c) that

(i) (é) =7 b5 = (ab)% = <%> (mod p).
p p 14

Therefore, p divides the difference (%) (%) — (%), which assumes an integer

value ranging from —2 to 2. However, since p is odd, we conclude that one must
a b ab\ __
have (;) (F) — (7) =0. [}

The two coming examples bring interesting applications of quadratic residues. In
both of them, we shall use the fact that if an integer n satisfies n = 3 (mod 4), then
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n has a prime divisor p such that p = 3 (mod4). An argument for the validity of
this (easy) fact can be found along the proof of Example 6.40.

Example 12.24 Prove that there does not exist integers x and y for which y? =
3
x7+7.

Solution By the sake of contradiction, assume that such a pair of integers does
exist. Then x is odd, for otherwise we would have y2 = x3 4+ 7 = 3(mod 4), which
in turn contradicts item (c) of Proposition 10.9. Now,

V+1l=x34+8=x+2)[x—D*+3] (12.4)

and, since (x — 1)2 + 3 = 3(mod 4) (recall that x — 1 is even), there exists a prime
p such that p = 3 (mod4) and p | [(x — 1)% + 3].

Back to (12.4), we conclude that y2 + 1 = 0(mod p), and —1 is a quadratic
residue modulo p. It then follows from the definition of Legendre’s symbol, together
with item (c) of the previous proposition, that

| = <_71> = (_1)% = (=DX**! = —1 (mod p).

This contradicts the fact that p is odd. O

For the next example, we extend the original Fibonacci and Lucas sequences (cf.
Problem 2, page 71) to homonymous sequences (F,),cz and (Lj),ez, by imposing
that the extended sequences satisfy the same recurrence relations as the original
ones, namely, F; = F, = land Fj1, = Fj41 + Fj forevery j € Z,and Ly =1,
L, =3and Ljip = Ljy1 + Lj, for every integer j € Z (so that, for instance,
Fo=0,F_1=1,etc,and Lo =2, L_1 = —1, etc.). This way, it is a trivial task to
prove that F_, = (—1)*"'F, and L_,, = (—1)"L,, for every n € N, as well as that
the extended sequences continue to satisfy all of the properties listed in Problem 2,
page 71, and in Problems 11-13, page 252 (of course, with indices m, n and k now
ranging in Z, instead of in N).

Example 12.25 Let (L,),ez be the extended Lucas sequence. Prove? that L, is a
perfect square if and only if n = 1 or 3.

Proof We consider three separate cases:
(1) n = 2m, with m € Z: item (b) of Problem 2, page 71 (with m in place of n),

gives

Ly = Loy = L% +2(-1)""1,

3The result of this example and those of Problems 6 and 7, as well as their proofs, are due Cohn
[10].
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Therefore, L, differs from a perfect square by —2 or 2, so that it cannot be a
perfect square itself.

(i) n =1(mod4):ifn = 1,then L, = L| = 12. Otherwise, write n = 1+2-3' -k,
with [ € Z4 and k € 7Z such that 2 | k but 3 t k. Item (d) of Problem 11,
page 252 (with k in place of n) guarantees that Ly = 3 (mod 4). Therefore, we
can choose a prime p = 3 (mod4) such that p | L. On the other hand, by
applying item (d) of Problem 13, page 253, with t = 3/, we get

L,=—-L; =—1(modLy),

so that L, = —1 (mod p). Finally, using the fact (already established before)
that —1 is not a quadratic residue modulo p, we conclude that L, cannot be a
perfect square.

(ili) n = 3 (mod4): if n = 3, then L3 = 22, a perfect square. If n = 3 (mod 4) and
n#3,writen =342-3 .k, withl € Z, and k € Z such that 2 | k but 3 1 k.
Arguing exactly as above, we get

L, =—-L3z=—4(mod p),

for some prime divisor p of Lj such that p = 3 (mod4). This time,
Proposition 12.23, together with the fact that —1 is not a quadratic residue

modulo p, give
(7)-(G)(5)
_— = —_ _— :—1’
p p p

and —4 is not a quadratic residue modulo p either. Hence, also as above, L, is
not a perfect square. O

Back to the development of the theory, the next result, due to K. F. Gauss?* and
known as Gauss’ lemma, furnishes a much simpler procedure than that provided
by Euler’s criterion to decide whether a certain integer is a quadratic residue or
nonresidue modulo p, with p being a given odd prime.

Proposition 12.26 (Gauss) If p is an odd prime and a € 7 is prime with p, then

(%) = (—=1)""", where m is the number of elements of the set

. _p—1 _(r—1
{15157,”: 1,-2.... or ( . )(modp)}. (12.5)

4 After Johann Carl Friedrich Gauss, German mathematician of the eighteenth and nineteenth
centuries. Gauss is generally considered to be the greatest mathematician of all times. In the
several different areas of Mathematics and Physics in which he worked, like Algebra, Analysis,
Differential Geometry, Electromagnetism and Number Theory, there are always very important
and deep results or methods that bear his name. We refer the reader to [38] for an interesting
biography of Gauss.
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Proof For1 < j < pT_l, let —pT_l <t < pT_l be the only integer such that

ja =t; (mod p).
Let us first prove that
. ._p—1
1 <i <J§T:>|ti|3é|tj|~
To this end, it suffices to see that, since gcd(a, p) = 1, we have
ltil = |tj| = lial = |ja| (mod p) = |i| = |j| (mod p)
=i+ j =0(@mod p),

which is impossible.
It now follows from what we did above that the numbers |z, ..., |f,-1| form,
2

in some order, a permutation of 1, 2, ..., PT_l (note that none of them equals 0, for
gcd(a, p) = 1). Therefore, recalling that m denotes the quantity of indices j for
which 7; < 0, we get modulo p that

n—1 —1 —1
(—1)y"a’r <p—)! = (="t = 0]ty | = (p—>!.
2 2 p) 2

Hence,

—1

a"T = (=)™ (mod p),

and the rest follows from item (c) of Proposition 12.23. |

As an application of Gauss’ lemma, we next show that 2 is a quadratic residue
modulo p (an odd prime) if and only if p = 0, 1, 2 or 7 (mod 8).

Example 12.27 1f p is an odd prime, then
2_
<3> = (=D = -5
p
Proof By Gauss’ lemma, we have (%) = (—1)™, where

p—

1 p—1
m=#{1<k< ; 2k=—-1,-2,... or — = (mod p) ¢ .
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If1 <k< |27 then2 <2k < 2| 2] < 25 and, hence,
p—1
2k £ —1,-2,...,— 5 (mod p).
I 270+ 1 <k <27 then

p—1 p—1 p—1
—-122k=>2(| —— 1 2 =———1 2=£ _~.
pzaz ([P ) 2 (P -1 e2=

in particular, 2k #£ 1,2, ..., pT_l (mod p) or, which is the same,

-1
2k=—-1,-2,... or — <pT> (mod p).

p—1 p—1 p—1 p—1 p+1
= — — _— 1 1 = —_ = s
e (e A R T bl
where in the last equality above we separately considered the cases p = 4k + 1 and

p =4k +3.
As for the second equality, it is enough to show that

2
V’J“ IJ _ P edo).

4 8
In turn, to this end it suffices to look at the cases p = 8k+1, p = 8k+3, p = 8k+5
and p =8k + 7. O

Continuing our study of quadratic residues, we are going to prove one of the
most famous theorems of Gauss, which establishes a simple relationship between
the Legendre symbols (g) and (%), whenever p and g are distinct odd primes. Let
us start by rewriting Gauss’ lemma in a suitable way.

Lemma 12.28 If p is an odd prime and a € 7 is relatively prime with p and also
odd, then (%) = (=DM with

P

o-5l2)

J=1
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Proof Forl < j < ”T_l, let 0 < r; < p be the remainder upon division of ja by
P, so that (cf. Proposition 6.7)

a
ja = \‘—J p+rj. (12.6)
p
It is immediate that

—1 1
jaz—l,—Z,...,—(%) (modp)@p—i_

<rj<p.

Hence, in the notations of Gauss’ lemma, there are exactly m indices 1 < j < pT_l
for which pTH < rj < p, and it suffices to show that the parity of the number of
p—1

such indices equals that of ZJZ jga .

Write s1, $2, ..., S;; (after some reordering, if needed) to denote the remainders
rj such that % <rj < p,and 1y, ..., 1, (also after some reordering, if needed)
the remainders r; for which 1 < r; < pT_l. Thenm+n = pT_l and (as in the proof

of Gauss’ lemma) for 1 <i < j < pT_l we have r; # r;, p — rj. Therefore,

p—1
{1a2s~-~7T}:{p_Slsp_sz»---1p_Sm}U{t17t27-~~stn}s

a disjoint union, so that

On the other hand, adding equalities (12.6) over 1 < j < pT_l, we obtain

pP-1 NI N
a( 3 >=pZL?J+ZSj+ZIj.
j=1 j J=1

J j=1
Subtracting both relations above, it then follows that

p—1

2_1 2 . m
(a—l)(p A ):pZL%J—mP+2;sj.

j=1
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Finally, recalling that a and p are both odd and looking at the last equality above
modulo 2, we get

p—1

-5 [2]

—1

~

as wished. m]

The coming result is known in mathematical literature as the Quadratic Reci-
procity Law of Gauss. The proof we present is due to the German mathematician
of the nineteenth century Ferdinand Eisenstein.

Theorem 12.29 (Gauss) If p and g are distinct odd primes, then

(£)(2) o)

Proof By the previous lemma, we have

(3) (3) = (=" (=1",
g/ \p

with

=y |2 andnzgyﬂ.

It then suffices to show that

p—1

Bl o

J=1

for which we use the following double counting argument: since the right hand side
of the desired equality counts the number of points of integer coordinates within the
closed rectangle

-1 -1
R:{(x,y)eR2;1§x§p2 andlgyqu},

it is enough to count the number of those points in some other way, thus obtaining
the left hand side of (12.7).

For what is left to do assume, without any loss of generality, that p > ¢, and
consider the straight line y = %x (cf. Fig. 12.1). For each j > 1, the nonnegative
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! T

S
-

Fig. 12.1 Counting the y
number of points of R N Z? g;_l i y <’%1, %)
|
|
|
|
|
; -1
o | : (50
" A |
J

2

integer L%J counts the number of positive integers less than or equal to %’; on the

other hand, for 1 < j < prl we have %’ ¢ 7, so that L%J counts the number

of points of integer coordinates situated on the straight line x = j, below the line
y=5X and above the line y = 0. However, since

Ja| _|p=ba|_|a_ 4 <m:u,

p |l 2p 2 2p |~ L2 2
all of the points we are counting actually belong the closed rectangle R. Hence, in
the notations of Fig. 12.1, we have

p-l
2 .
§ {ﬂJ = # points of integer coordinates within region I of R.
, p
j=1

Analogously,

S
|

[+

\‘EJ = # points of integer coordinates within region II of R,

L4

~.
Il

and there is nothing left to do. O

We finish this section by applying the quadratic reciprocity law to the establish
the existence of certain prime numbers.

Example 12.30 Prove that there are infinitely many primes of the form 3k 4 1, with
k eN.

SFor a more general result, see Theorem 20.19.
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Proof By the sake of contradiction, suppose that there were only a finite number
of primes of the form 3k + 1, say pi, p2, ..., pp, and let x = (2p; ...p,,)2 + 3.
If p is a prime divisor of x, then we clearly have p # 2,3, p1, ..., ps, so that
p = —1 (mod 3). Moreover, since

2p1 ... pn)* = =3 (mod p),

we conclude that —3 is a quadratic residue modulo p. We must then have (_73) = 1.

=3 —1 3 —1 p=l
—)=(— (=), |—)=D"
p p p p
and, by the quadratic reciprocity law,

(3)@) _ ) st

p

However,

Thus,

(3)=c0 (@) v =(5)

Finally, p = —1 (mod 3) implies, by item (a) of Proposition 12.23, that (%) =

_Tl = —1; in turn, such an equality contradicts the fact that —3 is a quadratic

residue modulo p. O

Problems: Sect.12.3

1. If p is an odd prime, prove that —1 is a quadratic residue modulo p if and only
if p =1(mod4).

2. Prove that there are infinitely many integer values of k for which the equation
x? = y? + k does not admit any integer solutions x, y.

3. Let a, b and ¢ be given integers, not all of which equal to zero, and n be a
natural number. If there exist integers x and y, relatively prime with n and such
that ax® 4 bxy + cy> = n, prove that b> — 4ac is a quadratic residue modulo 7.

4. (Putnam) Prove that there does not exist x, y € Z for which x? 4+ 3xy — 2y? =
122.

5. Givena, b € Z, show that:

(a) 2b% + 3 has a prime divisor p such that p = 43 (mod 8).
(b) (2b>+3) 1 (a* —2).
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10.

11.

12.

13.

The two coming problems are also concerned with the extended Fibonacci
and Lucas sequences (Fy),cz and (Lj),cz, as defined in the paragraph
immediately before Example 12.25.

Let (L,),cz be the extended Lucas sequence. Prove that L, is twice a perfect
square if and only if n = 0 or 6.

. Let (Fj)nez be the extended Fibonacci sequence. Prove that F,, is a perfect

square if and only if n = 0, 1, 2 or 12.
If p # 3 is an odd prime, show that

3\ _ [ 1 if p=+£1(mod12)
p) |-1, if p=%5(modl12)

Let m and n be odd naturals, with n > 1. Prove that:

(a) 2" — 1 has a prime divisor p such that p = £5 (mod 12).
(b) @"=DtE™ —1D.

If n > 1 is a natural number for which p = 2" + 1 is prime, do the following
items:

(a) Show that 3 is a quadratic nonresidue modulo p.
(b) Conclude that 3 is a primitive root modulo p.

With respect to quadratic residues modulo a prime power, do the following
items:

(a) Leta and k be given integers, with a being odd. Prove that the congruence
x? = a (mod 2¥) has an integer solution for every k > 2 if and only if the
congruence x> = a (mod 8) has an integer solution.

(b) Let p be an odd prime and a € Z be relatively prime with p. Prove that the
congruence x> = a (mod p¥) has an integer solution for every k > 1 if and
only if the congruence x> = a (mod p) has an integer solution.

* Let a and n be relatively prime integers, withn > 1, and n = 2¥ plf‘ e pf’ be
the canonical factorization of » into prime powers. Prove that the congruence
x? = a (modn) has an integer solution if and only if the following conditions
are satisfied:

() a=1(mod2)ifk =1,a=1(mod4)ifk =2ora = 1(mod8)if k > 3.
),-—]
(i) a"7 =1 (mod p;), for 1 <i <.

(APMO) A teacher gathered his n students around a circle. Then, he chose one
of them, gave him/her a candy and, proceeding in the counterclockwise sense,
distributed candies to the students according to the following rule: he jumped
one student and gave a candy to the third one, then jumped two students and
gave a candy to the sixth one, jumped three students and gave a candy to the
tenth one, and so on, always jumping one student more than the previous time
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14.

15.
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and giving a candy to the next one. Find all values of n for which every student
will have received at least one candy after a finite number of turns of the teacher
around the circle.

Given a prime p and relatively prime integers a and n, with n > 1, we say that
a is a n-th residue modulo p if the congruence x"” = a (mod p) has an integer
solution. Generalize Euler’s criterion for quadratic residues in the following
way: if d = ged(n, p — 1), then

n—1
a is an n-th residue modulo p < AT =1 (mod p).

For the coming problem, the reader will need to use some basic facts on the
elementary symmetric sums of the roots of a polynomial, for which we refer to
Sect. 16.2.

(Bulgaria—adapted) The purpose of this problem is to show that, if p > 5
is prime and k > 1 is integer, then p> divides (k[f) — k. To this end, do the
following items:

(a) Until item (f), assume that k is odd. Conclude that

(kp ) k= —F_(f@ - fea)
p C(p- D! '

where f(X) = 1—[?;11 (X + @ + j), is a polynomial with integer

coefficients and o = (k_%.

) If f(X)=XP""+a, 2,XP2 +a, 3XP~3+ .-+ a1 X + ao, show that
f(a) — f(—a) = 2aja (mod p?) and, then, deduce that it suffices to show
that a; = 0 (mod p?).

(c) Use Girard’s relation (cf. Proposition 16.6) to show that condition a; =
p—1

0 (mod p?) is equivalent to the congruence ij rj = 0(mod p), where
rj = Hlsis% (o +17).
i#i.p= -

(d) Show that, modulo p, equality (¢ + j)(a+p— j)rj = [,2, (e +i) implies
the congruence j2rj =—(p—D!(modp),forl <j < pT_l

(e) Conclude from item (d) that r; is a quadratic residue modulo p and r; #
ri(modp),foralll <i < j < pT_l.

(f) Deduce that, modulo p, we have

p—1\2
{rl,rz,...,r%}z{12,22’___,(T> }

Then, finish the proof for odd k.
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(g) If k is even, adapt the steps delineated from items (a) to (f), arguing from
the beginning with the polynomial f(X) = ]_[57;11 (X + % — j).

12.4 Sums of Two Squares

As an application of the ideas developed so far, in this section we characterize the
natural numbers which can be written as the sum of two perfect squares. We start
by looking at the case of prime numbers, with the following result of P. de Fermat.

Theorem 12.31 (Fermat) The following conditions on an odd prime p are
equivalent:

(a) p=1(mod4).
(b) —1 is a quadratic residue modulo p.
(c) p can be written as the sum of two perfect squares.

Proof
(a) = (b): letting p = 4k + 1, it follows from item (c) of Proposition 12.23 that

(__1> = (=D = (=1)% = 1 (mod p)
p

and thus —1 is a quadratic residue modulo p.
(b) = (c): let h € Z be such that A* + 1 = 0 (mod p), and
A={(x,y); x,y€Z, 0<x,y <./p}

By the fundamental principle of counting (cf. Sect.1.1), we have |A| =
(Lﬁj + 1)2. Now, since

(WEl+1)° > VP =p

and there are only p possible distinct remainders upon division by p, the
pigeonhole principle (cf. Sect.4.1) implies the existence of distinct ordered pairs
(x1, ¥1), (x2, ¥2) € A for which

hx1 + y1 = hxa + y2 (mod p).

Letting @ = |x; —x2| and b = |y} — y2|, we have that both a and b are nonzero and,
hence,

2 2
0<a>+b* =Ix; —xl* + Iy — > <P + /P =2p.
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Howeyver, since

a® + b =|x; — 21>+ ly1 — »?
= (x] — x2)> + (hx1 — hx)* (mod p)
= (h* + 1)(x] — x2)*> = 0 (mod p),

the only possibility is that a*> + b = p.

(c)= (a):let p = a? + b2, with a, b € Z. Since p is odd, we have a even and b
odd, or conversely. Assume, without loss of generality, that a is even and b is odd.
Then, Proposition 10.9 gives

p=a’>+b>=0+1=1(mod4).
O

Before we can proceed, we need an elementary auxiliary result, usually attributed
to Euler and known as Euler’s identity.

Lemma 12.32 Let m and n be natural numbers, both of which can be written as a
sum of two perfect squares. Then, mn can also be written as a sum of two perfect
squares.

Proof Writing m = a® + b* and n = ¢ + d?, we have
mn = (a2 + l72)(c2 + d2)
= ((@c)* + (bd)*) + ((ad)* + (bc)?) (12.8)

= (ac + bd)* + (ad — bc)?.
O

The coming result also credited to Fermat, provides a necessary and sufficient
condition for a natural number to be written as a sum of two perfect squares.

Theorem 12.33 (Fermat) A natural number n > 1 can be written as a sum of two
perfect squares if and only if the following condition is satisfied: for each prime p
such that p = 3 (mod 4), the greatest power of p that divides n has even exponent.

Proof In what follows, write

b b
n=2p" .. .ptq"...q

with a, a;,b; € Z4 and p;, g; prime numbers such that p; = 1 (mod4) and g; =
3(mod4), foralll <i<kandl <j <I.

(i) Ifeachb; iseven, then n can be written as a sum of two perfect squares: to prove
this, first note that, by Theorem 12.31, each p; can be written as such; on the
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other hand, we have 2¢ = (24/2)24-0? if g iseven 2¢ = (204~ D/2)2 1 (2e=1)/2)2
if a is odd; also, writing b; = 2c;, with ¢; € Z for 1 < j < [, we have

qu = (qlc-j )2 + 0%. Therefore, repeated applications of Lemma 12.32 allow us
to conclude that n can be written as a sum of two squares.

(ii) If n can be written as a sum of two perfect squares, then each b; is even: it
suffices to prove that if n can be written as a sum of two squares and b; > 1,
then b; > 2 and q”—z can also be written as a sum of two squares. To this end, if

J
n=c?+d? withe,d € Z, then ¢2 +d* = 0 (modg;).If d = 0 (modg;), then
¢ = 0(modg;) and hence n = A+d*=0 (mod qu.); therefore, b; > 2 and

n c\? d\?
==\ t\=)-
q; qj qj
By the sake of contradiction, assume thatd # 0 (mod ¢;). Then ged(d, g;) = 1,

so that d is invertible modulo ¢;. Letting f denote its inverse modulo g, we
obtain

(cf)*+1=0(modg;).

This contradicts Theorem 12.31, for g; = 3 (mod 4). m|

We finish this section by showing that there is essentially only one way of writing
a prime congruent to 1 modulo 4 as a sum of two perfect squares.

Proposition 12.34 If p is a prime number of the form 4k+1, then there exist unique
x,y € Nsuch that x < y and x> + y* = p.

Proof We already know that there exists at least one pair of natural numbers x and
y such that X2+ y2 = p. Assume that a, b is another such pair and note that a, b, x
and y are all relatively prime with p and less than ,/p. We may then choose integers
1 <c¢,z < psuchthat xz =y and ac = b (mod p).

We first claim that either ¢ = z or ¢ + z = p. Indeed, we have

0=x2+ y2 =x+ (xz)2 = xz(z2 + 1) (mod p),
so that z> = —1 (mod p). Analogously, ¢> = —1 (mod p), and hence p divides
22 — 2 = (z — ¢)(z + ¢), which in turn is the same as saying that p divides either
z—cor z+c. However, since 1 < ¢, z < p,itfollowsthat —p < z—c < z4+c¢ < 2p,
and this (together with the fact that p | (z —c)or p | (z+¢)) givesz —c = 0 or
z+c=p.
Now, assume that ¢ = z. Then, the choices of ¢ and z guarantee that

bxz = acy = ayz (mod p), (12.9)
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and cancelling z we obtain bx = ay (mod p). However, since 0 < a, b, x,y < /p,
we have 0 < bx, ay < p, and then bx = ay. Therefore,

e = (2= G e = ()

which gives y = b and x = a.

If z + ¢ = p, then, arguing as in (12.9), we arrive at bx = —ay (mod p) and,
hence, at bx + ay = p. Thus, (12.8) furnishes

p2 = (a2 + b2)()c2 + y2) = (bx + ay)2 + (by — a)c)2 = p2 + (by — ax)z,

from which by = ax. We now obviously get x = b and y = a. O

Problems: Sect.12.4

1. The purpose of this problem is to show that there are infinitely many natural
numbers that cannot be written as a sum of three squares. More precisely, prove
the following result of Euler: there does not exist integers k, /, x, y, z such that
[ > 0and

X2+ 2+ 22 =4@k+7).

2. Ifa, b, c € Nare such thata(a — 1) = b2 + ¢%, show that a + b is odd.
x2+y2
x—y

is an

3. (BMO) Find all pairs of distinct natural numbers x and y such that
integer which divides 1995.

4. Given a natural n, prove that there exist n consecutive naturals such that none of
them can be written as the sum of two perfect squares.

5. The purpose of this problem is to prove a theorem, due to Lagrange, which asserts
that every natural number can be written as a sum of four perfect squares. To
this end, we first observe that the following generalization of Euler’s identity
holds: if two given naturals m and n can be written as sums of four squares,
then mn can also be written this way. Indeed, if m = a® + b? + ¢ + d?* and
n = w? +x% 4 y? + z2, then a simple (though surely tedious) verification shows
that®

mn = (aw — bx — cy —dz)2+(ax+bw+cz—dy)2
(12.10)
+ (ay — bz +cw —i—a’x)2 + (az + by — cx +dw)2.

SFor a natural proof of such an identity, we refer the reader to item (f) of Problem 10, page 327.
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Given such a result, do the following items’:

(a) Let p be prime, S = (x% x € Zp}yand " = {—1 —y; y € S}. Prove that
SNS #@.

(b) Conclude that, if p is prime, then there exist x, y,m € Z such that | <m <
pand x2 + y2 4+ 1 = mp.

(c) Let p be prime and 1 < m < p be such that mp = x12 + x% + x% + xf,
with x1,x2,x3,x4 € Z. If =3 < y; < % is chosen in such a way that
x; = y; (modm), prove that there exists 1 <
Y3+ Y3+

(d) Complete the proof of Lagrange’s theorem, showing that every natural
number can written as the sum of four perfect squares.

r < m for which rp = y% +

6. (IMO shortlist—adapted) The purpose of this problem is to find out all n € N for
which there exists some m € N such that 2" — 1 divides m2 + 9. To this end, do
the two coming items:

(a) By contradiction, show that if 2" — 1 divides m? + 9 for some m € N, then
n is a power of 2.

(b) If n = 2%, make induction on k to show that there exists m; € N such that
22" _ 1 divides m2 + 9.

7We follow the steps delineated in problem XI.14 of the marvelous book [32].



Chapter 13 )
Complex Numbers Qs

It is an obvious fact that the set of reals is too small to provide a complete description
of the set of roots of polynomial functions; for instance, the function x x2+1,
with x € R, does not have any real root. Historically, the search for such roots
strongly motivated the birth of complex numbers and the flowering of complex
function theory. In this respect, a major first crowning was the proof, by Gauss, of
the famous Fundamental Theorem of Algebra, which asserts that every polynomial
function with complex coefficients has a complex root.

In this chapter, we concentrate ourselves in the construction and discussion of
the elementary properties of the set of complex numbers, postponing to Sect. 15.1
the presentation of one simple proof of the aforementioned theorem of Gauss.

13.1 Basic Definitions and Properties

As was seen in Chapter 1 of [8], one generally looks at the set R of real numbers as
the number line: one starts with a straight line (geometric entity), choosing a point
in it to correspond to O; then, one chooses a standard length to correspond to the unit
of measure, and two distinct rules to operate with two points along the line (such
operations being called addition and multiplication of real numbers), so that one
gets a third point as the result of operating (i.e., adding or multiplying) two given
points. We then call the points along the line as real numbers, assume that they fulfill
the whole line and check that the operations of addition and multiplication satisfy
the usual properties of commutativity, associativity etc.
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The discussion at the former paragraph hints to the following natural question:
would there be some way of defining two operations with the points of an Euclidean
plane in a way similar to the ordinary addition and multiplication of real numbers?
The answer to this question is yes and the resulting set, which we are about to
describe, is that of complex numbers.

Look at the cartesian plane as the set R x R of ordered pairs (a, b) of reals. Let
@ and © be the operations with the points of such a plane defined by

(a,b)®(c,d) = (a+c,b+d) and (a,b)O(c,d) = (ac—bd, ad+bc), (13.1)

where + and - respectively denote the ordinary addition and multiplication of real
numbers.

One can straightforwardly verify that @& and © are associative and commu-
tative operations, and that ©® is distributive with respect to @, i.e., that for all
a,b,c,d,e, f € R, the following properties hold:

i. Associativity of @ and ®: (a, b) D ((c,d) D (e, f)) = ((a,b) D (c,d)) D (e, f)
and (a, b) © ((c,d) © (e, ) = ((a, D) © (c,d)) O (e, ).
ii. Commutativity of @ and ®: (a,b) & (¢, d) = (¢,d) @ (a,b) and (a,b) O
(c,d) = (c,d) ® (a, b).
iii. Distributivity of ® with respect to ®: (a, b) © ((c,d) @ (e, f)) = ((a,b) O
(c,d)) ® ((a, D) © (e, [))

It is also pretty clear (check it!) that (0, 0) and (1, 0) are identities for @ and ©,
respectivamente, i.e., that

(a,b) ® (0,0) = (a,b) and (a,b) © (1,0) = (a, b),
for all a,b € R. Below, we prove a further important arithmetic property of ©,
which is known as the cancellation law.

Lemma 13.1 The following cancellation law holds for ©:
(a,b) © (c,d) =(0,0) = (a,b) = (0,0) or (c¢,d) =(0,0).

Proof Since (a, b)®(c,d) = (ac—bd, ad+bc), we getac—bd = 0 and ad+bc =
0. Therefore, arguing as in the proof of Euler’s identity (cf. Lemma 12.32), we get

0 = (ac — bd)? + (ad + be)? = (@* + b>)(c? + d?).

Hence, either a® + b% = 0 or ¢ + d? = 0, which is the same as saying that either
(a,b) =0or (c,d) = 0. |

Now, let us look at the real line as the horizontal axis of the cartesian plane,
which is equivalent to identifying each real number x with the ordered pair (x, 0).
We have to check whether such an identification is good, in the sense that the results
of performing @ and © with such ordered pairs give (up to identification) the same
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results we would get if we first performed the usual operations of addition and
multiplication of real numbers. This reduces to verifying that

x, 08 (»,00=(x+y,0) and (x,0) © (y,0) = (xy, 0), (13.2)

which is totally immediate.

Thanks to the above computations, together with the fact that x — (x,0) is
injective, we can safely consider R, furnished with its usual operations of addition
and multiplication, as a subset of R x R, furnished with the operations & and ©®
defined as in (13.1). This also allows us to call the points of the cartesian plane as
numbers, more precisely as the complex numbers. From now on, we shall denote
the set of complex numbers by C.

In what follows, we shall derive an easier way to represent the set of complex
numbers and its operations. To this end, let us henceforth denote by i the complex
number (0, 1), calling it the imaginary unit.'

Letting ~ denote the identification of the points along the horizontal axis with
real numbers, and taking into account the definition of ®, we are led to conclude
that

i=0,D00,1)=0-0—1-1,0-1+1-0)=(=1,0) ~ —1. (13.3)

Note also that
(a,b) =(a,0)® (0,b) = (a,0) ® ((b,0) © (0, 1)) =~ a+ bi, (13.4)

which is said to be the algebraic form.

From now on, we shall write simply + and - to respectively denote the operations
@ and ©, and shall write a + bi to denote the complex number (a, b). We shall
also omit the identifications involved, for, as we shall see in a few moments, there
is no danger that such a usage induces wrong arithmetic inside C. It thus follows
from (13.4) that

a+bi=0<% (a,b)=(0,0) < a=>b=0.

According to (13.3), in the set C of complex numbers the equation

x*+1=0

IThe names complex and imaginary are rooted in the historical development of complex numbers.
More precisely, when mathematicians started using complex numbers, even without having a
precise definition of what they should be, they called them complex or imaginary, in allusion to the
oddness of guessing the existence of “numbers” whose squares could be negative.
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has i as a root. As we shall see along this chapter and Chap. 15, this is the core fact
related to the importance of complex numbers.

As we anticipated above, a good reason for writing (a, b) € C in the algebraic
form a + bi is that, upon doing it, we can operate with complex numbers exactly as
we do with reals; one just has to take into account that i 2 — —1. Indeed, we check
below that the computations performed this way lead to the same results as those
done by directly using the definitions of 4 and - (i.e., ® and ©) in C:

e Computation of (a, b) + (c, d): by definition, we have (a, b) + (¢, d) = (a +
¢, b 4+ d). On the other hand, operating as we would do with reals, we obtain

(a+bi)+(c+di)=(a+c)+ (b+4d)i.

However, since we are writing (a +c, b+ d) = (a + ¢) + (b + d)i, both results
do coincide.

e Computation of (a, b) - (c, d): by definition, we have (a, b) - (c¢,d) = (ac —
bd, ad + bc). Operating once more as with real numbers, we get

(a + bi)(c +di) =ac + adi + bci + bdi® = (ac — bd) + (ad + bo)i,
since i2 = —1. Here again we are writing (ac — bd, ad + bc) = (ac — bd) +
(ad + bc)i, so that both results also coincide.

Thanks to the above identifications, we can surely write R C C, with x € R
written in algebraic form as x 4 0i. Moreover, by analogy with the addition and
multiplication of reals, we shall also call the 4 and - operations on complex numbers
as the addition and multiplication, respectively.

Proceeding with the development of the theory, let us introduce in C other two
operations, this time extending the subtraction and division of real numbers. Before
we go on, we remark that it is common usage to write z, w etc to refer to general
complex numbers, so that each one of them has its own algebraic form.

Given z, w € C, subtracting w of 7 means obtaining a complex number z — w
(the difference between z and w) such that z = (z — w) + w. Writing z = a + bi and
w = ¢ + di and operating as with reals, we easily see that the only possible way of
defining z — w is by letting

z—w=(@+bi)—(c+di)=(a—c)+ (b—d)i.
Formally, for z = a + bi and w = ¢ + di, the complex number z — w is defined by
z—w=(a—c)+ (b—4di, (13.5)
being called the difference between z and w, in this order.

Also for z, w € C, with w # 0, dividing z by w means obtaining a complex
number z/w (the quotient between z and w) such that z = (z/w) - w. Letting
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z =a+bi and w = ¢ 4 di, and operating as we do upon rationalising real number,
we immediately get

z a+ bi (a + bi)(c —di)
w  c+di  (c+di)c—di)
_ (ac + bd) + (bc — ad)i

N 2 +d?
ac+bd bc—ad .
Saya T aEvat

as the only possibility for z/w.
Formally, for z = a 4+ bi and w = ¢ + di, with w # 0, the complex number z/w
is defined by

z ac+bd bc—ad.

< _ i,
w cz—i-dz—i_cz+d2

(13.6)

being called the quotient between z and w, in this order.

The particular case of dividing 1 by a nonzero complex number leads us to
conclude that every complex number z # O possess an inverse with respect to
multiplication. Writing z = a + ib # 0, it follows from (13.6) that such an inverse,
which we shall denote by z~! or 1/z, is given by

-1 a b .
= - i
CTaTR T a2+

Once again, note that we need not worry about memorizing the above formulas. It
just suffices to operate as we do with real numbers.

In order to simplify lots of forthcoming computations, we now introduce the
following notation: for z = a + bi € C, we write 7 to denote the complex number
Z = a — bi, and call it the conjugate of z. In particular, we have Z=2z.

Note also that, upon multiplying z by z, we get as result the real number a* + b2,
for

z2-7=(a+bi)a—bi) =d> — (bi)* =a* + b

We write |z| = +a? + b? and call |z| the modulus of z. When z € R, it is
immediate to note that the notion of modulus of a complex number, as defined
above, coincides with the usual notion of the modulus of a real number (cf. [8],
for instance). In short,

z=a+bi = |z =22 =a* + b (13.7)
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Fig. 13.1 Conjugation of Im
complex numbers in the
complex plane
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Yet another simple fact concerning the modulus of a complex number is that
|z| = |z|. This will become geometrically apparent quite soon (cf. Fig.13.1),
provided we go back to the very definition of C, looking at complex numbers as the
points of the cartesian plane. Upon doing this, we obtain a geometric representation
of C, which is known as the complex plane.”

In the complex plane, the horizontal and vertical axes are respectively called
the real and imaginary. The real axis is this formed by the complex numbers
which are actually real numbers (i.e., by the ordered pairs (x, 0) & x), whereas the
complex numbers along the imaginary axis are those of the form yi, with y € R
(this corresponds to the ordered pairs (0, y) = (v, 0) - (0, 1) & yi); such complex
numbers are called pure imaginary (so that i is one of them).

Also with respect to the complex plane, since z = a + bi = (a, b), it follows that
z and 7 = a — bi are symmetric with respect to the real axis (cf. Fig. 13.1); hence,
|z] = |z|. On the other hand, the real numbers a and b are respectively called the
real and imaginary parts of z, and are denoted

a = Re(z), b =Im(z).

Thus, z = Re(z) + i Im(z), so that 7 = Re(z) — i Im(z) and, hence,

2 nd Im() = Zzl (13.8)
l

Re(z) =

2Also called the Argand-Gauss plane, in honor of the amateur Swiss mathematician of the
eighteenth century Jean-Robert Argand, and of the great J. C. F. Gauss.



13.1 Basic Definitions and Properties 323

The following lemma collects further useful properties of the conjugation of
complex numbers. In order to properly state it, we observe that the associativity
of the multiplication of complex numbers guarantees the well definiteness of the
n—th power 7", forz € Cand n € N, as z! = z and

I =Z...0

n times

for n > 1. Moreover, such a definition can be easily extended to integer exponents
n by setting, for z € C \ {0}, 7% = 1 and, for an integer n < 0,

1
7

'=(z

711)71

Then, easy inductive arguments allow us to show that the usual arithmetic rules
for powers remain valid, namely:

"' =7" and (zw)" ="w" (13.9)

forallz,w € C\ {0} and m, n € Z.
We also take the opportunity to point out (although this would not be needed in
the coming lemma) that the usual binomial formula,

C+w'=)_ (Z)z"‘kwk

k=0

(for all z, w € C\ {0} such that z + w # 0, and every n € N), also holds true in
C, since its proof only depends on properties of addition and multiplication of real
numbers that also hold true in C.

We can finally state and prove the aforementioned result.

Lemma 13.2 [f z and w are nonzero complex numbers, then:

(a) zeR & Re(z) =0 z=1

(b) Z+w=Z+W, 7w =2-wand z/w = 7/W.
(c) 7" = )", for everyn € Z.

(d lzl=1&z=1/z

Proof

(a) Letting z = a + bi, we have

zeR&b=0&Sa+bi=a—-bi & z7=7
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(b) Writing z = a + bi and w = ¢ 4 di, we compute

T4+W = (a— bi) + (c — di)
=(@a+c)—(b+d)i

=ztw

and

Zw = (ac — bd) + (ad + bc)i
= (ac — bd) — (ad + bc)i
= (a —bi)(c—di) = 7-w.

From this last one, it follows that

Zfw-w=z/w-w=7
and, hence,
z/w=7z/w.

(c) Forn = 0, the result is immediate and, for n € N, it easily follows by induction
from (b). For an integer n < O, first note that, by item (b), we have

1:T=ZZ71:Z' -1

El

I3\l

so that z=! = (@)~ '; hence, letting u = z~!, the first part above, together
with (13.9), furnishes

F=u =@ =@ )" =@ ="
(d) Since (cf.(13.7)) z - 7 = |z|?, we conclude that

zZl=1wz-2=1&27=1/z
O

Example 13.3 (Spain) If z and w are complex numbers of modulus 1 and such that

zw # —1, show that fi;fﬂ is real.

Proof Lettinga = szuli), item (a) of the previous lemma guarantees that it is enough

to show that @ = a. To this end, note that, by applying items (b) and (d) of that same
result, we get




13.1 Basic Definitions and Properties 325

O

Our next result gives quite a useful geometric interpretation of the modulus of
the difference of two complex numbers.

Proposition 13.4 Given z, w € C, the real number |z — w| equals the Euclidean
distance from z to w in the cartesian plane subjacent to the corresponding complex
plane.

Proof If z = a + bi and w = ¢ + di, then

lz—w|=|(@—c)+ B —d)il = (a—c)?+@b—d)>

On the other hand (cf. Fig. 13.2), basic Analytic Geometry (cf. Chapter 6 of [9])
assures that the distance from z to w is also given by \/ (a—0c)+ (b —d)?2 |

The coming inequality (13.10) is known as the triangle inequality for complex
numbers.

Corollary 13.5 Ifu, v and z are any complex numbers, then
lu—vl <lu—z|+|z—0v. (13.10)

Proof According to Proposition 13.4, the corollary only says that the length of any
side of a (possibly degenerate) triangle does not exceed the sum of the lengths of
its other two sides. However, we already know this to be true (cf. Theorem 2.26 of

[9D. O

Fig. 13.2 Modulus of the Im
difference between two
complex numbers

Re
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Problems: Sect. 13.1

1. With respect to the operations of addition and multiplication of complex
numbers, check that they are associative and commutative, as well as that
multiplication is distributive with respect to addition. Check also that (0, 0)
and (1, 0) are unit elements for the addition and multiplication, respectively.

2. *Given z, w € C, prove that:

(@) lzw| = |z| - [w] and (if w # 0) |z/w]| = |z|/|w].
(b) |z 4+ wl? = |z|> + 2Re(zw) + |w|>.

3. * Use item (b) of the previous problem to establish, for all z, w € C\ {0}, the
validity of the inequality |z+w| < |z|+|w|, with equality if and only if z = Aw,
for some A > 0. This inequality is also known as the triangle inequality for
complex numbers. Use it to:

(a) Deduce the validity of (13.10).
(b) Prove that ||z] — |w|| < |z — w|, forall z, w € C.

4. For a given z € C, show that |z| = 1 if and only if there exists x € R for which
1-ix
=

I+ix "
5. (OCM) Let a and z be complex numbers such that |[a| < 1 and az # 1. If

Z—da

<1,

l—az

prove that |z] < 1.
6. Leta € C and R > 0 be such that |a| # R. Let I" be the circle of center a and

radius R in the complex plane (so that 0 ¢ I'), and " = {%, z € F}. Show that

[ is the circle of center WL—RZ and radius Hal+Rﬂl’
For the coming problem, we define a sequence of complex numbers as
a function f : N — C. As in our discussion of sequences of real numbers,
performed in [8], given a sequence f : N — C we write z, = f(n) and refer
to the sequence f simply by (z,)n>1.
7. (Netherlands) The sequence (zx)k>1 of complex numbers is defined, for k € N,
by

k ;
i
Ik = 14 —> s
e+
with i representing the imaginary unit. Find all n € N for which

n
> laket =zl = 1000.
k=1
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8. Given z, w € C, let u and v be the vectors starting at 0 and having z and w
as endpoints, respectively. Prove that the complex numbers z + w and z — w
are the endpoints of the vectors u + v and u — v, respectively, both of which
starting at 0.

For the coming problem, recall (cf. Sect. 4.3) that a (partial) order relation
in a nonempty set X is a relation < in X which is reflexive, transitive and
antisymmetric; moreover, if we have x < y or y < x for all x, y € X, then the
order relation < is said to be a total ordering of X.

9. Prove that the set of complex numbers cannot be totally ordered. More
precisely, prove that there does not exist, on C, a total ordering <, which
extends the usual order relation in R and satisfies the conditions

0<xz,w=0=<xz+4+w,zw.

The coming problem generalizes the construction of C, presenting the set H
of Hamilton’s® quaternions (also called quaternionic numbers).
10. *InH = {(a, b, c,d); a, b, c,d, € R}, let @ and © be the operations defined,
fora = (a,b,c,d)and 8 = (w, x, y, ), by

a@p=@+wb+x,c+y,d+2)
and
a®p =(aw—bx —cy —dz,ax +bw + cz — dy,
ay — bz 4+ cw +dx,az 4+ by — cx + dw),

where + and - respectively denote the usual operations of addition and
multiplication of real numbers. Such operations are called the addition and
multiplication of H. With respect to them, do the following items:

(a) Show that the function ¢ : R — H, given by ¢(x) = (x, 0, 0, 0) preserves
operations, in the sense that

Lx) @ u(y) =ulx +y) and 1(x) O u(y) = t(x +y),

forall x, y € R.

(b) Show that the functions ¢, 2,13 : C — H, given by ¢;(x + yi) =
(x,9,0,0), o(x+yi) = (x,0,y,0) and t3(x +yi) = (x,0,0, y), preserve
operations, in the sense that

(@)@ j(w) =tj(z+w) and ¢;(z) Otj(w) =tj(z+w),

forallz,we Cand1 < j < 3.

3 After William R. Hamilton, Irish astronomer, mathematician and physicist of the nineteenth cen-
tury. Quaternions have many important applications in Mathematics and Physics, but unfortunately
they lie far beyond the scope of these notes.
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13 Complex Numbers

In view of items (a) and (b), we hereafter write simply + and - to denote
@ and O, respectively, x to denote (x,0,0,0) and i = (0,1,0,0), j =
(0,0,1,0) and k = (0, 0, 0, 1). Under these conventions, show that

2= 2=k =—1
(13.11)

ij=—ji=k jk=—kj=iki=—ik=j
and
(a,b,c,d) =a+ bi +cj + dk.

Show that the results of (a + bi + ¢j + dk) + (w + xi + yj + zk) and
(a 4+ bi +c¢j +dk) - (w+ xi + yj + zk) are the same we would have
obtained by using the usual operations of addition and multiplication of
real numbers, together with (13.11). From this, conclude that:

i. The addition of quaternions is commutative, associative and has O as
identity.

ii. The multiplication of quaternions is associative, distributive with
respect to + and has 1 as identity; nevertheless, it is not commutative.

Foro =a+bi +cj+dk € H, letoe = a — bi — cj — dj be the conjugate
of a. For a, B € H, show that o = &p.

For o = a+bi +cj +dk € H, let || = va2 + b2 + ¢2 + d? be the norm
of a. Show that «@ = |«|* and |aB| = |«||B], for all &, B € H.

Use the result of the previous item to deduce identity (12.10).

Conclude that, given o« € H \ {0}, there exists a single § € H for which
af = 1. Then, show that the following cancellation law holds in H: if
a, B € Hare such that ¢ = 0, then o = 0 or 8 = 0.

(Japan) Let P be a convex pentagon whose sides and diagonals have, in some
order, lengths equal to [y, I, ..., [1o. If all of the numbers l%, l%, ety 13 are
rational, prove that / %0 is also rational.

13.2 The Polar Form of a Complex Number

Given z = a + bi € C\ {0}, let ¢ € [0, 27r) be the least value, in radians, of the
trigonometric angle measured from the positive real axis to the half line joining O to
z (cf. Fig. 13.3).

Writing

||( a L b )
Z=|Z L),
Va2 + b2 Va2 +b?
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Fig. 13.3 The polar form of Im
a complex number
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we easily get

a ) b
cose = ——— and sina =

W2+ b2 /a2 + b2’

so that
7 =|z|](cosa + i sina). (13.12)

Since sin(a + 2kw) = sina and cos(w + 2kw) = cosa for every k € Z,
equality (13.12) continues to hold with o 4 2km in place of «. For this reason,
from now on we say that the real numbers of the form o + 2kw, with k € Z,
are the arguments of the nonzero complex numbers z, and that « is its principal
argument.

Letting o be any argument of z € C \ {0}, we shall call (13.12) the polar, or
trigonometric, form of z. Note that

|cosa +isina| =1, (13.13)

for every o € R. Hereafter, we shall denote the complex number coso + i sino
simply by cisa. Thus, letting o be an argument of z € C \ {0}, it follows
from (13.12) that

z = |z|cisa.
The coming example presents an interesting, albeit elementary, use of the notion

of argument of a nonzero complex number.

Example 13.6 Among all complex numbers z for which |z — 25i| < 15, find the
one having smallest principal argument.

Solution The complex numbers satisfying the given condition are those situated on
the closed disk bounded by the circle of center 25i and radius 15. Among these, the
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one with smallest principal argument, say z, is easily seen to be such that the half

line starting at O and passing through z is tangent to the aforementioned circle in the
first quadrant of the cartesian plane (see the figure below).

Im

251

Since the radius of the circle is 15, Pythagoras’ Theorem applied to the right
triangle with vertices 25i, z and O gives |z| = 20. Now, letting z = a + bi, we have
that a equals the height of such a right triangle relative to its hypotenuse. Therefore,
the usual metric relations on right triangles (cf. Chapter 4 of [9], for instance) give
25a = 15 - 20, so that a = 12. From |z| = 20 we get

207 = |z|*> = a* + b* = 12% + b?

and, since z belongs to the first quadrant, b = 16. Hence, z = 12 + 16i. O

Back to the development of the theory, we now present the computational
advantages of the polar form of nonzero complex numbers. We start with a simple,
albeit very important result.

Proposition 13.7 Given «, 8 € R, we have
cisa - cis 8 = cis(a + B). (13.14)
Proof 1Tt is enough to compute

cisa - cisB = (cosa + i sina)(cos B + i sin B)
= (cosa cos B — sina sin B) 4+ i(cos a sin B + cos B sin )
= cos(a + B) + i sin(a + B)
= cis (& + B),

where in the third equality above we applied the usual addition formulas of
Trigonometry (cf. Chapter 7 of [9], for instance). O
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Fig. 13.4 Geometric Im
interpretation of the
multiplication by cis «

z - cls a u

The coming corollary provides the usual geometric interpretation for the multi-
plication of complex numbers, one of which of modulus 1. For the general case, we
refer the reader to Problem 1.

Corollary 13.8 Let o be a given real number and z € C \ {0}. If u is the vector
that goes from 0 to z, then the point of the complex plane representing (cis) - z is
the endpoint of the vector obtained from u by means of a trigonometric rotation* of
center O and angle o (cf. Fig. 13.4).

Proof Letting z = |z] cis 6, we have from (13.14) that
z-cisa = |z|cisf - cisa = |z|cis (6 + ).

Now, the description of the polar form assures that this last complex number is
precisely the endpoint of the vector obtained from u by means of a trigonometric
rotation of « radians. ]

Formula (13.15) below, known as the first de Moivre’s formula, gives further
insight on the computational advantages of the polar representation of nonzero
complex numbers.

Proposition 13.9 (de Moivre) If z = |z|cis« is a nonzero complex number and
n € 7, then

7" = |z|" cis (na). (13.15)

Proof The case n = 0 is trivial. For the time being, assuming we have proved the
formula for n > 0, let us show how to set its validity also for n < 0. To this end,

4Recall that this means we rotate u through an angle of « radians, in the counterclockwise sense if
o > 0 and in the clockwise sense if @ < 0.
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let n = —m, with m € N. Given 6 € R, it follows from item (d) of Lemma 13.2,
together with |cis 8| = 1, that

(cis@)_1 =cisf = cosf +isinf = cosf —isinf
(13.16)
= cos(—0) + i sin(—60) = cis (—0).

Therefore, since we are assuming the validity of (13.15) with m in place of n, we
get

" =77 = (|z|cisa) ™™ = |z| ™ (cis (ma)) !

= |z|" cis (—ma) = |z|" cis (na).

For n > 0, let us make induction on #n, the case n = 1 being trivial. Assuming
that the result holds true for some n € N and invoking (13.14), we obtain

=277 = |z]cisa - |z]" cis (na)

n+1

= |z]"" cisa - cis (na)

= |z" cis (n + Da.
[}

Let us now compute the arguments of the product and the quotient of two nonzero
complex numbers.

Corollary 13.10 Ifz = |z|cisa and w = |w|cis 8 are nonzero complex numbers,
then

zw = |zw|cis (¢ + B) and L= cis (o — B).
w

In particular, o + B (resp. o — B) is the measure, in radians of an argument for zw
(resp. for z/w).

Proof Let us do the proof for =, the other case being entirely analogous. To this
end, it suffices to successively apply (13.16) and (13.14) to get

Z . -1 - 4 .
— = |z|cisa - |w| 1czls(—,B)zu- cis (o — B).
w lwl

O

Given n € Nand z € C\ {0}, we say that a complex number w is an n-th root
of z provided w”" = z. In contrast with what happens with real numbers, we shall
see next that the number of n-th roots of each nonzero complex number is exactly 7.
Nevertheless, whenever there is no danger of confusion, we shall write simply &/z
to denote any such root. In any case, formula (13.17) below, known as the second
de Moivre’s formula, teaches us how to compute all of them.
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Proposition 13.11 (de Moivre) If z = |z|cis« is a nonzero complex number and
n € N, then there are exactly n distinct complex values for the n-th root of z.
Moreover, such values are given by

Ul - cis(@); 0<k<n, ke, (13.17)

where /|z| stands for the usual positive real root of |z|.

Proof Writing w = r cis 6, we have

w' =z & (rcisf)"” = |z|cisa
& r'cis (nf) = |z|cisa

& r" =|z| and n0 = o + 2knw, Ik € Z.
In turn, these last two equalities take place if and only if r = {/|z| and 6 = %

for some k € Z. Hence, there will be as many distinct n-th roots of z as there are
a+2km
n

b}

distinct complex numbers of the form cis ( ) Now, it is easy to see that

Csa+2kmw /a4 2k +n)mw
c1s<—> = c1s(—)

n n
and
Lo+ 2km /a4 2m
ms(—) #* ms(—)
n n
for 0 < k <[ < n, so that is suffices to consider the integers k such that 0 < k < n.

O

In spite of the above formula, it is worth noticing (and will be clear in a few
moments) that its major role is theoretical; in other words, it is not always the best
way of actually computing the roots of a given complex number. This is due to the
fact that not always the polar form of a nonzero complex number is actually useful
in computations, as shown by the coming

Example 13.12 Compute the square roots of 7 + 24i.

Solution If we try to use the second de Moivre’s formula, we ought to start by
writing 7+ 24i = 25 cis o, with @ = arctan 27—4. Then, we invoke (13.17) to compute

A/ T+ 24i as being equal to either

. [ . o+ 2w
Scis (—) or 5015( )
2 2
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We now get to the point: since @ = arctan 27—4, we shall have to compute cos (%)
and sin (%) by knowing tano = 27—4. Although this can be done with the adequate
trigonometric formulas, it is much simpler to take an alternative path, which we
shall now describe.

Write 7 4+ 24i = (a + bi)2, with a, b € R, so that a + bi is a square root of
7+ 24i. Expanding (a + bi)? and equating real and imaginary parts in both sides of
the equality thus obtained, we get the system of equations

a? -2 =17
{ ab =12
Squaring the second equation and substituting a> = b>+ 7 in the result, we arrive at
the biquadratic equation (b2 +T7)b% = 144, so that b2 = 9. Now, since ab = 12 > 0,
we conclude that ¢ and b must have equal signs, so that the possible ordered pairs

(a, b) are (a,b) = (3,4) or (—3, —4). Therefore, the square roots we are looking
for are (3 + 4i). |

We now present an interesting (and useful) geometric interpretation of the n-th
roots of a nonzero complex number.

Proposition 13.13 If z is a nonzero complex number and n > 2 is natural, then, in
the complex plane, the n-th roots of z are the vertices of a regular n-gon with center
at the origin.

Proof Letting o be an argument of z, it follows from the second formula of de
Moivre that the n-th roots of z are the complex numbers z¢, 21, ..., Zn—1 such that

.o+ 2kw
k= /lz| - Cls(T)’

forO0 <k <n.
From (13.13), we obtain

.o+ 2k ,
2kl = 1al|eis (S )| = V.

so that all of the points zx lie on the circle of the complex plane centered at O and
having radius /|z].
On the other hand, it follows from Corollary 13.10 that

Zk+1 . (271)
— =cis|{—),
2k n

for 0 < k < n. Therefore, letting u; denote the vector that goes from 0 to zx,
Corollary 13.8 assures that the angle between u; and uy 1, in radians and in the
counterclockwise sense, is equal to 27”

The result follows immediately from these two facts. O
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Fig. 13.5 Geometric Im
configuration of the fourth
roots of —1

Example 13.14 Figure 13.5 represents the fourth roots of —1. Observe that z; =
JT=Tcis Z = l—jil

As an important particular case of the discussion of roots of complex numbers,
we say that the complex number w is a root of unity if there exists a natural number
n such that " = 1. In this case, w is said to be an n-th root of unity.

Since 1 = cis 0, the second formula of de Moivre teaches us that the n-th roots
of unity are the n complex numbers given by

. 2k
wp = c1s(—); O<k<n, keZ (13.18)
n

Writing w = cis 27”, it follows from the first formula of de Moivre that

. (2km . (2 N\k X
ms(—) = 01s(—) =o".
n n
Therefore, the n-th roots of unity are the complex numbers
Lo,.. . o (13.19)

As we shall see along the rest of this book, roots of unity are quite useful in a
number of situations, both algebraic and combinatorial. For the time being, a clue of
why this is so is provided by the following consequence of the previous proposition.
In order to properly state it, from now on we shall refer to the circle of the complex
plane with center 0 and radius 1 simply as the unit circle.

Corollary 13.15 Ifn > 2 is a natural number, then the n-th roots of unity are the
vertices of the regular n-gon inscribed in the unit circle and having 1 as one of its
vertices.
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Fig. 13.6 Sixth roots of unity Im

Proof Apply Proposition 13.13 to z = 1, noticing that 1 is also one of the roots we
are looking at. O

Example 13.16 1In the notations of Fig. 13.6 we have w = cis 2?” = 1+§‘/§, so that
the complex numbers 1, w, ..., @’ are the sixth roots of unity. Note also that 1, w?
and w* are the cubic roots of unity, whereas w, @® = —1 and @° are the cubic roots

of —1.

We finish this section by presenting two examples involving roots of unity and
which are somewhat more algebraic in nature.

Example 13.17 Given n € N, find all of the solutions of equation (z — 1)"* = z".

Solution Since z = 0 is not a solution, the given equation is equivalent to

n
(1 — %) = 1. Hence, letting w = cis 27” the above discussion assures that 1 — %
is an n-th root of unity, thus being equal to one of the numbers 1, o, ?, ..., ®" L.
Now, observe that 1 — % = 1 has no solutions. On the other hand, for 1 < k <
n — 1 we have o # 1, so that 1 — % = o* if and only if z = ﬁ Thus, the
solutions of the given equation are the n — 1 complex numbers

1 1 1
l—w' 1—w? 1=

O

For the next example, recall (cf. discussion preceding Problem 7, page 326) that
a sequence of complex numbers is a function f : N — C, which, most often, will
be simply denoted by (z,),>1, where z, = f(n). This being said, we observe that
the proof of the formula for the sum of the first n terms of an arithmetic progression
with common ratio different from 0 and 1 (cf. item (b) of Proposition 3.12 of [8], for
instance) still holds, ipsis literis, for a geometric progression of complex numbers,
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i.e., a sequence (z,),>1 in C such that zz+1 = gz for every k > 1, with ¢ €
C\ {0, 1}. Hence, we can safely skip the proof of the following auxiliary result.

Lemma 13.18 Forz € C\ {0, 1}, we have

7"—1
z—1"

I4+z4+27+ 42" =

As a direct corollary of such a result, we note that if w # 1 is an n-th root of
unity, then " = 1 and, hence,

" —1

w—1

We shall use this formula several times along this text.

Example 13.19 (IMO) Prove that

T 2 n 3
COS — — COS — + C0S — = —.
7 7 7 2

. .2 .
Proof Letting @ = cis - be a seventh root of unity, we get

2 o) — o082 05 ¥ 1 cos O
Re(w 4+ w” + w”) = cos + cos + cos
7 7 7
2 3 T
= C0S— — COS — — COS —.
7 7 7

On the other hand, since * - @’ =% = 1 and |w*| = 1, item (d) of Lemma 13.2
furnishes

" * = (! = ok,
Therefore, m = w® + @’ + w? and, hence,
Re(w + 0 + @°) = Re(0® + &° + 0*). (13.21)
Now, (13.20) gives
o+’ +-+0®=—1.
Taking real parts and using (13.21), we obtain

2Re(a)—i—a)2 +w3) = Re(a)—i—a)2 +w3) —|—Re(w6+a)5 +a)4) =—1.
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Thus, it follows from (13.21) that

T 271+ 3 Re(w + 2+ 3) 1
COS — — COS — COS — = —K¢€ = —.
7 7 7 erTeTe)=5

Problems: Sect. 13.2

1. Forr € R\ {0}, we define the homothety of center O and ratio r as the function
H, : C — C such that H,(z) = rz for every z € C. For 6 € R\ {0}, we define
the rotation of center 0 and angle 6 as the function Ry : C \ {0} — C\ {0}
given by Ry (z) = (cis0)z, for every z € C \ {0}.

(a) Let u be the vector starting at 0 and having z as its endpoint. If w = H,(z),
prove that ru is the vector starting at 0 and having endpoint w.

(b) If w = r cis @ is a nonzero complex number, prove that for every z € C\ {0}
we have

wz = Hy, o Ry(2).

2. (OCM) Let w be a complex number satisfying o> + w 4+ 1 = 0. Compute the
value of the product

27

i),

k=1

et

Let n € N be a multiple of 3. Compute the value of (1 + +/3i)" — (1 — +/3i)".
4. Solve, in C, the system of equations

lz1] = lz2]l = |z3l =1
21+2+z23=0
212223 = 1

5. Letn € Nand a € C\ {0} be given, with |a| > 1. Show that all of the roots
of the equation (z — 1)" = a(z + 1)" lie on the circle of the complex plane
centered at }fﬁz and having radius %, where R = ¥la].

6. (Ireland) For each n € N, let a, = n> + n + 1. Given k € N, prove that there
exists m € N such that ax_a; = ay,.

7. (Romania) Let p, g € C, with ¢ # 0, be such that the second degree equation

x2 4+ px 4+ g% = 0 has complex roots of equal modulus. Prove that g eR.
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8. Let z1, z2 and z3 be three given complex numbers, not all zero. Prove that zj,
z2 and z3 are the vertices of an equilateral triangle in the complex plane if and
only if

Zf + z% + z% = 2122 + 2223 + 2321-

9. Given an integer n > 2, use complex numbers to prove that

10. Given an integer n > 2 and o € R, use complex numbers to compute each of
the sums below in terms of n and o:

(a) sina + sin (2a) + sin Ba) + - - - + sin (na).
(b) sin® @ + sin?(2a) + sin?(Ba) + - - - + sin®(na).

11. (IMO—shortlist) Let g : C — C be a given function and w = cis ZT” For each
given complex number a, show that there exists only one function f : C — C
such that

f@ + fwz+a) =g),VzeC.

12. We are given a regular polygon AjA; ... Ay, and a point P in the plane. Show
that

n n
Yo AP =Y AuliP.
k=1 k=1

13.3 More on Roots of Unity

We begin this section by illustrating the role of roots of unity as a counting tool.
Although several applications of algebraic arguments in Combinatorics will appear
along the rest of these notes, this is a much broader subject than we will be able to
present here. For a more comprehensive introduction we refer the interested reader
to the excellent classical book of Van Lint and Wilson [40].

We start by examining, in the coming example, how to use complex numbers as
tags.

Example 13.20 We putn > 1 equally spaced lamps around a circle. At first, exactly
one of then is ON. An allowed operation on the states of the lamps is to choose a
positive divisor d of n, with d < n, and change the status of 5 equally spaced lamps
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(i.e., from ON to OFF or vice-versa), provided all of them have the same status. Does
there exist a sequence of allowed operations that leaves all of the n lamps ON?

Solution No! By contradiction, assume, without loss of generality, that the circle is
the unit circle in the complex plane and the lamps are positioned at the points 1, w,
.., 0" ! where v = cis 27” Assume also (again with no loss of generality) that
the lamp which is initially ON is the one standing at 1.
For every integer k > 0, let a; denote the sum of the complex numbers associated
to the lamps which are ON immediately before the (k+ 1)-th operation is performed,
so that ag = 1. Along the (k 4 1)-th operation, we choose lamps positioned at

r_
o, ot it (G

for some pair (/, d) of integers such that 0 </ < d and d | n, with d < n. Since
" =1, we have
st =ak:|:(wl+a)l+d+a)l+2d+~-~+a)l+(%_l)d)
Wt G=Dd | yd

wd —1

=a; * = ay,

and it follows that @y = 1 for every k > 0.
On the other hand, if after m operations all lamps were ON, then we would have

am=1l+w+--+o" =0,

which is a contradiction. O

Now, given m, n, p € N, let us consider the problem of assembling an m x n
rectangle by using rectangular pieces 1 x p. Counting 1 x 1 squares, we obtain
an obvious necessary condition for the proposed assembling to be possible: p must
divide mn. On the other hand, it is clear that if p divides either m or n, then the
assembling is always possible: letting, for instance, m = pk, with k € N, it suffices
to juxtapose k rectangles p x n, each of which assembled by piling n pieces 1 x p,
one on the top of the other. The interesting fact here is that the converse of the
above discussion holds true, namely: one can assemble the desired rectangle only
if p divides m or n. This is the content of the coming theorem, which is due to the
American mathematician David Klarner.?

Theorem 13.21 (Klarner) Let m, n and p be given naturals. If we can assemble
an m X n rectangle by using pieces 1 X p, then p | m or p | n.

SCf. Klarner and Gébel [24]. Nevertheless, the proof we present here is different from the original
one.
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Proof Assume we can perform such a task, and note first that p < max{m, n}. Now,
partition the rectangle into m rows 1 x n and n columns m x 1, numbering the rows
from 1 to m from top to bottom, and the columns from 1 to n from left to right (as
is usual in an m x n matrix). Then, inside the 1 x 1 square of intersection of row i
and column j, write the complex number '™/, where w = cis 2Z.

Let us now compute the sum of all of the numbers written in tﬁe 1 x 1 squares in
two different ways (here we have a double counting!). On the one hand, such a sum

is clearly equal to

@ (@" — (0™ = 1)
(0 —1)?

(a)+w2+-~-+w”)(a)+a)2+-~-+a)m)= ) (13.22)

where we have used Lemma 13.18 in the equality above; on the other, since we
are assuming that it is possible to assemble the rectangle as wished, the numbers
written on it can be grouped together in sets of p numbers each, corresponding to
the p horizontal or vertical 1 x 1 squares forming each one of the 1 x p rectangles
used. Such sets of p complex numbers give rise to sums of one of the following

types:
Wt 4 @i TUHD L4 it Gtp=D)
or

&' T 4 D oy =D

according to whether the 1 x p rectangle is horizontally or vertically positioned,
respectively. Again by Lemma 13.18, together with the first de Moivre’s formula,
each of such sums equals

L L |
a)l+](1+a)+'~-+a)p71):a)l+].w 1 -0
w —

Hence, the sum of all of the mn numbers written in the rectangle must also vanish.
Therefore, it follows from (13.22) that (0" — 1)(w™ — 1) = 0 or, which is the same,
that

. 2nw . 2mmw
cis—— =1 or cis =1.
p 4
Finally, it is clear from these equalities that p | n or p | m. O

We devote the rest of this section to take a closer look at the structure of the set
of n-th roots of unity. We start by letting U, (C) denote it, so that
Un(C)={z€C; " =1} ={wy; 1 <k <n},

n’

2

where @, = cis <F.
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We begin by showing that the intersection of U, (C) and U, (C) is again a set of
roots of unity.

Proposition 13.22 Given m,n € N, one has

Un ((C) N Uy ((C) =Uy ((C):
where d = ged(m, n). In particular, if m and n are relatively prime, then U, (C) N
Un(C) = {1}.

Proof The second part follows immediately from the first. For the first part, if z €
Uy(C), then z¢ = 1 and, hence, 7" = (zd)’”/d = 1. Analogously, 7" = 1, so
that z € U,,(C) N U,(C). This reasoning shows that Uz (C) C U, (C) N U, (C).
Conversely, let z € U, (C) N U, (C). Bézout’s theorem assures the existence of
X,y € Z such that mx + ny = d. Therefore, since 7" = 7! = 1, we get

Za' — me—&-ny — (Zm)x(zn)y =1,

so that z € U;(C). Hence, U,,(C) N U, (C) C Uy(C), and we are done. O

We now specialize to a particular type of root of unity, according to the definition
below.

Definition 13.23 A complex number z € U,(C) is a primitive n-th root of unity
if
Un(C) = {"; m e N}.

It follows immediately from the definition that w, is a primitive n-th root of unity.
On the other hand, the following result completely characterizes all of such special
roots.

Theorem 13.24 Given z € U, (C), the following are equivalent:

(a) z is primitive.
(b) There exists an integer 1 < k < n such that gcd(k,n) =1 and z = a)ﬁ.
(c) min{l eN; 7/ =1} =n.

In particular, there are exactly ¢(n) primitive n-th roots of unity, where ¢ : N — N
stands for the Euler function.

Proof
(a) = (b): letz = a)ﬁ, for some integer 1 < k < n. If gcd(k,n) = d > 1, then
n =dn’ and k = dk’, for some k’, n’ € N. Also,

{z/; j EN}:{a)Iy‘l X Wk, ).

s W W
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Lettingm = n'q +r, withg,r € Zand 0 < r < n’, we have

/ dk’ K ’_
a):?k = a)f,n g+rdk _ ot . w,rlk = a):lk e {1, wﬁ, e a)l(qn 1)k}.

Therefore,
#{zj;jeN}fn’:g<n.

b)=(c): letz = a)ﬁ , where 1 < k < n is an integer relatively prime with 7.
Take [ € N for which z/ = 1. Then, a)ﬁl = 1 and, thus, n | kI. However, since
gcd(k, n) = 1, item (a) of Proposition 6.22 assures that n | /; in turn, this gives
[ > n. On the other hand, since 7" = (a)ﬁ)” = (a)Z)k = 1, we conclude that
min{/ € N; ! = 1} = n.

(c) = (a): assuming that min{/ € N; zl = 1} = n, we first show that, for integers
1 <r <s <n,wehave 7" # z°. Indeed, if we had 7" = z*, then we would have
7" =1, with 1 <s —r < n; but this would contradict the assumed minimality
of n. It follows from this claim that z, 72, ..., z" are pairwise distinct n-th roots
of unity, so that {z/; j € N} = U,(C). Then, z is primitive. m|

In the sequel, we show that primitive roots of unity provide another way to
establish the multiplicative character of the Euler function. To this end, we need
a preliminary result which is interesting in itself.

Theorem 13.25 Let z and w be primitive roots of unity, of orders m and n,
respectively. If gcd(m, n) = 1, then zw is a primitive root of unity of order mn.

Proof Since 7" = w" = 1, we have (zw)™" = (Z")"(w™)™ = 1, so that zw €
Upun (C). Now, take [ € N such that (zw)! = 1. Then,

=@ €U NULO) = {1},
where we used Proposition 13.22 in the last passage above. Therefore, 7/ =
(wHl =1.

Now, the previous theorem, together with the fact that z and w™! = w"~! are
primitive roots of unity of orders m and n, respectively, guarantees that / | m and
! | n. However, since gcd(m, n) = 1, item (e) of Proposition 6.22 gives mn | I.
Hence, [ > mn, so that the equivalences of the previous theorem imply that zw is a
primitive root of unity of order mn. O

For our final result, we let U, (C)* denote the subset of U,(C) formed by the
primitive roots of unity of order n:

Un(C)Y¢ = {wf; 1 <k <nand ged(k,n) = 1}.
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Theorem 13.26 Ifm and n are relatively prime natural numbers, then the map

Un(CY* x Up(CY —> Upn(C)*
(z, w) —  Zw

is a well defined bijection. In particular, (mn) = @(m)e(n), where ¢ : N — N
stands for the Euler function.

Proof The well definiteness of the given map follows immediately from the
previous result. On the other hand, if we show that it is a bijection, then two
applications of the last part of Theorem 13.24 will furnish

@(mn) = [Upn(C©)| = [Un(C)* x Un(C)"|

= |Un(CY| - |[Un(CY| = @(m)g(n).
We now show what is left, in two steps:
(i) The map is injective: take z1, z2 € U, (C)* and wy, wy € U, (C)* such that
zZ1wy = zowy. Since ged(m, n) = 1, we have
%'z = wow! € Un(C) NUL(C) = {1}

Therefore, zglzl = wzwfl = 1, which is the same as 71 = zp and w; = w>.

(ii)) The map is surjective: let 1 < k < mn be an integer such that gcd(k, mn) = 1.
‘We wish to find nonzero integers x and y such that gcd(x, n) = ged(y, m) =1
and, letting z = Wiy W = wy, we have zw = a)’,;m (why does this suffice?). To

this end, we must have

. 2(mx + ny)mw . 2km
ci§ ———— = cis —,
mn mn

which happens if mx+ny = k. However, since gcd(m, n) = 1, Proposition 6.26
assures that such integers x and y do exist. O

We shall have more to say on the combinatorial and algebraic aspects of roots of
unity in Sects. 14.1 and 20.2, respectively.

Problems: Sect.13.3

1. Give an example of an infinite set 7 C C satisfying the following conditions:

(a) Foreach z € T, there exists n € N such that z" = 1.
(b) Forall z, w € T, we have zw € T.
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2. (Croatia) Let n be a given natural number and A be a set of n nonzero
complex numbers having the following property: if any two of its elements (not
necessarily distinct) are multiplied, we obtain another element of it as result. Find
all such possible sets A.

3. * Show that, if n > 2, then the product of the primitive n-th roots of unity is
equal to 1.

4. A rectangle is assembled by using a combination of pieces 1 x m or 1 x n, where
m and n are given natural numbers.

(a) If d = ged(m, n), prove that d divides at least one of the dimensions of the
rectangle.

(b) Prove that there exist arbitrarily large rectangles that not necessarily can be
assembled by using only pieces 1 x m or only pieces 1 x n.

5. We cover an 8 x 8 chessboard using twenty two pieces, with twenty one of them
being 1 x 3 rectangles and one being an 1 x 1 square. Find all possible positions
of the 1 x 1 square.

6. Prove the following extension of Klarner’s theorem: given natural numbers m,
n, p and g such that 1 < ¢ < min{m, n, p}, we can assemble anm x n X p
parallelepiped by using pieces 1 x 1 x ¢ if and only if ¢ divides m, n or p.

7. We can further generalize Klarner’s theorem as follows: given my,...,m, € N,
let

A=1Ty x- x1Iy,

be the set of all sequences (x1, ..., x,) of positive integers such that 1 < x; <
mip forl <k <n.A(,...,1, p)-block in A is a subset of A formed by p
sequences (X11, ..., X1u), .--» (Xp1, ..., Xpp) satisfying the following condition:

there exists an integer 1 < k < n such that:

(@) x1j =x3j=---=xpjforeveryl < j <n,j#k.
(b) (x1k, X2k, ..., Xpk) is a sequence of p consecutive integers.
We say that A can be partitioned into (1, ..., 1, p)-blocks if A can be written

as the disjoint union of such blocks. Prove that this is possible if and only if p
divides one of the numbers m1, ..., m,.

8. (Russia) We wish to partition the set of four-digit natural numbers into subsets of
four numbers each, in such a way that the following property is satisfied: the four
number that compose each subset have the same digits in some three decimal
places, whereas, in the fourth place, their digits are consecutive (for instance, a
possibility for the four numbers of a subset could be 1265, 1275, 1285 and 1295).
Prove that there does not exist such a partition.
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Polynomials Qs

From a more algebraic point of view, real polynomial functions can be seen as
polynomials with real coefficients. As we shall see from this chapter on, such a
change of perspective turns out to be quite fruitful, so much that we shall not restrict
ourselves to polynomials with real, or even complex, coefficients; later chapters will
deal with the case of polynomials with coefficients in Z,, for some prime number
p. As aresult of such generality, we will be able to prove several results on Number
Theory which would otherwise remain unaccessible. Our purpose in this chapter
is, thus, to start this journey by developing the most elementary algebraic concepts
and results on polynomials. To this end, along all that follows we shall write K to
denote one of Q, R or C, whenever a specific choice of one of these number sets is
immaterial.

14.1 Basic Definitions and Properties

In this section we collect the basic definitions and notations on polynomials which
will be needed to the further developments of the theory.

Definition 14.1 A sequence (ag, aj, az, ...) of elements of K is said to vanish
almost everywhere if there exists an integer n > —1 such that

ntl = dpt2 = app3 = --- = 0.

In words, the sequence (ag, a1, az, ...) vanishes almost everywhere if all of its
terms, from a certain index on, are all equal to zero. For instance, both sequences

0,0,0,0,0,0,...) and (1,2,3,...,n,0,0,0,...)
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vanish almost everywhere; on the other hand, the sequence (1,0, 1,0, 1, ...), with
1’s and O’s indefinitely alternating themselves, obviously does not vanish almost
everywhere.

Definition 14.2 A polynomial on (or with coefficients in) K is a formal sum

fX =a+aX+aX +aX + =) aXt (14.1)
k>0

where (ag, aj, az, .. .) is a sequence of elements of K vanishing almost everywhere
and we make the convention that X? = 1 and X! = X in the above sum. Whenever
there is no danger of confusion, we shall simply write f, instead of f(X).

Yet with respect to the above definition, it is worth noticing that the choice
of X is completely immaterial; in particular, it does not represent a variable, and
could have been substituted by whichever symbol we wanted, say [, for instance.
Also, the correct interpretation of the word formal is that two polynomials f(X) =
Y k>0 arX* and g(X) = Y k=0 b X* on K are equal if and only if ay = by for
every k > 0. -

Given a polynomial f(X) = ao + a1 X + a2 X?> + a3 X> + --- on K, we shall
adopt the following conventions:

i. The elements a; € K are called the coefficients of f.

ii. If a; = 0, we shall omit the term a; X’ whenever convenient. In particular,
since the sequence (ag, ai, az, . ..) vanishes almost everywhere, there exists an
integer n > 0 such that we can write

f0 =" ax*.
k=0

iii. If q; = &1, we shall write =X’ in place of (1) X", for the corresponding term
of f.

iv. The polynomial 040X +0X24- - - is said to be the identically zero polynomial
on K. We shall also sometimes say that such a polynomial vanishes identically.
Furthermore, whenever there is no danger of confusion with 0 € K, we shall
write 0 to denote the identically zero polynomial on K.

v. More generally (and in consonance with items ii. and iv.), given & € K we shall
denote the polynomial o + 0X + 0X2 + - - - simply by «, and say that it is the
constant polynomial «. In each case, we shall always rely on the context to
make it clear whether we are referring to the constant polynomial « or to the
element o € K.

We let K[ X] denote the set of all polynomials on K. In particular, in view of item
v. above, we also make the convention that

K c K[X].



14.1 Basic Definitions and Properties 349

On the other hand, the inclusions Q C R C C furnish the corresponding inclusions
Q[X] Cc R[X] c C[X].

Example 14.3 If f(X) =1 + X — X> + /2X7, then f ¢ Q[X] (for /2 ¢ Q) but
f € R[X]. On the other hand, the formal sum g = 1+ X +X?4+ X34+ X*4... does
not represent a polynomial, for the sequence (1, 1, 1,...) does not vanish almost
everywhere.

In what follows, we shall use the ordinary operations of addition and multiplica-
tion on K to define on K[ X] operations

@ : K[X] x K[X] - K[X] and © : K[X] x K[X] — K[X],

also called addition and multiplication, respectively. To this end, we first need the
following auxiliary result.

Lemma 14.4 If (ar)i>0 and (br)k>0 are sequences of elements of K that vanish
almost everywhere, then so do the sequences (ax %+ by)r>o0 and (ck)k>0, where

k
Ck = Z a,-bj = Zaibkﬂ‘.
i=0

i+j=k
i,j>0

Proof We show that the sequence (cx)x>0 vanishes almost everywhere, leaving the
other case as an exercise for the reader (cf. Problem 1). Let m, n € Z be such that
aj=0fori >nandb; =0for j >m.Ifk >m+nandi + j =k, withi, j >0,
then either i > n or j > m, for otherwise we would have k =i + j < n+m, which

is not the case. However, since i > n = a; =0and j > m = b; = 0, in any event
we have a;b; = 0, so that

C = Z a,-bj =0.
i+j=k
i,j=0

O

With the previous lemma at our disposal, we can finally formulate the definitions
of addition and multiplication for polynomials.

Definition 14.5 Given in K[X] polynomials

fX) =) ax"and gX) =) b X",

k=0 k=0
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the sum and product of f and g, respectively denoted by f @ g and f © g, are the
polynomials

(f®X) =) (ar +b)X*

k>0

and

(fOX) =) aXt,

k>0

with ¢ = Zi-*-j:k a,'bj.
i,jz0
Even though the definition of the product of two polynomials may not seen to be
a natural one at a first glance, this is not the case. More precisely, the formula for
the coefficient ¢; of f © g is the correct one if we wish © to be distributive with
respect to @, as well as the usual rule for powers, X" © X" = X" to be valid.
Indeed, if such properties hold, then computing the product

(@+aX +aX’+--)0bo+bh X +bhX +--)

distributively, we obtain

aob() = Z a,'bj

i+j=0
i,j>0

for the coefficient of XO,

apb1 + a1bg = Z aibj
it+j=1
i,j>0
for the coefficient of X,

apby + a1by + axby = Z aib;

itj=2
i,j>0

for the coefficient of X and so on.

Actually, it is not difficult to convince ourselves (cf. Problem 4) that, as
defined, the operations of addition and multiplication of polynomials on K have
the following properties:

i. commutativity: f ®g=¢g® fand fOg=¢g0O f;
ii. associativity: (f @ g)®h=D®(gPh)and(fOg Oh=f0O(gOh);
iii. distributivity: f O (g®h) =(f O g) & (f Oh),

for all f, g, h € K[X].
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Example 14.6 Consider the polynomials with real coefficients f(X) = 1 + X —
V2X?% — 4X3 and gX)=X+X 2 where, according to our previous conventions,
we omit terms with vanishing coefficients. Then,

(fOOX)=1+42X+(1—-+v2)Xx*>—4x3
and

(fOX) =1 +X—V2X>—4X%) 0 (X + X?)
=[lO0X+X)D[XO X+ X)e
®[-vV2X> 0 (X + XH)] & [-4X° O (X + XP)]
=X+XHeX*+X) e (—V2X —V2xhHe
® (—4Xx* —4X5)

=X +2X24+ (1 -vV2)X> — (V2 +HX* - 4X°.

Our discussion up to this point makes it clear that we can relax notations,
henceforth writing simply + and - to denote the operations of addition and
multiplication of polynomials. Thus, whenever we add two polynomials, the reader
must be aware of the fact that the involved + signs stand for two distinct operations:
addition of elements of K, performed on the coefficients of the polynomials, and
addition of elements of K[X]. Nevertheless, this will cause no confusion, for the
context will always make it clear which operation the + sign refers to. Moreover, an
analogous comment holds for the - sign and the two operations of multiplication.

Remark 14.7 All of the above definitions and remarks can be extended, in an
obvious way, to polynomials with integer coefficients. From now on, whenever
necessary, we shall denote the set of such polynomials by Z[ X].

Letting O be the identically vanishing polynomial, we have f +0=0+ f =0
for every f € K[X], i.e, O is the identity for addition of polynomials. On the
other hand, given f € K[X], there exists a single g € K[X] for which f + g =
g + f = 0; indeed, letting f(X) = ap + a1 X + a2X2 + ..., it is immediate that
gX) = —ap —a1 X — X 2 _ ... issuch polynomial, which will henceforth be
denoted by — f. Thus,

(=) X) = —ap — a1 X — axX> — .

and, for f, g € K[X], we can define the difference f — g between f and g by
f-g=r+».
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Fora € Kand g(X) = bg+ b1 X +by X2+ € K[X], it is immediate to verify
that

o-g=aby+abi X +abyX*+ -

in particular, we have 1 - g = g for every g € K[X], so that the constant polynomial
1 is the identity for multiplication of polynomials.

From now on, whenever there is no danger of confusion, we shall write simply
fg, instead of f - g, to denote the product of f, g € K[X]. In particular, if « € K,
then «f will stand for the product of «, seen as a constant polynomial, and f.

The coming definition will play a major role along the rest of the book.

Definition 14.8 Given f(X) =ap+ a1 X +---+a, X" € K[X]\ {0}, with a,, # O,
the nonnegative integer n is said to be the degree of f, and we will write df = n
to denote this.

According to the above definition, the notion of degree only applies to nonva-
nishing polynomials. On the other hand, df = 0 for every constant polynomial
f(X) = a, with o € K\ {0}. From now on, whenever we refer to f € K[X] \ {0}
by writing

fX)=a,X"+---+a1 X + ap,

unless explicitly stated otherwise we shall tacitly assume that a, # 0. In such a
case, a, will be called the leading coefficient of f. Also, f € K[X] \ {0} is said to
be monic if it has leading coefficient equal to 1. Finally, in the above notations ag is
said to be the constant term of f.

The coming proposition establishes two very important properties of the notion
of degree of polynomials.

Proposition 14.9 For f, g € K[X]\ {0}, we have:

(a) 3(f +g) =max{df, ogtif f +g #0.
(b) fg#0andd(fg) =9f + dg.

Proof Let 0f = n and dg = m, with

fX)=ap+arX +---+a,X" and g(X) =bo+b1 X +---+ by X".

(a) If m # n, we can assume, without any loss of generality, that m > n. Then
(f+8)(X) = (a+bo) + -+ (@ +b)X" + by X"+ 4+ by X7,
sothat 0(f + g) = m = max{df, dg}. f m = nbut f + g # 0, then

(f +8)(X) = (ao+bo) +--- + (a, + b X",
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and there are two possibilities: a, + b, = 0 or a, + b, # 0. In the first case,
o(f + g) < n = max{df, dg}. In the second, d(f + g) = n = max{df, dg}. In
any case, we have 9(f + g) < max{df, dg}.

(b) Let fg = co+ a1 X + X2+ .- If k > m + n, we saw in the proof of
Lemma 14.4 that ¢, = 0. Hence, if we show that ¢, 1, # 0, we will conclude
that fg # Oand d(fg) = m+n = df + dg. For what is left to do, since a; = 0
fori > nand b; = 0 for j > m, it is immediate that

Cm+n = Z ajbj = anby, # 0.

i+j=m+n
i,j>0
0

In spite of the fact that the material developed so far is rather elementary, it is
enough to present yet another use of roots of unity as tags (cf. Sect. 13.3). To this
end, given f(X) =a, X"+ -+ a1 X +ag € C[X] and z € C, it is convenient that
we write f(z) to denote the complex number

f@) =a 2"+ +aiz+ao. (14.2)

(We shall have more to say on this substitution of X by z in Sect. 15.1—cf.
Definition 15.1.)

Formula (14.3) below is known in mathematical literature as the multisection
formula.

Theorem 14.10 For f € C[X]\ {0}, let ay denote the coefficient of X* in f. If n is
a natural number, w = cis 27” and z € C, then

1
>t = ~(f@+ [+ + f@" 7). (14.3)

nlk
Proof Since f(X) =} ;-9 ar X*, we have
n—1 n—1

Zf(w’z) _Zzakw]k k—zzakw’k k

j=0k>0 k>0 j=0

- o T,

k>0

(14.4)

Now, note that if n | k then w/¥ = 1 for every j € Z, so that Z;';(l) w/¥ =n.On
the other hand, if n t k, then o # 1 and, hence,

n—1

k
Zwﬂc:1+wk+...+w<n-nk=u=0,
j=0
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Therefore, (14.4) reduces to

n—1
Zf(wjz) = Znakzk.
j=0

nlk
O

The coming example relies on the fact that, given a, b € K, the binomial formula
can be used to expand (aX + b)" € K[X] in monomials. The reader is invited to
check this.

Example 14.11 (Poland) For each n € N, compute, in terms of n, the value of the

2 ()

Solution Let

n

O =X+ = (Z)xk

k=0

If w = cis 2Z, then w is a cubic root of unity and 1 + @ + w? = 0. By applying the
multlsectlon formula to f, we get

( ) (0 + r) + @)
3|k

1
= (" + @+ + @+ 1))
1 n 2\n n
5(2 + (—o7)" + (—w) )
= (2 @ )
3 .
Now, note that if 3 | n, then " = 1 and, hence, o* 4+ " = 2;if 3 { n, then
@" = w or w?, so that w?" + ®" = w? + w = —1. Therefore,
3 n\ [ @ +2(=1)")/3, if3|n
o k) @+ (=1)thy3,if3¢n
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Problems: Sect. 14.1

1. * If (ap)k=0 and (bx)rk>0 are almost everywhere vanishing sequences of
elements of K, show that the sequences (ay % bi)i>0 also vanish almost
everywhere.

2. *Givenn € N and a € K, perform the following products of polynomials:

(a) (X — a)(Xn_l +aX" 2. g 2x 4 an—l).
®) (X +a) (X" —aX" 24 —a"2X +a" 1), if nis odd.
© X+DX2+DX*+1D... (X" +1).

3. Compute the coefficient of X” on both sides of (X +1)" (X +1)" = (X +1)"*"
to give another proof of Vandermonde’s identity! (cf. Problem 3, page 48):

()G -0")

with the sum at the left hand side above ranging through all possible nonnega-
tive integer values of k.

4. * Show that the operations of addition and multiplication of polynomials are
commutative and associative, and that multiplication is distributive with respect
to addition.

5. * Show that K[ X] does not possess any zero divisors. More precisely, show that
if f, g € K[X] are such that fg =0, then f =0or g =0.

6. (TT) Find at least one polynomial f, of degree 2001, such that f(X) + f(1 —
X)=1.

7. Letn € N and, for 0 < k < 2n, let a; be the coefficient of X kin the expansion
of f(X)=(1+X+ X" Compute, in terms of n, the value of the sum

as+ag+ag+---.
8. * Generalize the multisection formula in the following way?: given f € C[X]\

{0}, a natural number n > 1 and aninteger 0 <r <n — 1, if ® = cis 27” and
z € C, then

1n—l . .
k_ _ —rj j
E ;T = jEOw f@’2),

k=r (modn)

where a; denotes the coefficient of X in f.

! Alexandre-Theéphile Vandermonde, French mathematician of the eighteenth century.
ZFor another proof of this result, see Example 18.7.
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9. Compute, as a function of m € N, the value of the sum

(5)45)+(5)o(5) -

For the coming problem, given f(X) = a, X" 4a,_1 X" '+ - -+a; X +ag €
K[X] and m € N, we write f(X™) to denote the polynomial in K[X] defined
by

ap X" 4 a,  X™7D 4o a XM ag,

i.e., obtained by writing X" in place of X in the expression of f.

10. (Miklés-Schweitzer) A polynomial with real coefficients is called positively
reducible if it can be written as the product of two nonconstant polynomials
whose nonvanishing coefficients are positive. Let f € R[X] have nonvanishing
constant term. If f(X™) is positively reducible for some natural number m,
prove that f itself is positively reducible.

14.2 The Division Algorithm

We have already seen that it is possible to add, subtract and multiply polynomials,
the result being another polynomial. And what about the possibility of dividing one
polynomial for another? Well, it will not always be possible to do so; in other words,
given polynomials f, g € K[X] \ {0}, there will not always exist 4 € K[X] such
that f = gh; for instance, if df < dg, then such a polynomial /& does not exist, for
otherwise we would have

df = d(gh) = 0g + dh = dg,

which is an absurd.
In spite of the above discussion, the following analogue of the division algorithm
for integers, called the division algorithm for polynomials, still holds.

Theorem 14.12 If f, g € K[X], with g # O, then there exist unique q,r € K[X]
such that

f=gq+r withr =0 or dr < dg. (14.5)

Proof Let us first show that there exists at most one pair of polynomials g, r € K[X]
satisfying the stated conditions. To this end, let g1, g2, 1, r2 € K[X] be such that

f=gq1+r=gq+nr,
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withr; =0o0r0 < dr; < dg,fori = 1, 2. Then, g(q1—q2) = rp—r and, if g1 # g2,
Problem 5, page 355, would guarantee that r; # rp. However, Proposition 14.9
would then give

g <dg+9(q1 —q2) =3(g(q1 —q2))

= d(r1 — rp2) < max{dry, orp} < ag,

which is an absurd. Hence, g; = ¢» and, then, r; = r.
Let us now establish the existence of polynomials g and r satisfying the stated
conditions. To this end, we consider two cases separately:

() If f =0, take ¢ = r = 0; if g is (a nonzero) constant, say c, take g = ¢~ f
andr = 0.
(i) If f # 0 and g is nonconstant, we shall make induction on df > 0.

As initial case, if 3f < dg (such an f does exist, for dg > 1), take ¢ = 0 and
r = f. By induction hypothesis, let m > 0g be an integer and assume that the
existence of ¢ and r has been established for any polynomial of degree less than m
in place of f. In order to establish the induction step, take f € K[X]\ {0} of degree
m, and let b # 0 denote the leading coefficient and n the degree of g. If a stands for
the leading coefficient of f, there are two distinct possibilities:

o f(X)=ab ' X" "g(X): in this case, ¢(X) = ab~' X" and r(X) = 0.
o f(X) # ab !X "g(X): letting h(X) = f(X) —ab X" "g(X), we have
h # 0 and

hX)=@X™+---)—ab ' X" "(bX" +--+),

so that 0k < m. Therefore, by induction hypothesis, there exists g1, 7] € K[X]
such that h = gq + r1, withr; = 0 or ar; < dg. Thus,
) =h(X) +ab™ X" " g(X)
= g(X0)q1(X) + 11 (X) + ab™' X" g (X)
= (0@ (X) +ab™ X" + 11 (X),
and it suffices to take ¢(X) = g1(X) +ab™' X" and r(X) = r1(X).
O

In the notations of the division algorithm for polynomials (and by analogy with
the division algorithm for integers), we say that ¢ is the quotient and r is the
remainder of the division of f by g. Moreover, when r = 0 we say that f is
divisible by g, or that g divides f; in this case, as with integers we denote g | f.

Remark 14.13 As the reader can easily verify by checking the previous proof,
the division algorithm still holds for polynomials in Z[X], provided the leading
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coefficient of g is equal to £1. More precisely, if f, g € Z[X], with g # 0 having
leading coefficient equal to %1, then there exists unique polynomials ¢, r € Z[X]
such that

f=gq+r, withr =0 or dr < dg.

In all that follows, we shall use this without further comments.

In spite of the name division algorithm, the existence part of the presented proof
for Theorem 14.12 is actually not algorithmic, i.e., it does not provide an actual
algorithm for finding g and r out of f and g. In order to remedy this, we now revisit
the existence part of the proof in a more algorithmic way:

Division Algorithm for Polynomials

1. poO

e r<« fim<09f;q <0
* a < LEADING COEFFICIENT OF r;

2. WHILE r # 0 OR dr > d0g DO

o r(X) < r(X)—ab ' X" g (X);
s g(X) < q(X)+ab~ X",

* m <« or

* a < LEADING COEFFICIENT OF r;

3. READ THE FINAL VALUES OF r AND q.

Let us prove that the above algorithm does stop after a finite number of repetitions
of the loop WHILE and give us, at the end, polynomials g and r as wished.

If r # 0 or 9r > 0dg, then the instruction of the WHILE loop substitutes r (X) by
the polynomial 7(X) — ab~! X" "¢ (X). Such a polynomial, if it is not identically
zero, has degree less than that of r, for the polynomial ab~! X" ~" g(X) has degree m
(which is precisely the degree of » immediately before the execution of the loop) and
leading coefficient a (which is the leading coefficient of r right before the execution
of the loop). Thus, the algorithm stops after a finite number of steps.

After the first attribution, we have

F(X) = g(X)q(X) +r(X),

for, at the beginning, g(X) = 0 and r(X) = f(X). Assume, by induction
hypothesis, that after a certain execution of the WHILE loop we have f(X) =
g(X)q(X) 4+ r(X) and that, at this moment, r(X) # 0 and dr > dg. Then, the
next step does take place and replaces r(X) by r(X) — ab='X™"g(X), and ¢(X)
by ¢ (X) + ab~1X™~—"_ Now, since

2(X) (q(X) n ab_le_”) + (r(X) - ab_le_"g(X)) (14.6)
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equals g(X)q(X) + r(X), it follows from induction hypothesis that, after such
additional execution, we will also have (14.6) equal to f(X).

Example 14.14 Follow the algorithm presented above to obtain the quotient and the
remainder upon dividing f(X) = X* —2X?4+5X +7by g(X) =3X>+1in Q[X].

Solution Following the notations of the previous discussion, we start by storing
b = 3 and n = 2. Then, we have the following steps:

1. We make the attributions r(X) = X* —2X2+5X+7,m = 4;9(X) =0;a = 1.
2. Since neither r(X) = O nor m = 4 < n = 2, we substitute 7 (X) by

F(X) —ab ' X" g(X) =

1
=X*—2X2+5X+7— 5)(4—2(3)(2 +1)
7 2
m by 2, q(X) by

1 1
g(X) +ab ' X" =0+ gx“—2 = gx2

and a by —%.
3. Since we still do not have r(X) = 0orm =2 < n = 2, we replace r(X) by

r(X)—ab ' X" " g(X) =

7 7/3
- —§x2 +5X+7+ %X2_2(3X2 +1)

—5X+70
= 5"

m by 1, g(X) by

1X2+ﬂxz—2_ lxz_z

X b—le—n — —
q(X) +a 3 3 5

and a by %
4. Now, although r(X) # 0, we have m = 1 < n = 2, so that we do not return to
the beginning of the loop. Instead, we simply read

70 1 7
X)=5X+ — and ¢g(X) = —=X?> — —.
r(X) + g an q(X) 3 5
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The table below looks at the solution of the previous example schematically. In
order to help the reader in grasping how steps 1. to 4. actually took place, we suggest
that he/she tries to identify each of those steps within the table.

Division Algorithm for Polynomials

X4 —2X?2 45X +713x%+1

—X* —1/3x? 1/3x?
—7/3X%* +5X  +71/3X>—-17/9
7/3X? +7/9
5X +70/9

In the coming example, given f(X) = @, X"+ - -+a1X+ap € K[X]and z € K,
we stick to the convention set in (14.2), of writing f («) to denote the element

fla) =aya" +---+aja+ay € K.

As already quoted there, we refer to Sect. 15.1 for more on such substitution of X
by .

Example 14.15 Given f(X) = a, X" + -+ a1 X + ap € K[X] and ¢ € K, show
that the remainder upon division of f(X) by X — « is precisely f(x).

Proof We want to show that there exists ¢ € K[X] such that

FX) =X —a)gX) + f(o).
Since this is the same as having f(X) — f(o) = (X — a)g(X), we only need to
show that X — « divides f(X) — f(«). We do this by invoking the result of item (a)
of Problem 2, page 355, according to which
Xk _ak — (X _a)(X](—l _l_axk—z + .. +Olk_2X +C(k_l),
for every k € N. Thus,

fFOO=f@ =) aXx' =) aet =3 a(X* —ab)

k=0 k=0 k=0

n
=Y a(X —a) (X T aX P4 o X b
k=0

n
=X -o) Yy a(X* " +ax 2ot X 4ok,
k=0
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Problems: Sect. 14.2

1. Given n € N, find the remainder upon division of (X?>+ X +1)" by X> — X + 1.

2. We are given natural numbers m and n, such that n is a divisor of m. Find the
remainder upon division of X™ + 1 by X" — 1.

3. Given natural numbers m and n, with m > n, find the remainder of the division
of X*" +1by X' +1.

4. Leta, b € K be given, with a # 0. For f € K[X]\ {0}, prove that the remainder
of the division of f by aX + b is equal to f (—2).

5. Upon dividing f € Q[X] by X 4 2, we obtain —1 as remainder; upon dividing it
by X — 2, the remainder is 3. Find the remainder of the division of f by X2 — 4.

6. A polynomial f € R[X] leaves remainders 4 when divided by X + 1 and 2X + 3
when divided by X%+ 1. Find the remainder of the division of f by (X +1)(X>+
1).

7. Let m and n be given natural numbers such that m = ng + r, with g, r € Z and
0 < r < n. Find the quotient and the remainder upon dividing X" +1 by X" 4 1.



Chapter 15 ®
Roots of Polynomials e

In all we have done so far concerning polynomials, at no moment we had any intent
of substituting X by an element of K. Even in Theorem 14.10 and Example 14.15,
the notation f(z), used to denote the complex number obtained by formally
substituting X by z in the expression of f € C[X], was a mere convention. This
is no surprise, for we are looking at polynomials as formal expressions, rather than
as functions. In this sense, the indeterminate X is a symbol with no arithmetic
meaning, and we have even stressed before that we could have used the symbol [,
instead.

We remedy this state of things in this chapter, where we introduce the concept
of polynomial function associated to a polynomial, as well as that of root of
a polynomial. Among the various important results presented, we highlight the
presentation of a complete proof of the Fundamental Theorem of Algebra, as well
as the searching criterion for rational roots of polynomials with integer coefficients,
along with several interesting applications.

15.1 Roots of Polynomials

In order to proceed with our study of polynomials, it is convenient to consider the
polynomial function associated to a polynomial, according to the following

Definition 15.1 For f(X) = a, X" + ot aX +ao € K[X], the polynomial
function associated to f is the function f : K — K, given for x € K by

fx) =apx" +---+ax +aop.
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When f(X) = c, note that the associated polynomial function f will be the constant
function f(x) = c for every x € K, thus justifying the nomenclature constant
attributed to a polynomial which is either identically zero or of degree zero.

Definition 15.2 Let f € K[X] be a given polynomial, with associated polynomial
function f : K — K. An element o € Kis aroot of f if f(«) = 0.

For instance, if f(X) = X? +1 e C[X], it is easy to see that z = +i are the
only roots of f in C. Indeed, the polynomial function associated to f is

f:C—C
24+

so that
f@=0&=-1&z7==4i
The coming proposition is known as the root test. Note that item (a) revisits
Example 14.15 in a slightly different way.

Proposition 15.3 If f € K[X]\ {0} and o € K, then:

(a) aisarootof fifandonlyif (X —a) | f(X) in K[X].

(b) If a is a root of f, then there exists a greatest natural number m such that
(X —a)™ divides f. Moreover, writing f(X) = (X —a)"q(X), with q € K[X],
one has g(a) # 0, where g : K — K stands for the polynomial function
associated to q.

(c) If ay, ..., ar € K are pairwise distinct roots of f, then f(X) is divisible by
X —a1)...(X — o) inK[X].

Proof

(a) The division algorithm assures the existence of polynomials g, r € K[X] such
that

fX) =X —a)q(X) + r(X),
withr =00r0 < dr < 8(X~—oe) = 1. Hence, r(X) = c, a constant polynomial.

On the other hand, letting f and g be the polynomial functions respectively
associated to f and g, it follows from the equality above that

fl@) =(@—-a)j@+c=c,
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(b)

()
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ie., f(X) = (X —a)g(X)+ f(a). Thus,
aisarootof f & f(a) =0 f(X) = (X —a)g(X).
If m > 9f, then (X — )™ t f(X), for 3(X — @)™ = m > df. Therefore, item
(a) guarantees the existence of a greatest positive integer m for which (X —«)" |

f(X),say f(X) = (X —a)"q(X), with g € K[X]. In the level of polynomial
functions, we thus obtain

f)=(x —a)"G(x), Yx e K.

Now, if g(a) = 0, it would follow from (a) that g(X) = (X — a)q(X), for
some g1 € K[X]. However, we would then have

F(X) = (X — )" g (X),

a contradiction to the maximality of m.

For the sake of simplicity, let us establish the result of this item for k = 2 (the
proof in the general case following by a straightforward inductive argument).
Since o1 is a root of f, item (a) once more assures the existence of g € K[X]
such that f(X) = (X — a1)g(X). Let g denote the corresponding polynomial
function. Since o1 # o and « is also a root of f, the last equality above gives

0= f(a) = (a2 — a1)g(e2),

so that a5 is also a root of g. Thus, by applying (a) yet another time, we conclude
that there exists & € K[X] for which g(X) = (X — a2)h(X). In turn, this gives

JX) =X —a)(X —ap)h(X).

The coming example is an interesting application of the root test.

Example 15.4 (Soviet Union) Label the rows and columns of an n x n chessboard
from 1 to n, respectively from top to bottom and from left to right. Given 2n real
numbers ay, ..., dy, b1, ..., by, with by, ..., b, being pairwise distinct, write a; +b

ins

ide the unit square situated in row i and column j, for 1 < i, j < n. If the

products of the numbers written in the unit squares of each column of the chessboard
are all equal, prove that the products of the numbers written in the unit squares of
each row are all equal too.
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Proof Consider the polynomial
fX)=X+a)X +a)...(X +ap) € R[X].

Letting f be the polynomial function associated to £, it follows from the statement
of the problem the existence of « € R such that f (b)) = f(by) = ... = f(b,) = a.
Then, f (bj) —a =0for 1 <i <nand, since by, ..., b, are pairwise distinct, item
(c) of the root test gives

JX)—a=X-b)(X =by)...(X —bp)

(note that both f(X) — « and the polynomial at the right hand side of the equality
above are monic and have degree n). Hence,

—a = f(—a) —a= (=" +b1)(a +b2)...(a; +by),

and this is the same as saying that the products of the numbers written in the unit
squares of each row are all equal to (—1)"'a. O

As a consequence of the root test, we now describe a rather simple algorithm for
finding the quotient of the division of a monic polynomial f € K[X] by X —«, with
a € K being a root of f. Such an algorithm is known in mathematical literature as
the Horner-Rufinni algorithm,' and is based on the following homonymous result.

Proposition 15.5 (Horner-Rufinni) Let
fX)=X"+a 1 X" '+ +aX +a
be a monic polynomial on K. If « € K is a root of f and
gX) = X" by 2 X" 4+ by € K[X]
is the quotient upon dividing f(X) by X — «, then

by =a+ay
bz =aby—2+an—2

N (15.1)
by_i-1 =aby_i+an_;

by =ab) + a;

I'Paolo Ruffini, Italian mathematician, and William G. Horner, English mathematician, both of the
eighteenth and nineteenth centuries.
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Proof By the sake of notational convenience, let b,_; = 1. Firstly, note that

FX) =X —a)g(X)
n—1

=X -0 by X"

i=0

n—1 n—1
= an—l—iX"_’ — Zabn—l—ixn_l_’
i=0 i=0

n—1

n—2
=by,1 X"+ an—l—iX"ﬂ. - Zabn—l—anflfi —abo
i=1 i=0
n—1 n—1
=X"+ an_l_anii — Zabn_,'X"*" — aby
i=1 i=1
n—1

= X"+ ) (bu—1—i — aby_) X" — abp.

i=1

By comparing the last expression for f with that in the statement of the
proposition, we conclude that

by1-i —aby,j =ay;
for 1 <i <n — 1. This way, we obtain the linear system of equations

by =1
by—2 —ab,—1 = ay—1
bp—3 —aby_2 =ay—
bp—i—y —aby—;j = an—;
bo — Olbl = da]
—Otb() = a.

which, in turn, is readily seen to be equivalent to the equalities in (15.1) (note that
the last equation of the system can be neglected, for it only represents the necessary
compatibility condition for « to be a root of f). O

The table below, which can be seen as the actual execution of Horner-Ruffini’s
algorithm, resumes the above discussion. Note that we put all of coefficients of f
but the leading one (which equals 1) along the first row; then, in the second row
we successively compute, from left to right, the coefficients of g, starting with the
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leading coefficient b,_; = 1. Note that, starting with b, _;, each coefficient of g is
equal to the product of the previously computed coefficient (i.e., the one at its left)
by «, added to the coefficient of f situated right above this one.

The Horner-Rufinni Algorithm

an—1 an—2 an-3 aj ao
by1=1a-14a,_1la-by_r+a,_2|---a-by+aa- b+ a

bp— bn—3 b bo

The coming example shows the Horner-Ruffini algorithm in action. It also shows
that the algorithm can be used to check whether some given element of K is actually
aroot of a given polynomial in K[X].

Example 15.6 Check that /2 is aroot of f(X) = X>—5X*+X3—5X2—6X+30 €
R[X], and use the Horner-Ruffini algorithm to compute the quotient of the division
of f by X — /2.

Solution We begin assembling the numerical table corresponding to Horner-
Rufinni’s algorithm by setting n = 5 and writing a4 = —5,a3 = 1, a, = —5,
a; = —6, ap = 30 along the first row:

-5/ 1/-5-6/30

Now starting with b4 = 1 in the leftmost entry of second row, we successively
obtain by = /2-1—=5,by = v/2b3+1=3—542,by = /2b, —5 = —15+32
and by = v/2b) — 6 = —154/2:

-5 1 -5 -6 30
1 V/2:1-53-52—-15+3v2 —1542

Finally, since —aby = —v/2(—15+/2) = 30 = ay, it follows that /2 is actually
aroot of f, and the quotient upon dividing f by X — /2 is X* + (vV2 — 5)X°? +
(3 —5v2)X2 4+ (=15 +3v2)X — 15V2. O

Back to the development of the theory and in the notations of the root test, if
f(X) = (X —a)"q(X), with g(«) # 0, we say that m is the multiplicity of « as a
root of f. In particular, « is a simple root of f if m = 1, and a multiple root of f
ifm> 1.

Example 15.7 Let f(X) = X3 — 7X% + 16X — 12 be a polynomial with real
coefficients. It is immediate to check that f(X) = (X — 2)%(X — 3). Therefore,
2 is a double root, whereas 3 is a simple one.
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Later in this chapter we shall study in detail the problem of finding whether a
given polynomial f € K[X] has multiple roots. For the time being, we only need
to know what such a root is. Nevertheless, we shall observe that we already have a
way of deciding whether an element « € K is a multiple root of f € K[X] \ {0}:
it suffices to check if f(a) = 0 and, if this is so, to divide f(X) by (X — o)?
(which can be done by means of two successive applications of Horner-Rufinni’s
algorithm), verifying whether or not such a division is exact. We shall have more to
say about this in a while.

Another interesting consequence of the division algorithm is the fact, due to
Lagrange, that the number of roots of a nonzero polynomial cannot exceed its
degree. In the coming result, note that we allow multiple roots.

Corollary 15.8 (Lagrange) If f € K[X]\ {0}, then f has at most of roots in K,
counted according to their multiplicities.

Proof Let us make induction on the degree of f. If df = 0, then there exists ¢ €
K\ {0} such that f(X) = c. Hence, the polynomial function f associated to f is
the constant function x + ¢, so that f has 0 = df roots.

Now, let f be a polynomial of positive degree, and assume that the result is
true for every polynomial in K[X] \ {0} whose degree is less than that of f. If f
has no roots in K, there is nothing left to do. Otherwise, let « € K be a root of
f and (according to the root test) let m be the greatest natural number such that
f(X) =X —a)"q(X), for some g € K[X] such that g(«) # 0. Since

dqg = of —m < 0f,

the induction hypothesis assures that ¢ has at most dg roots in K, counted with their
multiplicities.
In order to finish the argument, note that if 8 # « is a root of f, then

0= f(B)=(B—a)"G(B)

and, hence, B is a root of ¢g. Therefore, the number of roots of f (with multiplicities)
equals m (the multiplicity of «) plus that of g. Thus, the induction hypothesis shows
that f has at most

m+ dq = of

roots in K. o
The previous corollary will be frequently used in one of the two forms below.

Corollary 159 If f(X) = ap X" 4+ --- + a1 X + ao € K[X] admits at least n + 1
distinct roots in K, then f vanishes identically, i.e., a, = ... =ag = 0.
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Proof If f € K[X]\ {0}, then the former corollary assures it has at most n roots
in K. O

Corollary 15.10 Let f(X) = a, X"+ - -+ a1 X +ao and g(X) = by X™ 4+ -+
b1 X + bg be polynomials in K[X], withm > n. If f(x) = g(x) for at least m + 1
distinct values of x € K, then f = g, i.e, m = nand a; = b; for0 <i <n.

Proof It suffices to apply the previous corollary to the polynomial f — g, noticing
that the associated polynomial function is f — g. O

If Fk stands for the set of functions from K to itself, then, since K is infinite, the
last result above guarantees that the mapping

KIX] — T (15.2)
fo—r

that associates to each f € K[X] its polynomial function f € JFk, is injective. In

other words, it says that two polynomials on K will have equal polynomial functions

if they are themselves equal polynomials.” Indeed, if f, g € K[X] are such that

f = g, then f (x) = g(x) for infinitely many values of x, and the previous corollary

assures that f = g.

Thanks to the injectivity of the above map, from now one we shall write f to
denote both an element of K[X] (i.e., a polynomial with coefficients in K) as its
associated polynomial function. In particular, whenever we write f(X), we shall
be referring ourselves to the polynomial f; whenever we write f(x), we shall be
looking at the element of K, image of x € K through the polynomial function
associated to f. Moreover, the context will always clear any possible doubts on this
point.

Remark 15.11 Corollary 15.10 assures that, thanks to the fact that K is infinite, the
coefficients of f € K[X] are completely determined by the values f(x), with x €
K. Later, in Chap. 18, we shall study in detail the problem of getting a polynomial
in K[X] that assumes prescribed values at prescribed elements of K.

The two coming examples illustrate typical uses of Corollaries 15.9 and 15.10.

Example 15.12 (Moldavia) Find all polynomials f € R[X] such that f(0) = 0 and

fF2+ D)= fx)?+1, Vx eR.

2 As we shall see in Sect. 19.3, upon studying polynomials over Z p»» for some prime number p, the
fact that K is infinite here is actually indispensable for the injectivity of (15.2).



15.1 Roots of Polynomials 371

Solution Let the sequence (u,),>0 be defined by ug = 0 and u,4+1 = u,zl + 1, for
n > 1.If g(X) = X, then f(up) = 0 = g(up) and, by assuming [ (ug) = g(ux),
we get
flurg) = f@g+1) = fu)®+1
=g +1=uj +1=gurs1).
Therefore, we conclude by induction that f(u,) = g(u,) for every nonnegative
integer n. However, since the values of the terms u, are pairwise distinct, we

conclude that f(x) and g(x) coincide for an infinite number of distinct values of
x. It thus follows from Corollary 15.10 that f = g,i.e., f(X) = X. O

Example 15.13 (Hong Kong) Let g(X) = X° 4+ X* 4+ X + X? + X + 1. Compute
the remainder of the division of g(X 12) by g(X).

Solution The division algorithm assures the existence of ¢, r € R[X] such that

(X' = g(X)q(X) + r(X),

withr = 0Oor 0 < dr < 4. Letting w = cis%” and taking x = o in the
corresponding polynomial functions, with 1 < k < 5, we obtain
g(@') = g(@")q(@") + r@) (15.3)

forl <k <5.
Now, since w!?* = cis (4kw) = 1, we get g(wlzk) = g(1) = 6. On the other
hand, for 1 < k < 5, Lemma 13.18 furnishes

g(a)k):w5k+w4k+w3k+w2k+wk+l:w
w

Thus, (15.3) reduces to r(a)k) = 6 for 1 <k <5, so that the polynomial r — 6 has
at least five distinct roots. However, since r —6 = 0 or d(r — 6) < 4, Corollary 15.8
givesr — 6 = 0. O

The coming further consequence of Lagrange’s theorem (Corollary 15.8) guar-
antees that the image of the polynomial function associated to a nonconstant
polynomial on K is an infinite set.

Corollary 15.14 If f € K[X]\K, then the image Im () of the polynomial function
associated to f is an infinite subset of K.

Proof Assume the contrary, i.e., that Im (f) = {«q, ..., ax} C K. Then, for every
x € Kwehave f(x) € {«g, ..., ar}. However, since K is an infinite set, there exists
1 <i < k and pairwise distinct elements x1, x2, ... € K such that

fa)=f(x)=...=a.
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Hence, f(X) — «; is a nonvanishing polynomial (for f is nonconstant) with an
infinite number of distinct roots, which is a contradiction. O

Example 15.15 (Canada) Find all nonconstant polynomials f € Q[X] such that
F(f(X)) = f(X)* for some given natural number k.

Solution It is easy to see (cf. Problem 1) that for every x € Q we have f(f(x)) =
f(x)X. Yet in another way, we have f(y) = y* for every y € Im(f). Now, the
previous result assures that Im () is an infinite subset of @, so that Corollary 15.10
gives f(X) = X*. O

Problems: Sect. 15.1

1. * Show that the usual definition of composite function, when applied to
polynomials f, g € K[X] \ {0} of degrees m e n, respectively, produces a
polynomial in K[ X]\ {0} of degree mn. Letting f o g denote such a polynomial,
show that its associated polynomial function coincides with the composite
function f o g, where f and g denote the polynomial functions associated to f
and g, respectively.

2. *Leta, b and r be rational numbers, with 7 > 0 being such that /7 is irrational.
Do the following items:

(a) For afixed k € N, show that there exist ay, by € Q such that (a £ bﬁ)k =
ar £ bi/r.
(b) If f € Q[X]\ {0}, prove that f(a + b/r) =0 & f(a —b/r) =0.

3. One of the roots of the polynomial X* + aX3 + X2 +bX — 2is 1 — +/2. Find
the remaining roots, knowing that a and b are both rational numbers.

4. Leta, b € Kbe given, witha # 0. For f € K[X]\ {0}, prove that the remainder
of the division of f by aX + b is equal to f (_E .

5. Does there exist a polynomial f € R[X] such that f(sinx) = cos x for every
x? Justify your answer.

6. Let a # km be a complex number. Prove that, in R[X], the polynomial X2 + 1
divides the polynomial

f(X) = (cosa + X sina)"” — cos(na) — sin(na) X.

7. Find all n € N for which X"*! — X" + 1 is divisible by X> — X + 1.
8. (BMO) For m € Z, prove that the polynomial

X* 19943 + (1993 + m)X> — 11X +m
does not possess two distinct integer roots.

9. (AIME) Find all real numbers a and b such that X2 — X — 1 divides aX'” +
bX16 +1.
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10. (Moldavia) Let n > 4 be a given natural number and p be a monic polynomial
of degree n, having n distinct integer roots, one of which is 0. Compute the
number of distinct integer roots of the polynomial p(p(X)).

11. (Austrian-Polish) Let f(x) = ax® +bx*+cx+dbea polynomial with integer
coefficients and degree 3. Prove that it is not possible to find four distinct primes
P1, P2, p3 and py4 such that

If (POl = [f(p2)I = | f(p3)| = [f(pa)] = 3.

12. (Canada) Let p(X) = X" +a,_1 X"~ ' +--- 4+ a1 X + ag be a polynomial with
integer coefficients, and assume that there exist distinct integers a, b, ¢ and d
for which p(a) = p(b) = p(c) = p(d) = 5. Prove that there exists no integer
m such that p(m) = 8.

13. (IMO shortlist) Find all values of k € N such that X? + X + 1 divides X +
1+ (X + 1)%*.

For the coming example, recall (cf. paragraph that precedes Problem 13,
page 30) that a multiset is a collection {{ai, a2, ..., a,}} of not necessarily
distinct elements, with {{a1, a2, ..., an}} = {{b1, b2, ..., by}} if and only if
m = n and each element appears the same number of times in each multiset.

14. Let {{a1, az, ..., a,}} and {{b1, b2, ..., b,}} be two distinct multisets, each of
which formed by positive integers. If

faitaj;1<i<j<nfy={bi+b;; 1 <i<j=n}}

prove that n is a power of 2.

15.2 Rational Roots of Polynomials in Z[ X]

This short section studies the problem of finding rational roots of polynomials
with integer coefficients, presenting several interesting applications. Item (a) of
the coming proposition brings the central result, which is known in mathematical
literature as the rational roots test for polynomials with integer coefficients.

Proposition 15.16 Let n > 1 be an integer, f(X) = an X" + -+ + a1X + ap be
a nonzero polynomial with integer coefficients and p and q be nonzero, relatively
prime integers. If f (g) =0, then:

(a) plagandq | ay,.

(b) If f is monic, then the possible rational roots of f are integers.

(¢) (p—mq) | f(m) for every m € Z. In particular;, (p —q) | f(1) and (p +q) |
f(=D.
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Proof

(a) Starting from f (g) = 0, we readily obtain

anp" +an_1p" g+ +aipg" ' +ag" =0

and, hence,

{aoqn = P(—anpn_l - al‘]n_l)

anp" =q(—ap_1p"' = —apg"H
Therefore, p | apg™ and ¢q | a, p". However, since p and ¢ are relatively prime,
item (a) of Proposition 6.22 assures that p | ag and ¢ | a,, as we wished to
show.

(b) This follows immediately from (a).

(c) Since f(g) =0, we have f(m) = f(m) — f(g) or, which is the same,

1
fim) = (@um" +---+aim + ag) — E(anp" + - +aipg" " + aog™).

Hence,

q"fm) =q"(apm" + -+ aim + ag) — (ayp" + -+ +a1pqg"~" + aog")
= ay(mg)" — p") + -+ +aiq" ' (mg — p)
= (mq — p)r
for some r € Z, where we used item (a) of Example 6.3 in the last equality. The
above computations show that (mg — p) | ¢" f (m). Thus, in order to conclude
that (mg — p) | f(m), it suffices to show (again by item (a) of Proposition 6.22)

that gcd(mgq — p, ¢"*) = 1. To this end, by successively applying item (b) of that
result, together with Corollary 6.23, we get

ged(p, q) = 1 = ged(mg — p,q) =1 = ged(mg — p,q") = 1.

The rest follows at once. m|

The previous result can sometimes be applied to establish the irrationality of
certain real numbers. We shall now see a couple of examples in this direction.
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Example 15.17 Prove that /2 + v/2 4+ +/2 is irrational.

Proof Lettinga =+/2+ V2 + «/5, wehave o2 — 2 = V2 + /2 and, then, (oz2 —
2)2 = 2 + /2. Therefore, ((a? — 2)2 — 2)% = 2, so that « is a root of the monic
polynomial with integer coefficients

fX) =((X* =2 -2)* -2
=(X*—4x>+2)2-2.

Thus, if « € Q, items (a) and (b) or the former proposition assure that « € N and
o | f(0) =2, s0that = 1 ou 2. However, since

1<a=\/2+\/2+x/§<\/2+ﬁ=2,

we have reached a contradiction. O

Example 15.18 Prove that tan 10° is irrational.

Proof We let o = tan 10°. Applying standard trigonometric formulas (cf. Chapter 7
of [9], for instance), we successively obtain

2tan 10°
tan 30° — tan 20° + tan 10° _ F;IIW + tan 10°
1 —tan 20° - tan 10° 1— 2tan? 10°
1—tan? 10°
2

1—a?2 +o 30[—0{3

1 — 202 11— 302
1—a?

However, since tan 30° = \/Lg, we get

Ba—ad? 1

(1—3a22 3
or, which is the same,

3% — 27a* +330% — 1 =0.
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Hence, tan 10° is a root of the polynomial with integer coefficients f(X) =
3X% —27X*+33X? — 1, and it suffices to show that it does not possess any rational
roots. For what is left to do, first note that, by Proposition 15.16, the possible rational
roots of f are +1 or :i:%; nevertheless, direct computations show that f(41) and

f (i%) are all nonzero, as wished. O

Example 15.19 (Yugoslavia) Find all positive rationals a < b < ¢ for which all of
the numbers

1 1 1
a+b+c, —+ -+ —, abc
a b ¢

are integers.
Solution Letting f(X) = (X —a)(X — b)(X — c), we conclude that a, b and c are
the roots of f; moreover, they are all rational. On the other hand,

FX)=X3—(a+b+c)X?>+ (ab+ bc + ca)X — abe,

with

1 1 1
ab+bc+ca=abc<—+—+—> e N.
a b c

It thus follows that f € Z[X]. However, since f is monic, the rational roots test
applied to f assures that all of a, b, ¢ must be integers.

Finally, since a, b and c are positive, we conclude that it suffices to find all
natural numbers a < b < ¢ for which al + % + % is also natural. In order to solve
this problem, start by noticing that

1< <

Q| W

3

o=

1
p + A +
so that a < 3. Then, by separately considering the cases @ = 1, 2 or 3 and iterating
the above reasoning, one easily finds
(a,b,0)=(1,1,1), (1,2,2), (2,4,4), (2,3,6) or (3,3,3).
(For instance, if a = 3, then b, ¢ > 3, and hence
1 1
l<-+-+-%5
a c

sothata =b =c =3.) |
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We finish this section by presenting an interesting application of item (b) of
Proposition 15.16. More precisely we shall characterize all rational numbers « for
which cos(a) is also rational. To this end, we first need to introduce a special class
of polynomials.

Let (fn)n>1 be the sequence of polynomials with real coefficients given by
f1X)=X, LX) = X2 — 2 and, for an integer k > 1,

Jer2(X) = X fir1(X) — fi(X). (15.4)

The polynomial f, is called the n-th Bernstein polynomial, after the Russian
mathematician of the twentieth century Sergei N. Bernstein. The next proposition
unfolds some of its properties.

Proposition 15.20 If (f,)n>1 is the sequence of Bernstein’s polynomials, then:

(a) fn(2cosB) = 2cos(nd), for every 6 € R.
(b) fu is monic, has integer coefficients and degree n.

Proof For item (a), it is obvious that f](2 cos ) = 2 cos 6, whereas the formula for
co0s(20) in terms of cos 6 gives

f2(2cos6) = (2cos0)> —2 =2(2cos’ 6 — 1) = 2cos(26).

Now, let k > 1 be an integer and assume, by induction hypothesis, that

fi(2cos®) =2cos(jo) for1 < j < k+1and every 6 € R. The product formula

cosa + cos B = 2cos () cos (452) gives

2cosf -2cos(k + 1) — 2cos(kf) = 2cos(k + 2)6.
Therefore, it follows from (15.4) and the induction hypothesis that

fr+2(2cos@) =2cosb - fry1(2cosO) — fr(2cosh)
=2cos6 -2cos(k 4+ 1)0 — 2 cos(k6)
= 2cos(k +2)0
forevery 6 € R.
Item (b) is trivially true for f; and f>. Arguing once more by induction, if fj

and fi41 are monic, with integer coefficients and degrees k and k + 1, respectively,
then the recurrence relation (15.4) readily assures that the same properties hold for

Jiet2- O

We are finally in position to present the promised result.
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Theorem 15.21 Ifa € Q is such that cos(am) € Q, then cos(amw) = %1, :i:% or 0.
Proof Letm,n, p,q € Z such that n, g # 0 and cos(5'm) = g. For a = %, item
(a) of the previous proposition gives

f,,(z—p) = fu(2cos(am)) = 2cos(nam) = 2cos(mmw) = 2(—1)".
q

Now, item (b) of that result shows that 22 is a root of the monic polynomial with
integer coefficients f,(X) — 2(—1)". Hence, item (b) of Proposition 15.16 gives
2q_p € Z. On the other hand, since

2p m
— =2co0s (—n) e[-2,2],
q n
we get Zq—p = =42, &1 or 0. Therefore, 5 = =+1, :I:% or 0. m]

Problems: Sect. 15.2

1. (Canada) Let f be a nonzero polynomial with integer coefficients. If f(0) and
f (1) are odd, prove that f does not have any integer roots.

2. (OCM) Prove that there does not exist nonzero integers x, y and z in arithmetic
progression, such that x> + y> = z°.

3. Show that if (f,),>1 is a sequence of polynomials of real coefficients such
that f,(2cos@) = 2cos(nf) for every 8 € R, then f, is the n-th Bernstein
polynomial.

4. Forn € N, let f; be the n-th Bernstein polynomial. Show that

iy !
4+ —=fhlzt ),
z z

for every z € C\ {0}.
5. Find the roots of the polynomial 2(2X? — 1) — X — 1 by calling one of them x
and:

(a) Lettingy = 2x2 — 1.
(b) Imposing that x = cos 6.

Then, use the previous items to compute cos %
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6. Leta,beZbesuchthate/a—i—\/E—i—e/a—«/BeQ.

(a) Prove that it must be an integer and a divisor of 8a3.
(b) Assuming that a®> — b is a perfect cube, do the following items:

i. Prove that the given number is a divisor of 2a.
ii. Characterize all such pairs of integers a and b.

7. (Ireland) Prove that (2 +i)" # (2 —i)" forevery n € N.
The next problem partially generalizes Example 6.24.
8. (OCM) Do the following items:

(a) If none of the natural numbers ay, ao, ..., a, is a perfect square, show that
Jai + Jar + --- + Ja, is a root of a monic polynomial f;, € Z[X], of
degree 2".

(b) Show that V24 345+ 7+ /11 is irrational.

9. (IMO—shortlist) Given a, b € Q, can the polynomials X> — X — 1 and X? +
aX + b have a common complex root?

15.3 The Fundamental Theorem of Algebra

As a particular case of Corollary 15.9, every polynomial of complex coefficients and
degree n has at most n complex roots. On the other hand, the polynomial f(X) =
X2 -2c¢€ Q[X] has rational coefficients but does not admit any rational roots;
accordingly, g(X) = X% 4 1 € R[X] has real coefficients but no real roots. In
both cases, the fact that such polynomials do not admit roots in Q or R is due to
deficiencies of such number sets, in the sense that, in them, one cannot perform
certain root extractions.

On the other hand, Bhaskara’s formula shows (cf. Problem 1) that every second
degree polynomial with complex coefficients has two (possibly equal complex
roots), and the coming example looks at the third degree case. The reasoning
presented below is essentially the one developed by the Italian mathematicians of
the sixteenth century Scipioni del Ferro, Gerolamo Cardano and Niccolo Fontana,
known as Tartaglia (in this respect, see also Problem 2).

Example 15.22 A third degree polynomial f(X) = a3X> +a>X? + a1 X + ag with
complex coefficients has a complex root.

Proof We can obviously assume that az = 1. Also, for a given @ € C, we have that
z € Cisarootof f(X) if and only if z — & is a root of f(X + «); since

fX+a) =X+ +ar(X+a)? +a1(X +a) +ao
=X+ Ba +a2) X? + Ba? + 2aa + a) X + f(@),



380 15 Roots of Polynomials

by choosing o = —%2 we can assume further that ap = 0.
We are thus left to showing that a third degree polynomial f(X) = X3 +aX +b,
with a, b € C, has complex roots. To this end, we substitute z = u + v to get

f@) =@+v)?’+aw+v)+b
:u3+v3+3uv(u+v)+a(u+v)+b
=W 40> +b)+ 3w+ v)uv +a).

Since we are trying to find some complex root for f, we try to impose that u> 4+v3 =

—b and uv = —a, thus getting the system of equations
w03 =—b
uv = —a '

In turn, such a system can easily be solved, for u> and v> are the roots of the second
degree equation X> +bX —a®> =0 O

At this point, we could turn to fourth degree polynomials with complex coeffi-
cients and, by performing even trickier computations, show that they have complex
roots too. Instead, we turn to the general case, which was settled by Gauss in his
doctor thesis, in 1799 (nevertheless, see Problem 3 and the subsequent paragraph).
This is the content of the coming result, which is know in mathematical literature as
the Fundamental Theorem of Algebra (we abbreviate FTA). The proof we present
is due to the French mathematician of the eighteenth century J-B. le R. d’ Alembert.

Theorem 15.23 (Gauss) Every polynomial f € C[X]\C has at least one complex
root.

Proof By the sake of notation, write f(z) = a,z" + - - + a1z + ap to denote the
polynomial function associated to f. Without any loss of generality, we can assume
that ag # 0.

For z # 0, the triangle inequality for complex numbers (cf. Problem 3, page 326)
gives

an—1 an—2 ap

lf @] = lz|" |an +

Therefore, letting

2nlay_1| 2nlan—2] Y 2nlag] } (15.5)

|n | ’ Alay| Y s

|z| > max {
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lan—k| lan|

we have REL N TR that
| |t |
|f @] > lzI" (Ianl—n =—lz|".
2n 2
However, since |z]| > /) %, we have |a,l||z|" > 2nlag| and, hence, | f(z)| >
nlag| > |aol.

In short, letting R denote the right hand side of (15.5), we get

Iz > R = | f(2)] > laol = |f(O)].

Now, in Sect. 21.2 we will show (cf. Corollary 21.21) that there exists zg € C such
that |zo| < R and

|f(zo)| = minf{| f(2)|; z € C, [z] = R}.

Hence, what we did above assures that

| f(zo)| = min{| f(2)|; z € C}.

By contradiction, let us suppose that f(zo) # 0, and show that there exists 7 € C
for which | f(zo + h)| < |f(zo)|. To this end, we start by noticing that there exist
complex numbers ¢, c1, ..., ¢,, independent of & and such that

f(zo+h) =ap+ai(zo+h)+-+ay(zo+h)"
=cotcth+---+c,h"™;

moreover, co = f(z9) # Oyand cn = a, # 0. Take the least 1 < k < n such that
¢k # 0. Then, letting d; = Z—é for 0 < j < n, we obtain

+h
|f|(JZ‘(2—ZO)|)| = |1 +dkhk+dk+1hk+l ++dnhn|

< |1+ dih*| 4 |dgpt FF 4 dy b

dit1 dy

= |1 + dih*| + |dieh*| | ==k 4+ R R
di di

Now, estimates analogous to those we did with the aid of (15.5) allow us to choose
r > Osuchthat |h| <r = dg—:lh + -4+ fil—';h"’k‘ < %.Then,

| f(zo + h)| ko, Lok
|h| <r = ———= < |1 +dih"| + = |dih"|.
| f(z0)l 2
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Letdy = scisa and h = r cis 6. The first de Moivre formula gives us

|f(zo + h)|

1
< |1+ srfcis (o + kO)| + =sr¥;
[ f(zo)] 2

—a

therefore, choosing 6 € R in such a way that « + k6 = 7 (i.e., taking 6 = %),
we get

h 1
—|f(ZO+ )l §|l+srkcisn|+—srk
| f(zo)l 2

1
=1 = k ok
| sr |+2sr
=1——srk < 1,
2

whenever sr¥ < 1,ie.,0 <7 < \’%g . With such an r (and with the corresponding
h), we have | f(zo + h)| < | f(z0)l. O

An immediate consequence of the FTA is collected in the coming

Corollary 15.24 If f(X) = a, X" 4+ - - - + a1 X + ag is a polynomial with complex
coefficients and degree n > 1, then there exist complex numbers z1, ...,z such
that

fX)=a,(X —z1)...(X —zp). (15.6)

The right hand side above is the factorised form of f.

Proof We prove the corollary by induction on #n, the case n = 1 being immediate.
Take an integer n > 1, and assume that the corollary is valid for every polynomial
with complex coefficients and degree n — 1.

If z; € Cisaroot of f (whose existence is guaranteed by the FTA), the root
test assures the existence of a polynomial g with complex coefficients, such that
f(X) = (X — z1)g(X). Note that g has degree n — 1 and leading coefficient a,;
hence, by induction hypothesis, there exist z7, . .., z, € Csuchthat g(X) = a, (X —
z2)...(X — z,). Therefore,

JX) =X -z08(X) =an(X —z1)(X —22) ... (X — zp)

and there is nothing left to do. O
A useful variation of the previous corollary is the one given by the next result.

Corollary 15.25 If f(X) = ay, X" 4+ - - - + a1 X + ag is a polynomial with complex
coefficients and degree n > 1, then, given o € C, there exist z1, ..., 2, € C such
that f(zx) = aforl <k <n.
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Proof Apply the former corollary to g(X) = f(X) — «. O

Back to the general case, let f(X) = a, X" + --- + a1 X + ap be a nonzero
polynomial with coefficients in K. If there exist elements «1, ..., o, € K for which

fXO) =a,(X —ap) ... (X —ay),

we shall also say that the expression at the right hand side is the factorised form of
f over K.

Since some of the «;’s may appear several times in the factorised form, if we
look only at the distinct ones we conclude, possibly after renumbering them, that
there exist 1 < m < n and positive integers ki, . . ., k;,;, such that

FX) = an(X —an - (X — )b,

withky + -+ k,, =n and ¢y, ..., o, pairwise distinct elements of K.
The two coming examples give interesting applications of the factorised form of
polynomials.

Example 15.26 Given a natural number n > 1, do the following items:

(a) Obtain the factorised form of f(X) = X" ' + X" 24 ... + X + 1.
(b) Let AjA;y... A, be a regular polygon with n sides, inscribed in a circle with
radius 1. Compute the value of A1A> - AjA3-... - A1A,.

Solution

(a) Since
X-DfX)=X-DX" 1+ x"24... 4 X+1)=X"—1,

the complex roots of f are precisely the n-th roots of unity distinct from 1.

By (13.19), such roots are the complex numbers w, @?, ..., 0" with w =
cis 27” Therefore, the factorised form of f is
FX)=X-0)(X—?)...(X —o" . (15.7)

(b) Assume, without any loss of generality, that the circle of radius 1 circumscribing
A1Aj ... A, isthe unit circle centered at the origin of the complex plane, as well
asthat A; = 1 and Ay, = w, with w = cis 2T’T.Then, Aj = o/~ lforl < Jj <n,
so that

AAy- AAz ... AA, =1 — 0|l —o?|... |1 —o"
=1(1—w)(1—a?)...(1 —" Y]
=|f(]| =n.
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The next example is concerned with Bernstein polynomials, so that the reader
may find it convenient to recall their definition, in the paragraph that precedes
Proposition 15.20.

Example 15.27 Forn € N, let f, be the n-th Bernstein polynomial. Show that

n

L0 =T] (x — 2cos

k=1

Qk —1)
)

Proof Item (a) of Proposition 15.20 gives f, (2 cos#) = 0if cos(n6) = 0. However,

cos(nf) =0 <:>n9=%+krr, dkeZ

k
oo="4" 3rez
2n n

3 @Qn-—Dn

Now, fork =0, 1, ..., n—1, we get 6 respectively equal to ;—n, Se s , and

2n
all these values of 6 give distinct values for cos 6. Therefore, 2 cos (), 2 cos (32—2),

..., 2cos (W) are n distinct roots for f;. Since f;, it is monic and has degree
n, the rest follows from Corollary 15.24. O

Problems: Sect. 15.3

1. Prove that the formula giving the roots of a second degree equation still holds
to compute the complex roots of aX?+bX + ¢, witha,b,c € Cand a # 0.

2. Leta, b € C, with a # 0. In the notations of the discussion of Example 15.22,
if ug € C is such that uS is a complex root of X2 + bX — a3, show that the
roots of X3 + aX + b are given by ug + vg, uow + voa)2 and uow? + vow,
with vg = —u"—o and w = cis %’T Moreover, show that such are distinct roots if
4a® +b% #0.

3. The purpose of this problem is to delineate the steps followed by the Italian
mathematician of the sixteenth century Lodovico Ferrari to find the roots of a
fourth degree polynomial X*+aX3+bX%+cX +d,witha, b, c,d € C:

(a) If z € Cis any complex number, check that

az\2 a?
Hrad + b +ez+d= <z2+?> +<b—z>zz+cz+d.
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(b) If z € Cis aroot of the given polynomial and w is any complex number,
check that

2 2
(zz—l—%—i—w) =(Zw—b—}—%)zz—i-(wa—c)z—i-wz—d.

(c) Show that if w is a root of the third degree equation

2
2 2 _ a-
(wa — ¢)? = 4(w d)(2w b+ 4),

then the equality of item (b) reduces to

2
z2+%z+w=i ,/2w—b+%z+ w?—d|,

where /2w — b + % and ~/w? — d stand for any complex square roots of

2w —b+ % and w? — d.
(d) Show, without resorting to the Fundamental Theorem of Algebra, that the
given fourth degree polynomial has a complex root.

The reader who went through Example 15.22 may have noticed that we
reduced the task of finding a complex root for a third degree polynomial to
that of finding a complex root for an associated second degree polynomial;
subsequently, in the problem above we reduced the task of finding a complex
root for a fourth degree polynomial to that of finding a complex root for an
associated third degree polynomial. One is thus naturally tempted to guess
whether it would be possible to extend such a recursive reasoning, thus reducing
the task of finding a complex root for a general polynomial of degree n > 1
to that of finding a complex root for an appropriately associated polynomial
of degree n — 1. Attempts to implement such a strategy were unsuccessfully
pursued by several mathematicians along the sixteenth, seventeenth and eigh-
teenth centuries, until a general consensus started to form around the idea that
this would perhaps not be possible. Actually, in the dawn of the nineteenth
century, the Norwegian mathematician Niels H. Abel proved that there is no
general formula for finding the roots of a fifth degree polynomial in terms of
their coefficients; a few years later, the French mathematician Evariste Galois
extended such a result for all polynomial of degree n > 5, obtaining the
first major achievement of what is known today as Galois Theory. A gentle
introduction to the involved ideas, with complete proofs, is the object of the
marvelous book [20].
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*If f € R[X]\ {0} and z € C\ R, prove that f(z) = 0 < f(z) = 0. Then,
conclude that every nonconstant polynomial with real coefficients has an even
number of nonreal complex roots, counted with multiplicities.

. * Prove that every polynomial with real coefficients and odd degree has an odd

number of real roots. In particular, such a polynomial always has at least one
real root.

If f € R[X]\ R is monic and has no real roots, show that there exist g, h €
R[X] such that f = g2 + h?.

. *Let f € Q[X]\ Q be a polynomial of degree n € N, and @ # 0 be a complex

root of f. Given m € Z, prove that there exist by, by, ..., by—1 € Q such that
o™ =by+bia+-+by_1a" L (15.8)

Let f(X) = a, X" +a,_1 X" '+ -4+a; X +ap be a polynomial with complex
coefficients and degree n > 1. If z € C is one of its roots f, prove that

A
|z] SmaX{l,n—},
|an|

where A = max{|ag|, |ai], ..., |lan—1l}.

*Let f(X) = a, X" +a,_1 X" '+ 4a; X +agbe a polynomial with integer
coefficients, such that @, > 1, and k > 2 be an integer for which |a;| < k for
0 <i < n.If z is a complex root of f, prove that Re(z) < 1 + %

A polynomial f over C of the form f(X) = aX* 4+ bX>? + cX? 4+ bX + a,
with a # 0, is said to be a reciprocal of degree 4 grau. Compute its roots and,
then, formulate and solve the analogous problem for reciprocal polynomials of
degree 6.

(Singapore)? Let f be a polynomial with real coefficients and degree n, such
that f(k) = kkj for every integer 0 < k < n. Compute the possible values of
fm+1).

Given an integer n > 2, prove that

. . 2w | 3w . (n—=Dm n
sin — sin — sin — ... sin = I
n n n n 2n=

For m € N, show that:

s T G 2T s (m—Dm _ Jm
(a) s m s TR sin “Om = gm1:

. 11 . 2 : mm _ «/2m+1
(b) sin ImgT S 3 - SN 5 T =

(Romania) Find all nonconstant polynomials p € R[X] such that p(X?) =
pX)p(X —1).

3For other approaches to this problem, see Problem 4, page 444, and Problem 3, page 450.
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15.4 Multiple Roots

In this section, given f € C[X]\ C and z € C, we derive a useful necessary
condition to be satisfied for z to be a multiple root of f. To this end, it is convenient
to make the convention of saying that z € C a root of f of multiplicity zero if z is
actually not a root of f. We shall also need the coming

Definition 15.28 Given a polynomial f(X) = @, X" +---4+a; X +ag € C[X], we
define its derivative* f/ € C[X] of f as the polynomial
F(X)=na, X" '+ (n— Dap X" 2+ +2mX +a

if 3f > 0. Otherwise, we let f/ = 0.

The rule for getting the derivative of a polynomial is rather simple: the derivative
of a constant polynomial is the identically zero one, whereas the derivative of a
polynomial of degree n > 1 is obtained by erasing its constant term and performing,
for 1 < k < n, the monomial exchange

aka > kakafl.

The coming proposition establishes the main properties of derivatives of polyno-
mials.

Proposition 15.29 For fi,..., fx € C[X]and ay, ..., a; € C, we have:
/
@ (Thiafi) =X af.
k ! _ k /
o) (TTei fi) =Xhei i S S
Proof

(a) This item follows immediately by induction on k > 1. Note that the initial cases
arek =1land k = 2.
(b) Firstly, let

fX)=a,X"+---4+a1X +ap and g(X) = b, X" +---+ b1 X + bo.

4The reader acquainted with Calculus has certainly noticed that the definition of f’ matches the
one presented in Calculus courses by computing limits of Newton’s quotients. The point of the
present definition and the subsequent proposition is that they will equally apply to polynomials
over Z,, in Chap. 19.
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By omitting X whenever convenient, it follows from (a) that

(o =[(Sax)e] = (Saxe) = Yaxiey.
=0 j=0 j=0

On the other hand,
m , m , m
(@;X7g) = (a; X1 Y biX') = (Y abiXH) = (a;bi X7y
i=0 i=0 i=0
m
= (j+i)ajbix/ !
i=0
m m
= Zjaﬂ?;‘Xjﬂ.i] + Zidjbﬂ(jﬂ.il
i=0 i=0

m m
=ja; X7 Y X' +a; XY ib X
i=0 i=1

= (a; XY g+ (a;X")g.
Hence, going back to the previous expression for (fg)’, we obtain

(fe) =) (@jx))g+a;X/g)

Jj=0

= (i(aﬂ(ﬂ’)g—i— (ianj)g/
Jj=0 Jj=0
= (X”:ijj)/g + 1

=0
= f'g+ f¢,

where we used item (a) once more in the next to last equality.
Finally, the extension to k& polynomials fi, ..., fx € C[X] easily follows by
induction.
O

Corollary 15.30 Given g € C[X]andn € N, if f(X) = g(X)" then f/(X) =
ng(X)"Vg'(X). In particular, if f(X) = (X — a)", then f'(X) =n(X —a)*~\.
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Proof Lettingk =nand f; = --- = f,, = g initem (b) of the previous proposition,
we obtain

FX) =) gx)" g (X) =ng(X)" g (X).
i=1

The particular case follows from this formula, letting g(X) = X —a. O

The coming result relates the multiplicity of a root of a polynomial to its
derivative.

Proposition 15.31 Let f € C[X]\ {0} and z € C.

(a) If z is a root of multiplicity m > 1 of f, then z is a root of multiplicity m — 1 of
[

(b) If z is a root of [ and is a root of multiplicity m — 1 of f’, then z is a root of
multiplicity m of f.

Proof

(a) The root test allows us to write f(X) = (X — z)"g(X), with g(z) # 0. On the
other hand, item (b) of the previous proposition, together with its corollary, give

F(X) =m(X — 2" 'g(X)+ (X —2)"g'(X)
= (X — 2" ' mg(X) + (X — ¢/ (X)].

Hence, letting h(X) = mg(X) + (X —z2)g’(X), we have h(z) = mg(z) # 0 and
f(X) = (X —2)" 'h(X). By the very definition of multiplicity, we conclude
that z is a root of f’ of multiplicity m — 1.

(b) Again by the root test, we can write f(X) = (X — 2)%g(X), for some integer
k > 1 and g € C[X] such that g(z) # 0. Then, item (a) assures that the
multiplicity of o as a root of f’ is k — 1, so that k — 1 = m — 1 and, hence,
k =m. |

Corollary 15.32 Ifz € Cand f € C[X]\ {0}, then z is a multiple root of f if and
only if f(z) = f'(z) = 0.

Proof If z is a multiple root of f, this means that it is a root of f with multiplicity
is at least 2. Therefore, item (a) of the previous proposition implies that z is a root
of f.

Conversely, if z is a root of both f and f’, then item (b) of the previous
proposition shows that the multiplicity of z as a root of f is at least 2. In turn,
this is the same as saying that z is a multiple root of f. O
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Example 15.33 (Sweden) Prove that, for every n € N, the polynomial

1 2 1 n
1+ X+ X2+ =X
2! n!

has no multiple roots.

Proof Let f(X) =1+ X + 5 Lx2 4. o L X" and assume that it has a multiple
root z. Then, by the former corollary we have f(@) = f'(z) = 0. Now, since
f(X) = f'(X)+ n!X", it would follow that

n

0=f@) =@+
n.

i.e., z = 0. However, since f(0) = 1 # 0, we have reached a contradiction. O

In order to refine the conclusion of the previous corollary, we first need to
generalize Definition 15.28. We do this now.

Definition 15.34 For f € C[X] \ {0}, we define the k-th derivative of f, denoted
f(k), by

£ — {f ifk=0
(FODY itk =1"

It readily follows from this definition that f(V = (f©@) = f’; thus, f® =
(fMY = (f'Y, so that we denote f® = f”. Accordingly, whenever convenient
we write £ = £ etc.

If 9f = nand 0 < k < n, an easy induction guarantees that df (*) <n-—k;in
particular, 3f ™ = 0 and, hence, f*+1) = 2 = ... = 0.

Corollary 15.35 Ifz € Cand f € C[X]\ {0}, then z is a root of multiplicity m > 1
of f if and only if

f@=...= f"V@)=0 and ™ (z)#0.

Proof Suppose first that z is a root of multiplicity m of f. Several applications of
item (a) of Proposition 15.31 give us, on the one hand,

f@==f"P@)=0

and, on the other, that z is a root of multiplicity zero of ™, i.e., that £ (z) # 0.
Conversely, assume that the stated condition holds and let k € N and g € C[X]
be such that f(X) = (X — z)kg(X), with g(z) # 0. A straightforward inductive
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argument (using again item (a) of Proposition 15.31) assures that z is a root of
multiplicity kK — j of f D for0 < Jj < k. In particular,

f@=...=f%D@=0and fPr) 0.
Now
f@Q=...=f"P@)=0=k=m
and

F(2) #£0=k <m.
O

In the rest of this section, our purpose is to show that, if f € C[X] \ {0} has
degree n and z € C, then f is completely determined by the values f®(z), for
0 < k < n. However, before we can do that, we need two further consequences of
Proposition 15.31.

Corollary 15.36 Let f € C[X] be such that f = 0 or 0f < n. If z € C satisfies
f@ == f"() =0, then f =0.

Proof If f # 0, then the previous corollary, together with the stated conditions,
assure that the multiplicity of z as a root of f is at least n + 1. However, this would
imply that (X —z)"*! would divide f, which in turn contradicts the fact that f < n.

O

Corollary 15.37 Let f, g € C[X]\ {0}, with df, 0g < n. If there exists z € C such
that

f@=g@, ..., f") = g" (),

then f = g.

Proof An easy induction on k > 1, with the help of Definition 15.34 and item (a)
of Proposition 15.29, assures that

(f = 00 = P00 -0 X,
for every integer k > 0. In particular, the stated conditions give
(f-9P@=r%-g%@ =0,
for0 < k < n.

Finally, since f —g = 0or d(f — g) < max{df, dg} < n, the previous corollary,
applied to f — g, assures that such a polynomial vanishes identically. O
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The coming result is known in mathematical literature as the Taylor formula’
for polynomials, and is a direct consequence of the last corollary above.

Theorem 15.38 Ifz € Cand f € C[X]\ {0} is of degree n, then

0] (n)
0=+ T2 g r 1 oo (159)
Proof Let
/ (n)
c0=r0+ 120 o+ T oy

Since f # 0, it follows from Corollary 15.36 that at least one of the numbers f(z),
f'(@), ..., f™(z) is nonzero; therefore, g # 0. On the other hand, it is immediate
to check that, for 0 < k < n, we have

n )
d =3 LD (x gy

G-k

and, hence,

f@=8@. ff@=8@. ... @ =".
However, since f and g both have degrees less than or equal to n, the previous
corollary assures that f = g. O

Example 15.39 Let f € R[X]\{0}and a € R be such that f(a) = 0and f®(a) >
0 for every k > 1. Prove that f has no roots along the interval (a, +00).

Proof Letting n = 0f, Taylor’s formula gives

X —a)".

f(X) =

X—-a)+---+
1! n

f'(@) ™
!

Since f # 0, at least one of the derivatives f% (a), say f)(a), is positive.
Obviously, 1 < j < n. Therefore, for a real number x > a, we have

/ (n)
f(X)=f(a)(x—a)+-~-+f (a)(x—a)”
1! n!

) .
> fjj'(a)(x—a)] > 0.

5Brook Taylor, English mathematician of the eighteenth century.
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Problems: Sect. 15.4

1. Find all integer values of a for which f(X) = X® —aX? 45X —2 has multiple
roots.

2. * Establish the following partial generalization of item (a) of Proposition 15.31:
if f, g € C[X]\ {0} are such thatg(X)2 | £(X),then g(X) | f/(X).

3. *Forzy,...,zz € C,let f(X) = (X —2z1)...(X — z,). Prove that, for z €

C \ {Zlv ooy Zn}, we haVe
'@ 2": 1
f@ =iz
j=1
4. * Generalize the previous problem proving that, if f1,..., fi € C[X]\ {0},

f=/fi...frand z € Cisnotaroot of f,then

fl@ _ ik G
o o TR

2

5. *Letn > 1 be an integer and w = cis =-.

(a) Show that, for every integer 1 < j < n, one has
(@ =1)... (0 — o N0 -/ .. (0 — ") = ne® V.

(b) Compute, in terms of n, the value of P = H0§k<j<n () — k)2

6. Given u,v,w € C, with w # 0, let (an)n>1 be such that ax+3 = wuagyr +
vaiy+1 + way for every k > 1. Also, let «, 8 and y be the complex roots of the
polynomial X3 — uX? —vX — w.

(a) Ifa, B and y are pairwise distinct, show that a, = Ao~ '+Bp" 1 +Cy"~!
for every n > 1, where A, B and C are the solutions of the linear system

A+B+C =a
A+ BB+yC=a
a?A+ B*B +y°C = a3

(b) Ifa = B # y, show that a, = (A + Bn)a"~ ' + Cy" ! forn > 1, where
A, B and C are the solutions of the linear system

A+B+C=aqa
v(A+2B)+yC=a .
a?*(A+3B) +y*C = a3
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10.

11.

12.
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(¢) Ifa =B = y, show thata, = (A + Bn + an)oz”_1 forn > 1, where A,
B and C are the solutions of the linear system

A+B+C=a
a(A+2B+4C) = a»
a?>(A+3B+9C) = a3

* Solve the linear recurrence relation
dn+3 - 6dn+2 + 12dn-ﬁ—l —8d, =0,

knowing that d| = 1, d, = 4 and d3 = 14.

We now revisit Problem 13, page 22, with the methods we developed in this
section.
(USA) For each nonempty finite set S of real numbers, let o (S) and 7(S)
respectively denote the sum and product of its elements. Prove that

S 1 1
> ACTI SO IR A
Q);&Scl,ln(s) 2 n

Prove the following theorem of Gauss: if f(X) = @, X" + - -+ a1 X + ap is
a polynomial of degree greater than 1 and with complex coefficients, then the
roots of f” are contained in the smallest convex polygon (possibly degenerated)
of the complex plane having the roots of f as vertices.

* Let f be a nonzero polynomial with integer coefficients and degree n, and
a € 7. Prove that &,(“) € Zfor0<j<n.

Let f be a nonzero pblynomial with integer coefficients and p be a prime that
does not divide its leading coefficient. If m € N is such that

f(m) =0(mod p) and f'(m) # 0(mod p),
prove that, for every k € N, there exists m; € N for which
f(mg) = 0 (mod p©).
(IMO—shortlist) The real numbers a, b and c are such that there exists exactly

one square® whose vertices lie on the graph of the polynomial function f(x) =
x3 4 ax? + bx + c. Prove that the length of the sides of such a square is v/72.

50ne can show (cf. Problem 5, page 444) that, given a simple n-sided polygon, one can always
find a polynomial function of degree at most n — 1 and whose graph contains the set of vertices of
the polygon.



Chapter 16
Relations Between Roots and Coefficients <o

This chapter is devoted to the proof of some important relations between the
coefficients of a polynomial and their complex roots; such results are generically
known as the relations between roots and coefficients of a polynomial. We also
discuss an important theorem of Newton on symmetric polynomials, which will
reveal itself to be of central importance for the material of Chap. 20.

In all that follows, recall that K stands for Q, R or C.

16.1 Polynomials on Several Indeterminates

For a given n € N, a polynomial f in n indeterminates over K is a sum of
monomials of the form

ai....inXli] - X,iq",
where a;, ;, € Kand iy, ..., i, vary in Z4, with a;,._;, = 0 for almost every (i.e.,
for all but a finite number of) sequence (i1, ..., i,) of nonnegative integers. In this

case, we write

f=fXnLXo o X)) = > ai, X)X

The degree of a polynomial f as above is the greatest possible value of the sum
i1+ +iy,suchthata; ; #0.

We let K[ X1, ..., X,] denote the set of polynomials in # indeterminates over K.
On such a set we define, in an obvious way, operations

+ KXy, ..., X, x K[X1, ..., Xa] — K[X1, ..., X
© Springer International Publishing AG, part of Springer Nature 2018 395
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and

KX, Xl x KX, LX) & KX, X,

respectively denoted addition and multiplication, which extend the homonymous
operations on K[X] and continue to be commutative, associative etc. For instance,
if £(X1,X2) = X2 + X1 X2+ X3 and g(X1, X2) = X; — V/2X| X2, then

f(X1,X2) + (X1, X2) = XT + (1 =V X1 X2+ X{ + X3
and
F(X1.X2) - (X1, X2) = X} — V2X7 Xy + X1 X2 — V2X7X]
+X3X3 - V2X1X3.

Given f € K[Xjy,..., X,], we can look at it as a polynomial in X;, with
coefficients in K[X1y, ..., X;, ..., X,], where we have put the hat A over X; to
indicate that all of the indeterminates, except for X;, are present. For example, let

f(X1, X2, X3) = X3 X2 X3 — X3 —5X1 X2 + 10X X3 X3,
be a polynomial in K[ X, X», X3]; writing

f(X1, X2, X3) = Xi X2 - X5 + 10X, X5 - X3 — (X] +5X1X2),

we consider f as a polynomial in X3, with coefficients in K[ X, X>].
If f, g € K[Xy, ..., X,] are given by

fXLXo X = Y ai ., XY X

i1seerin>0
and
gX1. X X)) = Y b, X\ XD
ily-nainzo
we say that f and g are equal provided a;, ., = b;, .., for all possible choices of
indices i1, ..., i, € Z4.
For fixed x1,x2...,x, € K, we write f(x1,x2,...,x,) to denote the element
of K given by

FOx1,x0, ..., %) = Z iy g X XY X

The coming proposition establishes an important relation between such elements of
K and the notion of equality of polynomials in several indeterminates.
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Proposition 16.1 Ler f, g € K[X1,..., X,]. If A1, ..., A, C K are infinite sets,
then

f=g< f(x1,x2,...,x5) = g(x1,x2, ..., %),

forall x| € Ay, xp € Aa, ..., X, € Ap.

Proof If f = g, then it is clear that f(xq, x2,...,x,) = g(x1, X2, ..., x,) for all
X1, X2, ..., X, € Kand, in particular, for x; € A1, x3 € Ay, ..., x, € Ay
Conversely, suppose that this last condition is satisfied, and let us prove that
f = g by using induction on the number n of indeterminates. Corollary 15.10
already gives the validity of this claim for n = 1. Assume, by induction hypothesis,
that the result holds true for polynomials over K in n — 1 indeterminates, and write

X0 Xa o X)) = fi(Xas L X)X

b (16.1)
g(X1, X2, ..., Xp) = Z;’:Og,»(xz, L X)X

with f;, g; €e K[X3, ..., X,]forall0 <i <m,0<j < p.
For arbitrarily fixed x» € Ay, ..., x, € A,, the hypothesis gives

fe,xo, 000, x0) = 8(x1, X2, ..., Xyp)

forall x; € Ay, ie.,

Do fiGa, L x)x] =g, )X,
j=0

J=0

for all x; € Aj. Since A is an infinite set, applying Corollary 15.10 to the
polynomials in X

m
FXL X2 x) =Y fixa, )X
=0

and

p
g(Xl’-x27--~»-xl’l)Zzgj(x27'--5xn)X{5
j=0

we conclude that m = p and

Fi(a, oo, xn) = gj(x2, ..., xn) (16.2)
for 0 < j < m. However, since x; € Aj, ..., x, € A, were arbitrarily chosen,
we conclude that (16.2) holds for all x, € A», ..., x, € A,. Hence, our induction

hypothesis guarantees that f; = g; for 0 < j < m, so that (16.1) gives f =g. O
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Remark 16.2 From now on, whenever we deal with polynomials f over K in
two indeterminates, we will generally write f(X,Y) instead of f(X1, X»2). An
analogous remark holds for polynomials f over K in three indeterminates, which
will be generally denoted by f (X, Y, Z), instead of f (X1, X2, X3).

Example 16.3 Write (X +Y + Z)3 — (X3 + Y3 + Z3) as a product of polynomials
of degree 1.

Solution Choose arbitrary y, z € R*, with y # z, and consider the polynomial in X
g0 =Xy, 0=X+y+2° =X = (7 +2).
Since
fEyy D=y +y+20° (=0 +y +2) =0,

the root test assures that the polynomial (in X) f (X, y, z) is divisibleby X —(—y) =
X + y. Analogously, f is also divisible by X + z and, since dg = 2, item (c) of
Proposition 15.3 guarantees that

X, y,2) =a(X +y)(X +2),
for some « € R to be found. By evaluating the equality above at 0, we obtain
ayz=f0,y,2) = +2° - > +2°) =3yz(0 + 2),

so that @ = 3(y + z). Therefore,

FX,y,2) =30+ )X+ y)(X +2)

and, then, f(x,y,z) = 3(y + 2)(x + y)(x + z) for all x € R and y, z € R*, with
y # z. Proposition 16.1 now gives

fX. Y, Z) =3 +Z2)(X+Y)X + 2).

Problems: Sect. 16.1

1. *If f € K[Xq, ..., X,] does not vanish identically, prove that there exist infinite
sets A1, ..., Ay, C Ksuchthat f(xq,...,x,) #0forallx; € Ay, ..., x, € Ay,.
2. Do the following items:

(a) Prove that the polynomial (X — Y)> + (Y — Z)° 4+ (Z — X)° is divisible by
X -YV)Y —2)(Z-X).

(b) Write the polynomial (X —Y)> 4+ (Y — Z)° 4+ (Z — X)° as a product of three
polynomials of degree 1 and one polynomial of degree 2.
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3. Write the polynomial (X + Y + Z)°> — X°> — Y3 — Z> as a product of three
polynomials of degree 1 and one polynomial of degree 2.

16.2 Symmetric Polynomials

For what follows, given n € N we recall that I,, = {1,2, ..., n}; also, a function
o : I, — I, is said to be a permutation of I, if it is a bijection from I, into itself.
The object of study along this section is isolated in the coming definition.

Definition 16.4 A polynomial f € K[Xy, ..., X,]is symmetric if
fX1, X2, .00, X)) = fXo), Xo@)s -5 Xom),

for every permutation o of I,.

For a better understanding of the above definition, let us look at the polynomials
f, g € K[X, Y] given by

fFX,Y)=X>4Y>—XY+X+Y and g(X,Y)=X>+V>—X.
The first is symmetric, whereas the second one is not, for
FOX) =Y 4+ X —YX+Y+X=f(X,Y),
and
gV.X)=Y 4+ X3 —Y £gX,Y).

A particular set of symmetric polynomials, called elementary, deserves special
attention, and this is the object of the coming definition.

Definition 16.5 For 0 < j < n, the j-th elementary symmetric polynomial in
X1,..., Xy, denoted s; = 5;(X1, ..., X,), is defined by

X X,) 1, if j=0
si( X1, ..., = . . .
J n Zl§i1<~~~<ij5n X“Xl-2 ...X,'j, ifl<j<n

In the case n = 3, for example, we have
so=1, s1i=X+Y+Z, s =XY+YZ+XZ, s35=XYZ.

For an arbitrary natural number #, it is not difficult to prove that s; is indeed
symmetric. On the other hand, the actual importance of the elementary symmetric
polynomials lies in the next proposition, which establishes Girard-Viete formulas'
between the coefficients and roots of a given polynomial.

Frangois Viete and Albert Girard, French mathematicians of the sixteenth and seventeenth
centuries, respectively.
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Proposition 16.6 (Girard-Viete) Let f(X) = a, X"+ - -+a1 X +ap € K[X]\K

have roots a1, ..., a, € K, repeated according to their multiplicities. For 1 < j <
n, one has
_ jn=j
silay, ... ay) = (=1 —. (16.3)
dn
Proof By the sake of simplicity, we shall write s;(;) to denote s;(a, ..., o).

According to our hypotheses, the factorised form of the polynomial f is f(X) =
an(X — o) (X —a2) ... (X — o). Expanding the products, we obtain

F(X) = an X" — aps1 (@) X"+ aps2 (@) X" 72 — - 4 @y (= 1) s ().

It now suffices to compare such an expression for f with that given in the
statement of the proposition to obtain

—aps1(a;) = an—1, aps2(Q;) =ap—2, ..., an(_l)nsn(ai) = ag.

O

In order to get the right feeling on what the previous proposition says and what
it does not say, let o, 8 and y be the complex roots of the polynomial f(X) =
X3 —2X? + 1. Girard-Viete relations give

a+B+y =2, afp+ay+ By =0 and afy = —1.

However, it is worth noticing that such relations do not bring enough information
for us to compute the values of «, § and y; indeed, if we try to solve the system of
equations formed by them, we will simply obtain the polynomial equations f (o) =
0, f(B) = 0 and f(y) = 0. Actually, by multiplying both sides of the second
equation by «, we get

@’(B+y)+apy =0;
in turn, substituting 8 + y by 2 —« and ¢y by —1 in this last equality, we arrive at
2 —
a“Q—a)—1=0.

In the notations of the former proposition, we shall refer to s; (a1, ..., a,) € K
as the j-th elementary symmetric sum of the roots of f. Whenever «y, ..., a,
are understood and there is no danger of confusion with the elementary symmetric
polynomial s; = s5;(X1, ..., X,), we shall write simply s; to denote such a sum.

We now present a series of examples that illustrate a variety of different situations
to which one can profitably apply Girard-Viete relations.
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Example 16.7 Let f(X) = X" + a1 X" Vb, o X" a X+ agp be a
polynomial of real coefficients, such that aﬁf | < 2ay—3. Prove that f has at least
two complex, nonreal roots.

Proof By contradiction, assume that a;%fl < 2a,_» but at least n — 1 of the roots
of f arereal, say oy, ..., 0,1 € R.Since fand g(X) = (X —ap) ... (X —ay—1)
have real coefficients, we get from the division algorithm that

J(X) =g(X)(X —an),

for some «;,, € R. Therefore, all roots of f are real.
Now, by applying Girard-Viete relations, we obtain

n
Zai = —a,_; and E Qi = ap_.
i=1 i<j

Hence

which gives us the desired contradiction. O

Example 16.8 (Croatia) Let a, b and c be nonzero real numbers satisfying a + b +
¢ = 0. Prove that

a+b 4+ <a3+b3+c3> (a2+b2+c2>

5 - 3 2
Proof If f(X) = (X —a)(X — b)(X — ¢), then condition a + b + ¢ = 0 gives
f(X) = X3+ 5X — ¢, withs = ab + ac + bc and t = abe. Now, since f@a) =0,
we obtain a® = —sa + ¢ and, analogously, b= —sb+tand ¢ = —sc +¢. By
termwise addition of these relations and using condition a + b + ¢ = 0 once more,
we get

a’+ b+ =—s(a+b+c)+3t =3t
In order to deal with the sum a” 4 b + ¢, we start by multiplying both sides of
the equalities a> = —sa +t, b3 = —sb +t and ¢> = —sc + ¢ respectively by a2,
b? and ¢?; we then add them termwisely to obtain
PCHP + =—s@+b3+) +1@®+ >+ ).

In the right hand side of the above expression, substitute > + b3 + ¢3 = 3¢ and
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>+ b2+ =(a+b+c)? —2ab+ac+bc) = —2s
to obtain
PP+ =—5-3t+ t(—2s) = —5st.

The stated equality is, now, obvious. O

Example 16.9 (OCM) The roots of the polynomial f(X) = X> —7X2 4+ 14X — 6
are the lengths of the sides of a triangle. Compute the value of its area.

Solution Let a, b and ¢ be the roots of f and A be the area of the triangle with
sides a, b and c. Heron’s formula for the area of a triangle (cf. Chapter 7 of [9], for
instance) gives

A% = p(p—a)(p—b)(p — o),

where p is the semi-perimeter of the triangle. On the other hand, by Girard-Viete
relations, we get

Latbtro=ta@bo=1
= = C) = =S ,b,C) = —,
p=5% 701 2
so that

=130 -9G-0)

Now, the factorised form of f gives

fFXO=X-a)X-bX—-c)=X—T7X>+ 14X — 6

and, hence,
13)=G-2G-9G-)
)1 ) -o-
Thus,
7 7 7 1 7
=31 =35 %
whence A = 4. O
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Example 16.10 (Romania) Let a, b, ¢ and d be real numbers such that
4—+/5—a, b=+4++5—b,

=y4—-+vS5+candd =4+ V5+d.

Compute all possible values of the product abcd.

Solution Note that a® = 4 — /5 — a and, then, (a2 — 4)2 = 5 — a or, which is the
same, a* —8a2+a+11=0. Analogously, we have b*—8b2+b+11 =0, so that
a and b are roots of the polynomial

F(X)=Xx*—8X>+ X +11.

Likewise, we conclude that ¢ and d are roots of the polynomial X* —8X? — X + 11,
so that —c and —d are also roots of f.

Therefore, all of a, b, —c and —d are roots of f, and if we know that they are
pairwise distinct, we shall conclude that they are all of the roots of the polynomial
f; in turn, Girard-Viete relations will give

abcd = ab(—c)(—d) = 11.

For what is left to do, assume we had a = b. This would give /4 — /5 —a =

V4 4+ +/5 —a and, hence, a = 5. However, since 5 # 4 — /5 — 5, we actually

have a # b. Similarly, we prove that ¢ # d. Finally, since —c, —d < 0 < a, b, we
are finished. O

Example 16.11 (Romania) If x1, x3, ..., x, are positive real numbers for which
X1X2...x, = 1, prove that

Zn—l—i—x, =1

Proof Let p(X) = (X + x1) ... (X 4+ x,,). Problem 3, page 393, gives

p'(x) _i 1
- o T

px)
for x # —x1, ..., —x,. Hence, we want to show that
/ —
pn—1) _

p(n—1) —
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For what is left to do, for 1 <i <nleta; = s;(x1, ..., x,) be the i-th symmetric
elementary sum of xi, ..., x,, and set ap = 1. Then, we have

n n—1
pX) = Zan”_j and p(X) = Z(n — pajx i7",
j=0 j=0

so that it suffices to show the inequality

n n—1
Y ajn =1 =3 (n— jaj;n— 1)
j=0 j=0
or, which is the same,

n—1
Y ai(i =D = 1" a4, = nagn — 1" = ap(n — 1)".
j=1

Finally, we want to prove that
n
Y aii=Da—-D"" = @-D""
j=1

To this end, the inequality between the arithmetic and geometric means (cf. [8], for
instance) furnishes

Therefore, it is enough to show that
n n )
> ( .)(j — D= = -1
=1
We claim that this last inequality is actually an equality. Indeed, the equality

X"=(X—1+41)= Z(”)(X — 1k

k=0 k

give us, upon differentiation,

n—1
nX" =" k) (”)(X —pyrket
k=0 k
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Now, by evaluating the corresponding polynomial functions at x = n, it comes that

n—1

=3 -k (Z) (n — 1" 1

k=0

n—1
=Yl -1 — k- “](Z)(” — 1y

k=0

1

3
|

n—1
n _ 1\h—k _ _ n _ 1\yn—k—1
<k> n—1) ];(k 1)<k) n—1) .

x~
Il
=}

On the other hand,

n

W=—141" =Y (Z)(n — 1k,
k=0

so that
n n n—1 n n—1 n
E : n—k 2 : n—k n—k—1
(k>(n—1) = <k>(n_1) — E (k—l)(k)(n—l) .
k=0 k=0 k=0

After performing the obvious cancellations, we arrive at the equality

n—1
n _1\n—n _ n _yn—k—=1 _
<n) (n—1)""+ Z:O(k 1)<k) (n—1) -0,

which is the same as

3k - 1)<”> (n—1y"*1 =0
k=0 k

At last, from the above we can write

n n—0— . n n—k—
(0—1)(0>(n—1) 0 1+Z(k—l)<k>(n—l) k=1,

k=1

which is precisely the desired equality. O
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Problems: Sect. 16.2

1. Let f, g and & be nonzero polynomials in K[ X1, ..., X,], such that f and g
are symmetric and f = gh. Prove that & is also symmetric.
2. * A polynomial f € K[Xq, ..., X,]is said to be homogeneous of degree k if

FaXy, .. tX) =t F(X1, ..., Xn)

for every ¢t € K. Find, up to multiplication by a constant, all symmetric and
homogeneous polynomials of degree 2 in R[X, ¥, Z].
For the next two problems, S, stands for the set of all permutations of 1,
3. InR[Xy, ..., X,],n > 1, let be given a nonzero polynomial

f(Xls "-7Xn) = Z ail-"aiXil X’lq’l
i

----- In

For o € §,, define f° € R[Xy, ..., X,] by

fg(Xla--an)Zf(XU(l)v--"XU(n))Z Z ail...aiX;l(l)~~XZl(n)'
i

----- In

In this respect, do the following items:

(a) Prove that f7°" = (f9)%, forall o, T € §,.

® If f(X1,...,Xn) = H1§i<j§n(Xi — Xj), then f¢ = X f forevery o €
Sy.

(c) For f asin (b), write f© = sgn (o) f, with sgn (o) € {£1}. Show that
sgn(o ot) = sgn(o)sgn(r), forallo, T € §,.

(d) Let A, = {0 € Su; sgn(o) = 1} (we call the elements of A, even
permutations). For o, t € A, show that ¢ o 7 and o~ also belong to
Ay

(e) Given 1 < k < [ < n, we let 7g; denote the transposition corresponding
to k and /, i.e., the permutation of I, such that

i, ifi #k,I
@) =11, ifi =k
k, ifi=1
Prove that sgn (ty;) = —1,foralll <k <l <n.

(f) Show that |A,| = %.
4. For f € K[X1, ..., Xy],let g € K[Xy, ..., X,] be defined by

1 o
g=;Zf,

" oeSs,



16.2 Symmetric Polynomials 407

10.

11.

12.

13.

where f7 is given as in the previous problem. Prove that g is a symmetric
polynomial, called the symmetrization of f, and that g = f if f is itself
symmetric.

. (Brazil) It is known that the polynomial f(X) = X 3+ pX +¢ has three distinct

real roots. Prove that p < 0.

. (Croatia) Let a, b and c are pairwise distinct real numbers satisfying the system

of equations

a® =3b% 4+ 3c% =25
b3 =3c% +3a%-25,
3 =3a%+3p2-25

Compute all possible values of the product abc.

. Given a, b, ¢ € C find, as a function of a, b and ¢, the coefficients of a monic

polynomial of degree 3 whose complex roots are the cubes of those of X3 +
aX? +bX +c.

. Let p,q,r € R and assume that the complex roots of the polynomial X3 +

pX% + gX + r are three distinct and positive real numbers. Show that such
roots are the lengths of the sides of a triangle if and only if p> —4pg + 8r > 0.

. (Romania) Let a, b and ¢ be nonzero complex numbers, such that

1 1 1
at+tb+c=—-+-+-=0.
a b ¢
If n is a positive integer, show that a” + " + ¢ = 0 if and only if 3 { n.
(Hong Kong) Let a3, a4, ..., ajoo be real numbers, with ajgp # 0. Prove that

the polynomial
FX) =ai00X' P + ago X + - +asX3 +3X2+2X + 1

has at least one nonreal root.

Consider all straight lines that meet the graph of the polynomial function
f(x) = 2x* 4+ 7x3 4+ 3x — 5 in four distinct points (x;, y;), for 1 < i < 4.
Prove that the number }‘(xl + x2 4+ x3 + x4) does not depend on the chosen line,
and compute its value.

(Moldavia) In the cartesian plane, a circle intersects the hyperbola of equation
xy = 1 in four distinct points. Prove that the product of the abscissas of the
intersection point is always equal to 1.

(Canada—adapted) The complex numbers a, b and ¢ are the roots of X3 — X2 —
X —1.

(a) Prove that a, b and c are pairwise distinct.
(b) If, foreach n € N, we set
a® — b b — = at

S, = ,
" a—>b + b—c + c—a

show that Si4+3 = Sk42 + Sk+1 + Sk forevery k € N.
(c) Conclude that S, € Z, for every n € N.
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14. (BMO—adapted) For real numbers x and y such that xy # —1, define

1+x+y
X*y=
14+ xy
(a) Given n > 2 positive reals x1, x3, ..., X,, show that

_ S1+S3+"'+Si
l+so+sa+-+sp

xp k(X% (o ek Xp) o)

where i and p stand for the largest odd and even natural numbers less than
or equal to n, respectively, and s; denotes the j-th elementary symmetric
sum of x, x2, ..., X,.

(b) If f(X) =X +x1)(X +x2)...(X + x,), show that

xp k(o x(ookxy)--r) = f(l)-|—(_1)n+lf(_1)
n f(1)+(—1)nf(_1) .

15. Given an integer n > 1, find all real solutions of the system of equations

X1+x2+--+x,=n

2 2 2 _
x1+x2+~-~+xn—n'

X+ xy+-+x, =n

16. (IMO—shortlist) Let f(X) = X" 4+a, 1 X" '+---+a; X+1bea polynomial
of nonnegative real coefficients and real roots. Prove that f(x) > (x + 1)" for
every real number x > 0.

17. (Ireland) Find all polynomials f(X) = a, X" 4 --- + a1 X + ap satisfying the
following conditions:

(@) aj e{-1,1}for0<j <n.
(b) Allroots of f are real.

16.3 Newton’s Theorem

Yet with respect to symmetric polynomials, note that f(X,Y, Z) = X* 4+ Y* + 74
is symmetric, albeit not one of the symmetric polynomials in X, ¥, Z which we
called elementary. Nevertheless, letting s; = s1(X, Y, Z), so = s2(X,Y,Z) and
s3 = 53(X, Y, Z), we can write
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FX,Y,Z) =(X>+Y>+ 20 —2X?Y* + X* 2> + Y2 Z?)
2
= [(X Y Y422 —2XY +XZ+ YZ)]

-2 [(XY +XZ+YZ)? —2XYZ(X +Y + Z)]
= (s7 = 282)% — 2(s% — 25153)
= sf - 4s12sz + 2s§ + 45153
= g (s1,52,53),
where

(X, Y, Z) = X* —4X%Y +2Y2 +4X Z.

Thus, at least in this particular case, we were capable of expressing the symmetric
polynomial f(X,Y,Z) = X* 4+ Y* + Z* as a polynomial in the elementary
symmetric polynomials in X, Y, Z.

Actually, the coming result, usually attributed to Newton and known in math-
ematical literature as the fundamental theorem on symmetric polynomials,
assures that this was no accident. In what follows, K includes the possibility K = Z.

Theorem 16.12 (Newton) If f = f(Xy,..., Xn) € K[X1, ..., X,] is symmetric,
then there exists g € K[X1, ..., X,] such that

f(le"'vxn)=g(sl7"'ﬂsn)7

where s1,...,s, € K[X1,..., X,] are the elementary symmetric polynomials in
Xi,..., X,

For the proof of this theorem, we shall need to introduce some preliminary
concepts. Firstly, let us order the monomials in K[Xy, ..., X,] in the following
way: given two distinct n-tuples (iy,...,i,) and (ji,..., jy) of nonnegative
integers, and monomials ag) X' ... X, and b(j)X{' ... X;" in K[X1,..., X,], we
define

a(,')Xlil e Xi,” < b(j)X‘lil e X}{n

MR (16.4)
Hlfksm{’.’_]fl ="
e < Jk

In this case, we say that b(j) X{' ... X;" is greater that a X\ ... X,".

In general, we shall refer to the ordering above as the lexicographic order in
the monomials of K[X1, ..., X,]. In particular, for f € K[Xy, ..., X,]\ {0}, we
define its leading term as the maximum monomial with respect to the lexicographic
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order. Note also that in K[X] one has 1 < X < X2 < ..., so that the above notion
of leading term of a polynomial in several indeterminates coincides with the usual
notion in one indeterminate, which is given by the degree of the monomial.

Example 16.13 If f = sf‘ ...s,li”, with s; € K[X1, ..., X,] standing for the i-th
elementary symmetric polynomial, then f has leading term

kn—1+k,
X’;l+k2+ +an]2{2+ +ky . X n—1+ nxi{ln‘ (165)

]

Indeed, since

= (S (T

i<j
the definition of lexicographic order guarantees that its leading term is
k
XXX (X1 X2 X3)B (XL X)R

which is exactly (16.5).

With the concept of lexicographic order at our disposal, the key to the proof of
Newton’s theorem lies in the coming auxiliary result.

Lemma 16.14 If f € K[Xy,..., X,] is symmetric and a(a)X‘f' X s ts
leading term, then

o] = - = O

Proof If « is the largest exponent appearing in some monomial of f, then, since f
is symmetric, it contains a monomial with X{". If a;)X{' ... X,/ is a monomial in
f such that i1 < ajy, it follows from the definition of lexicographic order that such
a monomial is not the leading one. Hence, the leading term of f must contain X ‘lxl .

Now, among all of the monomials in f containing X‘lx', choose one with
maximum exponent in one of the indeterminates X5, ..., X, say exponent «>.
By invoking again the symmetry of f, there exists such a monomial contain-
ing X{'X5?; moreover, from the choice of oy we have a; > ap. In turn, if
anX7' X3 ... X, is a monomial in f such that i < a, then (again from the
definition of lexicographic order) such a monomial is not the leading one, which
shows that the leading term contains X‘I)”ng. Finally, by repeating the above
argument more n — 2 times, we obtain the desired result. ]

We can finally present the proof of Newton’s theorem.

Proof of Theorem 16.12 Take f € K[Xq,..., X,] symmetric, with leading term
a(oz)X‘lx1 X By the previous lemma, we have oy > --- > «,. On the other
hand, Example 16.13 guarantees that the symmetric polynomial
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g(X1, ..., Xp) =a@sy' syt ..sZﬁ’ll_a" n
also has a@,)X‘fl ... X" as its leading term, so that the symmetric polynomial
f — g has leading term agg) X?' ... XE", with aggy XP' ... X" < g X% ... X%
in the lexicographic order. However, since K[X1, ..., X, ] contains only a finite
number of monomials which are less than a) X' ... X," with respect to the
lexicographic order, a finite number of repetitions of the algorithm above gives us
f—g =1(s1,...,sy), for some polynomial [ € K[X7y, ..., X,]. Thus, the same
happens with f. O

It is worth noticing that Newton’s theorem is mainly an existence result. Indeed, it
is possible to prove that, for generic symmetric polynomials, the algorithm described
in the proof of Theorem 16.12 does not finish in polynomial time (i.e., even with the
aid of a good computer, we will not be able to use the algorithm to actually express,
in finite time, a generic symmetric polynomial in z indeterminates as a polynomial
in the corresponding elementary symmetric polynomials). Nevertheless, the coming
example shows that the mere existence guaranteed by Newton’s theorem can be
quite useful. For another interesting application, see Sect. 20.1.

Example 16.15 (Miklos Schweitzer) Let f € Z[X] be a nonconstant polynomial
and w = cis 2%, where n > 1 is an integer. Prove that

n
f@)f@)... f@") el
Proof Consider the polynomial g € Z[X1, ..., X,,—1] given by
8(Xi, ..., Xn—1) = fF(XD f(X2) ... f(Xn—1).
If o is a permutation of I,,_1, then
{o(D),02),....,.0n—1D}={1,2,...,n—1},
so that

8 Xst)s s Xom-1) = KXo fXo@) -+ fXo@-1))
=fXDf(X2) ... f(Xp-1)
=g(X1,..., Xp-1).

Thus, g is symmetric and Newton’s theorem assures the existence of a polynomial
heZ[X1,...,Xp—1]such that g(X1, ..., X;,—1) = h(s1,...,8,—1), 1.e.,

X)X .. f(Xp—1) = h(s1, ..., Su=1)s

with s; standing for the j-th elementary symmetric polynomial in X1, ..., X, _1.
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Substituting X ; by o/ in the equality above, we obtain

F@) @) ... f@" Y =h(si(@,....," ™, ... sp_1(w, ..., " ).
Therefore, in order to show that f () f(®?) ... f(@"™ ) € Z, it suffices to show

thats;(®, ..., 0" 'y eZforl <j<n-—1.
For what is left to do, just note that

X" 1=X-DX-0)X - ...(X —o"H
=X -DX" T+ X" 24 X410,
so that

X" T X" 24 X+l =X —-0)(X —a?)...(X —o"

n—1
- Z(—nfsj(w, o?, .. 0" HXx
j=0
Hence, we have
. 2 n—1y __ Jj
si(w, 0% ...,0"") = (=1 €Z,
as wished. |

The discussion preceding the former example hints to the following fact: if we
wish to effectively express a given symmetric polynomial as a polynomial in the
elementary symmetric polynomials in the same number of indeterminates, we shall
usually have to rely on ad hoc arguments. In this sense, we end this section by
discussing a relevant example, for which we shall need the following consequence of
Horner-Rufinni’s algorithm. Identities (16.6) below are known as Horner-Ruffini’s
identities.

Lemma 16.16 (Horner-Rufinni) Let
fXO=X" =0 X" ()" X (=) s,
be a nonconstant polynomial over C. If 7 is a complex root of f and
gX) = X" 4 b X"2p 4 by

is the quotient upon division of f(X) by X — z, then
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by =z—ys1
by =2 —s1z24 5

(16.6)
byt = —s1F 4+ (=DM gy

bn—l — Zn—l _ S]Zn_2 N (_l)n—lsn_l
Proof In the stated notations, the recurrence formulas (15.1) can be written as
by =z-ys1

by = zb1 + 52

b + (=D s

S
S
t

[

bp—1 = zby2 + (— 1)n_lsnfl

By solving the linear system above successively for by, ..., b,_1, we obtain, one by

one, the stated relations. O
The relations contained in the coming result will give us recurrences that express

the symmetric polynomial

(X1, Xa, oo, X)) = XK X5 4 XK

as a polynomial in the elementary symmetric polynomials in X, X3, ..., X,.
The formulas of items (a) and (b) will be respectively referred to as the first and
second Jacobi’s identities.” For a proof of them using generating functions, see
Example 21.19.

Proposition 16.17 (Jacobi) Forzy,...,z, € C, ifs; = s;(z1, ..., zy) denotes the
i-th elementary symmetric sum of z1, ..., 2, and o = zll‘ + -4 zfi, then:

(@) onpi =Y (=) sjonqnj fork = 1.

(b) sip1 = 7 X5 o (=1 Lsepjojforl <k <n—1.
Proof

(a) Let

fX=X-zD)X=—z)=X"—s1 X" ' 4.4 (=D",. (16.7)

2Carl Gustav Jakob Jacobi, German mathematician of the nineteenth century.
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Since z; is a root of f, we have

P (2D sz (1) =0

7 =81z
for 1 <i < n, and thus
Z;’g+n _ Slzf_c—i—n—l 4ot (_Dn—lsn_lzf_c—ﬁ—l + (—l)nsnzf - 0.

By adding the equalities above for 1 < i < n, we obtain

Ontk — S10n+k—1 1+ -+ -+ (_1)n71511—10k+1 + (_l)nank =0,

an equality that is equivalent to the stated one.
(b) It follows from (16.7) that

X)) =nX"""— (=D X"+ 4 (=D" s, (16.8)
On the other hand, for z € C\ {z1, ..., z,}, Problem 3, page 393 gives

f (Z) f (2)
— 2

Z_Zn

f()—

If f; € C[X]is such that f(X) = (X — z;) f;(X), say

[iX)=X"" 4 b1 X"+ 4 by,

we get
n n
F'@ =) fi@=) @ +bZ" 4 by )
j=1 j=
n n
T (k) (D bae).
j=1 j=1
However, since the equality above is true for every z € C \ {z1,...,2n}

Corollary 15.10 gives

F1X) = nx" (Zbu)xn 24 (an 1,) (16.9)

Finally, by equating the corresponding coefficients in (16.8) and (16.9) and
substituting identities (16.6), we obtain
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n
D — k= Dsigr =Y iy,
j=1

n
k+1
= Z(Zj+ - S]Zl; + -+ (—l)k+lsk+1)
j=l1
= Okg1 — 510k + -+ (=D sy,
so that

(k + Dsgt1 = k01 — $k—102 + - - + (= D¥s00x41.

The coming result is also due to Jacobi.

Corollary 16.18 (Jacobi) For each integer k > 1, let sy denote the k-th elementary
symmetric polynomial in X1, ..., Xy, and o = X’l‘ + .4+ X,’i Then:

(a) Ok = Z?Zl(—l)j’lsjon+k_j fork > 1.

(b) ki1 = g s (=D s _joj for 1 <k <n— 1.

Proof The previous proposition assures that both sides of (a) and (b) are equal upon

evaluation in arbitrary zy, ..., z, € C. Since C is an infinite set, Proposition 16.1
guarantees the equality of the corresponding polynomials. O

Problems: Sect. 16.3

1. If f e Z[X] is a monic polynomial of degree n > 1 and complex roots
Z1, - .-, Zn, prove that z’l‘ + .4 z],‘l € Z for every integer k > 1.
2. Ifay,...,a,, b1, ..., b, are complex numbers such that

a4 ak =k 4Bt

for 1 < k < n, show that {ay, ..., a,} = {b1,..., b,}.
3. (Japan—adapted) Let n, k € N, with 2 < k < n, and ay, ..., a; real numbers
such that
al ++ak =
a%++a]% —
a’f+---+a’k‘ =n

If p(X) = (X +a1)... (X +a), prove that p(X) = Y 5_ () xk=.
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21

4. Letm € N, w = cos 27” + i sin = and z1, .. ., 2, be complex numbers such that

JX) =X —-zD)(X —z22)... (X —zp) € Z[X].

(a) If g(X) = 1‘[;{’;01 f(w! X), prove that
gX)=X" =2 .. (X" =2.

(b) Show that the polynomial g also has integer coefficients.
(c) Conclude that if z € C is a root of a nonzero polynomial with integer
coefficients, then so is 7, for every m € N.

5. (Brazil—adapted)

(a) Given n € N, prove that there is at most a finite number of monic
polynomials of degree n and integer coefficients, such that all of their
complex roots have modulus 1.

(b) Let f € Z[X] \ Z be a monic polynomial all of whose complex roots have
modulus 1. Prove that all of them are roots of unity.



Chapter 17 )
Polynomials Over R e

This chapter revisits, for real polynomials and departing from the fundamen-
tal theorem of Algebra, some classical theorems of Calculus. As applications
of them, we shall prove Newton’s inequalities, which generalizes the classical
inequality between the arithmetic and geometric means of n positive real num-
bers, and Descartes’ rule, which relates the number of positive roots of a real
polynomial with the number of changes of sign in the sequence of its nonzero
coefficients.

17.1 Some Calculus Theorems

In this section we establish, for real polynomials, some classical results on continu-
ity and differentiability. For a more general approach, we refer the reader to [3] or
[8], for instance.

Our first result provides a sufficient way for the existence of real roots in a given
interval. For the proof of it, we shall need the following auxiliary result, which
appeared as Problem 6, page 386. Nevertheless, this time we give a different proof.

Lemma 17.1 If f € R[X] \ {0} is monic and has no real roots, then there exist
polynomials g, h € R[X] such that f = g* + h%. In particular, f(x) > 0 for every
x e R

Proof Problem 4, page 386, assures the existence of complex nonreal numbers
Z1, ..., Zk such that

k
F0O =[x =zpx —zp.

j=1
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Now, iij =aj+ ibj, Withaj, bj € R, then

X—-z)X—-7j) =X —a; —ibj)(X —a; +ibj)
= (X —a;)* = (ib))°
= (X —a;)" + b3,
the sum of the squares of two real polynomials (one of them being constant).

It now suffices to apply several times the analogous of Euler’s identity (12.8) for
polynomials: for g1, g2, k1, ho € R[X], we have

(& + M) + 1) = (182 + hih2)* + (g1ha — g2h1)”.
For what is left to do, it follows from the first part that
f) =g +h(x)* =0,
for every x € R. However, since f has no real roots, the inequality above must be

strict, for every x € R. =]

The coming result is nothing but the intermediate value theorem for polynomials,
being known in mathematical literature as Bolzano’s theorem. '

Theorem 17.2 (Bolzano) If f € R[X] and a < b are real numbers such that
f(a) f(b) < O, then there exists ¢ € (a, b) for which f(c) = 0.

Proof Assuming, without loss of generality, that f is monic and f(a) < 0 < f(b),
the last part of the previous lemma assures that f has at least one real root. Let
a; < --- < ai be the real roots of f, repeated according to their multiplicities. If
g € R[X] is such that

JX) =gX)(X —ap)...(X —a),

then g is monic and has no real roots, so that (again by the previous lemma) g(x) >
0 for every x € R.

By contradiction, suppose that no real root of f belongs to the interval (a, b),
and separately consider the three following cases:

(1) ax < a: we have

fla) =gl@)(a—ay)... (a—ar) >0,

which is a contradiction.

Bernhard Bolzano, German mathematician of the nineteenth century.



17.1 Some Calculus Theorems 419

(ii) b < ay: it follows from f(b) > O that
gb)Yb—ay)...b—ar) >0

and, hence, k is even (for g(b) > Oand b —a; < Ofor 1 < i < k). On the
other hand, since f(a) < 0, we get

glaya—ay)...(a—ar) <0,

so that k is odd (for g(a) > Oanda — a; < O for 1 < i < k). We have, thus,
reached a contradiction.

(i) @ <a < b < aj41, forsome 1 <[ < k: we can arrive at a contradiction in a
way similar to that of item (ii). For instance,

0< fl@=g@@a—a)...(a—a)a—ay)...(a—ak)
j >0 <0

implies kK — [ even.
o

Example 17.3 (Moldavia) Let f, g € R[X] be two given polynomials, each of
which possessing at least one real root.

(a) Prove that there exists a € R such that f (a)* = g(a)z.

®) If f(I1+ X +g(X)?) =g(1+ X + f(X)?), show that f = g.

Proof

(a) Let« and B be real roots of f and g, respectively. We can assume, without any

loss of generality, that « < B.If g(a) = 0 or f(8) = O, there is nothing to do.
Otherwise,

f@)? —g@)? =—g@)? <0 and f(B)*—g(B)* = f(B)* >0,

so that Bolzano’s theorem, applied to the polynomial f(X)%* — g(X)?2, guaran-
tees the existence of a € («, ) such that f(a)2 — g(a)2 =0.

(b) Choose a@ € R as in item (a) and define a sequence (u,),>1 by letting up = a
and, for each integer n > 1, up41 = 1 4+ u, + g(un)z. It follows from (a) that
f(u1) = g(u1). Now assume, as induction hypothesis, that f(ur) = g(uy) for
some integer k > 1. Then,

fluge) = FA +ug + gup)?)

= g(1 +ug + f(ux)?)

= g(1 + u + gp)®) = glugs1).
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Thus, we have f(u,) = g(u,) for every integer n > 1, with
U1 = 14wy + gun)? = 1+ uy > uy

for each such n > 1. Therefore, Corollary 15.10 gives f = g.
]

In what comes next, we establish, for polynomials, Lagrange’s mean value
theorem.

Theorem 17.4 (Lagrange) Let f € R[X]\ {0} and a < b be given real numbers.
Then, there exists a < ¢ < b such that

fo=10-S@

—a
Proof We may assume that f # 0, and first show that if f(a) = f(b) = 0, then
there exists a < ¢ < b for which f’(c) = 0. Without any loss of generality, we
can assume that f has no other roots in the interval (a, b). Indeed, since f # O,
Corollary 15.9 assures that f has at most a finite number of roots in (a, b); then, if
these are a; < ap < - -+ < ag, it suffices to consider a; in place of b.

If there exist a < ¢ < d < b such that f(c)f(d) < 0, Bolzano’s theorem
guarantees the existence of a root of f in the interval (a, b) which is an absurd.
Hence, f has constant sign along the interval (a, b). Assume, without loss of
generality, that f(x) > O for x € (a,b), and let k and [/ be the multiplicities of
a and b as roots of f, respectively. Then, there exists g € R[X] such that

fX) =X -a*X - b)g(X),
with g(a), g(b) # 0. Now,
a<c<b= f(c)>0= (c—a)fc—b)lgc) > 0= (=1 !g(c) > 0.

We look at the case of an even / (that of odd / can be dealt with in an analogous
way), so that g(c¢) > O for every ¢ € (a, b). If g(a) < 0, then Bolzano’s theorem
would assure the existence of a < d < # such that g(d) = 0; in turn, this would
give f(d) = 0, which is impossible. Therefore, g(a) > 0 and, likewise, g(b) > 0.
We then have

FX) =k(X —a) "X = b)g(X) +1(X — a)*(X — b) ' g(X)
+ (X —a)f X -blgX)
= (X —a)* (X - h(X),
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with
h(X) = (k(X —b) +1(X —a)g(X) + (X —a)(X —b)g'(X).

It now suffices to show that there exists ¢ € (a, b) such that 4(c) = 0. However,
since

h(a)h(b) = —kl(a — b)2g(a)g(b) < O,

an application of Bolzano’s theorem does the job.
For the general case, let

b _
AX) = £(X) = fla) (M) X — ),

b —

which is also a polynomial. Since fi(a) = f1(b) = 0, what we did above guarantees
the existence of ¢ € (a, b) such that fl’ (c) = 0. Finally, it is enough to note that

b) —
fl/(X) _ f/(X)— (f( ) f(a))

b—a
O

The case f(a) = f(b) = 0 in the previous result preceded the general version
due to Lagrange. For this reason, it is usually referred to as Rélle’s theorem, in
honor of his discoverer, the French mathematician of the seventeenth century Michel
Rolle.

Corollary 17.5 (Rolle) If f € R[X]and a < b are real numbers such that f(a) =
f(b) =0, then there exists a < ¢ < b for which f'(c) = 0.

The coming example illustrates a typical use of Rolle’s theorem.

Example 17.6 Let f(X) = ag+a1 X+-- Fa,_1 X" ' +a, X" be areal polynomial
such that

ao ay ap—1 dap
T

0.

Prove that f has at least one root in the open interval (0, 1).

Proof Tt is clear that f = g’, where g is the real polynomial

a an B
g(X)ZGOX+—1X2+...+ ”IXn+ n Xn_H.
2 n+1

Since g(0) = g(1) = 0, Rdlle’s theorem assures the existence of a € (0, 1) such
that f(a) = g’(a) = 0. O
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An important consequence of Lagrange’s mean value theorem is the study of the
first variation (i.e., of the growth or decay) of real polynomials. This is the subject
of the coming corollary.

Corollary 17.7 Let f € R[X]\ {0} and I C R be an interval.

(a) If f'(x) > O for every x € I, then f increases in I.
(b) If f'(x) <0 forevery x € I, then f decreases in I.

Proof Let us prove item (a), the proof of (b) being entirely analogous. For a < b in
I, the mean value theorem furnishes ¢ € (a, b) (and, hence, ¢ € I) such that
b) —
f() f(a)zf/(c)>0.
b—a

In particular, f(b) > f(a). |

The coming example uses a little more Calculus than we discussed above. As
before, we refer the reader to [3] or [8] for the necessary background.

Example 17.8 (Sweden) Prove that, for every natural number 7, the real polynomial

1 2 1 n
1+ X+ =X> 4+ + =X
2! n!

has at most one real root.

Proof Letting f, =1+ X + )é—,z 4+ 4 )2—;’, we shall show that (i) f,, has no real
roots if n is even, and (ii) f; has exactly one real root if # is odd.

(i) Assuming n even, we have limy— oo fr(x) = 4o00. Hence, Weierstrass’
theorem (Theorem 8.26 of [8]) assures the existence of xg € R such that f,
assumes its minimum value at xo. Suppose, for the sake of contradiction, that
fn(x0) < 0. Then, Problem 3 gives f, (xg) = 0, and then

n n
Y _ Yo

Ozfn(xo)=fri(x0)+ ! 1
n! n:

Since n is even, the inequality above successively gives xo = 0 and f,,(0) = 0,
which is an absurd.

(i) Assuming n odd, Problem 5, page 386, gives an odd number of real roots for
Jfn- On the other hand, since f, = f,—1 > 0 (for n — 1 is even), Example 15.33
shows that f;, has no multiple roots. By the sake of contradiction, suppose that
fn has at least two distinct real roots, say a < b. Then, Rolle’s theorem gives
o € (a, b) such that f, () = 0. This way, f,—1() = 0, and this contradicts
(i), for n — 1is even.

O
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Problems: Sect.17.1

1. If f € Z[X]\Z and m € Nis such thatm > 1+ Re(z), for every complex root
z of f, prove that | f(m)| > 1.

2. * Prove, for real polynomials and with the methods of this section, the sign
preserving lemma: if f € R[X] is such that f(a) > O for some a € R, then
there exists » > 0 such that f(x) > O forevery x € (a —r,a +7r).

3. *Given f € R[IX]\ R, leta € R and r > 0 be such that

f@) =min{f(x); x € (a—r,a+r)}.

Prove that f/(a) = 0.

4. Let f(X) = X> —2X* + 2. Prove that f has exactly three real roots.

5. We are given a real nonconstant polynomial f with positive leading coefficient.
Prove that there exists ng € N for which

u>v>no= f(u) > f) >0.

6. Prove that there does not exist a polynomial f € Z[X] such that f(n) is prime
for every nonnegative integer 7.

7. (Leningrad) Decide whether there exist four distinct real numbers a, b, ¢ and d
such that, for any two of them, say x and y, we have

Oy 0= 1

8. The positive reals aj, az, a3, as are such that a; < a» < a3 < a4 and
ayayaszaq = 1. If A is a real root of

X (Ya)x+( X a,-aj)x—(zal),

i=1 I<i<j<4 i=1

prove that A > as.

9. (Leningrad) Leta, b, ¢, d and e be real numbers such that the polynomial a X 24
(c—b)X + (e —d) = 0 has areal root greater than 1. Prove that the polynomial
aX* +bX3 + cX? +dX + e = 0 has at least one real root.

10. (Austrian-Polish) Given any real numbers ay, ..., a,, prove that
n
PR
Pyt 1+
with equality if and only ifa; = --- =a, = 0.

11. Let f(X) = X> — 3X + 1. Compute the number of distinct real roots of the
polynomial f(f(X)).
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12.

13.

14.

15.

17 Polynomials Over R

(Sweden) Let f € R[X] be a polynomial of degree n. If f(x) > O for every
x € R, show that

FEOFF O+ ')+ + fPx) >0,

also for every x € R.
(Soviet Union) Two mathematicians A and B play the following game: it is
given a polynomial of even degree greater than 4,

X=X 4ay XM X +1,

with ay, ..., ap,—1 real numbers to be chosen. The players, starting from A,
alternate themselves in choosing the coefficients of f, until it is completely
determined. At the end, A wins if none of the roots of f is real, and B wins
otherwise. Find a winning strategy for B.

At the beginning of a class, the teacher wrote a third degree real polynomial in
the blackboard. Then, the students alternated themselves, each one performing
one of the following operations with the polynomial written in the blackboard
(which was then substituted by a new one):

(a) Add, to the written polynomial, its derivative.
(b) Subtract, to the written polynomial, its derivative.

At the end of the class, the polynomial initially written by the teacher
reappeared in the blackboard. Prove that at least one of the students made a
mistake.

(OIM, IMO—adapted) We are given real numbers ay, az, ..., a,, with 0 <
ai<ay <---<ap. If f:R\{—ay,...,—a,} = Ris given by

n

fE =3~ ija,- ,

j=1

prove that the set {x € R; f(x) > 1} consists of the union of n bounded,
pairwise disjoint intervals, with sum of lengths equal to a; +az + - - - + a,.

17.2 Newton’s Inequalities

In this section, we present a set of inequalities that refine the inequality between
the arithmetic and geometric means of a finite set of positive real numbers (cf.
Section 5.1 of [8], for instance—actually, there we give four different proofs of
such an inequality). To this end, we first need the following auxiliary result.
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Lemma 17.9 If f € R[X]\ {0} has k real roots, counted with multiplicities, then
f! has at least k — 1 real roots, also counted with multiplicities. In particular, if all
roots of f are real, then so are all of the roots of f'.

Proof For the first part, we can assume that k > 1. Leta; < --- < qa; be the
distinct real roots of f, with multiplicities respectively equal to my, ..., mj, so that
m1 + --- + m; = k. We have already seen, in Proposition 15.31 that g; is a root of
' with multiplicity m; — 1. On the other hand, Rolle’s theorem assures that f” has
at least one additional root between a; and a;1; since there are [ — 1 intervals of
the form (a;, a;+1), we thus count at least

m-D4+---+m-D+U-1=k-1

real roots for f.

For the second part, assume that f has degree n and n real roots, counted with
multiplicities. Then, f’ has degree n — 1 and, by the first part, at least n — 1 real
roots, also counted with multiplicities. Therefore, all roots of f” are real too. O

For what comes next, given n > 1 real numbers aj, as, ..., a, and an index
1 < j < n, we shall write §;(ax) to denote the j-th elementary symmetric sum
of ai, ..., ay, and Hj(ay) to denote the arithmetic mean of the ( ) summands that
compose Sj (ay), i.e.,

S
Hj(ar) = j((c;k) Z iy - .- aj;.
J i1<...<ij

The coming result is usually credited to Newton, and inequalities (17.1) are
usually referred to as Newton’s inequalities. For the sake of notation, we let
Hy = 1.

Theorem 17.10 (Newton) Letn > 1 be an integer and ay, ay, ..., a, be given real
numbers. If Hy(ay), Hy(ax), ..., Hjy1(ar) # 0 for some 1 < j < n, then

Hj(a)? > Hj—1(a) Hjp1 (@), (17.1)

with equality if and only ifay = a» = ... = a,,.

Proof Let us make induction on n. For n = 2, we want to show that le (a1, ar) >

. 2 . .
Ho(ai, a2)Ha(ay, az) or, which is the same, (25%2)” > aja,. But this is equivalent

to (a; — az)* > 0, which turns into an equality if and only if a; = a».

Assume, by induction hypothesis, that for any n — 1 given real numbers by, ...,
by—1 such that Hy(by), Hy(by), ..., Hj11(by) # Oforsome 1 < j < n —1, we
have H; (br)? > H;_1(by)Hjy1(bi), with equality if and only if by = ... = b, _;.

We now consider n > 3 real numbers ay, ap, ..., a,, and let

fX)=X+ar)... X +ay).
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The previous lemma assures the existence of n — 1 real numbers by, ..., b,_1 such
that by € (ag, ar+1) for 1 <k < n and

FFX)y=nX+b))...(X+b,_1).
In particular,

n—1

1. n—1 n—1 n—2
L = x4 Hibox" 2 e
n 1 n—1

)Hnl(bk)~ (17.2)

On the other hand, the equality

n

Fx =Y <’J‘> Hj(a) X"~

j =
furnishes

n—1

fx) =) - j)(j) Hj(ap) X"/~

j=0
n—1 n—1 )
=n ) Hja X",
(")

and comparing coefficients with (17.2) we obtain, for0 < j <n — 1,
Hj(ar,....an) = Hi(b1. ... .ba_y).

Now, assume that Hy(ay), Hx(ax), ..., Hjy1(ax) # Oforsome 1 < j <n —2.
Then, Hy(by), Ha(by), ..., Hj1(br) # 0 and, by induction hypothesis, for 1 <
Jj <n —2 we have

Hi(ay) = H}(bg) = Hj—1 (i) Hj1 (b)) = Hj—1(a) Hj1(ap). (17.3)

For the equality, if H}(ak) = Hj_1(ax)Hjy1(ax) for some 1 < j < n — 2,

then (17.3) gives HJZ (br) = Hj_1(br)Hj11(by). Therefore, the condition for
equality in the induction hypothesis furnishes by = ... = b,_1, and from this it
is almost immediate (cf. Problem 1) to show thata; = ... = a,.

We are left to proving that, if Hy(ax), Hx(ak), ..., Hy(ax) # 0, then

H? | (ax) > Ha—2(ax) Hy (@),

with equality if and only if a; = ... = a,. We shall prove that this is true provided
we merely have H,(ax) # 0. Indeed, in what concerns the desired inequality, it is
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the same as proving that

() S aa] -
(nf2>l Zn;al...a} G an [(Z)l‘“ a]

i<j

8

Letting P = ay ...a,, we observe that to prove the above inequality is the same as
to establish that

2

ll‘l

Xu) Zrey Laa

n i ai nn—1) “ alaj
or

1
—1 — >2 -
o ><za) L
i=1 i<j

‘%, we wish to show that
1

" 2
n—-1) (Zai) ZZnZaiotj.
i=1

i<j

If we set o; =

Denoting § = (n — 1) (31, ozi)2 —2n3,;_; aia;, we compute

n
S=m-— 1)20{?—1—2(11 — I)Zaiaj —2n Zaiaj

i=1 i<j i<j
(n — I)Z(x —220{105]
i<j
= Z(Oéi —aj)? > 0.
i<j
Now, it is clear that equality holds if and only if ] = ... = «,, i.e., if and only if
ay=...=ap. ]

The coming corollary, due to the Scottish mathematician of the eighteenth
century Colin McLaurin, embodies the promised refinement of the inequality
between the arithmetic and geometric means. Inequalities (17.4) are then known
as McLaurin inequalities.
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Corollary 17.11 (McLaurin) For n > 1 positive real numbers ay, as, . .., a,, we
have

Hi(ar) = v/ Ha(ay) = VHs(@) > ... = ¥/ Hy(a), (17.4)
with equality at each of the above inequalities if and only ifa; = ... = ay.

Proof For the sake of simplicity, write H; in place of H;(ay). Newton’s inequalities
give us

H? > HyH, = H, and H} > H\Hs.

Therefore, H14 > H22 > Hi Hj, so that H13 > Hz. In turn, this last inequality,
together with the second inequality above, gives

H} > H\Hy = Hy"Hy = H{
and, thus,
H > H,” > H,".

Assume we had already proved that

o> Hy? > o2 g0 > Bt

for some positive integer k < n. It follows from Newton’s inequalities, together
with the last inequality above, that

k—1

H{ = Hi_1Hy1 = H" Hie, (17.5)

(1)

which in turn gives us H, > Hj41 or, which is the same, Hk1 /k > Hk1 J/r(lk H).
k=1
For the equality, suppose we have Hkl/k = Hli/r(lkH). Then, sz = H. ' Hy,

and (17.5) shows that H? = Hj_; Hj.t1. Therefore, it comes from the condition for
equality in Newton’s inequalities that a; = ... = a,. O

Problems: Sect. 17.2

1. *Let f € R[X]\ {0} be a polynomial of degree n with n real roots, counted with
their multiplicities. If f” has n — 1 equal roots, show that f has n equal roots.

2. We are given nonzero real numbers a, b, ¢, d such that 4b? < 9ac. Show that the
polynomial X* 4+ aX> 4+ bX? 4 ¢X + d has at least two nonreal roots.
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3. Leta, b, c, d be positive real numbers. Prove that
2(a+b+c+d)(ab+ac+ad + bc+ bd + cd) > 3(abc + abd + acd + bed),

with equality if and only if a = b = ¢ =d.

17.3 Descartes’ Rule

The main result of this section relates the number of positive roots of a real
polynomial to the number of changes of sign along the sequence of its nonvanishing
coefficients. Among the results proved so far in this chapter, it depends only on the
Bolzano theorem, so that we could have discussed it right after that. Up to details,
our presentation follows [26].

We start with the following combinatorial lemma, which can be easily established
by induction, for example.

Lemma 17.12 For each finite sequence v of + and — signs, let V (v) denote the
number of pairs of distinct consecutive signs in v. If A stands for the set of those
sequences with initial and final distinct signs, and B for the set of those sequences
with initial and final equal signs, then:

(a) ve A= V(v) = 1(mod 2).
(b) veB= V) =0(mod 2).

Now, we shall need the following definition.

Definition 17.13 Let
f(X) = anan + an—lxknf1 R (11Xk1 + a()XkO

be a nonconstant real polynomial, with k, > k, 1 > ... > k; > ko > 0anda; #0
for 0 < j < n. Define the sequence vy = (¥, &y—1, ..., a1, ¢p) by setting, for
each integer 0 < j <n,

o = =+, ifaj>0
P - ifaj <0

The variation of f, denoted V (f), is the number of pairs of distinct consecutive
signsin vy.
For our purposes, the following one is a crucial result.

Lemma 17.14 Let g be a nonconstant real polynomial and ¢ > 0 be a given real
number. If f(X) = (X — ¢)g(X), then V(f) — V(g) is an odd positive integer.

Proof We make induction on dg > 1.
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(a) dg = 1: we can surely suppose that g is monic. If g(X) = X, then f(X) =
X2 — ¢X, so that V(f) — V(g) = 1. Now, assume that g(X) = X — «, with
o > 0.Then, f(X) = X?>—(@+c)X +ca,sothat V(f)—V(g) =2—1=1.
The case g(X) = X + a, with & > 0, is equally easy: f(X) = X> + (a —
¢)X — ca and, since —ca < 0, Lemma 17.12 assures that V (f) is odd; hence,
V(f)—V(g) = V(f), an odd positive integer.

(b) Assume that the result is valid for every nonconstant real polynomial g such that
dg < n, with n > 1 being an integer, and take another such polynomial g, this
time of degree n. For the sake of notation, for a given nonconstant real polyno-
mial &, whenever necessary we shall denote by «j, and By, respectively, the lead-
ing coefficient and the coefficient of the term of lowest degree in /. In particular,

h(X) = ap X" + -+ B X",

with r > 5. We distinguish three cases:

(i) All coefficients of g are positive: once again assume (without loss of
generality) that g monic, say g(X) = X" +--- + ﬂXl, with [ < n. Then,

fX)=(X—0c)g(X) = X"t +... — X!,

with ¢ < 0, and Lemma 17.12 shows that V(f) is odd and, hence
V(f)— V(g) = V(f) is an odd positive integer.
(ii) There exist nonconstant polynomials # and v such that g = u + v,

uX)=o, X" +---+ B, X%, and v(X) = a, X +--- + B, X9,

withn =r > s, p > qand p+ 1 < s. Then,
(X —0)g(X) = (X —u(X) + (X — a)v(X)
= (X" T — B X") (17.6)
+@XPT 4 — ey X),

since p + 1 < s. Let us now look at two distinct subcases: o, 8, > 0 and
oy Bu < 0.

* oyBu > 0: we obviously have V(g) = V(u) 4+ V(v). However, since
(—cBu)ay < 0, the second equality in (17.6) shows that

Vi) =VX=0g) =V({(X—-cu)+ V(X —c)v) + 1.

By the induction hypothesis (in principle, u has degree r = n;
nevertheless, s > 1 implies that we can apply the induction hypothesis
tow(X) =, X"+ .-+ By, since u(X) = X*w(X)), we obtain

VIHzAd+Vw)+A+V@)+1>V(g +1
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and, modulo 2,
V) =(+Vw)+1+V@)+1=V(g+1.
* By < 0: since a, B, < 0, we have
Vi) =V + V@) +1
and, by (17.6),
V() =V(X —0g) =VIX—=cu)+ V(X —o)v).
Once again from the induction hypothesis, we get
VIH 20+ V@) + 1A+ V(@) =V(g)+1
and, modulo 2,

Vi )i=d+V@)+A+V@w) =V +1

(i) g(X) = ap X" 4+ ap_1 X" '+ - + a X¥, with a,,, ..., ax # 0 and not
all of a,, a,—1, ..., ar positive. Assume, without loss of generality, that
a, > 0, and write

g=g0 —g1+ -+ (=D'g,

such that each g; = «; Xk 4 Bi X' (ki > ;) has only positive
coefficients and /; = kj+| + 1 fori < t. Then, V(g) = ¢ and

X-0g=X-0g—X—-0gi+-+ D) X-0g
= (X —c)(aoX 0 + - 4 BoXx"0)
— (X =) Xk 4 g Xy 4
+(=D'(X = ) XN + -+ B X")
= aoXt 4o — (a4 cBo) X + -+ (2 + cBXD
+o = @3+ B X+ (D (B X!
4o (=) e X

Since o, o1 + cBo, o2 + cB1, ..., o + cBr—1 and cf; are all positive,
Lemma 17.12 assures that there is an odd number of changes of sign (and,
hence, at least one) of consecutive pairs of coefficients in each of the 7 + 1
dotted intervals above. This gives

VH=V(X—0g) =t+1=V(g)+ 1.
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It also follows from the above that, modulo 2,

V)=V X-0g=t+1=V(g+1.
O

We can finally state and prove the following result, which is known in Mathe-
matics as Descartes’ rule’ for polynomials with real coefficients.

Theorem 17.15 (Descartes) Let f be a nonconstant real polynomial. If P(f)
denotes the number of positive roots of f, then V(f) — P(f) is a nonnegative
even integer.

Proof We make induction on the degree of f.

If 9f = 1, assume, without loss of generality, that f is monic. If f(X) = X or
fX)=X+a,withae >0,then V(f) —P(f/) =0-0=0.If f(X) =X —«,
witha > 0,then V(f) — P(f) =1—-1=0.

Now, let n > 1 be a given integer and suppose that the theorem holds true for
each nonconstant real polynomial of degree less than n. If

fX) =a, X"+ a1 X" '+ +a1X +ao

is a real polynomial of degree, we have two different cases:

e P(f) = 0: in this case, it suffices to show that V (f) is even. Since f(0) = ag
and f(x) has the same sign as a, for every sufficiently large real number x (for
limy s 400 fx(,f) = ay,), the fact that P(f) = 0 assures, via Bolzano’s theorem,
that a,ap > 0. Hence, Lemma 17.12 guarantees that V (f) is even.

* P(f) > 0: by taking a positive root c of f, there exists a nonconstant polynomial
g such that f(X) = (X — ¢)g(X). Lemma 17.14 guarantees the existence of an

odd positive integer I for which

VIH =P =V +D—-P@+D
=V —P()+U—-1D.

Since, by induction hypothesis, V(g) — P(g) is nonnegative and even, we
conclude that the same holds for V() — P(f). O

2René Descartes, French mathematician, philosopher and scientist of the seventeenth century.
Descartes” legacy to Mathematics and science is a huge one, and came mainly from his
landmarking book Discours de la Méthode (Discourse on the Method) and its three corresponding
appendices. This book marks a turning point on the way of doing science, for, along it, Descartes
strongly rejected the scholastic tradition of using speculation, instead of deduction, as the central
strategy for the investigation of natural phenomena. On the other hand, its appendix La Géométrie
layed down the foundations of Analytic Geometry, and nowadays every student is acquainted with
cartesian coordinate systems.
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The coming corollary examines the case of negative roots.

Corollary 17.16 If f is a nonconstant real polynomial and N ( f) is the number of
its negative roots, then V(f(—X)) — N(f) is nonnegative and even.

Proof ITmmediate from Descartes’ rule, together with the fact that « € N(f) if and
only if —a € P(f). O

As a direct consequence of Descartes’ rule, if f is a nonconstant real polynomial
such that V(f) is odd, then has at least one positive root. More particularly, if
V(f) = 1, then f has exactly one positive root. The coming example takes
advantage of this fact.

Example 17.17 Let ag, ay, ..., a,—1 be nonnegative real numbers, at least one of
which being nonzero. Compute the number of positive roots of the real polynomial

X" —a,,_lx”_l - —a1 X — aop.

Solution Denoting by f the given polynomial, Theorem 17.15 assures that V (f) —
P(f) is nonnegative and even. However, since V (f) = 1, itis clear that P(f) = 1.
O

Problems: Sect.17.3

1. Let g € R[X]\ R be a polynomial of degree n and f(X) = g(X?). If f has
exactly n positive roots and n negative roots, show that V (f) = n.

2. Foreach n € N, show that the real polynomial X" — X"~ - X"=2 —... — X —1
has a positive root a,, satisfying

1
2}’1—1 Saniz_z_n'

3. (Leningrad) The third degree real polynomial aX? 4+ bX? + ¢X + d has three
distinct real roots. Compute the number of real roots of the polynomial

4aX? +bX* + cX +d)BaX +b) — BaX® +2bX + ¢)>.



Chapter 18 ®
Interpolation of Polynomials Qs

Corollary 15.10 assures that there is at most one polynomial of degree n and
assuming preassigned values in n 4 1 given complex numbers. What we still do not
know is whether such a polynomial actually exists. For instance, does there exists a
polynomial f with rational coefficients, degree 3 and such that f(0) = 1, f(1) = 2,
f(2) =3and f(3) = 0?In this chapter we study a bunch of techniques that allow us
to answer this and alike questions, and which are generically referred to as interpola-
tion of polynomials. In particular, we shall study in detail the class of Lagrange inter-
polating polynomials, which will then be used to solve Vandermonde’ linear systems
with no Linear Algebra. In turn, the knowledge of the solutions of such linear
systems will allow us to study, in Sect.21.1, an important particular class of linear
recurrence relations, thus partially extending the methods of Section 3.2 of [8].

18.1 Bases for Polynomials

For what follows, recall that K stands for any of the number sets Q, R or C. We
shall firstly need to establish a quite useful notation.

Definition 18.1 Forn € Nand 1 < i, j < n, we let the Kronecker delta’ d;j be
defined by

1, ifi=j
5,-,-:{ J

0, ifi #j°
The advantage of Kronecker’s notation comes from the fact that we can use it as

a tag, in the following sense: given n € N and a sequence (b, ..., b,) in K, we
have

Leopold Kronecker, German mathematician of the nineteenth century.
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n
Z(Si,b, = b (18.1)
j=1

forl <i <n.
Now, let be given n € N and pairwise distinct elements ay, az, ..., a, in K. For
1 <i <n,wedefine L; € K[X] by

L‘(X)—l_[X_aj— X —ap X/—\a,‘ X —ay
l ai —aj ai—ar) \a—a) \a—a,)’

with the hat — over a certain factor meaning that it is actually missing from the
product. Such polynomials L; are called the Lagrange interpolating polynomials
for the set {ay, ..., a,}.

It is immediate to verify that

Li(aj) = &;;

forall 1 < i,j < n.In turn, as we shall see in the coming result, this property
allows us to build polynomials attaining preassigned values at a set of pairwise
distinct given elements of K. Such a result is usually referred to as the Lagrange
interpolating theorem.

Theorem 18.2 (Lagrange) Given n € N and ay,...,a,,b1,...,b, € K with
ai, ..., ay being pairwise distinct, there exists exactly one polynomial f € K[X],
of degree less than n and such that f(a;) = b; for 1 <i < n. More precisely, such
a polynomial is

fX) = "biLj(X), (18.2)
j=1

with the L; standing for the Lagrange interpolating polynomials for the set
{ai, ..., a,}.
Proof Uniqueness follows from Corollary 15.10. On the other hand, taking f as
in (18.2), it suffices to show that df < n and f(a;) = b; for1 <i <n.

Since dL; = n — 1for 1 < j < n and the degree of a sum of polynomials,
whenever defined, does not surpass the greatest degree of the summands, it is pretty
clear that df < n. For what is left to do, just note that

flai) = ijLj(ai) = ijsji = b;,

J=1 J=1

where we have used (18.1) in the last equality above. O
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The following corollary provides an equivalent way of formulating the previous
result.

Corollary 18.3 Letn € N and ay, ..., a, be pairwise distinct elements of K. If
f € K[X]\ {0} satisfies 0f < n, then

n

fOO =) faLi(X).

i=1

Proof Indeed, by letting

g(X) =) fla)Li(X),

i=1
we have df, dg < n and, by the proof of Lagrange’s theorem, g(a;) = f(a;) for
1 <i < n. Therefore, by invoking Corollary 15.10 once more, we get g = f. O

We now collect some interesting applications of Lagrange’s interpolation, begin-
ning with the operational aspects involved.
Example 18.4 Find a polynomial f € Q[X] such that f(1) = 12, f(2) = 2,
fB3) =1, f(4)=—6and f(5) =4.

Solution Firstly, let us explicitly write Lagrange’s interpolating polynomials for the
set {1,2,3,4,5}:

Ll(X)—IELI_j —(1_2><1—3)<1—4)(1—5>

J#

1
= ﬂ(x‘* — 14X3 +71X% — 154X + 120),

o X—Jj  (X—1\[X=3\/X—4\[X=5
L2(X)—lg52_j_<2—1)<2—3><2—4><2—5>

i#2

1 4 3 2
= — (X! = 13X 4+ 59X% — 107X + 60),

B X—j (X—1\(X-2\(X—-4\(X-5
L3(X)_1£L3—j_<3—1><3—2)<3—4)(3_5>

j#3

1 4 3 2
= (X —12X° 4+ 49X — 78X + 40),



438 18 Interpolation of Polynomials

L(X)_l_[X—j_ X—1\[/X=-2\[/X=-3\/X-5
) _1</<54—j_ 4-1/\4-2/4-3/\4-5
J#4
1
:-6(X4—11X3+41X2—61X+30)
and
X—j X—1\[/X=-2\/X-3\[/X—4
Ls(X) = =
5(X) l_[5_j (5_1><5—2)<5—3)(5—4>

1<j<5
J#5
1 4 3 2
= 57 (X* = 10X +35X% — 50X +24).

Hence, according to previous corollary we can take

F(X) = 12L1(X) 4 2La(X) + L3(X) — 6L4(X) +4L5(X)
19 , 55, 233, 775
=—x*-Zx3 4 22x2 - x4 86
12 370 T3 6 "

O

Example 18.5 (IMO Shortlist) Let f be a monic polynomial of real coefficients and

degree n, and let x1, x7, . .., x,4+1 be pairwise distinct integers. Show that there exists
anindex 1 <k <n + 1 for which | f (xx)| > g—n'

Proof Lagrange’s interpolation formula gives

n+l1 —
fo =Y rap] L.
=t T

Therefore, by comparing the leading coefficients on both sides of the equality above,
we obtain

n+1 f(xj)

1= _—.
H,’;&j(xj - Xi)

j=1

Now, if M = max{|f(x;)]; 1 <k <n+1}and p; = ]_[i#j(xj — Xi), we have

n+1 n+1 n+1
fxj) [f(x))l 1
=Y <Y ey Y —
; Dj ; [Pl jZ:‘; [Pl
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n+l1 1
J=1Ipj] ) .
assume (after reordering the x;’s, if needed) that x| < x» < --- < x,,41. This way,

However, since ) is symmetric with respect to xi, x2,..., X,4+1, We can

Ipjl =G —x1) ... (xj —xj—1) (X1 — Xj) ... (g1 — Xj)
>[(G—1...2-1][1-2...(n+ 1 — j)]
n!
(;21)

In view of the estimates above, we finally get

n+1 n+1
1 1 7'M
=My —<md —< " ):
=1 p;l j:]n!

— (- D +1- =

j—1 n!

or, which is the same, M > 5’—,: o

We now show how to use Lagrange’s interpolating polynomials to solve certain
types of linear systems of equations, known as Vandermonde systems. Apart from
Example 18.7, Vandermonde systems will also play a role in the discussion of some
special linear recurrence relations, in Sect. 21.1.

Proposition 18.6 (Vandermonde) Given elements ay, a, ..., a,, a1, &2, ..., 0y
of K, with ay, ay, ..., a, being pairwise distinct, the linear system of equations

X1 +Xx2+--+x, = o]

a1x]1 +axxy + -+ apx, =)

“12)‘1 + a%xz + -4 a,zlxn = w3 (18.3)

—1 —1 _
ai"'xi1+ay, x2+---+a) Iy, = ay,

admits a unique solution in K. In particular, ifay = --- = o, =0, then x; = --- =
x, =0.

Proof If f(X) = co+ a1 X + - + cn_1 X" 1 € K[X], then, by respectively
multiplying the equations of the linear system by co, ci, ..., ¢,—1 and adding the
results, we obtain

flaxr + -+ flapx, = coor +craz + -+ -+ cp_q0.

Now, if we let f = L;, where L; is the i-th Lagrange interpolating polynomial
for {ay, az, ..., a,}, then the left hand side of the equality above reduces to x;, so
that

X; =coa) +crap + -+ 10, € K. (18.4)

O
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The coming example shows how to use the previous proposition to give an
alternative proof for the generalized multisection formula (cf. Problem 8, page 355).

Example 18.7 Let f € C[X]\ {0}, n > 1 be a natural number and 0 < r <n — 1
be an integer. If = cis 27” and z € C, show that

-1
12 . .
E ot = - E o™ f(0’z),
n
k=r (modn) j=0

with gy denoting the coefficient of X* in f.

Proof Writing

FX) = ug(X") 4+ Xup (X™) + - + X", (X7,

with ug, u1, ..., u,—1 € C[X], and taking into account that " = 1, we obtain
uo(2") + zur (2" + -+ + 2" tup1 (2 = f(@
up(z") + wzur (2") + -+ + (@2)"Nup—1 (") = f(wz)

uo(2") + (@?2)u1(2") + -+ + (@?2)" up—1(z") = f(0’2)

uo(2") + (@" " 'Dur @) + -+ (@D a1 (@) = f@"2)

This is a Vandermonde system in uo(z"), zu1(z"), ..., 2" ‘u,_1(z"), with
Ju = Y aik. (18.5)
k=r (modn)

According to (18.4), we have
Zur (@) = cof (@) + 1 f(@2) + -+ epmt f0"2), (18.6)

where ¢; stands for the coefficient of X/ in the r-th Lagrange interpolating
polynomial L, relative to {1, w, W, ... a)”_l}. However,

X-1...X—a)...(X —o" N

Lr(X): — ’
(@ =1 ...(0 =) ... (0 —w" 1)

(18.7)

with numerator equal to

X" —1 _ X" — (a)r)n

_ yvn—1 ryn—2 n—=2)r (n—r
X o - X —or =X +w X +---Fo X+w .
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On the other hand, item (a) of Problem 5, page 393, computes the denominator
of (18.7) as being equal to nw®~ V", so that

w(n—l—j)r 1 i
¢j=———- =0 .
nw®@=br n

It finally follows from (18.5), (18.6) and the above expression for c; that

n—1 n—1
Z at = ZC,/f(wjz) = %Zw_j'f(wjz)-

k=r (modn) j=0 j=0
O

A limitation of Lagrange interpolation lies in the fact that it only generates the
set of nonzero polynomials having degrees less than or equal to some fixed natural
number. We remedy such a situation with the following more general definition.

Definition 18.8 A basis for K[X] is a sequence (fo, f1, f2,...) of elements of
K[X] satisfying the following condition: for every f € K[X], there exist unique
n € Z4 and ay, . . ., a, € Ksuch that

f(X) =aofo(X) + -+ an fu(X).

Example 18.9 A simple way of constructing a basis for K[X] is to take a sequence
(fo, f1, f2,...) in K[X] such that 9f; = j forevery j > 0.

In order to show that such a sequence is indeed a basis for K[X], we have to
establish the following two claims:

(i) Ifn e Nand ag, a1, ..., a, and by, by, ..., b, are elements of K such that
ao fo(X) +ay f1(X) + - - +an fu(X) = bo fo(X) + b1 f1(X) + -+ + bn fr(X),

thena; = b; for0 <i <n.
(i) Forevery f € K[X], there exist n € N and ag, ay, ..., a, € K such that

J(X) = ao fo(X) + a1 f1(X) + - - + an fn(X).

We leave these checkings for the reader (cf. Problem 1).

As a particular case of the previous example, note that the sequence
1, X, X%, x3,..)
is a basis for K[X] (as we already knew).

In what follows, inspired by the binomial numbers, we construct a quite useful
basis for K[ X].
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Definition 18.10 For k € Z,, we define the k-th binomial polynomial () by
setting (g) =1, ()1() = X and, for an integer k > 1,

N lxx—n. x—k+1
(k)_ﬁ X —1)...(X —k+1).

Since 8(}) = k, para todo k € Z., a direct application of Example 18.9
guarantees that the sequence of binomial polynomials is a basis for K[X], called
the binomial basis.

In spite of this, for future use we shall give a direct proof of the validity of

condition (ii) of that example. More precisely, let us make induction on n > 0
to show that there exist ag, ap, . .., a, € K for which

. X X X
X :a0<0>+a1(1>+--~+an(n>. (18.8)

Forn = 0 and n = 1, (18.8) holds due to the very definition of (g) and ()1() Now,

assume that for some k € N there exist ag, ay, ..., a;y € K satisfying (18.8) when
n = k. Then,
X X X k+1
ap X+ a X+ +ag X=X (18.9)
0 1 k
with
X 1 ) S
(j)X :FX(X—I)...(X—]+1)(X—]+])

1
:FX(X—I)...(X—j—i-l)(X—J')

+J%X(X—1)...(X—j+1)

—('+1>(X)+'<X)
-y i+1) TG )

Therefore, substituting this expression for ()j()X (for 0 < j < k) into (18.9), we
conclude that (18.8) is valid forn = k + 1.

Even though the concept of basis for K[X], as formulated above, does not apply
directly to polynomials over Z, when dealing with the binomial basis we have the
following result.

Proposition 18.11 If f € C[X] \ {0} is a polynomial of degree n such that f(0),
fQ), ..., f(n) are all integers, then there exist unique ay, ay, . .., a, € Z such that

X X X
f(X)=ao( >+a1< )+--~+a,,< ) (18.10)
0 1 n

In particular, f(x) € Z for every x € Z.
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Proof Since the binomial polynomials for a basis for C[X], there exist unique
ap,ap, - .., a, € Csuchthat f can be written as in the statement of the proposition.
Thus, it suffices to prove that ag, ai, ..., a, are integers.

Arguing once more by induction, start by noticing that Z > f(0) = ap. Now,
assume that we have already proved that ag, ..., ax—1 € Z, for some integer 1 <
k < n. Then, (18.10) gives

k—1 e n X
f(k)—Za,(j)(k)=Zaj(j>(k). (18.11)
j=0 =k

For 0 < j < k, the evaluation ()1( )(k) coincides with the ordinary binomial number
(1;) On the other hand, for k + 1 < j < n, we have

X 1 ,
(,)(k):jk(k—l)...(k—]—i—l)zo
J J:

Therefore, (18.11) reduces to

k—1

k
f(k)—Za,(j) = ay, (18.12)

Jj=0

and the fact that ag, ay, ..., ax—1 € Z, together with f (k) € Z, gives a; € Z.
For the last part, since (;f) (x) € Z for every x € Z (cf. Problem 2), it follows
from (18.10) that f(x) € Z for every x € Z. |

Also with respect to the proof of the proposition above, (18.12) can be written as

k

o=E

j=0
Therefore, a direct application of Lemma 2.12 furnishes

k
[k
a =Yy (—D* (J.)f(j) €z

j=0

for 0 < k < n and with no inductive argument.

Problems: Sect. 18.1

1. * Complete the discussion of Example 18.9.
2. * Given k € Z, prove that () (x) € Z for every x € Z.
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3. (USA)? Let f be a polynomial of degree n, such that f(k) = (”'H) for 0 <
k < n. Compute all possible values of f(n + 1) in terms of n.

4. (Slngapore)% We are given a polynomial f of degree n, such that f(k) = ¢ +1
for every integer 0 < k < n. Compute all possible values of f(n + 1) in terms
of n.

5. Given an n-sided simple polygon P, show that there exists a polynomial f €
R[X], of degree at most n — 1 and such that the graph of f contains the set of
vertices of P.

6. Given pairwise distinct real numbers a, b, ¢ and d, solve the linear system of
equations

axy + a2x2 + a3x3 + a4x4 =1
bxi + b*x> + b3X3 + b4 =1
cxi+ A+ A+t =17
dxy +d*x) +d3x3 +d¥xs = 1

7. (USA) Let n > 3 be an integer and p, po, p1, ..., Pn—2 be polynomials over R
for which

n—2
D oXIpi (X" = X"+ X"+ X+ Dp(X).
j=0

Prove that X — 1 divides p;(X),for0 <i <n — 2.
8. Letn > 1 be a given natural number.

(a) Factorise the polynomial
F(X) = Z( 1)f< >X(X ). X+ ). (X +n) —nl.
(b) Conclude that for each k € N one has

Z( 1>f<> n .
k+j kk+1D)...(k+n)

(c) Compute, in terms of n, the sum of the series

1
Zk(k+1)...(k+n)'

k>1

2For another approach to this problem, see Problem 4, page 450.
3For other approaches to this problem, see Problem 11, page 386, and Problem 3, page 450.
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9. (Leningrad) A finite sequence ay, az, .. ., a, is said to be p-balanced if, for k =
1,2,..., p, all sums of the form

ag + akvp + Agy2p + -+ -

are equal. Prove that if n = 50 and the sequence (a;)1<j<s0 is p-balanced for
p=3,5,7,11,13 and 17, then all of its terms are equal to O.

18.2 Finite Differences

Another useful, though a little more elaborate, interpolation technique is that of
finite differences. We shall sketch the rudiments of it along this section.

Definition 18.12 Let / be a real number and f : R — R be a given function.
For an integer k > 0, we define the k-th finite difference of f with step % as the
function A’;l f:R — R, given by:

@ AYf=f.
(b) (ALHx) = (Apf)(x) = f(x +h) — f(x) foreach x € R.
©) AFf=ApA ) fork > 2.

For such a definition to be useful, we need the properties of A’;l f collected in the
coming result.

Proposition 18.13 In the notations of the previous definition, given h € R and
functions f, g : R — R, we have that:

(a) If f is constant, then Ay f = 0.

(b) If a and b are real constants, then Ap(af +bg) = aApf +bAjpg.
(c) Az(fg) =k£?hf)(g + Ang) + fAng.

(d) Ay f = A, (Anf), forevery k € N.

(e) If k > 0and x € R, then

k
(k
(ARL@) =) (=1 (j.)f(x + (k= ph).
=

Proof
(a) Forx € R, wehave A, f(x) = f(x +h) — f(x) =0, since f is constant.
(b) For x € R, we can write
(Ap(af +bg))(x) = (af +bg)(x +h) — (af +bg)(x)
=a(f(x+h)— f(x)+bgx+h)—gkx))
=a(Apf)(x) + b(Arg)(x).
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(c) Exercise (see Problem 1).

(d) Let us make induction on k > 1, the case k = 1 following directly from
Definition 18.12. By induction hypothesis, assume that the result is true when
k =1 > 1.For k = [ + 1, successively applying item (c) of Definition 18.12,
the induction hypothesis and once more item (c) of Definition 18.12 (but this
time to Ay, f in place of f), we obtain

AL F = Ap(Al ) = ApAl= AR ) = AL (A ).

(e) Let us make induction on k > 0, noticing that if k = 0 and x € R, then

0 (0 0
> =1/ (J.)f(x) = (—1)0(0>f(x) = f(x) = (A) NH(x).
j=0

Now, assume that the formula holds when k = [ > 0, and let us prove its
validity for k = [ + 1. Given x € R, write A = (A £y (x). By successively
applying item (c) of Definition 18.12, the induction hypothesis and Stifel’s
relation, we obtain

A = Ap(AL ) = (AL +7) = (A, ()
l
e
=Z(—1)’<J.)f(x+h+(l—j)h) Z( 1)/( )f(x+(l—1)h)
j=0
[+1 l .
—f<x+(z+1>h)+2< 1)/(( ; )_(j—1>) O+ A+ 1= h
j=1
—Z(—l)]( )f(x+(l—1)h)
l
Z 1)1( )f( + A+ 1= jh)

I I
. ) (1
—y (=1 (J. ~ ])f(x+(l+1 - j)h)—Z(—l)’(j>f(x + (= )h),
j=1

J=0
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Hence,
1+1 I+

(A ) =) (- 1)f< j )f<x+(l+1—nh> =D f)
j=0

-1 l
e (1
+y (=1 ( .)f(x+<l—j)h>—2<—1>f ( .)f<x+(1—j>h>
j=0 J j=0 J
+1

1
= ZH)J( j )f<x+<z+ L= jh)

j=0

+Z( 1)/() (= j)h) Z( 1)!( )f(x+<l D)

Jj=0
I+1
I
=> (- 1)1< * )f( + A +1- j)h).
Jj=0 J

O

Among the properties of finite differences listed in the previous proposition, the
one which is more frequently used in interpolation problems is that of item (e),
mostly when combined with the coming simple result. Note that the proposition
above refers to finite differences of general real functions, whereas the next one is
specifically related to finite differences of polynomials.

We start by extending Definition 18.12 to polynomials, in the obvious way: for
fixed h € R and f € R[X], given an integer k > 0 we define the k-th finite
difference of f with step % as the polynomial Aﬁ f € R[X] given by:

() AYf =
(i) (AL X)) = (A f)X) = f(X +h) — f(X).
(i) AKf = AR(ARTVf), fork > 2.

In view of the above definition, it is now immediate to check that items from (a) to
(d) of the previous proposition still hold for finite differences of polynomials.

Proposition 18.14 Let f € R[X] be a polynomial of degree n > 1. For an
arbitrary fixed step h € R\ {0}, the n-th finite differences of f all equal, whereas
the l-th ones, for any | > n, vanish identically.

Proof Start by observing that, if f(X) = a, X" +--- 4+ a1 X + ag, then
AR HX) =an(X +h)" + - +ar(X +h) +ao
—(@p X"+ -+ a1 X + ap)
= na,hX" ' + g(X),
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with either g = 0 or dg < n — 2. Since i # 0, we conclude that Aj f has degree
n — 1. Therefore, arguing by induction on the degree of a polynomial, item (d) of
the (extension, for polynomials, of the) previous proposition guarantees that A} f =

AZ_I(A;, f) has degree 0, so that it is constant. Hence, Aﬁlf(X) =0forl >k. O

As will be clear from the two coming examples, the main usefulness of the
material on finite differences discussed above lies on the fact that, if the interpolation
points form an arithmetic progression, then the method of finite differences allow
us to compute the value of the corresponding polynomial at any point of such a
progression.

Example 18.15 Let f € R[X] be a polynomial of degree m > 1, such that f(j) =
rJ for 0 < j < m, with r being a given positive real number. Compute all possible
values of f(m + 1).

Solution Set # = 1 and write A¥f to denote A’l‘ f (either the polynomial or its
corresponding polynomial function). Item (e) of Proposition 18.13 gives

k
(k
Ay =) (=1 (J.)f(x +k— )

j=0

for every x € R. However, since df = m, the previous proposition then gives

m—+1 m o+ 1
0=A""f(0) = ZH)’( ; )f(m +1-).
j=0
Therefore,
m+1
fon+1) =3 (=p/! (’"j 1)f(m +1-j)
j=1

m+1
— Z(_l)]-H (m + 1>rm+l—j
J

j=1

m+1
— Z(_l)j (m —|— 1>rm+1—j
J

j=0

— rm+1 _ (r _ 1)m+1’

where we used the binomial expansion of (» — 1)”*! in the last equality above. O

Example 18.16 Let f be a polynomial of degree 1992, such that f(j) = 2/ for
1 <i < 1993. Compute the remainder upon division of f(1994) by 1994.
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Solution Combining item (e) of Proposition 18.13 with Proposition 18.14, and
writing again AX f to denote A’l‘ f, we have

1993
0=a"Pr =3 (-1’ (19].93)f(1994 - .
j=0
Hence,
1993
; J
j=1

1993

_ <19093>21994 ) Z(_l)‘/ (19?3)21993—j
. J
j=0

= 21994 _ (0 _ 1)1993 — 9199 _ .

For what is left to do, note first that 997 is prime (this can be easily checked with
the aid of Eratosthenes sieve, exactly as we did in Example 6.37 to show that 641 is
prime). Hence, Fermat’s Little Theorem 10.15 assures that 2°°® = 1 (mod 997), so
that

21992 — (29962 = | (m0d 997).
From this, it is immediate to get

£(1994) =219% 2 =22 _ 2 = 2 (mod 997).

We are then left with the system of linear congruences

£(1994) = 0 (mod 2)
£(1994) = 2 (mod 997) ’

which has, by the Chinese Remainder Theorem 10.27, a single solution modulus
2 - 997 = 1994. However, since 2 is clearly a solution, we obtain

£(1994) = 2 (mod 1994). C

Problems: Sect. 18.2

1. * Complete the proof of Proposition 18.13.
2. Prove that, for each real function f : R — R, we have

k

k .
fa+kny =Y (j.)(A’:, TH).

j=0

for all 4, x € R and every integer k > 0.
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— k_

= 147 forevery

3. (Singapore)* Let f be a polynomial of degree n, such that f (k)
integer 0 < k < n. Compute f(n + 1).

4. (USA)’ Let f be a real polynomial of degree n, such that f(k) = (”?:1)_1 for
0 < k < n. Compute all possible values of f(n + 1).

5. (IMO—shortlist) A polynomial f, of degree 990, is such that f(k) = Fy for
992 < k < 1982, where Fj stands for the k-th Fibonacci number. Prove that
f(1983) = Fiog3 — 1.

6. (IMO—shortlist) Let f be a real polynomial such that
(@ f(1) > f(0) >0.

(d) f(2)>2f()— f(0).
(© fB)=>3f2) =3+ f0).
d fm+4)>4fn+3)—6f(n+2)+4f(n+1)— f(n) foreveryn € N.

Prove that f(n) > O for every n € N.

“4For other approaches to this problem, see Problem 11, page 386, and Problem 4, page 444.
SFor another approach to this problem, see Problem 3, page 444.



Chapter 19 )
On the Factorisation of Polynomials Qs

The division algorithm for polynomials provides a notion of divisibility in K[X]
when K = @, R ou C, and such a notion enjoys properties analogous to those of
the corresponding concept in Z. It is then natural to ask whether there exists some
notion of primality in K[ X], which furnishes some sort of unigue factorisation with
properties similar to the unique factorisation of integers. Our purpose in this chapter
is to give precise answers to these questions, which shall encompass polynomials
with coefficients in Z,, for some prime integer p.

19.1 Unique Factorisation in Q[ X]

Along this section, K denotes any of Q, R or C.
We say that f, g € K[X]\ {0} are associated (in K[X]) if there exists a € K\ {0}
such that f = ag. For instance, the real polynomials

f(X)=4X*—-2X+1 and g(X) =2\/§X2—\/§X+%

are associated in R[X], for f = +/2g and +/2 € R\ {0}.

Given f, g € K[X]\ {0}, we say that a polynomial p € K[X]\ {0} is a common
divisor of f and g if p | f, g. Note that f and g always have common divisors: the
constant nonzero polynomials over K, for example.

Definition 19.1 Given f, g € K[X] \ {0}, we say that d € K[X] \ {0} is a greatest
common divisor of f and g, and denote d = gcd(f, g), if the two following
conditions are satisfied:

(a) d| f, gin K[X].
(b) If d’ € K[X]\ {0} divides f and g in K[X], thend’ | d in K[X].
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The coming result is the analogue, for polynomials, of Theorem 6.13. For this

reason, it is also known as Bézout’s theorem. In order to properly state it, given
f e K[X] we let f K[X], or simply (f), if there is no danger of confusion, denote
the subset of K[X] formed by the multiples of f,i.e.,

(f) = fK[X] = {af; a € K[X]}.

Theorem 19.2 (Bézout) Let f, g € K[X]\ {O}. If

S={af +bg; a,b € K[X]},

then there exists a polynomial d € K[X]\ {0} satisfying the following conditions:

(a) S = (d). Inparticular, d | f, g in K[X].
(b) Every polynomial in K[X] \ {0} that divides f and g also divides d.

Moreover, such a polynomial d is unique, up to association.

Proof

()

(b)

Letd € S\ {0} be such that
od = min{dh; h € S\ {0}}.

We first claim that S = (d). Indeed, letting d = ag f +bog, with ap, by € K[X],
and ¢ € K[X], we have

cd = (cao) f + (cho)g € S,

i.e., (d) C S. Conversely, take h € S, say h = af + bg, with a, b € K[X]. By
the division algorithm, we have h = dq + r, with g, r € K[X] and r = 0 or
0 < 9r < dd. However, if r # 0, then dr < dd and

r =h—dq

= (af +bg) — (aof + bog)q
=(a—aoq)f + (b —bog)g €S,

a contradiction to the minimality of the degree of d in S. Therefore, r = 0 and,
hence, h = dq € (d).

For the second part of item (a), it suffices to see that f, g € S = (d), so that,
in particular, f and g are multiples of d in K[X].
Let d’ € K[X]\ {0} be a polynomial dividing f and g in K[X], say f = d’ fi
and g = d'gy, with f1, g1 € K[X].If a, b € K[X], then

af +bg = (af) + bg1)d € d K[X].
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However, since af + bg is a generic element of S, it follows that
ded)=Scd);

in particular, d is a multiple of d’, as we wished to show.
The last claim is left as an exercise for the reader (cf. Problem 1). O
In the notations of the statement of Bézout’s theorem, given f, g € K[X] \ {0}
and letting d € K[X] \ {0} be such that d K[X] = S, from now on we say that d is
a greatest common divisor of f and g, and write

d = gcd(f, g).

Although a gcd of two nonzero polynomials is not unique, thanks to the last
part of Bézout’s theorem any two gcd’s of them are associated. Thus, whenever
convenient we can take d to be monic, and we shall adopt such a usage from now
on without further notice.

Bézout’s theorem assures that if d = gcd(f, g), then there exists a, b € K[X]
such that

d=af +bg.

Nevertheless, the proof of that result gave no clue on how to effectively compute
such polynomials a and b. This issue will be dealt with in Problem 3, when we
show that Euclid’s algorithm remains true for polynomials.

Keeping with the parallelism to the notion of gcd in Z, we say that polynomials
/> g € K[X]\{0} are relatively prime if gcd( f, g) = 1. We then have the following
important consequence of Bézout’s theorem.

Corollary 19.3 If f, g € K[X]\ {0}, then f and g are relatively prime if and only
if there exist polynomials a, b € K[X] for which af + bg = 1.

Proof If ged(f, g) = 1, then the existence of a, b € K[X] as stated above follows
directly from Bézout’s theorem.

Conversely, if d = ged(f, g) and there exist a, b € K[X] such thataf + bg = 1,
then, again from Bézout’s theorem, we have 1 € § = d K[X], i.e., d is a divisor of
the constant polynomial 1. Therefore, d = 1 up to association, so that 1 is a gcd of
f and g. m|

Corollary 19.4 Let f, g € K[X]\ {0} be relatively prime and h € K[X] \ {0} be
such that 0h < 9(fg). Then, there exist a, b € K[X] such that a = 0 or da < 9g,
b=0o0rdob < df and af + bg = h.

Proof By the previous corollary, there exist ay, by € K[X] such thata; f+bi1g = 1.
Then, letting a» = a1h and by = bh, we have a f + bpg = h. Now, the division
algorithm gives a» = gg + a, witha = 0or 0 < da < dg. Thus,

h=(gq+a)f+bg=af +(qf +b2)g
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and, letting b = qf + by, we have h = af + bg, witha = 0 or da < dg. Finally,
since bg = h — af, if b # 0 we can compute

ab+dg = d(bg) = d(h — af) < dh < d(fg) = af + dg,

so that b < of. O
The coming definition is absolutely central for the rest of this chapter.

Definition 19.5 A polynomial p € K[X] \ K is irreducible over K if p cannot
be written as the product of two nonconstant polynomials in K[X]. A polynomial
p € K[X]\ K that is not irreducible is said to be reducible over K.

In general, it is useful to rephrase the irreducibility condition contrapositively.
This way, a polynomial p € K[X] \ K is irreducible if and only if the following
condition is satisfied:

p=gh, withg, heK[X]=geKorhek. (19.1)

Let us now take a look at two simple examples.

Example 19.6 Tt follows immediately from (19.1) that every polynomial p €
K[X] of degree 1 is irreducible. Indeed, letting p = gh, with g,h € K[X],
Proposition 14.9 assures that 9g + d0h = dp = 1 and, hence, dg = 0 or 0k =0, i.e.,
g or h is constant. On the other hand, the Fundamental Theorem of Algebra 15.23
guarantees that the irreducible polynomials in C[X] are precisely those of degree 1.

Example 19.7 If p € R[X] is irreducible over R, then dp = 1 or 2. Indeed,
according to Problem 4, page 386, a complex number z is a root of p if and only if
so is Z; then, let us consider two cases:

(a) dp > 3 and p has at least one real root, say «: the root test (cf. Proposition 15.3)
allows us to write p(X) = (X — a)h(X), for some & € R[X] of degree greater
than or equal to 2, and p is reducible over R.

(b) dp = 3 and p has two complex nonreal conjugate roots, say z and Z: by invoking
the root test again, we have p(X) = (X — z)(X — 2)h(X), for some & € C[X]
of degree at least 1. However, if z = a 4 bi and g(X) = (X — z)(X — 7), then

g(X) = (X —a—bi)(X —a+bi)= (X —a)> +b*> € R[X].

Hence, upon dividing p by g, the division algorithm assures that # € R[X].
Therefore, p = gh, with g, h € R[X] \ R, and p is reducible over R.

Thanks to the last example above, from now on we shall restrict our attention
to the irreducibility of polynomials over Q. In this sense, an argument analogous
to that of item (a) of the last example (cf. Problem 5) allows us to conclude that if
p € Q[X] has degree 2 or 3, then p is irreducible over Q if and only if it does not
have a rational root.
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Back to the general concept of irreducible polynomial, note that if p € Q[X]\ Q
is irreducible, then the only divisors of p in Q[X] are the constant polynomials and
those associated with p. This being said, we have the following important auxiliary
result, which is the analogue of Lemma 6.41 for polynomials.

Lemma 19.8 Let p € Q[X]\ Q be irreducible. If f1, ..., fi € Q[X]\ {0} are such
that p | f1... fx, then there exists 1 <i <k such that p | f;.

Proof By induction on k, it suffices to show that if p | fg, with f, g € Q[X] \ {0},
then p | forp | g If pt f, we first claim that ged(f, p) = 1; indeed, if d =
gcd(f, p), then d | p, so that either d € Q or d is associated with p in Q[X].
However, if this last possibility holds, it follows from d | f that p | f too, which
is a contradiction. Therefore, d € QQ and, up to association, we can suppose that
d=1.

Now, Corollary 19.3 guarantees the existence of polynomials a, b € Q[X] such
thataf 4+ bp = 1, and hence

a(fg) + (bg)p =g.

Since p | (fg), it follows from the equality above and Problem 6 that p | g, as
wished. O

We shall now establish an analogue of the Fundamental Theorem of Arithmetic
for polynomials over QQ, thus showing that every polynomial f € Q[X]\ Q can be
uniquely written, up to association, as a product of a finite number of irreducible
polynomials.

Theorem 19.9 Every polynomial f € Q[X]\ Q can be written as a product of a
finite number of irreducible polynomials over Q. Moreover, such a decomposition
of f is unique in the following sense: if p1,..., Pk, q1,---,q € Q[X]\ Q are
irreducible and such that p1 ... px = q1 - ..qi, then k = [ and, up to reordering, p;
and q; are associated in Q[X].

Proof For the existence part, let us make induction on df, the case df = 1 being
immediate (for we have already seen that, in this case, f is irreducible). As induction
hypothesis, assume that the result is true for every nonconstant polynomial with
rational coefficients and degree less than n, and take f € Q[X]\Q such that 3f = n.
If f is irreducible, there is nothing left to do. Otherwise, we can write f = gh, with
g, h € Q[X]\ Q. Thus, dg, dh < n, and the induction hypotheses guarantees
that each of g and % can be written as a product of a finite number of irreducible
polynomials with rational coefficients, say ¢ = p1...pj and h = pji1...pk.
Then, f = gh = p1...pjpj+1-.. Pk, a product of a finite number of irreducible
polynomials over Q.

For the uniqueness part, let py...px = q1...q;, with p1, ..., Pk, q1, ..., q1 €
QI[X] \ Q being irreducible over Q. If k = 1, we have p; = ¢;...q, and the
irreducibility of p; assures that/ = 1. Similarly,/ = 1 = k = 1. Then, suppose
that k,/ > 1; since px | q1 - .. qi, Lemma 19.8 guarantees the existence of an index
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1 < j <! suchthat p | gj. Assume, without loss of generality, that j = /. Since ¢;
is irreducible over Q and py ¢ Q, the only possibility is that p; and g; be associated
in Q[X], say px = ugqy, for some u € Q \ {0}. Then,

Pl Pk—1 =q1 - qI—2Uqi—1 =q} ---q]_,

with g/ = g; for 1 <i <1 —2and g;_, = ug;—1, all irreducible over Q.

Arguing by induction on max{k, [}, the induction hypothesis givesk —1 =1—1
and, up to reordering, p; associated to ¢; for 1 < i </ — 1. Hence, up to reordering
pi and g; are also associated over Q, for 1 <i < k. O

We can summarize the previous result by saying that one has unique factorisation
in Q[X]. As within Z, if f € Q[X] \ Q is factorised as

f=pi-. pr

with py, ..., pr € Q[X]\ Q irreducible, then, by gathering together the irreducible
factors p; which are equal up to association, we obtain

f=a" . ..q" (19.2)

with g1, ...,q € Q[X]\ Q irreducible and pairwise non associated, and «j, ...,
a; € N. Expression (19.2) (which is also unique up to association and reordering)
is the canonical factorisation of f in Q[X], and ¢y, ..., ¢; are the irreducible
factors of f in Q[X].

Problems: Sect. 19.1

1. * Complete the proof of Theorem 19.2.
2. Let f, g € Q[X]\ Q be polynomials with canonical factorisations

/

o} o /S/ /31/11
f=r"...piq"...q" and g:p’fl...pfkrll...rm ,

with p1, ..., pr,q1,...,qrandry, ..., r, being monic, irreducible and pairwise
non associated, and a;, o], 8, ,3} € N. Prove that

ged(f, g) = pi’l ...p,};",

with y; = min{e;, B;} for 1 <i <k.
3. *Prove the following version of Euclid’s algorithm for polynomials: given f, g €
K[X]\ {0}, with 0f > dg, the division algorithm in K[X] gives
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Step 1 f = gq1+n 0<9dr <ag
Step 2 1 g = riq2p+n 0<0drp <odrn
Step 3 iy = g3+ 0<0dr; <or
Step j Srjop = Frj_1q4j +7r;j 0<0rj <adrj_

Step j+1:rj_1 = rjqj+1+0

As in Z, note that the execution of the algorithm actually stops after a finite
number of steps. Indeed, since ri,ry, ... € K[X] satisfy dg > dr; > drp >
. > 0, there must exist a least index j such that r; # 0. Show that r; =

ged(f, 8).

4. Compute ged(X* — X3 —3X%2 +2X +3,X° — X3 +4X%2 —6X — 12).

5. *If p € Q[X] is a polynomial of degree 2 or 3, prove that p is irreducible over
Q if and only if p has no roots in Q.

6. *If f, g, h € Q[X]\ {0} are such that f | g, h, prove that f divides ag + bh, for
alla, b € Q[X].

7. If f € R[X]\ R has degree greater than 1, prove that f can be written, uniquely
up to association, as a product of a finite number of irreducible polynomials over
R.

8. Prove Fermat’s last theorem for polynomials: if f, g, 2 € R[X] \ R have no
nontrivial common factors, and are such that

FXO" 4+ g(X)" = h(X)",

thenn = 1 or 2.
9. The purpose of this problem is to prove the partial fractions decomposition
theorem. To this end, let K = Q, R or C, let f, g € K[X] \ {0} be given and

think of f as the rational function that sends each x € K\ g~1(0) to g))

(@) If of < d0g and g = g] ...gk is the canonical decomposition of g in
irreducible polynomials in K[ X] (established in the previous problem if K =
R), prove that there exist f1, ..., fr € K[X], with f; = 0or df; < B(g;tj)
forl < j <k,and

_y 4

j=19j

%I&

(b) If g is irreducible over K and & > 1 is an integer, prove that there exist
polynomials g, r1, ..., 1, € K[X], withr; =0ordr; < dgforl < j <k,
and

f k
=arL?

_f
g’
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19.2 Unique Factorisation in Z[ X]

In the previous section, we studied the problem of unique factorisation for poly-
nomials with rational coefficients. In this section, we extend the analysis of this
problem to polynomials with integer coefficients. In this respect, the coming
definition will be crucial for all that follows.

Definition 19.10 The content of f € Z[X] \ {0}, denoted c(f), is the gcd of
the nonvanishing coefficients of f. If ¢(f) = 1, we say that f is a primitive
polynomial in Z[ X].

For the sake of notation, if f = @, X" +--- 4+ a1 X + ap € Z[X] \ {0}, we shall
write

c(f) = ged(ag, - .., an).

The coming lemma, whose proof we leave to the reader as an exercise (cf.
Problem 1), establishes two useful, albeit simple, properties of the content of
polynomials with integer coefficients.

Lemma 19.11

(a) If f € ZIX]\ {0} and a € Z \ {0}, then c(af) = |a| - c(f). In particular, there
exists a primitive g € Z[X]\ {0} such that f = c(f)g.

(b) If f € Q[X]\ {0}, then, up to multiplication by —1, there exist unique relatively
prime nonzero integers a, b and g € Z[X] primitive such that f = (a/b)g.

The importance of the concept of content for polynomials in Z[ X] lies in the key
role it plays on the study of irreducibility of polynomials over Z, as we shall now
define.

Definition 19.12 A polynomial p € Z[X]\ Z is irreducible! over Z if p is
primitive and cannot be written as the product of two nonconstant polynomials of
Z[X]. A primitive polynomial p € Z[X] \ Z which is not irreducible is said to be
reducible over Z.

As in the previous section, it is useful to rephrase the irreducibility condition
for integer coefficient nonconstant polynomials contrapositively, so that a primitive
polynomial p € Z[X] \ Z is irreducible if and only if the following condition is
satisfied:

p=gh, withg,heZ[X]=g==xlorh==l. (19.3)

The coming result is known in mathematical literature as Gauss’ lemma.

! Although this definition is slightly more restrictive than that usually found in most textbooks, it
will be sufficient for our purposes.
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Proposition 19.13 (Gauss) For f, g € Z[X]\ Z, we have:

(a)
(b)

c(fg) = c(f)c(g). In particular, fg is primitive if and only if* so are f and g.
If f is primitive, then f is irreducible in Z[ X] if and only if it is irreducible in
QIX].

(c) If f and g are primitive and associated in Q[X], then f = *g.
Proof
(a) Lemma 19.11 shows that if f = c(f)f1 and g = c(g)g1, then f1, g1 € Z[X]

(b)

©)

are primitive and fg = c(f)c(g) fi1g1, so that c(fg) = c(f)c(g)c(fig1).
Hence, it suffices to show that fjg is primitive, or, which is the same, that

f, g primitive < fg primitive.

If f is not primitive, then there exists a prime p € Z such that p divides all
of the coefficient of f. Then, p divides all of the coefficients of fg, and fg is
not primitive. Analogously, if g is not primitive, then fg is not primitive too.

Conversely, assume that f(X) = a, X" 4+ --- + a1X + ag and g(X) =
b, X" 4+ - -+ + b1 X + bg are both primitive, but fg is not. Take a prime p € Z
such that p divides all of the coefficients of fg, and let k, [ > 0 be the smallest
indices such that p t ak, by (such k and [ do exist, for otherwise f or g would
not be primitive). Letting cx; denote the coefficient of X**! in fg, we have

Cktl =+ + ag—2bi42 + ag—1biy1 + arb; + ag41bi—1 + ag42bi—2 + - - - .

Now, since p | ck4; and p | ao,...,ax—1,bo, ..., bi_1, the above equality
guarantees that p | axb;, which is a contradiction.

Implication <) is clear. For the converse, take f € Z[X] \ Z primitive and
suppose that f is reducible in Q[X], say f = gh, with g,h € Q[X] \ Q.
Lemma 19.11 assures that we can take a, b, ¢, d € Z\{0} such that g = (a/b)g1
and h = (c¢/d)h, with g1, hy € Z[X] primitive. Then,

bdf =bg-dh =ag) -chy = acgh.

However, since g1k is primitive by (a), taking contents in both sides of the
equality above we obtain |bd| - c¢(f) = |ac|. Therefore, Z—; = dc(f) € Z and,
once again from the equality above, f = *c(f)gih1, i.e., f is reducible in
7Z[X].
If f = (a/b)g, witha,b € Z\ {0}, then bf = ag, and taking contents we get
|b| - c(f) = la| - c(g). However, since c(f) = 1 and c(g) = 1, it comes that
la| = |b|, and hence a/b = *1.

O

ZFor another proof of this item, see Problem 6, page 469.
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We can finally state and prove another theorem of Gauss, which for integer
coefficient polynomials is the analogue of Theorem 19.9.

Theorem 19.14 (Gauss) Every primitive polynomial f € Z[X]\ Z can be written
as a product of a finite number of irreducible polynomials in Z[X]. Moreover, such
a way of writing f is unique up to a reordering of the factors and multiplication of
some of them by —1.

Proof Let us start by establishing the existence of a factorisation of f as a product
of irreducible polynomials. To this end, looking at f as a polynomial in Q[X],
Theorem 19.9 assures the existence of irreducible polynomials py, ..., px € Q[X]\
Q such that f = py...pr. Write p; = (a;/b;)q;, with a;, b; € Z \ {0} relatively
prime and ¢; € Z[X] \ Z primitive. Since g; is obviously also irreducible in Q[ X],
item (b) of Gauss’ lemma guarantees that ¢; is irreducible in Z[X]. Letting a =
aj...arand b = by ... b, we then have

f=(a/bq1... q.

However, since qj, ..., g; are all primitive, item (a) of Gauss’ lemma guarantees
that ¢ . .. gy is primitive too. Thus, taking contents in the last equality above, we
get

bl = 1b] - c(f) = lal - c(q1...qx) = lal.

It comes that a/b = =1, and hence f = g ...qk, a product of irreducible
polynomials in Z[ X].

The proof of the uniqueness part of the statement parallels that of Theorem 19.9,
once we show the following claim: if p, f, g € Z[X]\Z are such that p is irreducible
and p | fgin Z[X], then p | f or p | g in Z[X]. To this end, note firstly (from
item (b) of Gauss’ lemma) that p is also irreducible in Q[X7]. In turn, this being so,
we already know that p | f or p | g in Q[X]. If p | f in Q[X] (the other case is
analogous), there exists f; € Q[X] such that f = f;p. Choosing a,b € Z such
that f1 = (a/b) f>, with f> € Z[X] \ Z primitive, we have

bf =bfip=afrp.

Now, p and f> primitive implies (once more from item (a) of Gauss’ lemma) f>p
primitive; taking contents in the equality above, we obtain |b|-c(f) = |a|-c(fap) =
lal. Hence, a/b = c(f) € Z,so that f; € Z[X] and p | f in Z[X]. m|

Gauss’ theorem allows us to define the greatest common divisor of two polyno-
mials f, g € Z[X]\ Z. To this end, given f € Z[X]\ Z, start using Gauss’ theorem
to write

f=xcHA" - R



19.3  Polynomials Over Z, 461

withny,...,ny € Nand f1, ..., fr € Z[X] being irreducible, pairwise non asso-
ciated and having positive leading coefficients. This is the canonical factorisation
of fin Z[X].

Now, let g € Z[X] \ Z have canonical factorisation g = *c(g)g]"" ... g If
h € Z[X]\ Z is irreducible, has positive leading coefficient and is such that 4 | f, g,
then there exists 1 <i < kand1 < j </ forwhichh = f; and h = gj, so that
fi = gj- In turn, this means that, up to a change of notation, we can write

f=xc(HRY . hF P and g = Ee(@)h! L h el L g,

with hy, ..., hi, f1,..., frs 81, .-, & € Z[X] \ Z irreducible, with positive lead-
ing coefficients and pairwise non associated and ny, ..., ng, p1, ..., Pi,q1,---,qs €
Zy. We thus let, in Z[ X],

ged(f, g) = ged(e(f), c(g)h|" ... hk,

with ¢; = min{n;, m;},for1 <i <k.

Problems: Sect. 19.2

1. * Prove Lemma 19.11.

2. *Let f € Z[X] be a monic and nonconstant polynomial. If f is reducible over
Q, prove that there exist monic and nonconstant polynomials g, # € Z[X] such
that f = gh.

3. Let f, g € Z[X] \ Z be primitive. For a given common divisor d € Z[X] of f
and g, show that the following are equivalent:

(a) d =gcd(f, 9.
(b) Ifd’ € Z[X] divides f and g in Z[X], thend’ | d.

19.3 Polynomials Over Z,

We saw in Sect. 11.2 that, for a prime p € Z, the set Z, of congruence classes
modulo p can be furnished with operations of addition, subtraction, multiplication
and division quite similar to those of C. In turn, thanks to such a resemblance,
essentially all of the concepts and results on polynomials studied so far remain true
within the set Z,[X] of polynomials with coefficients in Z,.

Our purpose here is to make explicit comments on some similarities and
differences between polynomials over Z, and over K, with K = Q, R or C. In
this sense, we shall leave to the reader the task of checking that all of the other
definitions and results presented for K[X] (except those of Sects. 15.3 and 18.2 and
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of Chap. 17) remain valid, ipsis literis, for Z,[X]. We also take the opportunity to
deduce, with the aid of polynomials over Z,, some results on Number Theory and
Combinatorics inaccessible by other means. In particular, we complete the proof
of the existence of primitive roots modulo p, thus completing the discussion of
Sect. 12.2.

Given f(X) = a, X" + -+ +a1X + ap € Z[X], we define Z,[ X] to be the set
of formal expressions f of the form

FX)=a, X"+ -+ a1 X +ao, (19.4)

where ap, a1, .. ., a, respectively denote the congruence classes of ag, ay, ..., a,
modulo p. As before, such an f is called a polynomial over Z,.
The correspondence f +— f defines a map

7p : ZIX] —> Zp[X]
o= f

which is obviously surjective and is called the canonical projection of Z[X] onto
Zp|X]. For f, g € Z[X], it is immediate to verify that

f(X) =g(X) in Zp[X]

(>
In e ZIX]; f(X) = g(X) + ph(X) in Z[X].

Equivalently, letting
pZIX] = {ph; h € Z[X]},
we have
f=0<« f e pZ[X].

We extend the operations of addition and multiplication in Z, to homonymous
operations +, - : Z,[X] x Z,[X] — Z,[X] by setting, for f, g € Z[X],

f+g=f+gand f-3=fg.

We leave to the reader the task of verifying the well definiteness of these operations
in Z [ X1, which can be done in a way entirely analogous to the well definiteness of
the operations of Z, (cf. Sect. 11.2; see, also, Problem 1).

As in Z[X], we say that a polynomial f € Z,[X]\ {0} as in (19.4) has degree
nifa, # 0,ie.,if p t a,. More generally, if f € Z[X]\ pZ[X], then f #0and
af <af.
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The two coming examples use the multiplication of Z ,[ X] to establish interesting
properties of binomial numbers.
Example 19.15 1f p € Z is a prime number and k € N, prove that (’}k) is a multiple
of p, for every integer 1 < j < pX.
Proof Example 6.42 shows that (X +1)? = X?+1in Z,[X]. Assume, by induction

hypothesis, that (X + T)pl = X”] +Tin Zp[X] and for some / € N. Then, by
successively applying the initial case and the inductive hypothesis, we obtain

X+ = (X + DY) =P+ D = x4 T= x4 T
Thus,
X+ =x" +1

for every k € N.
On the other hand, we also have

_ X N
X+ D =x" ¢ <pkp 1>x1"‘—1 ot <pl >X +1,

— k
so that (’;.k) = 0 for every integer 1 < j < p*. In other words, p divides (’; ). o

The next example makes use of the binary representation of natural numbers (cf.
Example 4.12 of [8] or Problem 11, page 163). For a generalization, see Problem 11.

Example 19.16 (Romania) Prove that the number of odd binomial coefficients in
the n-th line of Pascal’s triangle is a power of 2.

Proof Let
no=2% 4 2%=1 4.4 201 4 290

be the binary representation of n, with 0 < ap < a; < ... < ai. The previous
example allows us to write, in Z,[X],

X+D" =X+ DX +D*™ " . (x+D¥
o ~ o (19.5)
=X**+ DX DX 4.

Let S denote the set of natural numbers which can be written as a sum of (at
least one of) distinct powers of 2, chosen from 2%, 2%-1__ 29 and 29, By the
fundamental principle of counting and the uniqueness of binary representation of
naturals, we have | S| = 2! — 1. On the other hand, by expanding the products of
the last expression in (19.5), we get
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X+ = Z X" +1 (19.6)

meS

a sum with exactly 2*! summands. Now, by invoking once more the formula of
binomial expansion, we have

(X+T)”—X"+@X”‘l+-~-+< " >X+T (19.7)
- 1 n—1 ' ’

Therefore, by comparing (19.6) and (19.7), we conclude that exactly 25+ of the
binomial numbers of the form (';) (which compose the n-th line of Pascal’s triangle)

satisfy (;’) #£0, i.e., are odd. o

In order to define the polynomial function associated to a polynomial f € 7Z X1,
we have to take some care. Firstly, note that if f € Z[X] and a,b € Z satisfy
a = b (mod p), then item (c) of Proposition 10.6 guarantees that

f(a) = f(b) (mod p);

on the other hand, if ? = g in Z,[ X1, we saw above that there exists & € Z[X] such
that f(X) = g(X) + ph(X). Hence, for a € Z we have

f(a) = g(a) + ph(a) = g(a) (mod p).

Given f € Zp[X], the above comments allow us to define the polynomial
function f : Ly — Zp by setting, fora € Z,

f@ =g, (19.8)

where ¢ € Z[X] is any polynomial for which f = g. Obviously, the image of f
is a finite set, for Z p s itself finite. From now on, whenever there is no danger of
confusion, we shall write (19.8) simply as

f@ = f(a).

The coming example shows that, contrary to what happens with polynomials
over Q, R or C, the polynomial function associated to a nonzero polynomial over
Zp[X] can vanish identically. In other words, it is no longer valid that two distinct
polynomials over Z, have distinct polynomial functions.

Example 19.17 The polynomial f(X) = X? — X € Zp[X] is clearly a nonzero
element of Z,[X]. On the other hand, letting f : Z, — Z, denote its associated
polynomial function, Fermat’s little theorem gives



19.3  Polynomials Over Z, 465

f@=a’—-a=a’—a=0

for every a € Z,. Thus, f vanishes identically.

Let f € Z[X] and a € Z be given. As in Sect. 15.1, we say thata € Z, is a root
of f provided f(a) = 0. An easy review of the proof of the root test shows that
it continues to hold in Z,[X]. In particular, from the above example we obtain the
following important result.

Proposition 19.18 In Z,[X], we have
XP 1 _T=(X-DX=-2)...(X—(p—-1D).

Proof Since 1,2,..., ﬁ are roots of XP~1 — T in Zp (from the last example),
item (c) of Proposition 15.3 assures that the polynomial X?~! — T is divisible by
(X —=1)(X—=2)...(X — (p — 1)) in Z,[ X]. However, since both such polynomials
are monic and have degree p — 1, they are actually equal. O

In Z,[X], all of the definitions and results of Sect. 19.1 remain true. In particular,
we can state the following theorem, whose proof is entirely analogous to that of
Theorem 19.9.

Theorem 19.19 If p € Z is prime, then every polynomial f € Zpl X1\ Z)p can
be written as a product of a finite number of irreducible polynomials over Z,.
Moreover, such a decomposition of f is unique up to association and reordering
of the irreducible factors.

As a first application of the previous result, we shall now prove the existence of
primitive roots modulo p. For the statement and proof of the coming result, perhaps
the reader might want to review the material of Sect. 12.2.

Theorem 19.20 If p € Z is an odd prime and d is a positive divisor of p — 1, then
the algebraic congruence

xP~1 — 1 =0 (mod p) (19.9)

has exactly ¢(d) roots of order d, pairwise incongruent modulo p. In particular, p
has exactly (p — 1) primitive roots pairwise incongruent modulo p.

Proof For a positive divisor d of p — 1, let N(d) denote the number of roots of
the algebraic congruence (19.9) which are pairwise incongruent modulo p and have
order d. Since the roots of (19.9) are the integers 1,2,..., p — 1, and since by
Proposition 12.2 each of these numbers has order equal to a divisor of p — 1, we
conclude that

> Nd=p-1

0<d|(p—1)
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If we show that N(d) < ¢(d), Proposition 8.11 will give

p—l1= )Y Nd= Y e¢d=p-1

0<d|(p—1) 0<d|(p—D

Therefore, we will obtain N (d) = ¢(d) for every positive divisor d of p — 1.

Then, let d be a positive divisor of p — 1. If N(d) = 0, it is clear that N(d) <
@(d). Otherwise, let a be an integer of order d modulo p; then, the congruence
classes 1, @, a‘ e Z, are pairwise distinct roots of X{—-1ez »[X]. On the
other hand, Corollary 15.8 guarantees that such a polynomial has at most d distinct
roots in Zp, so that its roots are exactly 1,4 ..., a1 . Therefore, if « € Z is
a root of order d of (19.9), then @ € Z, is a root of Xd —1e Zp[X], so that
@ e {1,a,...,a"""}. We conclude that the roots of order d of (19.9) are precisely
the elements of order d of the set {1, a, ..., ad_l} and, hence,

N(d) =#0 <k <d —1; ord,(a*) = d}.

Item (c) of Proposition 12.5 counts the number of elements of the set in the right
hand side above: since ord,(a) = d, we have

d
ord,(@") =d & el d & ged(d, k) = 1.

Therefore,

#0<k<d—1;o0rdy(a)=d} =#{0 <k <d—1; ged(d, k) = 1}
= ¢(d).

The above argument has shown that either N(d) = 0 or ¢(d), so that, in any
case, we have N(d) < ¢(d), as wished.

For what is left to do, it suffices to note that N(p — 1) = ¢(p — 1), so that
there are exactly ¢(p — 1) integers, pairwise incongruent modulo p and with order
p — 1 = ¢(p) modulo p. In other words, there are precisely ¢(p — 1) pairwise
incongruent primitive roots modulo p. (For the sake of completeness, it is worth
noticing that this result agrees with that of Proposition 12.8.) O

We finish this section by exhibiting yet another beautiful application of the theory
of polynomials over Z, to Number Theory.

Example 19.21 (Miklos-Schweitzer) If p > 3 is a prime number satisfying p =
3 (mod 4), prove that

[[ *+y»)=1(modp).

1<xAy<2yl
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Proof In all that follows, without further mention, indices in products will vary from
1to 251,
2
If P stands for the product at the left hand side, then

2

P=]]e+1)-T]e*+2) ...« [] (x2+<pT_l )
x#1 x#2 D o
[+ 1) [ +25 - --~'H(x2+ (pT_lz»
a 2”%1.12.22-...-("’7_1)2 |

Now, for each integer 1 < k < pT_l, let ¢ denote its inverse modulo p. Then,
modulo p we get

]_[(x2 +&) =] J(ax)* + D =k e + D).

Indeed, the first congruence is immediate and, for the second one, it suffices to
observe that {(cxx)%; 1 < x < pT_l} is a set of pT_l pairwise incongruent quadratic
residues modulo p; hence, also modulo p, we have

1 _
()t 1<x<P =2 1<x<?

It then follows that, modulo p,

215 -12-22-...-(pT_l)ZP512-22-...-(’97_1)2(]_[@%1))

or, which is the same,

p—1
2

2 p = (H(x2 n 1))1%l .

Let « be a primitive root modulo p and Q = ]_[()c2 +1). Since {a?%; 1 <k <

pT_l} is a set of pT_l pairwise incongruent quadratic residues modulo p, we have

{oc2k; l<k< PT*I} = {xz; l1<x< PT71} modulo p, so that

0 =T]@*+1 and 27 P = 0"7 (mod p). (19.10)
In order to compute the residue of Q, modulo p, let f € Z[X] be defined by

FX)=X-aH)X —a ... (X —al™h,
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so that

0= (D F(=1) = — f(—1) (mod p).

(Here we have used the fact that p = 3 (mod4) in the second congruence above.)
Now, observe that

—1 p—1
X=X -a)X—ad) ... X—a )X +a)(X+ad)...(X+a'T).
Forl <i,j < PT71, ifal = —af (mod p), then a? = g% (mod p) and, since «

is a primitive root modulo p, we obtain 2i = 2j, thus i = j; however this being
the case, we would have o' = —a' (mod p), which is an absurd. Then, the set

{fa, +a?, ..., :l:apT_l} is a RRS mocﬂllo P, so that it coincides, modulo p, with
{1,2,..., p — 1}. Therefore, letting f € Z,[X] denote the image of f by the
projection of Z[X] onto Z,[X] and invoking the result of Proposition 19.18, we
arrive at
FXH=X-DX=-2)..X—p—DH=xP"1_-1

and, hence, at

— p—1 —

fX)y=X7 —1.
However, since p = 3 (mod 4), this gives

0=—Ff(-D=-(-D"7 +1=2,

i.e., Q =2 (mod p).
p—1
Finally, substituting this information in (19.10), we get the congruence 2" p =

O

2% (mod p), and hence P = 1 (mod p).

Problems: Sect. 19.3

1. * Given a prime number p, check the well definiteness of the operations of
addition and multiplication in Z,[X]. Also, show that such operations are
associative and commutative, have identities respectively equal to the constant
polynomials 0 and 1, and that multiplication is distributive with respect to
addition.

2. Let p > 2 be a given prime. Find, if any, the roots of X?~! +1 e Zp[X].
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3.

d

10.

11.

* Given f € Z[X] and an integer root a of f, prove that a € Z, is a root of
? € Zp[X]. In particular, conclude that if ay, ..., ax € Z, are the roots of 7,
then there exists 1 < j < k such that a = a; (mod p).

Show that f(X) = X3 —15X% 4+ 10X — 84 € Z[X] has no rational roots.

*1If p € Zis prime and f € Z[X], prove that f(XP) = f(X)?.

* Use the projection 7w : Z — Z,, to prove that if f, g € Z[X] \ Z are primitive
polynomials (cf. Definition 19.10), then so is fg.

Let p > 2 be a prime number and 1 < d < p — 1 be an integer.

(a) Ifd t (p — 1), show that X4 — T has no roots in Zp[X].
(b) Ifd | (p — 1), factorise X¢ — T in Z,[X].

* Let p > 3 be a prime number and, for1 < j < p—1,lets;(1,2,...,p—1)
denote the j-th elementary symmetric sum of the natural numbers 1,2, ..., p—
1. Prove that®:

(@) Forl <j<p-2,wehaves;(1,2,...,p—1)=0(mod p).

(b) sp—1(1,2,..., p—1) = —1(mod p).

*If @, b and c¢ are the complex roots of the polynomial X3 — 3X2 + 1, show
that a” +b" + ¢ € Z for every n € N, and that such a sum is always congruent
to 1 modulo 17.

(France) For a given n € N, let I,, denote the number of odd coefficients of the
polynomial (X% + X + 1)".

(a) Compute Ipm, form € Z.

(b) Show that, for m € N, we have

2m+l + (_1)m+1

1211171 = 3

For the coming problem, the reader may find it useful to review the statement
of Problem 11, page 163.

Prove Lucas’ theorem: given natural numbers m > n and a prime number p,
if

k k
m= ijpj and anpj
j=0 j=0

are the representations of m and n in base p, then

()= 1(7) i

J=0

3Note that item (b) provides another proof of part of Wilson’s Theorem 10.26.
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In particular, conclude that:

(@ p| (") ifandonlyifm; <n;forsome0 < j <k.
(b) Exactly (mg + 1)(m1 + 1) ... (my + 1) binomial numbers of the form ('Z )
are not divisible by p.

(¢) No binomial number of the form (¥ kJrnl ~1) is divisible by p.

12. Let p be a prime number and k € N. Prove that

Pr(p =D\ _ [(=D?(modp), ifI=plq; 0<q<p-1.qeZ
l ~ | 0(mod p), otherwise. ’

19.4 More on Irreducible Polynomials

Up to this moment, we do not have at our disposal any method for establishing
the irreducibility of a given polynomial. Obviously, in particular cases one can
sometimes use the direct method, which consists in writing the given polynomial
f (say, in Z[X]) as a product of two other polynomials g, € Z[X], and then
of solving the resulting system of equations in the coefficients of g and h, thus
obtaining a nontrivial factorisation for f or reaching a contradiction. We illustrate
such a procedure in the coming example (see, also, Problems 1 and 2).

Example 19.22 Prove that f(X) = X* + 10X3 4+ 5X + 1993 is irreducible over Q.

Proof By Gauss’ lemma (cf. Proposition 19.13), it suffices to show that f cannot
be written as a product of two nonconstant polynomials with integer coefficients.
We now observe that 1993 is prime, a fact that can be easily established with the
aid of Eratosthenes’ sieve, for example. Hence, the rational roots test implies that
the possible integer roots of f are £1 or +1993, and direct checking shows that
none of these is actually a root.
We are left to discarding the possibility of f having a factorisation of the form

FX) = (X?*+aX +b)(X?+cX +d),

with a, b, ¢, d € 7Z. If such happens, then, by expanding the products at the right
hand side and comparing coefficients, we obtain the following system of equations:

a+c=10
ac+b+d=0
ad +bc =5
bd = 1993

The fourth equation, together with the primality of 1993 and the symmetry of
the factorisation (two factors of degree 2) give (b, d) = (1, 1993) or (—1, —1993)
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as the only essentially distinct possibilities. From them, the first and third equations
furnish the systems of equations

a+c=10 cla +c=10
a+1993c =35 a+1993¢c=-5"
Finally, it is immediate to check that none of them has integer solutions. O

As testified by the calculations performed in the example above, the use of the
direct method to check that a given polynomial f € Q[X] is irreducible over
@Q is likely to face considerable computational difficulties, even in the case of f
having integer coefficients and small degree. Therefore, it would be quite nice to
develop a few techniques that could be effectively applied to the investigation of the
irreducibility of polynomials. In this sense, we start with the following result.

Proposition 19.23 Let f € Z[X] be monic, and p € Z be prime.

(a) If?_e Zp|X] is irreducible in Z,| X, then f is irreducible in Z[X].
(b) If f(X) = (X —a)g(X), with g € Zp|X] irreducible, then either f is
irreducible in Z[X] or it has a root a € Z such that « = a (mod p).

Proof

(a) By contraposition, suppose f(X) = g(X)h(X), with g, h € Z[X] \ Z monic
polynomials. Then, f(X) = g(X)h(X), with 33 = dg and dh = dh.

(b) Suppose f to be reducible, say f(X) = h(X)I(X), with h,l € Z[X] \ Z being
monic. Then, 8% = dh, 9] = 9l and

(X —D)g(X) = h(X)I(X).

However, since g is irreducible in Z,[X], Theorem 19.19 assures that either h
or [ must be associated to X — @, so that 9h = 1 or 9] = 1.

Assume, without loss of generality, that d& = 1. Then, h(X) = X — «, for
some o € Z, so that « is an integer root of f. Finally, since h1(X) = X — a (for
 is monic and associated to X — a), it comes that @ = a.

O

Example 19.24 Let p € Z be prime, with p = 5(mod 6), and k € N be such that
kp + 1 is also prime. Prove that f(X) = X> + pX? + pX + kp + 1 is irreducible
in Z[ X].

Proof Projecting f into Z,[X], we obtain
FTXO=X4+T=X+DX2=X+1.

We now claim that —1 is the only root of f in Z,. Indeed, if f(@) = 0, then
@ = —1,sothata’ = —1 (mod p). Thus, a®=1 (mod p), and hence (by Fermat’s

little theorem, together with item (b) of Proposition 12.2)

ord ,(a) | ged(6, p — 1) = 2.
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Therefore, ord ,(a) = 1 or 2. Since ord y(a) =1 = a = 1, which is not a root of
7, we must have ord ,(a) = 2. Then, a* = 1 (mod p) and a # 1 (mod p), so that
a = —1 (mod p) or, which is the same, a = 1.

Since 3 #0inZ p» the above claim guarantees that X 2 — X + 1 has no roots in
Zp[X]; thus, it is irreducible in Z,[X]. The previous proposition then assures that
either f is irreducible in Z[X] or it has a root @ € Z such that « = —1 (mod p).
However, the searching criterion for rational roots assures that an integer root « of f
must be a divisor of kp + 1, which is prime. Then, eithero = —1 ora = —(kp+ 1),
and testing these possibilities we conclude that none of them is actually a root of f.
Thus, f is irreducible. O

Remark 19.25 For a given p € N, we shall prove in Sect.20.2 that there exist
infinitely many k € Z for which kp + 1 is prime.

The corollary of the coming result of F. Eisenstein, known in mathematical
literature as Eisenstein’s criterion, will show to be a powerful ally in establishing
the irreducibility of certain polynomials of integer coefficients.

Theorem 19.26 (Eisenstein) Let f(X) = a, X" +-- -+ a1 X + ag be a polynomial
with integer coefficients and degree n > 1. Let also p € Z be primeand 1 <k <n
be an integer such that:

(a) plao,ai,...,a.
(b) p*tagand p 1 a,.

If f = gh, with g, h € Z[X], then max{dg, oh} > k + 1.
Proof Letting g(X) = b, X" + -+ 4+ bg and h(X) = ¢ X* + --- 4 ¢, we have

a, = b,cs and ag = bocg. Therefore,

pta, = p1brcs = p1by and pfcy,

so that, in Z,[ X1, we have f(X) = g(X)h(X), withdg = dg = r and 37 = dh = 5.
If X | g(X)and X | A(X) in Zp[X], then p | bp and p | cp in Z, so that
p2 | boco = ap, which is not the case; hence, in Z,[X], the polynomial X divides
at most one of g or A.
Assume, without loss of generality, that X does not divide 4. Since (by
hypothesis (b))

TXORX) = F(X) =@ X" + - + app XK

— (anxn—k—l + . +ak+1)xk+1’

we thus conclude that X**! | g(X). Thus, r > k + 1. O
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Corollary 19.27 (Eisenstein) Ler f(X) = a, X" +---+a1 X +ag be a polynomial
with integer coefficients and degree n > 1. If there exists p € 7 prime such that
plag,ai,...,an_1, p* tag and p 1 ay, then f is irreducible in Q[X].

Proof By Eisenstein’s theorem, if f(X) = g(X)h(X), with g,h € Z[X], then
either dg > n or dh > n, i.e., either g or & is constant. Thus, f cannot be written
as a product of two nonconstant polynomials with integer coefficients, and Gauss’
lemma guarantees that f is irreducible in Q[ X]. O

The coming example brings a classical application of Eisenstein’s criterion,
which will be obtained by other means in Sect. 20.2.

Example 19.28 If p € Z is prime and f € Z[X] is given by
FX)=XP 4 XxP2 4 4 X+ 1, (19.11)

then f is irreducible in Q.

Proof We start by noticing that f(X) = g(X)h(X) if and only if f(X + 1) =

g(X+ Dh(X + 1), with g(X) and g(X + 1) (as well as ~(X) and #(X + 1)) having

equal degrees. Thus, it suffices to show that f (X + 1) is irreducible in Q[ X].
Since (X — 1) f(X) = X? — 1, we obtain

Xf(X+1)=(X+1)P—1:XP+<’1’)XP1+...+< P 1>x,
P

and hence

f(X+1)=XP1+<p)XP2+~--+( P )
1 p—1

Now, note that (p’i \) = p and recall, from Example 6.42, that p | (¥) for I <
k < p — 1. Hence, we can apply Eisenstein’s criterion with the prime p to conclude
that (X 4+ 1) is irreducible in Q[ X]. O

Our second example uses the full force of Eisenstein’s theorem.

Example 19.29 (IMO) Given a natural number n > 1, prove that the polynomial
X" +5x"~! + 3 is irreducible in Z[X].

Proof Let X" + 5143 = g(X)h(X), with g, h € Z[X] monic. With p = 3 in
Eiseinstein’s theorem, we conclude that

max{dg, oh} >n — 1,

so that either f is irreducible or it has an integer root.
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On the other hand, if this last possibility takes place, then the searching criterion
for rational roots assures that such a root is &1 or £3. However, direct computation
shows that none of these four numbers is a root of the given polynomial. O

In spite of the theory developed above, we frequently establish the irreducibility
of a given polynomial by invoking ad hoc methods. Let us take a look at two such
examples.

Example 19.30 (Romania) Let f € Z[X] be a monic polynomial of degree n > 1
and such that £(0) = 1. If f has at least n — 1 complex roots of modulus less than
1, prove that f is irreducible in Q[ X].

Proof By Gauss’ lemma, it suffices to show that f is irreducible in Z[X]. To this
end, and for the sake of contradiction, assume that f = gh, with g, h € Z[X] \ Z.
Without any loss of generality, we can take g and 4 to be monic; moreover, from
g(0)h(0) = 1 we get g(0), 1(0) = £1. On the other hand, Girard-Viete relations
(cf. Proposition 16.6) assure that the modulus of the product of the complex roots of
f is equal to 1, so that the hypotheses of the example guarantee that f has exactly
one complex root of modulus greater than 1. Hence, one of the polynomials g or 7,
say g, has only complex roots of modulus less than 1. However, since g is monic and
|g(0)| = 1, by invoking Girard-Viete relations again, we conclude that the modulus
of the product of the complex roots of g is equal to 1, which is a contradiction. O

Remark 19.31 Some complex analysis assures that polynomials f € Z[X] satisfy-
ing the hypotheses of the previous example can be easily constructed. For instance,
let f(X) =a, X" +a,_1X""' 4+ ...+ a1 X +ay € Z[X] be such that

lan—1| > lan| + lan—2| + lan—31 + - - - + laol. (19.12)
If |z| = 1, then the triangle inequality for complex numbers gives

1 (@) = an12" " = lan" + an—22" 2 + - + a1z + ao|
< lan| + lan—2| + -+ lai| + lao|

-1
<lap—1| = lap—12"""|.

In particular, f does not vanish on the unit circle |z| = 1 of the complex plane, and
Rouché’s theorem (cf. [11], page 125) assures that f has exactly n — 1 complex
roots of modulus less than 1. Of course, the extra requirement that a, = ag = 1
does not preclude the validity of (19.12).

Example 19.32 (IMO Shortlist) Let n > 1 be an odd integer and ay, ..., a, be
pairwise distinct given integers. Show that

fXO=X-a)X—-a))...(X—a,) —1

is irreducible in Q[ X].
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Proof Once more Gauss’ lemma reduces the problem to showing that f cannot be
written as the product of two nonconstant polynomials with integer coefficients. By
contradiction, assume we have f = gh, with g and A being nonconstant, monic
polynomials with integer coefficients. Since

glaph(a;) = f(a;) = —1

and g(a;), h(a;) € Z, we must have g(a;) = 1 and h(a;) = —1, or vice-versa; in
any event, it happens that g(a;) + h(a;) = 0. Now, let fi = g + h. Since g and &
are monic, f1 does not vanish identically. Therefore,

df1 < max{dg, dh} < df =n,

so that f7 has at most df; < n complex roots, counted according with their
multiplicities. However, since f1(a;) =0for1 <i <nanday, ..., a, are pairwise
distinct, we have arrived at a contradiction. O

Problems: Sect. 19.4

1. Use the direct method described in the beginning of this section (and applied in
Example 19.22) to prove that X 4 — X2 + 1is irreducible in Z[X].

2. * Also with the aid of the direct method, show that f(X) = X°> — X% —4Xx3 +
4X? + 2 is irreducible over Q.

3. A real polynomial is said to be positively reducible if it can be expressed as a
product of two nonconstant real polynomials with nonnegative coefficients. Let
f be a real polynomial such that, for some n € N, the polynomial f(X") is
positively reducible. Show that f is also positively reducible.

4. (IMO shortlist) Let n > 1 be an integer and aj, ..., a, be pairwise distinct
positive integers. Prove that

fX)=X-a)X —a)...(X —ay) +1

is reducible in Q[ X] only in the following cases:

in=2and f(X) =X —a)(X —a—2)+ 1.
ii. n=4and fFX) =X —a)X —a—- DX —-a—-2)(X —a—3)+ 1.

5. Let p be an odd prime, f(X) = 2XP~ 1 —landg(X) = (X—1)(X—2)...(X—
p+1). Prove that at least one of f(X)—g(X) or f(X)—g(X)+ p isirreducible
in Z[ X].

6. Let p € Z be a prime number and f(X) = a1 X g, X 4
a1 X + ap be a polynomial with integer coefficients and satisfying the following
conditions:



476 19  On the Factorisation of Polynomials

10.

11.

12.

(@ p*lao,ai,...,a,.
®) plant1,anta, .- ., azn.
(© p*lagand ptax41.

Show that f cannot be written as the product of two nonconstant polynomials
with integer coefficients.
Let p be a prime number and k € N. Prove that*

F(X) = XPkfl(Pfl) + XPkfl(sz) R Xl’kfl 41

is irreducible over Q.

(Romania) Let p € Z be a prime number. If f(X) = a, X" +a,_1 X" '+ -+
a1X + ap € Z[X] is such that |ag| = p and |a,| + |lap—1] + -+ - + |a1| < p,
prove that f is irreducible over Q.

(Romania) Let f(X) = @, X" + --- + a1 X + ag be a nonconstant polynomial
with integer coefficients. If |ag| > |a1|+|az|+- - -+ |a,| and \/]ag] < +/Ta]+1,
prove that f cannot be written as the product of two nonconstant polynomials
with integer coefficients.

(Romania) Let N = A{UA,U. ..UAy be a partition of the set of natural numbers
into k nonempty sets. Given m € N, prove that there exists 1 < j < k for
which we can construct infinitely many polynomials f satisfying the following
conditions:

i. of =m.
ii. All of the coefficients of f belong to A;.
iii. f cannot be written as the product of two nonconstant polynomials with
integer coefficients.

Let f be a polynomial with integer coefficients and degree n > 1, and z1, ...,
Zn be the complex roots of f.

(a) If Re(zj) < Ofor1 < j < n, prove that all of the coefficient of f have a
single sign.

(b) Prove Pélya-Szego’s theorem”: assume that there exists m € Z such that
f(m)isprime, f(m—1) #0andm > %—}—Re(zj), for1 < j < n.Then, f
cannot be written as a product of two nonconstant polynomials with integer
coefficients.

5

(BMO) If the coefficients of a prime number are taken as the coefficients of
a polynomial f € Z[X], prove that f is irreducible over Z. More precisely,
let n > 1 be an integer and ag, ay, . .., a,—1, a, be natural numbers such that
ap #0and 0 < a; < 9for0 <i < n. If £(10) is prime, prove that f is
irreducible over Z.

4As Problem 1, page 492, will show, the result of this problem is a particular case of Theo-
rem 20.18.

5George Pélya and Gabor Szegs, Hungarian mathematicians of the twentieth century.



Chapter 20 ®
Algebraic and Transcendental Numbers Qs

We start this chapter by inverting the viewpoint of Chap. 15. More precisely, we
fix a complex number z and examine the set of polynomials f € C[X] for which
f(z) = 0. As a byproduct of our discussion, we give a (hopefully) more natural
proof of the closedness, with respect to the usual arithmetic operations, of the set of
complex numbers which are roots of nonzero polynomials of rational coefficients.
We then proceed to investigate the special case of roots of unity, which leads us to
the study of cyclotomic polynomials and allows us to give a partial proof of a famous
theorem of Dirichlet on the infinitude of primes on certain arithmetic progressions.
The chapter closes with a few remarks on the set of real numbers which are not roots
of nonzero polynomials with rational coefficients.

20.1 Algebraic Numbers Over Q

A complex number « is said to be algebraic over Q if there exists a polynomial
f € Q[X]\ {0} such that f(a) = 0. A complex number which is not algebraic over
Q is said to be transcendental over Q. In this section and the next one we stick to
the case of algebraic numbers, leaving a few word on transcendental numbers to be
said in Sect. 20.4.

Obviously, every rational number r, being a root of the polynomial X — r €
Q[X] \ {0}, is algebraic over Q. In turn, the coming example collects less trivial
instances of algebraic numbers over Q.

Example 20.1 Letr € Qj_ and n € N. If w is an n-th root of unity, then J/rw
is algebraic over QQ, for such a number is a root of the nonzero polynomial with
rational coefficients X" — r.

We could have also defined, in an obvious way, what one means by a complex
number « to be algebraic over R. Nevertheless, such a concept would not be
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interesting, for every complex number is algebraic over R. Indeed, give a nonreal
complex number « = a + ib, we have that « is a root of the nonzero polynomial

f(X) = (X — (a+bi))(X — (a — bi))
= X% —2aX + (a*> + b*) € R[X].
For this reason, whenever we consider an algebraic number over QQ, we shall simply

refer to it as an algebraic number.!
If a complex number « is algebraic, the set

Ay ={f € QIX]\ {0} f(a) =0}

is nonempty by definition. Then, it is also nonempty the set of nonnegative integers
{0f; f € Ay}, so that there exists py € Ay, monic and of minimum degree. We
thus have the following

Definition 20.2 Given a complex number « algebraic over Q, a polynomial p, €
QI[XT]\ {0}, monic, of minimum degree and having « as a root is called a minimal
polynomial for «.

The coming proposition and its corollaries collect the most important properties
of minimal polynomials of algebraic numbers.

Proposition 20.3 If o € C is algebraic over Q and p, is a minimal polynomial of
o, then:

(a) py is irreducible over Q.
(b) If f € Q[X] is such that f(a) =0, then py | f in Q[X].

In particular, py is uniquely determined by «.
Proof

(a) If wehad p, = fg, with f and g being nonconstant and of rational coefficients,
then the degrees of f and g would be less than that of p, and at least one of
them would have « as a root. In turn, this would contradict the minimality of
the degree of p,. Therefore, py is irreducible over Q.

(b) By the division algorithm, there exist polynomials ¢, r € Q[X] such that

F(X) = pa(X)g(X) + r(X),
withr =0o0r0 < dr < dpy. If r #£ 0, then
r(@) = f(a) — pala)g(a) =0,

with dr < dpg, and this would again be a contradiction to the minimality of the
degree of py. Thus, r = 0 and, hence, p, | f in Q[X].

INevertheless, we shall briefly consider algebraic numbers over Z p in Sect. 20.3.
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Finally, if p, and g, were minimal polynomials for «, then item (b) would
give py | go in Q[X]. However, since p, and g, are both monic and of the same
degree, it would come that p, = qq.

O

Thanks to the former proposition, given o € C algebraic, we can refer to py as
being the minimal polynomial of «.

Corollary 20.4 If « € C is algebraic and f € Q[X]\ {0} is a monic, irreducible
polynomial such that f(«x) = 0, then f = py.

Proof By the previous result, p,, divides f in Q[X]. However, since f is irreducible,
there must exist a nonzero rational number ¢ such that f = cp,. Finally, since f
and p, are both monic, we must have ¢ = 1. m]

Corollary 20.5 If f € Q[X]\ Q is irreducible, then f has no multiple roots.

Proof We can assume, without any loss of generality, that f is monic. If some « €
C is a multiple root of f, then Proposition 15.31 would guarantee that « is also
a root of the derivative f’ of f. However, since f € Q[X] \ {0} is monic and
irreducible, Corollary 20.4 assures that it is the minimal polynomial of ««. Therefore,
Proposition 20.3 gives f | f’ in Q[X], which is a contradiction to the inequality
af > af’. O

We now collect some interesting applications of Proposition 20.3 and its
corollaries.

Example 20.6 (IMO Shortlist) Let f be a nonconstant polynomial of rational
coefficients and « a real number such that o> — 30 = f(a)® — 3f(a) = —1.
Prove that, for every positive integer 7, one has

FP@)? =3 (@) = -1,

where £ stands for the composite of f with itself, n times.

Proof If g(X) = X3 —3X + 1, then dg = 3 and, searching rational roots (cf.
Proposition 15.16), we conclude that g has none. Hence, Problem 5, page 457,
guarantees that g is irreducible over QQ, and Corollary 20.4 assures that g is the
minimal polynomial of «.

On the other hand, since we are assuming that the polynomial g o f also has «
as a root, Proposition 20.3 show that g divides g o f in Q[X], say (g o f)(X) =
g(X)u(X), for some u(X) € Q[X].

Finally, note that we have g(f ()) = 0 by assumption. Hence, if we have proved
that g(f(k)(oe)) = 0 for some k > 1, then

g @) = (g o HFF @) = g(fFF(@)u(fF@) =0,

and there is nothing left to do. O
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Example 19.28, in conjunction with Corollary 20.4, immediately assures that if
p is prime and @ = cis 2Z p , then the minimal polynomial of w is

Po(X) = XP 4 XP2 4 X 1.

The coming example uses this fact to give a beautiful alternative proof of Exam-
ple 11.5, due to the Bulgarian mathematician N. Nikolov.

Example 20.7 (IMO) Let p be an odd prime. Compute how many are the p-element
subsets of the set {1, 2, ..., 2p} such that the sum of its elements is divisible by p.

Solution If w = cis 2 , then w? = 1 and, hence,

2=IKX—wﬂIa—w0
j=1 j=1

p 2p
=[[x-o) J] x-o)
Jj=1 j=p+1
2p

=[Jx -’
j=1

Computing the coefficient of X7 at both sides of the equality above and recalling
that p is odd, we conclude that

2= Z wl ot (20.1)
{12 dp¥Clap
with the above sum ranging through all p-element subsets {ji, ..., j,} of I, =
{1,2,...,2p}.
On the other hand, if for 0 < k < p — 1 we let ¢ denote the number of p-
element subsets {ji, ..., j,} C Ipp for which ji +--- + j, = k (mod p), then

P = 1 assures that the right hand side of (20.1) can be written as Z,’(:é crwk, so

that

It follows from What we did above that w is a root of the polynomial with integer
coefficients f(X) = ckX k _ 2. Note also that, since

1 p+1
Lp—1,2p-23p-3.. 22 P75, 1}
{ p P p 2 2
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has p elements and sum of elements congruent to p — 1 modulo p, we have ¢, #
0. Hence, 0f = p — 1.

Now, since the minimal polynomial of w is p,(X) = X p=l 4. 4 X +1,item
(b) of Proposition 20.3 guarantees that f is an integer multiple of p,,, say f = cpy,
for some ¢ € N. In particular, by comparing coefficients on both sides of such an
equality, we conclude that

co—2=c1=-=cp_1 =cC.

Finally, in order to compute the value of ¢, note that co +cq1 +- - - +c¢p—1 is equal
to the total number of p-element subsets of I, so that

2p
pc+2=cotci+--+cpo1 = 0 )

Therefore,
1 2p
co=c+2=— —-2)4+2.
p p

Example 20.8 (Romania) Let f € Z[X] be a monic polynomial, of odd degree
greater than 1 and irreducible over Q. Suppose also that:

O

(a) f(0) is square-free.
(b) The complex roots of f have modulus greater than or equal to 1.

Prove that the polynomial F' € Z[X], given by F(X) = f(X 3), is also irreducible
over Q.

Proof By contradiction, assume that F is reducible over Q. Then, it follows from
Problem 2, page 461, that there exist monic and nonconstant polynomials g, & €
Z[X] such that FF = gh. Since 0 F = 3df and df is odd, we conclude that 9 F is
also odd. Hence, Problem 5, page 386, guarantees that F has at least one real root «.

We can assume, without loss of generality, that « is a root of g and that g is
irreducible over Q. Indeed, if « is a root of g but g is reducible over Q, it suffices
to take the monic irreducible factor of g having o as a root, and then to use the
result of Problem 2, page 461 to conclude that such an irreducible factor has integer
coefficients.

In the conditions of the previous paragraph, we know that g is the minimal
polynomial of «. Now, if @ # 1 is a cubic root of 1, then

0= F(a) = f(@) = f((aw)®) = F(aw) = glaw)h(aw).
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We therefore distinguish two cases:

(i) g(aw) =0: since (cf. Problem 4, page 386) the nonreal roots of a real
polynomial come in pairs complex-complex conjugate, we have that ¥w = aw?
is also a root of g. Now, by grouping together in the expression of g all
monomials with exponents of each one of the forms 3k, 3k + 1 and 3k + 2,
we can write

g(X) = a(X®) + Xb(X?) + X%c(X?), (20.2)

with a, b, ¢ € Z[X]. Therefore,

a(@?®) + ab(@?) + a’c(@®) = ga) =0,

a(@®) + awb(@®) + d?o’c(@’) = glaw) =0

and
a(a3) + awzb(ag) + azwc(a3) = g(aa)z) =0.

Since the three equalities above for a Vandermond system of equations in a(a?),
b(a3) and c((xS), we conclude from Proposition 18.6 (or by direct computation)
that a(a3) = b(ot3) = c(a3) = 0. Thus, letting p denote the minimal polynomial
of a3, it follows from Proposition 20.3 that p divides a, b and ¢ in Q[X] and,
hence (again from Problem 4, page 386), in Z[X]. It follows from (20.2) that
p(X 3) divides g(X). However, since g is monic and irreducible, we conclude
that g(X) = p(X?3).

Now, with g being a polynomial in X3, it follows once more from (20.2) that
b, ¢ = 0 and, hence, that

f(X?) = F(X) = g(X)h(X) = a(X*)h(X).
Such an equality, in turn, implies that # must also be a polynomial in X3, say
h(X) = 1(X?), for some [ € Z[X].
Finally, we have f(X3) = a(X?)I[(X?) and, hence, f = gl, with dg, ] > 1. But

this contradicts the irreducibility of f.
(i) h(xw) = 0:  asinitem (i), we conclude that h(aa)z) = 0. Let, also as above,

h(X) = a(X?) + Xb(X3) + X%c(X?),

with a, b, ¢ € Z[X]. Then,
a(oz3) + om)b(oz3) + a2w2c(a3) =h(aw) =0
and

a(ot3) + awzb(a3) + azwc(a3) = h(aa)2) =0.

Multiplying the first of the equalities above by w and subtracting the second from
the result, we obtain

a((x3) — azc(o{3) =0.
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However, since g is the minimal polynomial of «, by invoking Proposition 20.3
once again we conclude that g divides a(X 3y — X2¢(X3) in Q[X] and, hence, in
Z[X] (by Remark 14.13, for g € Z[X] and is monic).

Substituting X by 0, we conclude that g(0) must divide a(0) in Z. Letting a(0) =
g(0)m, with m € Z, it comes that

£(0) = g(0)h(0) = g(0)a(0) = g(0)°m.

Since f(0) is square-free, it follows that g(0) = %1. Hence, letting z1, ..., zx be
the complex roots of g, the relations of Girard-Viéte give

=g =lzil... |zl (20.3)

On the other hand, since
f@) = F(z)) = gzp)h(z)) =0,

hypothesis (b) gives |z;| > 1,sothat |z;| > 1for 1 < j < k. In turn, such

an information, together with (20.3), allows us to conclude that |z;| = 1 for
1 < j < k. In particular, |¢| = 1 and, being a real number, we must have
a = +1. Thus, o® = +1 and, since f is irreducible over Q with f(oz3) =0, we
should have f(X) = X &£ 1, a contradiction to the fact that 3f > 1. O

The rest of this section is devoted to showing that the set of algebraic numbers is a
subfield of C, i.e., that it is a nonempty subset of C which is closed for the operations
of addition, subtraction, multiplication and division (by a nonzero algebraic number,
of course). We follow [7], and start with the following result.

Theorem 20.9 Ifa, B € C\ {0} are algebraic, then so is o + B.

Proof Leta = «q, ..., oy, be the complex roots of p, and 8 = By, ..., B, be those
of pg, so that

Pa(X) =X —ai) and pp(x) =X = 8.
j=1

i=1

Define
FXCX LX) =[] x =X = 8 =[] pex = Xi)
i=l1j=1 i=1 (20.4)

mn—1

= X" ) filXn e X XK
k=0

for certain polynomials fo, ..., fin—1 € Q[X1, ..., Xu] (since pg € Q[X]).
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If o is a permutation of [,,, then

m m
fX, Xo)s - Xom) = l_[P/S(X - Xo)) = l_[Pﬂ(X - Xi)

i=1 i=1

= f(X,X1,..., Xm)

so that (20.4) furnishes
mn—1 mn—1
X"+ Z fiXotys oy Xom) XK = X™ 4 Z fe(X1, ..., X XK.
k=0 k=0

Therefore, we have

filXoy, ooy Xom)) = filX1, ..., Xm)

forall 0 < k < mn — 1 and o, and we conclude that f; is a symmetric polynomial
in Xq,..., X, forO <k <mn-—1.

Newton’s Theorem 16.12 then assures the existence of polynomials g; €
Q[X1, ..., X;] for which

JeX1, ooy X)) = gr(S15 - -+ 5 Sm)s
with s1, ..., s, € Q[X1, ..., X,,] standing for the elementary symmetric polyno-
mials in X1, ..., X;,. In particular,

Silar, ... o) = ge(s1(@i), ..., sm(e;)) € Q,

for
Pa(X) = X" — s1(a) X" 4o (= 1)) € QLX].
Thus, if h(X) = f(X, a1, ..., &) then, on the one hand,
mn—1
h(X)=X""+ Y filar, ..., am)X* € QIX]
k=0

while, on the other,

hX)=[]psX —e) =[[]]X —ei = 8.
i=1

i=1j=1
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Therefore, A is a nonzero polynomial with rational coefficients and such that /(o +
B) = 0, which guarantees that o + S is algebraic. O

Remark 20.10 Suppose that py, pg € Z[X]. Then, in the notations of the above
proof, we have s1(«;), ..., Su(oj) € Z and fi € Z[Xy,..., Xp] for 0 < k <
mn — 1. Therefore, once more from Newton’s theorem, gy € Z[Xq, ..., X;;] and,
hence,

filar, oo am) = gr(s1(ai), ..., sm(@;)) € Z
for 0 < k < mn — 1. We thus conclude that & € Z[X], and Problem 4 shows that
Patp € ZIX].

In order to show that the set of algebraic numbers is closed for products and
quotients, we need the following particular case of Problem 4, page 416, for which
we present a simpler proof.

Lemma 20.11 [fo # 0 is algebraic, then so are o' and .

Proof Let f(X) = apn X" + a1 X" '+ -+ a1 X +ag € QX]\ Q be such that
ap # 0 and f(«) = 0. Then, g(X) = apX" + aX" '+ . 4+a,_1X+a,isa
nonconstant polynomial with rational coefficients, and it is immediate to check that
g™ =0.

For o2, notice that there exist u, v € QI[X], at least one of which nonzero and
such that

F(X) = u(X?) + Xv(X?).
Letting A(X) = u(X)? — Xv(X)?, we have h € Q[X]\ {0} and
h(@?) = u@®? — a*v(@?)?
= (u(e?) — av(e?)) (u(a?) + av(a?))
= (@) — av(@?)) f(@) = 0.

Theorem 20.12 If«, B € C\ {0} are algebraic, then so are af and %

Proof By the previous lemma, o and B2 are algebraic. However, since we already
know that o + B is algebraic, it follows once more from the previous lemma that
(a+pB )2 is algebraic too. Now, since

1
aﬁ=5«a+ﬂﬂ—a2—#x

two applications of Theorem 20.9, together with the result of Problem 1, assure that
af is also algebraic.
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For what is left to do, note that % =a- %, with % being algebraic by the previous

lemma. Hence, the first part above guarantees that % is algebraic. O

Problems: Sect. 20.1

1. * If r is a nonzero rational and ¢ € C \ {0} is algebraic, prove directly (i.e.,
without resorting to Theorem 20.12) that r« is also algebraic.

2. Given k, n € N, prove that cos 2]‘7” and sin 2]‘7” are algebraic.

3. Let p be a prime number and n € N. Prove that the minimal polynomial of /p
is f(X)=X"—p.

4. * Let @ € C be algebraic. If there exists f € Z[X] \ Z monic and such that
f(a) = 0, prove that p, € Z[X].

5. Letay, as, ..., a, be natural numbers, and o = /a1 + /az +- - - + \/a,. Prove
that:

(a) « is aroot of a monic polynomial with integer coefficients.
(b) If a ¢ Z, then « is irrational.

6. (Brazil) Prove that the polynomial f(X) = X> — X* — 4X3 + 4X? + 2 does
not admit any roots of the form /r, withr € Qandn € N, n > 1.

7. Give a proof analogous to that of Theorem 20.9 to show that «f is algebraic
whenever so are o and S.

8. Let o € C be algebraic, with dp, = n, and define

Q@) ={ao+are+ -+ +a,_1e" " ap,ar,....ap 1 € Q)
={f(a); f€Q[X], with f=0o0rdf <n—1}.
The purpose of this problem is to show that Q(c) is a subfield of C.? To this
end, do the following items:

(a) Show that Q(«) is closed for addition, subtraction and multiplication.

(b) Given 8 € Q(w), show that there exists a single f € Q[X] such that
B = f(a),with f =0ordf <n—1.

(¢c) For B8 = f(x) € Q) \ {0}, with f € Q[X] such that 9f < n — 1, show
that gcd( f, po) = 1. Then, conclude that }13 € Q(a).

9. Givena, b, ¢ € Q such thata +b2 44 # 0, show that there exist x, y, 7 €
Q for which
1
Then, find x, yand zifa=b=1,c = 2.

=x+y«3/§+Z\3/Z.

ZFor a converse, see Problem 4, page 503.
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10. Let « € C be algebraic, with dp, = n, and Q(«) be as in Problem 8. Find
all functions ¢ : Q(«) — C satisfying the following conditions, for all u, v €

Q(a):

@) ¢ +v)=¢w + o).
(i) ¢(uv) = pu)p(v).

20.2 Cyclotomic Polynomials

The theory of polynomials over Z,, p prime, allows us to present some of the most
elementary properties of the so-called cyclotomic polynomials; in particular, we will
show that such polynomials are precisely the minimal polynomials of the complex
roots of unity. As a byproduct of our study, we will use cyclotomic polynomials to
prove a particular case of Dirichlet’s theorem on primes in arithmetic progressions.

Given n € N, recall from Definition 13.23 that the primitive n-th roots of unity
are the complex numbers of the form a)ﬁ , with w,, = cis 27” and 1 < k < n being
relatively prime with n. In particular, there are exactly ¢(n) primitive n-th roots of
unity, where ¢ : N — N stands for the Euler function. Given m, n € N, whenever
there is no danger of confusion we shall write simply (m, n) to denote the gcd of m
and n.

Definition 20.13 For n € N, the n-th cyclotomic polynomial is the polynomial

o,(X)= [] X—op. (20.5)

1<k=<n

(k,n)=1
It follows from the above definition that ®,, is monic with degree d®,, = ¢(n).
The coming proposition collects other elementary properties of ®,,.

Proposition 20.14 Forn € N, we have:

(a) X" —1= 1_[0<d|n Dy(X).
(b) &, € Z[X].
(c) ®,(0)=1forn > 1.

Proof
(a) First of all, we have

[ 2« =[] ®wux)=J] ] X-of0

0<d|n O<d|n O<d|n 1<k=n/d
(k,n/d)=1

“T1 1 & -o™.

O<d|n 1<k=n/d
(k,n/d)=1
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(b)

(©)
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Now, note that each integer | < m < n can be uniquely written as m = dk,
withd, k € Nsuchthat0 < d | nand (k, %) = 1 (d is exactly d = ged(m, n)).
Therefore, the last sum above is clearly equal to

n
H(X —wl)=X"—1.
j=1
Let us make induction on n € N, beginning with ®1(X) = X—1 € Z[X]. Given

a natural number n > 1, assume, by induction hypothesis, that ®,, € Z[X] for
every integer 1 < m < n. Then, if

gX)= [ ®a0).

1<d<n

din

we have g € Z[X] and, by (a), X" — 1 = ®,(X)g(X). Since g is monic
(for we already know that each ®,, is monic), Remark 14.13 guarantees that
®, € Z[X].

For n = 2 this is a direct computation; for n > 2, apply the result of Problem 3,
page 345. Alternatively, arguing once more by induction, start by noticing that

X2 — 1= (X)P2(X) = (X — DP2(X);
hence, ®3(X) = X + 1 and ®,(0) = 1. Let n > 2 and suppose, as induction

hypothesis, that ®,,(0) = 1 for every integer 2 < m < n. Then, in the notations
of the proof of (b), we have

g(0) =1(0) [ 40 = (=1 [] ®a(0) =1,

l<d<n l<d<n

dln d|n
and it follows from X" — 1 = &, (X)g(X) that
—1=,00)g(0) = —-2,(0),

as wished. m]

Corollary 20.15 If p € Z is prime, then

QX)) =XP 4 XPT2 4 X L

Proof Item (a) of the previous proposition gives

XV —1=91(X)P,(X) = (X — DP,(X),
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so that
O,(X) =X XP2 XL

O

Example 19.28 has shown that @, is irreducible over QQ, so that ®, is the
minimal polynomial of w,. Theorem 20.18 generalizes this fact by proving that,
for every n € N, the minimal polynomial of w, coincides with the n-th cyclotomic
polynomial ®,,. We first need to establish a simple auxiliary result.

Lemma 20.16 Let f, g € Z[X] and p € Z be a prime number. If g € Z,|X]\ Z),
andg? | finZ,[X], theng | fin Z,[X].

Proof If h € Z[X] is such that 7 = EZE in Z,[X], we know that there exists a
polynomial / € Z[X] such that
fF(X) = g(X)*h(X) + pl(X)
in Z[ X]. Computing derivatives at both sides of this equality, we obtain
F1X0) = 2¢(X)g' (X)h(X) + g(X)*h'(X) + pl'(X)
in Z[ X], and hence
F1X0 =3(X) (28 XOh(X) +FXOh (X))

in Z,[X]. Therefore, g | Tin Zp[X]. |

For our next result, recall that if w is an n-th root of unity, then Proposition 20.3
guarantees that its minimal polynomial p,, divides X" —1 in Q[ X]. Then, Problem 4,
page 486, assures that p,, € Z[X].

Proposition 20.17 Let n, p € N be such that p is prime and p { n. If w is an n-th
root of unity, then py,(X) = per(X).

Proof Let ¢ = w”. Since both w and ¢ are roots of X" — 1, item (b) of
Proposition 20.3 shows that both p,, and p; divide X" —1. By contradiction, assume
that p, # p¢. Then, the irreducibility of these polynomials assures, via Gauss’
Theorem 19.14, that p,, p, divides X" — 1 in Z[X], say

X" = 1= po(X)pe (X)u(X) (20.6)

for some u € Z[X].
If g(X) = p:(X?), then

gw) = p(@f)=p(§)=0
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so that (once more by Proposition 20.3) p,, divides g in Z[X]. Let v € Z[X] be such
that p,v = g. In Z,[X], Problem 5, page 469 gives

Po(X)0(X) =2(X) =P (XP) = (P (X))".

and Theorem 19.19 guarantees the existence of a monic and irreducible polynomial
h € Zy[X] such that k | P, P, in Z,[X]. It follows from (20.6) that 2(X)? |
(X" = 1) in Zp|X], and the previous lemma gives that h(X) | nX"Vin ZplX].
However, since 4 is monic and 77 # 0, by applying once again Theorem 19.19 we
obtain 1 </ < n — 1 such that 2(X) = X' in Z,[X]. Hence, h(X) { (X" — 1) in
Zp[ X1, which is a contradiction. |

We can finally state and prove the desired result.

Theorem 20.18 If w, = cis 27”, then p,, = ®,. In particular, &, € Z[X] is
irreducible in Q[ X].

Proof Take k € N such that k > 1 and ged(k,n) = 1, and let k = p;p...py,
with p1, ..., p; being primes not dividing n. Repeated applications of the previous
proposition give us

= Py = plpy = - = pl---p] = k.
pwn pwnl pwnl 2 pwn] ! pwn

In particular, the ¢ (n) complex numbers a)ﬁ ,with 1 <k < n and ged(k,n) =1, are
distinct roots of py,,, so that

0Pw, = @) = 3D,.

However, since ®,, is monic, has integer (thus rational) coefficients and w,, as a root,
the definition of minimal polynomial assures that p,, = ®,. O

We finish this section by proving a particular case of the famous Dirichlet’s
theorem on primes in arithmetic progressions. This theorem states that an infinite
nonconstant arithmetic progression of natural numbers contains infinitely many
prime numbers, provided its first term and common difference are relatively prime.
Although Dirichlet’s theorem is a natural generalization of Euclid’s Theorem 6.38,
its known proofs are far beyond the scope of most undergraduate curricula in
Mathematics. Nevertheless, the fragments of the theory of cyclotomic polynomials
developed so far allow us to present an elementary proof of Dirichlet’s theorem, in
the particular case of an arithmetic progression whose first term is equal to 1.

Theorem 20.19 (Dirichlet) Ifn € N, then the arithmetic progression 1, 1+n, 1+
2n, ... contains infinitely many primes.

Proof Let pi, ..., pr be any primes and ®, denote the n-th cyclotomic poly-
nomial. Since @, is monic, choosing a sufficiently large integer y we have
®, (ynp1 ... pr) > 1. Therefore, letting a = ynp; ... pr, we have modulo a that

®,(a) = D,(0) =1 (moda).
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Hence, ®,(a) = aqg + 1 = ynpy...prq + 1, for some g € N. If p is a prime
factor of ®,(a), then p # p1, ..., px and ged(p, n) = 1. Therefore, if we prove
that p = 1 (modn), it will follow that p is a prime in our arithmetic progression,
distinct from py, ..., pk.

For what is left to do, note that gcd(p,a) = 1, and let # := ord ,(a). Since
p | ®,(a) and ©,(a) | (@ — 1) (for ©,(X) | (X" — 1) in Z[X]), we conclude that
a" = 1(mod p); thus, item (c) of Proposition 12.2 shows that ¢ | n. If we prove
that 1 = n then, again from item (c) of Proposition 12.2, together with a?~! =
1 (mod p), we obtainn | (p — 1) or, which is the same, p = 1 (modn).

For ¢ € {a, a + p}, it follows from a’ = 1 (mod p) that ¢ = 1 (mod p). By the
sake of contradiction, assume that # < n. Proposition 20.14, together with the fact
that ¢ | n, furnishes

" =1 =[] ®a0) =@ J] ®ate)
0<d|n O<d<n
d|n

= ®,()h(c) [ Pale)

0<d|t

= q’,l(C)h(C)(Cl —1),

for some appropriate polynomial 7 € Z[X]. However, since ¢ = a (mod p), item
(c) of Proposition 10.6 gives

D, (c) = &,(a) =0 (mod p),
so that
" —1=d,(c)h(c)(c —1) =0 (mod p?).

On the other hand,

n—1

(a+plt—-1=a"-1 +Z(?)a"‘jpj

j=1

and (by the computations above) both (a + p)" — 1 and @” — 1 are multiples of P
Thus, looking at the last equality above modulo p?, we conclude that

na"'p =0 (mod p?),

which is a contradiction. O

For a self-contained discussion of the general case of Dirichlet’s theorem, we
refer the interested reader to [27] or [36]. As far as the special case above is
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concerned, the coming example shows a nontrivial application. At this point, the
reader may find it helpful to recall the material of Sects. 12.2 and 12.3.

Example 20.20 For each prime number p, let g(p) € N denote the least positive
primitive root modulo p. Then, the function p — g(p) is unbounded.

Proof Recall that if a is a primitive root modulo p then apT_l = —1 (mod p), and
Euler’s criterion (cf. Proposition 12.19) assures that a is a quadratic nonresidue
modulo p. In turn, given a natural number n > 2, we need to show that there exists
a prime number p such that none of 1, 2, ..., n is a primitive root modulo p. Then,
it suffices to find p such that all of 1, 2, ..., n are quadratic residues modulo p.

We first claim that it is enough that every prime ¢ satisfying 1 < g < nisa
quadratic residue modulo p. Indeed, if this is so and 1 < m < n is not a perfect
square, then m can be written as m = kg ...q;, with g1, ..., g; being pairwise
distinct prime numbers. Letting g; = a? (mod p), we get

m:kqu...ql Ekzaf...alz:(kal...al)z(modp).

Now, Dirichlet’s theorem assures the existence of a prime number p of the form
p = 1 + 2tn!, for some r € N. We claim that such a p works for us. Indeed, if
1 < g < n is prime, then the Quadratic Reciprocity Law gives

(g) (%) — (_1)(%1)(‘%1) = (—1)'"!(%) =1,

for n! is even. However, since ¢ | n!, we have p = 1 (mod ¢q), and the properties of
Legendre’s symbol (cf. item (a) of Proposition 12.23) give

-

Hence, (%) = 1, and ¢ is a quadratic residue modulo p. O

Problems: Sect. 20.2

. Let p, k € N be given, with p being prime. Compute @ ,« explicitly.

. If n > 1is an even integer, show that ®;, (X) = $,,(—X).

3. If m and n are distinct naturals, prove that ®,, and ®, have no nonconstant
common factors in C[X]. In particular, ®,, # ®,,.

4. Let n > 1 be a natural number and d be the product of the distinct prime factors

of n. Show that @, (X) = @4 (X"/9).

5. (England) The set {1 111 } contains several arithmetic progressions.

DN =

s 3 4o
Given an integer k > 2, prove that it contains an arithmetic progression of k
terms which is not contained in any arithmetic progression of k 4 1 terms of the
same set.
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6. Leta,n € N, with @ > 1 and n odd. Prove that the algebraic congruence x" =
a (mod p) has a solution for infinitely many primes p.

7. Let a be a natural number which is not a perfect square. Prove that there
are infinitely many prime numbers p for which a is a non-quadratic residue
modulo p.

8. Let a, b € 7Z be such that for each n € N there exists ¢ € Z for which n |
(c? + ac + b). Prove that the equation x> + ax 4+ b = 0 has integer roots.

20.3 Algebraic Numbers Over Z ),

This section is somewhat more abstract than the previous ones, for we extend the
concept of algebraic number to consider algebraic numbers over Z,, for some prime
number p. However, the payoff will be worth the effort, for, given n € N, we will
be able to compute the exact number of irreducible polynomials over Z, and having
degree n.

We depart from a naive though profitable idea, namely, that there exists a number
set 2, containing Z, that plays, for Z,, the same role as C plays for Q. We start by
formalizing the concept of field.

Definition 20.21 A field is a nonempty set KK, furnished with operations +, - : K x
K — K having the following properties:

(a) + and - are commutative and associative, and - is distributive with respect to +.

(b) There exist elements 0, 1 € K, with Q0 # 1, suchthata +0 =a anda - 1 = a,
for every a € K.

(c) Forevery a € K, there exists an element —a € K such thata + (—a) = 0.

(d) Forevery a € K\ {0}, there exists an element a~! € K such thata -a~! = 1.

The reader has certainly realized what we mean by commutative, associative and
distributive from his/her previous experience. Nevertheless, let us explain all that
from first principles. Commutativity in item (a) means that

a+b=b+a and a-b=0>b-a,
whereas associativity stands for
(a+b)+c=a+b+c) and (a-b)-c=a-(b-c),

for all a, b, c € K. In turn, the distributivity of - with respect to + is exactly what
one expects:

a-b+c)=a-b+a-c,

with the right hand side being a shorthand for the more precise (though somewhat
cumbersome) expression (a - b) + (a - ¢).
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Thus, we surely have that Q, R and C are fields, and Problem 8, page 486 shows
that so is Q(«), for every a € C algebraic over C. Moreover, in all of these cases, the
elements 0 and 1 of item (b) in the above definition are the usual complex numbers
0 and 1, and this is the reason why, for a general field K, we also denote them by
0 and 1. A similar remark holds for —a and a™', i.e., we are simply adopting the
same notation we use for the additive (resp. multiplicative) inverses of elements of
C (resp. of C \ {0}).

Another class of examples of fields we have been dealing with is that of the finite
fields Z,, with p € Z prime. In this case, however, we shall stick to the usage of
writing 0 and 1 whenever convenient, in order to avoid any possibility of confusion
with 0, 1 € Z.

Back to a general field K, the cancellation laws for addition and multiplication
hold:

a+c=b+c=a=banda-c=b-c,c#0=a=>.
Indeed,

a+c=b+c=(@+c)+(—c)=bh+c)+(—c)
=a+(c+ (=) =b+ (c+ (=)
=2a+0=b+0=a =0,

and likewise for the multiplication (see Problem 1).

As it happens within C, whenever there is no danger of confusion we shall write
ab, instead of a - b, to denote the product of elements a and b of a general field K.

We could have developed most of the theory of polynomials by considering the
set K[X] of polynomials over (or with coefficients in) an arbitrary field K, with
operations +, - : K[X] x K[X] — K[X] extending those of K. Taking for granted
the (harmless) assumption that we have done that, we now have at our disposal the
following concepts and facts, whose validities the reader can easily check:

1. If f,g € K[X] are such that fg = 0 (the identically zero polynomial), then
f=0o0rg=0.

2. The notions of degree (for nonzero polynomials) and roots for polynomials over
K remain true, unchanged. Likewise, d(fg) = df + dg if f,g # Oand 9(f +
g) < max{df, dg} if f + g # 0.

3. The division algorithm, the root test and Lagrange’s theorem on the number
of distinct roots of a nonzero polynomial also continue to hold, with identical
proofs.

4. The concept of greatest common divisor for nonzero polynomials over K is a
direct extension of that for polynomials over Q, and Bézout’s Theorem 19.2 is
also true, with exactly the same proof.
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5. Another concept that extends in a likewise manner from Q[X] is that of
irreducible polynomial f € KI[X]. Now, note that we have a version of
Theorem 19.9 at our disposal too, again with the same proof.

A major gap on extending the theory for polynomials over arbitrary fields is
fulfilled by the coming result, which will be assumed without proof (we refer the
interested reader to [6] or [20]).

Theorem 20.22 Given an arbitrary field K, there exists another field 2 containing
K, whose operations extend those of K and such that every f € Q[X] has at least
one root in Q.

The attentive reader has certainly noticed that 2 plays the role of C for K. We
refer to the property of Theorem 20.22 by saying that €2 is an algebraically closed
field containing K. Also as with C, one now proves that if f € K[X]\ {0} has degree
n, then there exists a € K (the leading coefficient of f) and «q, ..., o, € Q such
that

fX)=aX —a)(X —a2) ... (X —ap).

The equality above is the factorised form of f over 2.

We can now define, exactly as was done in Sect. 20.1, what one means for an
element @ € Q2 to be algebraic over K, and consider its minimal polynomial p, €
K[X]\ {0} as was done for o« € C algebraic over Q. This way, Proposition 20.3 and
Corollary 20.4 remain true, unchanged.

We now restrict our attention to K = Z, and write €2, to denote the field & of
Theorem 20.22. We first recall the result of Problem 5, page 469, which we write in
the following form:

fXP)=f(X)P, V f e Zy[X]. (20.7)

We shall also need the following auxiliary result.
Lemma 20.23 Let f € Q,[X]\ {0} be given. If o € Q, is a root of f, then:

(a) oP isalso a root of f.
(b) There exists a natural number m < df such that o is a root of X" — X.

Proof

(a) It follows from (20.7) that f(a?) = f(a)? = 0" = 0.

(b) Iterating the result of (a), we conclude that o, a”, oc”z, ...are roots of f. Since
it has at most df distinct roots, we conclude that there exist integers 0 < k <
I < 8f for which " = a?'. Therefore,
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where we have used the result of Example 19.15 in the last equality above. It
comes thatoﬂ’l_k — o =0, and « is a root of X" — X,withm =1 —k < af.
O

We are now in position to prove the following

Proposition 20.24 Let p be prime and o € Q, be algebraic over Z,. If 0py = n,
then:

(a) aisa rootoprn - X.
. m .. .
(b) «aisnotarootof XP — X, for any positive integer m < n.

Proof We already know, from the previous lemma, that « is a root of X "M x , for
some positive integer m < n. Now, let

DS Zp X Lp X ...xXLp—> Qp

n times

be defined by

®(ag,ay,...,ap—1) =ao+ajo+--- —{—5,1_1()["71.

We claim that & is injective and each B € Im(®) is a root of X?" — X. Indeed,

if

q>(509alv AR ] a}’l*]) = (D(ZO’ E]a MR ] E}’l*l)a
for distinct n-tuples (ao, ai, ..., ap—1) and (Eo, bi,..., En,l) in the domain of @,
then

(EO - EO) + (El - El)a + -+ (En—l - En_l)ot"_l = 6,

so that & would be a root of the nonzero polynomial (@ — bo) + (@1 —b1)X +- - -+
(ay—1 — En_l)X”_l of Z,[X]. Since dpy = n, this is a contradiction.

For the second part, let § = a9 + ajo + -+ + Gn—1a"~ 1. The result of
Example 19.15, together with Fermat’s little theorem and «?” = «, gives

m a— p— p— —_— m
B = (a0 +aia+ -+ a1 ")’
_pn _pn m _pn _ n
=a(fl)7 —i—af af +-~-+a5_1a(" Dp
:50+Ela+--~+a,,_1oz”‘1

=p
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Let R,, stand for the set of roots of X P"_XinQ p- The above claims then assure
that |R,,| > p", so that p”™ > p”" and, hence, m > n. Since m < n, we then get
m = n, and items (a) and (b) follow at once. O

A direct consequence of this proposition is the coming

Corollary 20.25 Let p be prime and a € 2, be algebraic over Zp. If 0py = n,
then py | (Xpn — X) inZy[X].

Proof This follows from the previous result, together with the analogue of Proposi-
tion 20.3 in our setting. O

Another consequence is collected as the next result.

Lemma 20.26 Let f € Z,[X]\Z, be irreducible and of degree d. If f | (XP"—X),
then d | n.

Proof If a € Q) is aroot of f, then f = p,, and the previous corollary guarantees

that f | (Xpd —X)and f ¢ (ka — X), for every positive integer k < d. Since
fl (X?" — X), we conclude that d < n.
Now, let n = d + ¢ and write

Xpn _ X _ Xpd+t _ X _ (Xpd)pt _ Xpt + Xpt _ X
= (x"" —x)" +x7 —x.
It readily follows from this equality that
ged (X7 — X, X7 — X) = ged (X7 — X, X7 = X).

Assume that n = dq + r, with 0 < r < d. Iterating the gcd equality above, we
get

ged (X7 — X, X7 = X) = ged (X7 — X, X" = X). (20.8)

Since f divides the left hand side, it also divides the right hand side. In particular,
fl1X P" — X)), which is a contradiction. O

We can finally state and prove our main result, for which we let
a, = #{monic, pairwise distinct irreducible polynomials of degree n in Z,[X]}.

Also, if a, > 0, we write fy1, fu2, ..., fna, to denote such polynomials.

Theorem 20.27 Let p be prime and n € N. Then,

X" =X =[] fanX)... faa,(X). (20.9)

O<d|n

with the product fq1 ... faa, taken as 1 if ag = 0.
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Proof The analogue of Theorem 19.9 for Z,[ X ] assures that X P" _ X is the product
of finitely many irreducible polynomials, which can all be assumed to be monic.

If f is one such polynomial, with 9f = d, the previous lemma shows that d | n,
so that f is one of the polynomials in the right hand side of (20.9). Conversely, if 0 <
d|n,1=<j<aganda € Qpisarootof fy;,then fy; = py, and Corollary 20.25
guarantees that fy; | (X r_x ) in Z,[X]. However, since d | n, the argument in the

proof of the previous lemma leading to (20.8) shows that (X r_x )1 (XP" = X)

in Z,[X]. Therefore, fy; | (Xpn —X) inZ,[X]. O
Corollary 20.28 If p is prime and n € N, then
a, = l Z M(E)pd >0 (20.10)
n n d ) .
0<d|n

where  is the Mobius function.
Proof Computing degrees in (20.9), we obtain
p = Z dag.
0<d|n

Applying Mobius inversion formula (8.4), we obtain the given expression for ay. For
what is left to do, just note that, since Im(u) C {—1,0, 1}, we get

na, =p"+ Y M(S)Pd >p" =y p?
O<d<n O<d<n

d|n dln

n—1
p —Dp
an_zpdzpn_
d=1

n

> 0.

p—1
O

Corollary 20.29 Let p be prime and n € N. If0 < d | n, then X?" — X has an
irreducible factor of degree d.

Proof This follows from (20.9), together with the previous corollary. O

Problems: Sect. 20.3

1. * Prove the cancellation law for the multiplication in a field.

2. Let p be prime and, for n € N, let R,, denote the set of roots of X P’ _ XinQ p-
Show that R, is a subfield of €2, containing Z,.

3. In the notations of the statement of Theorem 20.27, show that a; = (’2’) and

S1(X). "f2a2(X) — (XP _ X)p—l +T

4. Let K be any field. Prove that K[ X] has infinitely many irreducible polynomials.
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20.4 Transcendental Numbers

As was said at the beginning of Sect. 20.1, transcendental numbers are precisely
the complex numbers which are not roots of nonzero polynomials with rational
coefficients. Nevertheless, up to this point we don’t even know whether such
numbers do exist.

One possible way of establishing the existence of (real) transcendental numbers
is to start by showing that the set A of (real) algebraic numbers is countably
infinite, i.e., that its elements can be put into a sequence (x,),>1, so that A =
{x1, x2, x3, ...}; then, one proceeds to showing that R is uncountable, so that R \ A
is necessarily nonempty. Up to standard facts on countable and uncountable sets, we
follow this path in the coming theorem, referring the reader to [8] or [33] for the
necessary background.

Theorem 20.30 The set of real algebraic numbers is countably infinite, whereas
that of real transcendental numbers is uncountable.

Proof Let A, denote the set of real numbers which are roots of nonconstant
polynomials with rational coefficients and degree n. If we show that each A, is
countably infinite, so will be the union

A=JA.
n>1

However, such a union is precisely the set of real algebraic numbers.
For what is left to do, for each n € N let P, denote the set of polynomials with
rational coefficients and degree n. Since the function

F:Q"xQx--xQ— Pu(Q
—
n—1
given by
F(an,an-1,...,a0) = ayX" + ap1 X" '+ +a1X +ao
is a bijection with countably infinite domain, we conclude that P, is countably

infinite. Now, let R ; denote the set of real roots of f € Q[X]\ {0}. Since each
f € Py, has a finite number of real roots, it follows that

A= Ry
fE€Pn

is a countably infinite union of finite sets, hence countably infinite (for it con-
tains Q).

Finally, since R is uncountable and A C R is countably infinite, we conclude
that R \ A is uncountable. O
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We now present the classical, explicit construction of the first transcendental
number, due to Liouville. Up to details, our discussion follows the marvelous [12].

In the following, we say that an algebraic number « has degree n if its minimal
polynomial p, has degree n; in particular, if n > 1, then it’s clear that « is irrational.
We shall also need another piece of terminology: we say that a property P (k),
depending on a natural number k, is true for all sufficiently large k if there exists
ko € N such that P (k) is true whenever k > ko; moreover, if a specific value for
ko is irrelevant in the context under discussion, we only say that P (k) is true for all
k> 1.

We are finally in position to state and prove Liouville’s theorem. For the sake of
comparison, at this point you might want to take a look at the statement of Dirichlet’s
Lemma 7.7.

Theorem 20.31 (Liouville) Let « € C be an algebraic number of degree n > 1. If

(Pr)k>1 and (qx) k=1 are sequences of nonzero integers such that limg_, % =aq,
then
1
‘a—ﬁ — (20.11)
qk q;

forall k > 1.

Proof Let oy = 2%, Since oy —k> a, it follows that g —k> +00. Since « is
algebraic of degree n > 1, there exists f € Z[X] \ {0} of degree n and such that
fe) =0, say,

fX)=a,X"+---4+a1X + ap,

with ag, ay, ..., a, € Z.
We now observe that
S (ar) 1
= | flaw) — f(a)]
g — oty — «f

|
B
~
|
R
.
™
S)
<
—_
Q
~
|
Q
~
~

’

1 " :
b A lad — o
§|a —y E laj| - |} — o
k =

where we used the triangle inequality in the last passage above. Since o LN o, we
have |y —a| < 1 for all k£ > 1. Under this assumption, we continue to estimate the
last expression above by using some elementary algebra, together with the triangle
inequality again, to obtain
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S o)

o — o

Z' ajl- |OZ( —al}

n
- Sl lod f

n - » |
="l (e —al+lal) ™"+ (lo =l +lal) e+l )
<Z|a] (1 1) ™ (1 el -+ o)

< jlal((1 +lal)’ =

j=1

where C depends only on «, and not on k.
Then, for all £ > 1 (chosen in such a way that |ax — | < 1), we have

= |y —al > é|f(0lk)|~

'__

qk

Now, since gi —k> 400, we have |oy — | < 1 and ¢gx > C for all £ > 1, so that
1 1

T n and, hence,

Pk

1
> —| flap)l,
qk

forall k > 1.

As our final step, notice that if f(ox) = 0, then we would have f(X) = (X —
ax)g(X), for some g € Z[X]\{0} of degree n— 1. Since o # oy (for, « is irrational),
we conclude that o« would be a root of g, which contradicts the fact that the minimal
polynomial of o has degree n. Therefore, f(ax) # 0 and, hence,

n
an(ﬁ> + - —Hn(p)—i—ao
gk gk

Ianpk + - +aprgl + aogl|

|.f ()]

ar
1

v

ap

Finally, combining this inequality with the previous one, we get (20.11). O
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The coming example brings a clever application of Liouville’s theorem to the
construction of transcendental numbers. Along its discussion, we shall need some
acquaintance with the arithmetic of convergent series, for which we refer the reader
to Section 10.3 of [8].

Example 20.32 (Liouwville) Ifay, as, a3, ... € {1,2,3,...,9}, then the real number

ai az as

*=1or T T om

4+

is transcendental.

Proof Suppose that @ were algebraic, of degree n > 1 (it is clearly irrational—see
Problem 1). For k > 1, let

k
aj Pk
“k=21 TN
j=1

where p; € N. Then, on the one hand, it follows from Liouville’s theorem that

1
o — ok | > W,
for all £k > 1. On the other,
_ aj 1 _ l
j>
Therefore, for k > 1, we should have
1 1

100+D—1 = (108)""]
and, hence, (k + 1)! — 1 < k!(n + 1). However, this last inequality is equivalent to
kl(k —n) < 1,

which is false forall k > n + 1.
Finally, since the assumption that « is algebraic leads to a contradiction, we have
no alternative but to conclude that « is transcendental. O

We finish this section by observing that the methods of real Analysis allow one
to prove that e and 7 are transcendental numbers. Both these facts were established
already in the nineteenth century, due to the works of the French mathematician
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C. Hermite and the German mathematician F. Lindemann, respectively. Proofs are
beyond the scope of these notes, and we refer the interested reader to [17] or [28].

Example 20.33 Once we admit the transcendences of e and m, Theorems 20.9
and 20.12 can be applied to establish the transcendence of several other numbers.
More generally, if « € R is algebraic and 8 is transcendental, then « + B is
transcendental. Indeed, if it algebraic we would have

B=@@+p) —a,

also algebraic. A similar argument shows that if « € R \ {0} is algebraic and B is
transcendental, then o is transcendental.

Problems: Sect. 20.4

1. Prove that the number « of Example 20.32 is irrational.

2. Leta € C be algebraic and 8 € C be transcendental. Prove directly (i.e., without
resorting to Theorem 20.9) that o 4 B is irrational.

3. If « € C is transcendental and n € N, prove that /o and «" are also
transcendental.

4. * Let o € C be transcendental, and define

Qla]l ={ap +aja +---+aya"; n € Nand ag, ay, ...,a, € Q}.

Prove that Q[«] is closed with respect to addition, subtraction and multiplication
but is not a subfield of C.

For the coming problem you might want to use the following fact, which will
be stated without proof: if @ € C is a root of a polynomial

fX) =@y X"+ a1 X"+ + a1 X +ap,

with ag, ay, ..., a, algebraic and a,, # 0, then « is also algebraic. A proof of this
fact can be found in any standard text on Field Theory, for instance [6] or [20].

5. (OBMU) In the cartesian plane, let S be the set of circles whose centers have
rational coordinates and whose radii have rational lengths. Show that there exists
a regular 2016-gon, all of whose vertices do not belong to S.



Chapter 21 )
Linear Recurrence Relations Check for

In this chapter we complete the work initiated in Section 3.2 of [8] (see also
Problems 5, page 79, and 6, page 393), showing how to solve a linear recurrence
relation with constant coefficients and arbitrary order. We first need to properly
define the objects involved, and we do this now.

Definition 21.1 A sequence (a,),>1 is said to be linear recurrent if there exist a
positive integer k and complex numbers uy, ..., ux—1, not all equal to zero, such
that

An+k = Uk—1an+k—1 + -+ Uoay (21.1)

for every n > 1.

In the above notations, we sometimes also say that (21.1) is a linear recurrence
relation; the natural number k is thus said to be the order of the linear recurrence
relation (21.1).

Given «ay,...,ar € C, it is immediate to verify (by induction, for instance)
that there is exactly one linear recurrent sequence (a,),>1 satisfying (21.1) and
such that a; = «; for 1 < j < k. Hence, a linear recurrent sequence of order k
falls completely determined upon knowing the linear recurrence relation it satisfies,
together with the values of its first k terms.

Definition 21.2 Let (a,),>1 be a linear recurrent sequence such that

Ap+k = Uk—1An+k—1 + - -+ + Uoan
for every n > 1, with ug, ..., ur_1 being given complex numbers, at least one
of which is nonzero. The characteristic polynomial of (a,),> is the polynomial

f € C[X] given by

fX) =X e X — o —u X — uo. 21.2)
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506 21 Linear Recurrence Relations
21.1 An Important Particular Case

In this section, we shall discuss how to solve a linear recurrence relation for which
the corresponding characteristic polynomial has pairwise distinct complex roots. In
spite of such a limitation, this case is much simpler to be dealt with than the general
one and finds several interesting applications. The result we are interested in is the
content of the coming

Theorem 21.3 Let (a,)n>1 be a sequence satisfying, for every n > 1, the linear
recurrence relation

n+k = Uk—10n+k—1 T+ - - - + Uoan,
withug, . .., ux—1 being given complex numbers, not all equal to zero. If the complex
ro0ts 71, 22, - - ., Zk Of the characteristic polynomial of (a,),>1 are pairwise distinct

andaj = aj for1 < j <k, then

—1 —1 —1
an =21 X142z, xo+4---+z, xxVn=>1,

where x1, . .., Xi is the solution of the Vandermonde system of equations
Xy + x4 Xy =]
21X1 + 22X + -0+ Tk Xk =
X1+ 30+ ixg =3 . (21.3)

R S I "

Proof Since z1, 22, . . ., 7x are pairwise distinct, Proposition 18.6 assures the exis-
tence of a unique solution x1, x2, . .., xi for the system of equations (21.3). We can
thus let (b,),>1 be defined by setting
b, = Z'1'_1x1 + z;_lxz +-+ Zz_lxk, Vn > 1.
This way, for 1 < j <k, system (21.3) furnishes
._l _ '_l
bj=z  xi+zy ot = =aj.

On the other hand, since f is the characteristic polynomial of (a,),>1, it follows
from the definition of the b;’s that
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buyk — up—1bpyg—1 — - —uob, =
k k k
k-1 k=2 —1

222? Xj_uk—lzz? x,~—~-~—quz? xj

=1 =1 =1

k
_ n—1_ .k k=1 _ . _
= sz xj (2 — uk-12; uo)

j=1

k
=Y " f ) =0.

j=1

It follows from the above that (b,), > satisfies the same linear recurrence relation
that (a,)n>1, and its first k terms respectively match the first k& terms of (an)n>1.
Therefore, a straightforward inductive argument guarantees that a,, = b, for every
n > 1, as we wished to show. O

The coming example shows that we not necessarily need to actually know the
roots of the characteristic polynomial of a linear recurrence relation, in order to
apply the result of the previous theorem to obtain interesting information concerning
its behavior.

Example 21.4 (Crux) Let AjAzA3A4 be the square of vertices A = (0, 1), Ay =
(1,1), A3 = (1,0) and A4 = (0,0). For each integer n > 1, let A4 be the
midpoint of the line segment A, A, 4. Prove that, when n — +o00, the sequence of
points A, converges to some fixed point A, and compute the coordinates of such a
point.

Proof For each n > 1, let A, (x,, y,). The stated condition, together with the
formula for the coordinates of the midpoint of a line segment (cf. Section 6.2 of
[9D), gives

2xp4d =Xpgp1 +x, YR 21,

an analogous recurrence relation being valid for the sequence (y,)n>1.
The characteristic polynomial of the above recurrence relation is

FX)=2X*—X—1=(X-1g(X),

with g(X) = 2X3 +2X%2+2X + 1.If a, b and ¢ are the complex roots of g, then
Girard-Viete relations give

a+b+c=-1 and ab+ ac+ bc = 1. 21.4)
Hence,

a2+b2+c2:(a+b+c)2—2(ab+ac+bc):(—1)2—2~1:—1 <0,
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so that, thanks to Problem 4, page 386, we can assume that a is real and b and c are
nonreal complex conjugates. In particular, a, b and ¢ are pairwise distinct and, since
1 is not a root of g, Theorem 21.3 guarantees the existence of complex constants A,
B, C and D for which

xn=Ad" '+ B+ C" + D, V> 1. (21.5)

For us to know what happens when n — 400, note firstly that g(—1)g(0) =
—1 < 0 and, thus, Bolzano’s Theorem 17.2 assures that —1 < a < 0. Therefore,
relations (21.4) give

l=ab+c)+bc=a(—1—a)+bb,

sothat |b|> = a(a+1)+1 < 1. However, since |b| = |c|, it comes that |b| = |c| < 1.
Then, relation (21.5), together with the result of Example 21.8, gives
lim x, = D.
n——+00
In order to compute the value of D, recall that x; = x4 = O and xp = x3 = 1.

Hence, by successively letting n = 1, 2, 3 and 4 in (21.5), we obtain the linear
system of equations

A+B+C+D =1
Aa+ Bb+ Cc+ Dd =0
Aa’ 4+ Bb 4+ C2+Dd>*=0"
Aa® + Bb3 +C3 +Dd? =1

Multiplying the last three equations by 2 and termwise adding the four equalities
thus obtained, we arrive at

Ag(a) + Bg(b) + Cg(c) + 7D = 3.

However, since a, b and c are roots of g, we conclude that 7D = 3, and D = %

In an analogous way, we prove that lim,,_, 1~ y, = ‘7‘. Thus,

. 3 4
Iim A, =(=,=]).
n—+00 77

Problems: Sect.21.1

1. (OBMU)If f(x) = e * sinx and £ denotes the n-th derivative of f, compute
f(2001)(0)~

2. Let Ay(ay, by), Ax(az, b2), ..., Ax(ax, by) be k > 2 given points in the cartesian
plane. For each n € N, let A, be the center of mass of A,,, Ap+1, ..., Apti—1,
ie.,
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1
Aptk = E(An+k—1 4 Apgr + An).

If Ay (X, ym) for m > k, show that

m kay+ (k— Dag—1+ - +2a + a;
k+(k—1)+--+2+1

Xm

and

m kby + (k — Dbg—1 + -+ 2by + by
k+k—-—1D+---4+24+1

Ym

3. (IMO shortlist) If a is the largest positive root of the polynomial X3 — 3X2 4 1,
show that La”ggj and La1988j are both multiples of 17.

21.2 Sequences, Series and Continuity in C

In this section we partially extend the basic facts on convergence of real sequences
and series (cf. Chapters 7 and 11 of [8], for instance) to functions with complex
values. We observe that the material collected here (more precisely, Theorem 21.20)
was used in the proof of the Fundamental Theorem of Algebra, in Sect. 15.3, and
will be of fundamental importance for Sect. 21.3. We also show that it can be used
to extend the method of generating functions to complex power series.

Given a € C and R > 0, we denote by D(a; R) the open disk of center a and
radius R, i.e., the subset of C given by

D(@a;R)={z€C; |z—a|l < R}.

Analogously, the closed disk of center a and radius R is the subset D(a; R) of C,
given by

D(a; R) ={z€C; |z—a| <R}

Aset U C Cisopenif, forevery a € U, there exists R > 0 such that D(a; R) C
U.Aset F C Cisclosed if F¢ = C\ F is open. It is immediate to see that ¢ and
C are open (in the case of @, there is no way for the openness condition not to be
satisfied, since there exists no z € ). Hence, C = C\ @ and ¥ = C \ C are also
closed. We now collect less trivial examples of open and closed sets.

Example 21.5 For all a € C and R > 0, the open disk D(a; R) is an open set,
whereas the closed disk D(a; R) is a closed set.
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Fig. 21.1 Every open disk is P
an open set ¢ 7N
/ I )F)' \
/ »r~7
/ ’
R , \
I I
{ a ]
\ /
\ /
\ 7
N s
N - _ 7

Proof Let z € D(a; R) be arbitrarily chosen and »r = R — |z — a|. Then, r > 0 and
we claim that D(z; r) C D(a; R) (cf. Fig. 21.1), which will be enough to guarantee
that D(a; R) is open.

For what is left to do, take w € D(z; r). Triangle inequality gives

lw—al =|(w—-—2)+Z—a)| <|w—2z|+|z—al
<r+lz—al =R,

so that w € D(a; R). However, since this holds with every w € D(z;r), we
conclude that D(z; r) C D(a; R), as wished.

For the second part, it is enough to show that U = C \ D(a; R) is open. To this
end, take z € U and let r = |z — a| — R. Then, r > 0 and, as in the first part,
we easily show that w € D(z;r) = w € U, which is the same as D(z;r) C U.
Therefore, U is indeed open. O

We now turn our attention to sequences of complex numbers, extending to them
the concept of convergence.

Definition 21.6 A sequence (z,),>1 in C converges for a limit z € C, and write
Zn — z or lim, s 40 2 = Z, provided the following condition is satisfied:

Ve >0, AngeN; n>nyg= |z, —z| <e.

Heuristically, the fulfilment of the condition above means that, as n — +o0, the
terms z,, come closer and closer to z. Indeed, the definition of convergence stipulates
that (z,),>1 converges to z € C if, for an arbitrarily given radius ¢ > 0, there exists
an index ng € N such that, for n > no, all of the terms z,, belong to the open disk
D(z; €).

As in the real case, a subsequence (z,, )r>1 of a sequence (z,),>1 is the
restriction of (z,),>1 to an infinite subset {n; < ny < n3 < ---} of indices; from a
rigorous standpoint, (z,, )k>1 is the sequence f o g : N — C, with f : N — C and
g : N — Ngiven by f(n) = z, for every n € N and g(k) = ny for every k € N.

The coming result brings two fundamental properties of the concept of conver-
gence of sequences of complex numbers. In words, item (a) assures that the terms
of a convergent sequence cannot have two distinct limits, and item (b) that every
subsequence of a convergent sequence is also convergent and converges to the same
limit.
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Lemma 21.7 Let (z,)n>1 be a sequence in C.

(a) If zz — z and z,, & w, then z = w.

(b) If (zu )k>1 is a subsequence of (z,)n>1 and z, — z, then z,, — z.

Proof

(a) If z # w, then € = |z — w| > 0. However, since % is also positive and z,, — z
and z, — w, there exist natural numbers n and ny such that |z, — z| < % for
n>nyand |z, — w| < % for n > ny. Hence, taking an index n > ny, ny and
applying triangle inequality, we obtain

|z —w| = [z —zn) + (2p — W)|

<lz—zpl +lzn — w|

€+€ | |
<-—4+-=€e=|z—w|
272 ‘

which is a contradiction. Therefore, z = w.
(b) Given € > 0, the convergence of (z,),>1 to z assures the existence of ng € N

such that |z, — z| < € for n > ng. Now, since n; < np < n3 < ---, there
exists kg € N with £k > kg = np > ng. Hence, for such values of k, we have
|zn, — 2| < €, so that (z,, )k>1 also converges to z. |

Thanks to item (a) of the previous lemma, if a sequence (z,),>1 in C converges
to z € C, we shall hereafter say that z is the limit of (z,,)>1.

For the purposes of these notes, one of the most important examples of
convergent sequence is the one collected below. In this respect, see also Problem 2.

Example 21.8 If |z| < 1 and z,, = 7" for every n > 1, then (z,),>1 converges to O.

Proof Firstly, note that |z, — 0] = |z"*| = |z|". Now, if (a,),>1 is the sequence
of real numbers given for n > 1 by a, = |z|", then (cf. Example 7.12 of [8], for
instance) a, — 0. Thus, given € > 0, there exists ng € N such that 0 < a,, < € for
n > ng. Thus, for n > ng, we have |z, — 0| = a, < €, so that z,, — 0. a

Given a sequence (z,),>1 of complex numbers, we can write z, = x,, + iy, for
every n > 1, with x,,, y, € R. Our next result relates the convergence of (z,),>1 in
C with those of (x,),>1 and (yn),>1 in R.

Lemma 21.9 Let (z,)n>1 be a sequence of complex numbers, with z, = x, + iy,
and x,, yn € R for everyn > 1. Then, (z,)n>1 converges in C if and only if (x,)n>1
and (yn)n>1 converge in R. Moreover, if x, — a and y, — b, then z,, — z, with
z=a-+1ib.

Proof Firstly, suppose that z,, — z, withz = a +ib,a,b € R, and lete > 0 be
given. Since

n — aly [y = bl < /1 — al? + 1yn — b = |20 —2I,
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we have |x, — al, |y, — b| < € whenever |z, — z| < €. However, since z, — z,
there exists ng € N such that n > ny = |z, — z| < €. Then, for each such natural
n, we do have |x, — al, |y, — b| < €, hence establishing the desired convergences.

Conversely, assume that x, — a and y, — b,andletz = a + iband € > 0 be
given. Since

20 = 2l = /lta — aP + lya = B < [xs — al + lya — bl,

we have |z, —z| < €if |x, —al, |y, —b| < %.However, since x, — a and y, — b,

there existny, ny € Nsuchthatn > ny = |x,—al < §andn > ny = |y,—b| < 5.
If ng = max{n1, na}, then, for n > ng, we have |x, —al, |y, — b| < % and, hence,

|zn — z| < €. This establishes the convergence of (z,),>1 to z. |

We now need to extend to complex sequences another concept related to the
convergence of real sequences.

Definition 21.10 A Cauchy sequence in C is a sequence (z,),>1 satisfying the
following condition: given € > 0, there exists no € N such that

m,n > ny = |zm — 2l < €.

If (z4)n>1 is a convergent sequence in C, then (z,),>1 is a Cauchy sequence.
Indeed, if z, — z and € > 0 is given, then there exists ng € N such that |z, —z| < %
for every n > ng. Hence, for natural numbers m, n > ny, it follows from the triangle
inequality for complex numbers that

€
|Zm_Zn|§|Zm_Z|+|Z_Zn|§§+ =e€.

SN

Conversely, we have the following important result.

Proposition 21.11 C is complete. More precisely, if (z4)n>1 is a Cauchy sequence
in C, then (z,)n>1 converges.

Proof Let z, = x, + iy,, with (x,),>1 and (y,),>1 being sequences of real
numbers. Given € > 0, take ng € N as in the definition of Cauchy sequence.
Since |x;; — x| < |zm — zal, it follows that (x,),>; is a Cauchy sequence in
R. Therefore, Theorem 7.27 of [8] guarantees that (x,),>; is convergent, say for
x € R. Analogously, there exists y € R such that y,, — y. Hence, letting z = x+iy,
Lemma 21.9 assures that z;,, — z. |

As in the real case (cf. [8]), given a sequence (z,),>1 of complex numbers, we
define the series! Zkz 1 2k as the sequence (s,),>1, such that s, = ZZII zx for
every n € N. Also as in the real case, we say that s, is the n-th partial sum of

IThe reader must pay attention to the fact that we shall sometimes consider sequences (z,),>0 of
complex numbers, so that the corresponding series will be denoted by > z«.
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the series, and that the series converges if there exists the limit s := lim;,— 400 Sy}
moreover, in this case we shall say that s is the sum of the series. In symbols, we
write

n
ZZkZ lim ZZk,
n——+00
k=1

k>1

provided the limit at the right hand side does exist.
We now present an example of convergent series which will be of fundamental
importance in the next section.

Example 21.12 Given a € C \ {0}, show that for z € D(0; ﬁ) we have
1

_ k _k
1—az_ZaZ'

k>0

Proof Lemma 13.18 assures that the n-th partial sum of the series is

l—az  1-az l—az’

Xn:(az)k _I= (a2)""! L (a2)""!
k=0

Now, for z € D(0; I;—l) we have |az| < 1, so that Example 21.8 gives (az)" — 0 as

n — 4o00. Hence, it follows from the equality above that, for z € D(0; ﬁ),

n
1 n+1 1
Y@t = lim (@2 = T .
pr n——+00 = 1—az n—o+00 1 —az 1—az

O

Another concept of central importance is that of an absolutely convergent
series, i.e., a series Zk>0 7 of complex numbers such that the real series Zk>0 |zk|
converges. Forn € N, let s, = Y }_jzx and t, = > p_; |z«|, so that (t,),>1
converges. The triangle inequality for complex numbers furnishes, for integers
m > n,

m m
Sm — Sp| = Z k| = Z |2kl =t — 1.
k=n+1 k=n+1

Now, since (#,),>1 converges, it is a Cauchy sequence; hence, given € > 0, there
exists kg € Nsuchthatm > n > kg = t,, —t, < €. Therefore, we also have
[$m — sn| < € form > n > ko, so that (s,),>0 is a Cauchy sequence too. Thus,
Proposition 21.11 assures its convergence, and we have proved the coming.

Proposition 21.13 In C, every absolutely convergent series is convergent.

Before we can go on, we need to extend the concept of continuity for functions
defined on a subset of C and assuming complex values.
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Definition 21.14 Given a nonempty subset X of C, we say that a function f : X —
C is continuous if the following condition is satisfied: for every sequence (z,)n>1
of points of X, if z, — z, with z € X, then f(z,) — f(2).

Our next result will allow us to establish the continuity of complex polynomial
functions.

Proposition 21.15 If f,g : X — C are continuous functions, then so are f +
g fg: X—C.

Proof Let a sequence (z,),>1 in X be given, such that z, — z, for some z € X.
Firstly, the triangle inequality for complex numbers gives

I(f +8)zn) = (f + @] =1(f(zn) = f(2) + (g(zn) — g(2)]
= [f(zn) = f@)| + 18(zn) — g(2)I-

Now, given € > 0, since f(z,) — f(z) and g(z,) — g(z), there exists nyp € N
such that

n>no =) — £ 18Ga) — 8@ < §

Therefore, also for n > ng, the above estimates show that

=c

(f+ 96— (f+@I =5+

and, hence, that (f + g)(z,) = (f + 2)(2).
For fg, and applying twice the triangle inequality, we obtain

1(f8)(zn) = (&)@ = 1f(zn)g(zn) — f(2)g(2)]
<|1f @) = f@IIg@)| + 1 f(2)IIg(zn) — ()]
= 1f(zn) = f(2)IIg(zn) — g(2)]
+1f (@) = f@Ig@I+ | f(2)Ig(zn) — g()I.

As before, given € > 0, we can take ng € N such that n > ng implies

. 6 6
£ = f@)] < m{\@ W}

and

. E E
lg(zn) — g(2)| < min {\/; m} '
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Then, for a natural number n > ny, it follows from the above that

€ € €
1(f8)(zn) = (D] = \/; . \/;Jr @I+ lg (@)
€

IO SF o+

6+6+6
<-+4+=-+-=c¢€,
3 3 3

so that (fg)(zn) — (f8)(2). =

Example 21.16 Given n € N and ag, ay,...,a,—-1,a, € C, with a, # 0, the
complex polynomial function f : C — C, given for z € C by

f@) =apnz" +an12" ' + - + a1z + ao,

is continuous.

Proof Obviously, constant functions and the identity function z +— z are continuous
(just apply the definition). Thus, by applying several times the second part of the
previous proposition, we conclude that, for an integer 0 < k < n, the function z
arz* is also continuous. Now, applying several times the first part of the previous
proposition, we conclude that the sum of such functions, when k varies from O to #,
is also continuous. However, such a sum is precisely the function f. O

We now turn to the discussion of power series in C, namely, a series of the form
Zk>0 aiz*, for some given sequence (a,),>0 of complex numbers.

Assume that the sequence (]ax|)x>0 is bounded, say with &/Jax] < A for
every k > 0 and some A > 0. Then, laxz¥| < (A2)F for every k > 0, so that
Example 21.12 guarantees that the series Zk>0 |akzk | converges in D(0; R), where
R = %. In turn Proposition 21.13 then assures that the power series Zkzo apzt
converges in D(0; R). We abbreviate such a situation simply by saying that D(0; R)
is a convergence disk for the power series under consideration. The next result
assures that the function f : D(0; R) — C thus defined is continuous.? By the sake
of notation, we make the convention that Zk>0 akzk =aqaq forz =0.

Proposition 21.17 If D(0; R) is a convergence disk for the power series
Zkz() arz¥, then the function f : D(0; R) — C, given for z € D(0; R) by
f(@) = Zkzo a7, is continuous.

2Actually, one can show that f is an example of a holomorphic (i.e., complex differentiable)
function. However, since we shall not need this concept, and in order to maintain the elementary
character of these notes, we will only establish the continuity of functions defined by power series.
The interested reader can find the relevant results and definitions in [11].
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Proof For a fixed z € D(0; R), take w € C such that lw — z| < %(R — |z]). Then,
lw| < r, with r = $(R +|z]) < R, and for k € N we have

lw*

— ) = jw — 2wk 4 w2 k2 AT
< w = 2l (wl !+ w2l + - e+ 12
< Iw—zl(rkfl+rk72-r+-..+r.rk*2+rk71)
= kr*w — 2.

Hence, under the above restriction on w, Problem 4 yields

Fw) = @ =Y awt =Y adt| = | Y awt - )|

k>0 k>0 k=0
k k k k
= | Y@t =5 = 3 laliwt - 2
k=1 k>1
< (X ket Y <
Tr
k>1

R : k 1
Now, fix a real number ¢ such that 1 < ¢ < it Since «/|ar| < ® fork > 0

and vk — 1 (cf. Example 7.23 of [8], for instance), there exists kg € N such that
Vklax] < % for k > ko. Hence,

Z klag|r® < Z (%)k = C < +oo,

k>ko k>ko

cr

for 0 < & < 1. Finally, letting C" = Z],i(’:l k|ag|r¥, it comes that

ko
HOEFOTE %(l;kmw’“)m 2l (3 Hat )

k>kg

C’ C
—lw—-z|+ —|w —z|.
r r

IA

In short, we have shown that

1
w =zl < Z(R=|z) = [f(w) = f)] < Alw =z,

for some positive constant A. But this being the case, Problem 8 shows that z,, —
z = f(zn) = f(2),andthe fact that z € D(0; R) was arbitrarily chosen guarantees
the continuity of f. O
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The coming corollary assures that if a function f : D(0; R) — C is given by a
power series, then such a series is uniquely determined.

Corollary 21.18 Let ), arz* and Y k>0 bxz* be convergent power series in the
open disk D(0; R). Ikaz_o akzk = Zkzo_bkzkfor every z € D(0; R), then ay = by
for every k > Q.

Proof By evaluating equality ) ;- a7t = > k0 bizF at z = 0, we obtain
ao = bg. Then, cancelling out_ao = bp in both sides of Zk>0 a* =
Zk>0bkzk, we get Zk>lakzk = Zk>1bkzk for z € D(0; R) a_nd, hence,
Zk; arzF1 = D k=1 b;zk_l for z € 5(0; R) \ {0}. However, since both sides
of this last equality define continuous functions on D(0; R), we conclude that
Zkzl arzF ! = Zkzl brz*=! for every z € D(0; R). Now, looking at such an
equality at z = 0, we obtain a; = b;. By proceeding this way, an easy induction
gives ay = by for every k > 0. O

As a first application of the ideas developed here, we now present a proof of the
identities of Proposition 16.17 with the aid of complex generating functions.

Example 21.19 For zy,...,z, € C, if s; = s;(z1,...,2,) denotes the i-th
elementary symmetric sum of zy, ..., z, and oy = z’l‘ + -+ zﬁ, then:
(@) opik = Z?Zl(—l)j_lsja,”k_j for k > 1.
() skt = 7 sy (=1 "lseqrjoj for 1 <k <n—1.
Proof Let
n n )
fO=Ta+zx)=>s5x/.
j=1 j=0
On the one hand, we have f/(X) = Z;f:l jstj’l; on the other, for z € D(0; R),
with
R =min{|z;|""; 1 < j <nandz; #0} >0,

Problem 3, page 393, gives

n

@ = (Xat+a07) 1@ = 3 (S 2) @
i=1

i=1  j>0

= (Zi(—l)/’z{*‘z-’)ﬂz)

j>0i=1
= (Z(—l)j(fjﬂzj)(i:ﬂzl).
j=0 =0

We now apply the previous corollary in both cases, looking at both expressions
for f’(z) as complex power series. In (a), computing the coefficient of zX~! in both
expressions for f’(z) we obtain
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k=1
ksi = Z (=D/ojp1s = Z(—l)k_l_lak—m
1=0

jH=k—1
so that
k—1
(=D ks = Y (=D o = 0.
=0

Doing the same in (b), we get

n
0= Z (~DVoji1s = Z(—l)kq*lﬁk—m
1=0

jH=k—1

and, hence,
n

> (=Dioxs =0.
=0
a

We finish this section by proving a result that extends, for continuous functions
f : D(a; R) — C, Theorem 8.26 of [8].

Theorem 21.20 (Weierstrass®) If f : D(a; R) — C is a continuous function,
then there exist z,, and zp; in D(a; R) such that

| f(zm)| = min{| f(2)]; z € D(a; R)}

and

|f (zm)| = max{| f(2)]; z € D(a; R)}.

Proof Let (z,)s>1 be a sequence in D(a; R) such that

f(zn) = sup{| f(2)|: z € D(a; R)}

(here, in principle we do not exclude the possibility that such a supremum could be
~+00). Write z,, = x, + iy,, with x,,, y, € R. Since |z,| < R for every n > 1, we
have |x,|, |y,| < R for every n > 1. Therefore, Theorem 7.25 of [8] guarantees the
existence of an infinite set Ny C N such that (x,),cn, converges to some x € R.
Hence, by the same result we can take a second infinite set No C Nj such that
(Yn)nen, converges to some y € R. However, since (x,),cn, is a subsequence of
(Xn)nen, » we conclude that (x,),en, still converges to x.

Letting zpy = x + iy, it follows from Lemma 21.9 that (z,),en, converges to
zm- Hence, Problem 1 gives |zpy/| < R, so that zpy € D(a; R). Now, invoking the

3Karl Weierstrass, German mathematician of the nineteenth century.
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continuity of f, we have

flm) = ngrpw f(zn) =sup{| f(2)|; z € D(a; R)}.

neNy

In particular,
sup{| f(2)|; z € D(a; R)} = max{| f(2)|; z € D(a; R)}.
The proof of the first part of the theorem is analogous and will be left as an

exercise to the reader. O

The result of the following corollary was used in the proof of the Fundamental
Theorem of Algebra.

Corollary 21.21 If f : C — C is a complex polynomial function, then, given
R > 0, there exist z,, and zp; in D(a; R) such that

| f(zm)| = min{| f(2)|; z € D(a; R)}
and
| f(zm)| = max{| f(2)|; z € D(a; R)}.

Proof Example 21.16 and Problem 7 guarantee that |f| : C — [0, +00) is a
continuous function. Thus, so is the function | f| : D(a; R) — [0, 400). It now
suffices to apply Weierstrass’ theorem. O

Problems: Sect.21.2

1. * Let (z4)n>1 be a sequence in C, converging to z € C. Prove that (z,),>1 is
bounded, i.e., that there exists M > 0 such that |z,] < M for every n > 1.
Moreover, if |z,| < R for every n > 1, show that |z] < R.

For the next problem, we say that a sequence of complex numbers is divergent
if it is not convergent.

2. If |z| > 1 and z, = 7" for every n > 1, show that the sequence (z,)n>1 is
divergent.

3. * Let (zn)n>1 and (wy)n>1 be sequences in C, converging to z and w, respec-
tively. Prove that:

(a) Ifa € C, then az, — az.

®) zp xw, -z w.

(©) zZaw, — zZw.

(d) If w,, w # 0, then z,,/w, — z/w.
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4. *Ifa,b € Cand ) .,z and ) ;. wi are convergent series of complex
numbers, show that Zk>1(azk + bwy) is also convergent, with

Z(azk +bwy) =a sz —l—wak.

k>1 k>1 k>1

5. * Extend the comparison test for series to series of complex numbers. More
precisely, let (a,),>0 be a sequence of complex numbers. If there exist positive

reals ¢ and M such that |a,| < ¢M" for every n > 0, then the power series

6. *Letd 2 X CcY Cc Cand f : Y — C be a continuous function. Prove that
fix : X — Cis also continuous.

7. * Given # # X C C and a continuous function f : X — C, prove that | f] :
X — [0, 4+00) is also continuous.

8. *Let) # X Cc Cand f : X — C be a function satisfying the following
condition: given z € X, there exist A, B > 0 (at first depending on z), such that

weX, lw—z|l<B=|f(w)— f2)| < Alw —z|.

> >0 @n2" converges on the interval (

Show that f is continuous.
9. *Ifa € C\ {0} and m € N, show that for z € D(0; ﬁ) we have

1 n+m-—1\ , ,
(1—az>m_z( m—1 )”'

n>0

21.3 The General Case

With the material of the previous section at our disposal, we can finally face the
discussion of the general case of (21.1), i.e., that in which the complex roots of the
characteristic polynomial (21.2) are not necessarily distinct. To this end, we shall
use complex generating functions again. The fundamental result is given by the
coming

Theorem 21.22 Let (a,)y>1 be a sequence of complex numbers satisfying, for
every n > 1, the linear recurrence relation

Ap+k = Ug—10n+k—1 + - - + Uoay,
with ug, ..., uyx—1 being given complex numbers and ug # 0. Let z1, ..., 71 be

the pairwise distinct roots of the characteristic polynomial (21.2) of (ay)n>1, with
multiplicities respectively equal to my, ..., m;. Then, for every n > 1, we have

ap = pl(}’l — 1)17_1 4. +Pl(n _ 1)Z;l—1’
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where p1, ..., p; € C[X] are polynomials of degrees less than or equal to m| — 1,
.., my — 1, respectively, and totally determined by the values of ay, ..., ay.

Proof We first claim that there exists a constant Ry > 0 such that |a,| < R" for
every n > 1 and R > Ry. Indeed, if |a,| < R" for 1 <n < m, withm > k, then

lam| = |wk—1am—1 + -+ + U1@m—k+1 + UOGm—k]
< lug—1llam—1| + - - + lurllam—k+1| + [uollam—«|
<t |R™ 7 - g [R™ T 4 g R™H
= R" *(Jux—1|R*"" + - 4 1| R + |uo)).

Hence, if g(X) = X* — |lug_1|X*~1 — ... — |u1|X — |uo| and Ry > 0 is such that
g(R) > Ofor R > Ry, then, for each one of such R’s, the estimates above give
lam| < R™ *(u—1|[R*" + -+ Jug |R + uol)
< Rm—k . Rk — Rm
It thus suffices to choose, from the very beginning, Ry > O such that |aq], ..., |ak| <

Ry and g(R) > 0O for every R > Ry.
Now, fix R > R and let

F(z) = Zanz".

n>1

Since |a,| < R" for every n > 1, the comparison test for series (cf. Problem 5,
page 520) guarantees the convergence of F in the open disk D (0; %) of the complex
plane. Let f(X) = XK —up 1 X1 —...—u; X —ug be the characteristic polynomial
of (ay)y>1 and h(X) = —uo X —u X - X+ its reciprocal (0h = k,
since ug # 0). For z € D(0; %), we have

h(DF () = —(liujzk_f)<zanz”) +) and”
i=0

n>1 n>1

k—1

j=0n>1 n>1

k—1

j=0n>k—j+1 n>1
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For j > 2, write

k—1
Z ujankaern = Z Mjan,kJern + Zujan,kﬂ-z"
n>k—j+1 n=k—j+1 n>k

and analogously for anl anz". Then, we obtain

h@F@) == Y uoan i =Y  uran 412"

n>k+1 n>k
k—1
_Z( Z Ujdn— k+]Z +Zu jan— k+]Z)
j=2 n=k—j+1 n>k
~|—Zanz +Zanz
n>k
= — Z uoan—z" — Zulan—k+lzn
n>k+1 n>k
—ZZM n "+ Y "
j=2n>k n>k
k—1 k—1
DD IPIEES w2
=2 n=k—j+1

Howeyver, since

k—1 k—1
DD i7" = DY i7"

j=2n>k n>k j=2

it follows from (21.1) that

k—1 k—1
- Z Zujanfk+jzn + Zanzn = Z ( - Zujankarj + an>Zn
j=2n>k n>k n>k Jj=2
k—1 k—1
k
:(—Zujaj—l—ak)z + Z (—Z”janfkﬂ-l-an)z"
j=2 n>k+1 j=2
k—1

= <— Zujaj +ak)zk + Z (uoan—k + Mlan—k+1)2n-

j=2 n>k+1
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Therefore,

hDF@) == Y uoan 42" =Y wiay 412"

n>k+1 n>k
k—1
+ (— Zujaj + ak)zk + Z (Uoan—k + uran_r41) 2"
j=2 n>k+1
Y e +Zanz
Jj=2n=k—j+1
k—1 —
SR DD DETIRELS S
j=2n=k—j+1

so that
h(z2)F(z) = zp(2)
for z € D(0; %), with p € C[X] being a nonzero polynomial of degree dp < k — 1.

Since h(0) = 1 # 0, by increasing R, if needed, we can assume that i(z) # 0
for z € D(0; %). On the other hand, since

fX) =X -z . (X =)™,
we have

h(X) = (1—z21X)™ ...(1—zX)™,
so that

— zp(2)
F(z) = (1 —z12)™ ... (1 = zz7)™ (21.6)

forz € D(0; %).
Now, observe that

op <k=0(1—z12)"...(1 —z2)™).

Hence, by applying to (21.6) the partial fractions decomposition formula (cf.

Problem 9, page 457), we conclude the existence, for 1 < j <land 1 <n; <m;j,

of constants d jnjs uniquely determined by the coefficients of p (and, thus, by ay, az,
.,ar and ug, u1, ..., ur—1), such that
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m;

F(z)=z Z > W 21.7)

j=lnj=

for z € D(0; %).
1

Howeyver, if r = min {% EILEEE ﬁ}, then the result of Problem 9, page 520,
assures that

1

_ n+nj_1 n_n
(1 —z;z)" _Z< nj—1 >ij

n>0

forl < j<I,1<n; <mjandz € D(0;r). Hence, it follows from (21.7) that,
for |z] <7,

m;

F() = ZZ Y d, (" e 1>z*;z"
J

j=lnj=1n>0

Finally, since a,, is the coefficient of z” in the defining series for F, the last
equality above, together with Corollary 21.18, gives

Lo n+nj_2 n—1
B 5 S i

j=ln;=1

l

djn
_Zz(n _1)‘(n+nj D(n+nj—3)...(n+ Dn2j”

j=1n;=1

1
=Y pjn—Dt",
j=1
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where
< djn,
pix) =" ﬁ(){wu — DX +n;—2)...(X+ D}
e nj !
=Cim1 X" 4 e X 4
=Cjmj—1 Cjl +C./0
is a polynomial of degree at most m ; — 1. O

In order to present a relevant application of the previous result, we first need a
definition. Throughout the rest of this section, AP stands for arithmetic progression.

Definition 21.23 Given an integer m > 1, we call a sequence (a,),>1 an:

(a) AP of order 1 if it is an ordinary AP.
(b) AP of order m if the sequence (b,),>1, given forn > 1 by b, = an+1 — ay, is
an AP of order m — 1.

The coming lemma characterizes AP’s of order m by means of a linear recurrence
relation that generalizes those satisfied by AP’s of orders 1 and 2 (cf. Sections 3.1
and 3.3 of [8]).

Lemma 21.24 A sequence (an)n>1 is an AP of order m if and only if

m—+1 m—+1 m—+1
lnmil — pgm + -+ + (=" an =0, (21.8)
0 1 m+1

foreveryn > 1.

Proof Firstly, let (a,),>1 be an AP of order m. If m = 1, then (a,),>1 is an ordinary
AP, and (21.8) reduces to a, 12 — 2a,+1 + a, = 0 for n > 1, the linear recurrence
relation that characterizes ordinary AP’s.

By induction hypothesis, assume that (21.8) is valid for m = k — 1. For m = k,
the sequence (b,),>1 given by b, = a,+1 — a, is, by definition, an AP of order
k — 1. Therefore, the induction hypothesis gives

k k k
(O)bn+k — (l)bn+k_1 ot (—1)k(k>bn =0 (21.9)

for everyn > 1, or

k k
(0) (@ntk+1 — antk) — (1)(an+k — Qpyk—1) + -

k
o (=DF <k> (@ns1 —an) =0

(21.10)
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for every n > 1; in turn, this is the same as

(e (0 (- e
SR ((k * 1) + (’Z)) anst + (—1)"“@% —0.

By applying Stifel’s relation, together with the facts that (g) = (“Nand () =

0
(i11), we get (21.8) form = k.

Conversely, let (a,),>1 be a sequence for which (21.8) holds. If m = 1, then
apn+2 — 2ap4+1 + a, = 0 for n > 1, and we already know that (a,),>1 is an AP. By
induction hypothesis, suppose that the validity of (21.8) for m = k — 1 implies that
(an)n>11s an AP of order k — 1. Then, consider a sequence (a,),>1 satisfying (21.8)

for m = k, i.e., such that

k+1 k+1 k+1
( 0 )an+k+1—( X )an+k+---+(—1)"“(k+1>an=o

(21.11)

for n > 1. Using Stifel’s relation to write (k.J/.“]) = (1;) + (jfl) for 1 <
j < k, together with (kgl) = (]0‘) and (’,iﬂ) = (’,i), we successively reob-

tain (21.11), (21.10) and (21.9), for every n > 1. Hence, the induction hypothesis
assures that (b,),>1 is an AP of order k — 1, so that, by definition, (a,),>1 is an AP
of order k. |

We are finally in position to present the promised application of Theorem 21.22.

Example 21.25 1If (a,),>1 is an AP of order m, then (21.8) holds for every n > 1,
so that the characteristic polynomial of (a,),>1 is

_ m+1 m+1 _ m+ 1 m _1ym+1 m+ 1
f(X)-( 0 )X < | )X + +(-1) <m+l>

= (X — "t
Theorem 21.22 thus guarantees the existence of constants «g, ¢, ..., &, such that
an =g +ar(n—1) 4 +ann— D"

for every n > 1. Evaluating the above relation forn = 1, we get ¢g = ay; forn = 2,
...,m+ 1, we obtain oy, ..., o, as the solution to the linear system of equations

al+or+ -+ oy =ay —aj
201 + 220+ -+ 2"a,, =a3—a;

may +m?ay + -+ m"ay = apy1 — a
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Notice that the fact that such a linear system always has a single solution is an
immediate consequence* of the last part of the statement of Theorem 21.22.

Problems: Sect.21.3

1. Let k be a given natural number and (a,),>1 be a sequence of complex numbers
such that

1
ay = z(an—k + An+k)s

for every natural number n > k. Show that

k
an =Y (Aj+(n—1)B)e/ "V
j=I

for every n > 1, where w = ciszT" and Ay, ..., Ak, By, ..., By are certain
complex constants.
2. Find all real sequences (a,),>1 such thata; = 1,

apy3 = Sap1p — 8apq1 + 4ay

n
forevery n > 1 and 55 — 3.

4This also follows from basic Linear Algebra, for the transpose of the matrix of the coefficients of
the linear system is a Vandermonde matrix of nonvanishing determinant.
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Hints and Solutions Creck fo

Section 1.1

1. If there exists a bijection f : Iy — I, show that n = 1. Now, assume that
m,n > 1 and there exists a bijection f : I, — I,. Letting k = f(m), show
that there exists a bijection g : I, \{k} = I,_1,sothatgo fi;, | : In—1 = In—1
is also a bijection. Then, use an inductive argument to deduce thatm—1 = n—1.

2. Ifg: I, > Aand h : I, — B are bijections, define f : I,,4,, - AU B by
letting

g(k), ifl<k<m
k) = .
F&) {h(k—m), ifm+1<k<m+n
Since g and / are surjective and m+1 < k < m+nifandonlyifl < k—m <n,
we conclude that f is also surjective. For the injectivity of f, suppose that
fk)y = f(),with 1 <k,l < m + n. There are four cases to consider:

e 1 <k,l <m:then f(k) = f(I) = g(k) = g(l), and the injectivity of g
gives k = 1[.

e m+1<k,l <m+n:then f(k) = f(I) = h(k —m) = h(l — m), and the
injectivity of h givesk —m =1 —m, thus k = [.

e Il<k<mandm+1 <[ <m+n:then f(k) = f(l) = gk) =h(l—m) €
AN B, a contradiction to the fact that A and B are disjoint. Therefore, in this
case it is always the case that f (k) #£ f ().

e m+1<k<m+nandl <[ < m: as in the previous case, we always have

fk) # fD).
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22 Hints and Solutions

. By induction, if k < n and | U];=1 Ajl= Zl;zl |A;|, then

1
‘UﬁilAj‘ = | (Ul;zlAj) U A1l = ‘UI;-ZIA," + [ Ak 1]
k k+1
=D 1Ajl+ A1l = Y 1AL,
j=1 j=1
. Let’s make induction on |A| = |B|, the case |A| = |B| = 1 being trivial.

Suppose, by induction hypothesis, that the result is true when |A| = |B| = n,
for some n € N, and let A and B be such that |A| = |B| =n+ 1. Givenx € A
and a function f : A — B,lety = f(x). Then |[A\ {x}| = |B \ {y}| = n and
f restricts to a function g : A\ {x} — B\ {y}. By the inductive hypothesis
g is injective if and only if it’s surjective. However, since f is injective (resp.
surjective) if and only if g is injective (resp. surjective), it follows that f is
injective if and only if it’s surjective.

CIf (@,b) = (c,d), then {{a},{a,b}} = {{c},{c.d}}). If a = b, then

{ta}, {a. b}} = {{a}. {a,a}} = {{a}. {a}} = {{a}}, so that {{c}, {c, d}} must
have just one element. Hence, ¢ = d and {{a}} = {{c}}, so that a = ¢ and then
a = b = c = d. The case a # b can be treated analogously, and will be left to
the reader.

For the first part, if B = BiU...UBy,a € A and b € B, show that the ordered
pair (a, b) belongs to the left hand side if and only if it belongs to the right hand
side.

By induction, if k < n and |A] X -+ X Ag| = ]_[1;:1 |Aj|, then

[Ap X - X A X Ag1] = 1(A1 X -+ X Ap) X Apqal
=[Ap X -+ X Ag| - |Agg1]

k+1

k
= [T14;1 141l = [T 14;1.
j=1 j=1

Now, observe that Proposition 1.6 deals with the initial case.

If A = {ai,...,a}, then, for a fixed integer | < i < n, there are exactly
k possible choices for an index 1 < j < k such that a; € A;. Now, use the
fundamental principle of counting.

After n moves, the paws will be at a point (a, b) such thata = x1+x2+- - -+x,
andb =y +y»+ -+ yu, where x;, y; € {—1, 1} for | <i < n. Hence, we
have (i) —n < a, b < n and (ii) a and b have the same parity of n (this is, either
a and b are odd, if n is odd, or even, if n is even). Now, first certify yourself
that any point (a, b) satisfying conditions (i) and (ii) can be a final destination
of the pawn; then, use the fundamental principle of counting to show that there
are exactly (n + 1)? of such points.
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10. For item (a), if (ay, ..., ax) is such a sequence, then aj,...,ar € {j,j +
1, ..., n}, so that there are exactly n — j + 1 possibilities for each a;; then, apply

11.

the fundamental principle of counting. For item (b), observe that the set of the
wished sequences is the difference between the set of the sequences considered
in item (a) and the set of the sequences of k elements of I, (possibly with
repetitions) such that the smallest term of the sequence is greater than or equal
to j + 1. Finally, by item (b) the sum of item (c) is equal to Z’}zl j(n—j+
DK — (n — j)¥); verify that such a sum equals 1% 4+ 2% ... 4+ »k,

For k > 3, let I be an odd integer such that 1 < [ < 2k=1 _ 1. For each of
these I'’s,let A; = {2'1 € A}, so that

2k=1—1
A= J ajupt 2 s 2k,
1=1

with the index I varying over the set of odd integers from 1 to 2¢=! — 1. From
this, conclude that if we wish a subset X C A with the stated property to have
the greatest possible number of elements, then: (i) {2]‘_1 1,2k 143 2k
1} C X; (ii) for each odd integer 1 < I < 2k=1 _ 1, at most half or |half| + 1
of the elements of Ay can be in X. Then, refine the analysis in (ii), showing that
ifa € Nand I > 3 is an odd integer satisfying 2¢ < I < 29%!, then at most
L]%_lj + 1 elements of A; belong to X. From this, conclude that X has at

most
k=2
k k—a—1
S=22 412141 el 2 — |4
+{2J+ +;4 5 +

elements. Finally, separately consider the cases k even and k odd to show that
S o 2k+l+(7l)k
="

Section 1.2

1.

2.

Exhibit a bijection from the family of the subsets of I, containing n to the family
of subsets of 1,,_1.

For each x € A, show that there are 2" — 1 ways of choosing the subsets A;
which contain x.

. The n straight lines pairwise intersect at (g) = "(”—2_1) distinct points. Choose a

line » which is not parallel to any straight line passing through two of these (;)
points. There are two kinds of regions: those which possess a highest point with
respect to r—which is necessarily one of the (g) points of intersection of two
of the n given lines—and those which do not possess a highest point. Show that

there is a bijection between the regions of the first kind and the set formed by the
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(;) points; then, show that there are exactly n + 1 regions of the second kind, so

that the total number of regions is equal to @ + m+1).

4. For item (a), consider the family of subsets of I,, containing #. For item (b), let
be an intersecting system in /,, and denote by F. the family F, = {A¢; A € F}.
Note that | F.| = |F]|, F U F. = P(I,) and show that F N F. = @.

5. For item (b), for 1 < i < n let a; be the number of sets in Z,, which have i as
central element. Item (a) gives a; = a,+1—;. Hence,

n n
2 c(d) =) ity (n+1—iapr
1 i=1

A€, i=

n n
= Ziai +Z(n+ 1—1)a;
i=1 i=1

=Y +Da=w+1)) a
i=1 i=1

=m+ D) =m+1)-2""L

6. For item (a), start by showing that, for and integer | < k < n — 1, there is
a bijection between the partitions of n having k as one of its summands and
the partitions of n — k. From this, conclude that the contribution of k to g(n)
equals p(n — k). For item (b), show that if k is the greatest possible diversity
of a partition, thenn > 1 +2 4 --- 4+ k, so that k < V2n. Then, notice that
q(n) < kp(n).

Section 1.3

1. Show that there are exactly a,,+3 ways of writing n+4 as a sum of summands 1,
3 or 4, with at least one of these summands being equal to 1; make an analogous
reasoning to deal with a,41 and a,,.

2. For an integer n > 3, let a, be the number of diagonals of a convex n-gon, so
thata; = 0.Let AjAy ... Ay Ax+1 be aconvex (k+1)-gon, sothat AjA; ... Ax
is a convex k-gon. Counting the number of diagonals of A1As ... AxAr+1
departing from Ay, show that ax41 = ar + k — 1.

3. For item (a), consider a tiling of a 2 x (k + 2) checkerboard, and look at the
possible ways of filling its upper right 1 x 1 square with a domino. For item (b),
compute a; = 1, ap = 2 and, then, apply the results of Chapter 3 of [8].

4. Adapt, to the present case, the solution of Example 1.17.

5. Foritem (a), fix an element x of A and let A’ = A\ {x}. Start by showing that, if a
subset B of A has an even number of elements, then there are two possibilities:
(i) x ¢ B, so that B is a subset of A’ with an even number of elements; (ii)
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x € B, sothat B\ {x} is a subset of A’ with an odd number of elements. Then,
show that the correspondence B +— B\ {x} establishes a bijection between the
family of subsets of A which contain x and have an even (resp. odd) number of
elements and the family of subsets of A’ with and odd (resp. even) number of
elements. For item (b), recall that a,, + b, = 2".

. More generally, let f(n, k) denote the number of ways of choosing k noncon-

secutive chairs out of a row of n chairs. Show that f(n, k) = f(n—2,k— 1)+
f(n — 1, k), then use such a recurrence to conclude that there are exactly 56
ways of choosing the three chairs.

. For (a), assume we have k + 1 disks piled at the leftmost rod. We obviously

need at least @y movements to pile the k upper disks at the central rod; an extra
movement puts the larger disk at the rightmost rod; finally, at least more ay
movements move the k disks from the central to the leftmost rod. This amounts
to a total of at least 2a; + 1 movements, so that ax1 = 2ay + 1. For (b), either
make induction on n or note that a1 + 1 = 2(ax + 1), taking into account that
ap = 1.

. For item (b), note that there are two kinds of partitions of [, into k + 1

nonempty, pairwise disjoint subsets: those in which {n 4 1} is one of the sets
of the partition—there are exactly S(n, k) such partitions—and those in which
n + 1 belongs to a set of the partition having at least two elements—there are
exactly (k+1)S(n, k+ 1) such partitions. Note that item (c) asks us to compute
S(7, 3), for which we can use the recurrence relation of item (b), together with
the results of (a).

. Let a, denote the number of desired sequences, and b,, the number of sequences

of n terms, all of which equal to 0, 1, 2 or 3 and having an odd number of 0’s.
Argue recursively to show that a, = 3a,—1 + b,—1 and b, = a,,—1 + 3b,,—1 for
all n > 2. Then conclude that a1 — 6a; + 8ax—; = 0 for every k > 2 and
compute a; = 2, a = 1 + 3> = 10. Finally, apply the result of Problem 5,
page 79.

For item (a), use the fundamental principle of counting to show that there are
exactly 3 - 2"~ flags with n strips, for every integer n > 1. For item (b), start
by observing that a; = 0 and a; = 6; then, show that, for n > 1, there is a
bijection between the set of flags with n + 1 strips in which the first and last
strips have equal colors and the set of flags with n strips in which the first and
last strips have distinct colors; finally, use the result of item (a). For item (c),
use the result of (b) to show that a,+> = a,+1 + 2a, for every n > 1; then,
solve this recurrence relation.

For item (b), let A be a minimal selfish subset of I,, containing n. Note that
1 ¢ A (for, otherwise, A wouldn’t be minimal) and A # {n}, I,,. We claim that
the set A’ = (A\ {n}) — 1 is a minimal selfish subset of I,, ;. To check this, note
first that A" C I,,_»; on the other hand, |A’| = |A| — 1 and, since |A| € A, we
have that |[A| — 1 € (A — 1) C A’. Thus, A is a selfish subset of I,,_5. In order
to show that A’ is minimal, assume that there would exist B’ C A’ such that
B’ # A’ and B’ was selfish. Then, prove that B = (B’ + 1) U {n} C A would
be a selfish subset of 7, containing n. Use the minimality of A to conclude that
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B = A and, hence, that B’ = A’, which is an absurd. Analogously, given a
minimal selfish subset B of I,,_», prove that (B 4 1) U {n} is a minimal selfish
subset of 7,,. For item (c), if a, denotes the number of minimal selfish subsets
of I, it follows from items (a) and (b) that a,, = a,—1 + a,—» for every integer
n > 2. Now, verify that a; = a» = 1 and conclude that a, = F, for every
n>1.

For item (a), note that there are three distinct types of nonempty subsets of Y:
the nonempty subsets of X; the sets AU {m}, where A C X is nonempty; the set
{m}. Then, write ay as a sum with three summands, each of them corresponding
to the subsets of one of these three types; while doing this, note that if A C X
is nonempty, then w (A U {m}) = w(A)m. Item (c) follows from (b), together
with a straightforward induction.

For item (a), adapt to the present case the hint given to the item (a) of the
previous problem. To this end, note that if # % A C X, then 6 (A U {m}) =
o(A)+mand 7 (AU {m}) = m(A)m. Item (c) follows from item (b) by an easy
induction.

Let Jo = {1} and, for every natural k > 1, let Jy = {2¥=1 4+ 1, ..., 2}. Show
first that, for every k, there exists a good set By C {1,2,3,..., 2"} such that
| Bx| = by and Ji C By, i.e., By N Jy = Ji. Since By is good and By N Ji = Ji,
we must have By N Jr—1 = @. Now, let Xx_» = By N {1,2,3, ...,2"’2}.
Clearly, every subset of a good set is also a good set; therefore, X;_» is good.
Conclude from this fact that by < bg_p+2%"1. Then, taking a good subset Yi_»
of {1,2,3,...,2¥ 2} and looking at Ys_» U Ji, show that by > by_o + 2K~ 1.
For item (b), use the recurrence relation of item (a), together with telescoping
sums (cf. Chapter 3 of [8]), to get b, = 2n+|++1)n

Section 1.4

b

For item (a), expand the products in (x + y)" = (x + y) ... (x + y) (n factors
equal to x +y) and note that the monomial x" % y* appears as many times as the
number of ways of choosing a subset of k elements from the set {1, 2, ..., n}.
Then, generalize such an argument to get the result of item (b).

Letx; =---=x; = 1lin (1.12).

Notice that each (nonordered) partition of a set A of n elements into k nonempty
subsets gives rise to k! ordered partitions of A into k nonempty subsets.

. If a; is the only local maximum of a permutation (a1, az, ..., a,) of I,, then

aj = n. Now, show thata; < --- < aj_1and ajy; > --- > ay, so that it
suffices to choose the set {a1, ..., a;_1}. Finally, observe that j may vary from
1 to n.

. Show that each 6 of the n given points determine a single triangle satisfying the

given conditions.
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10.

11.

Firstly, show that the total number of subsets with an even number of elements
equals )"~ (5;)- Then, use item (b) of Corollary 4.25 of [8].

If exactly 2k terms of the sequence are 0’s, show that there are exactly (Zk)
sequences, so that the total number of them is ) ;- (2k) 372k Now, note that

N EEEN(ESRI A
* % g ((2’2)3’1_% - <2k’:- 1)3HH>

1 n n_l n n
:E((3+1) +(3—1))_2(4 +2").

3n— —2k

Consider a sequence (ay, ..., ay4+k—1) of n + k — 1 terms, with kK — 1 of them
equal to O and the other n equalto 1, andlet 1 <ij < ... <ip_1 <n—k+1
be the indices of the former ones. There are x; = i; — 1 > 0 terms that come
before g;, (which is the i-th one), x, = ip —i; — 1 > 0 terms between a;,
and a;,, ..., xx = (n — k + 1) —ix—1 > O terms that come after a;, ,. Since
all of these are equal to 1, and there are exactly n terms equal to 1, we get
X1 + - -+ + xx = n. Thus, starting from a sequence (ay, ..., d,+k—1) as above,
we get a solution, in nonnegative integers, of the given equation. Conversely,
given a solution x; = ji, ..., Xx = Jjx in nonnegative integers of the equation,
we can form a sequence (a1, . .., a,+k—1) as above, letting the terms of indices
Ji+L jg+p+2, j1+j+- -+ jk—1+ (k—1) be equal to 0 and the remaining
ones be equal to 1. Therefore, by the bijective principle we only need to count
the total number of such sequences, which is rather simple: it suffices to choose
a subset of k — 1 elements of the set of ;14— and, then, to impose that all the
terms corresponding to the chosen indices are equal to 0, while the remaining
ones are equal to 1. Proposition 1.26 gives ("',ff?l) exactly different choices.
Ifyy =x;—1forl <i <k,theny; > 0Oand y; +---+ yx =n — k. Now,
apply the result of the previous problem.

For item (a), if A = {ay, ..., ax} C I, is a set without consecutive elements,
letx; =a1 — 1, xky1 =n—arandx; =a; —aj_1 —2for2 < j < k. Then,
x;j>0forl <j<k+1,and

k+1
> ok —<a1—1>+Z(a,—a, 1=2)+ (n—a)
j=1 j=2

=(@ -+ (@ —a —2k—=1)+n—a
=n—2k+1.



536

12.

13.

14.

15.

22 Hints and Solutions

For item (b), leta; = x; + 1 and a; = Z{lei +2(j—1)for2 < j <k
Then,ay > 1,a; —aj_; > 2forl < j <k and

k k

n—a =n—Zx,~—2(k—1)=(n—2k+1)—2x,-+1=xk+1+1z 1;

i=1 i=1
hence, a solution of equation f:ll x; = n—2k+1 in nonnegative integers gives
rise to a k-element subset of [, satisfying the conditions of Kaplansky’s first
lemma. For item (c), the bijective principle, together with the results of items
(a) and (b), guarantees that it suffices to count how many are the nonnegative
integer solutions of equation x| + - - - + xg+1 = n — 2k 4 1. This follows from
Problem 9, which shows that there are exactly (("_Zk: D +k) = ("_ll§+l) such
solutions.
Letting A C I, be such a set, there are two possibilities: (i) 1 € A or (ii)
1 ¢ A.Incase (i), A\ {1} has k — 1 elements, no consecutive elements and must
be contained in {3, 4, ..., n — 1}; apply Kaplansky’s first lemma to conclude
that there are (";f?l) such sets. In (ii), A can be any k-element subset of
{2, 3, ..., n} without consecutive elements; apply Kaplansky’s first lemma to
conclude that there are (";k) such sets. Finally, add possibilities.
If A={ay,...,ar}and f(a;) = x;, then (1.13) gives x| + - - - +x; = n. Now,
apply the result of Problem 10.
LetA=1{1,3,5,...,2n—1}and B ={2,4,6,...,2n},sothat [, = AUB,a
disjoint union. Let F be the family of subsets of I3, with equal numbers of even
and odd elements, and let P be the family of subsets of I3, with n elements.
Show that X — (X N A) U (B \ X) establishes a bijection between F and P.
Then, conclude that |F| = |P| = (Zn")
For A C I, Problem 2, page 13, shows that there are (2" — 1)“‘” sequences
(Aq, ..., A,) of subsets of I,,, such that A{U...UA,, = A.Now, for0 < k < m,
we know that I,,, has exactly (’IZ’) subsets A having k elements. Hence, letting S
denote the desired sum, we get

Z Z [AjU...UA,|

ACIy A1U...UA,=A

Z Q" — 1)‘A‘|A| — Z <’Z>(2n _ ])kk

ACly k=0

m@ -1y (’Z__ 11)(2" — k!
k=1

=m@2" - D[l + Q2" - D"

S

=m@2" — 1)2"m=D,
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16. Let (i, j) be an ordered pair of distinct integers chosen from 1, 2, ..., n. Note
that there are (n — 2)! permutations (aj, az, ..., a,) of {1,2, ..., n} in which
a; = i and ap = j, and these contribute with (n — 2)!(i — j)2 for the sum
Za Ss. However, the same pair (i, j) gives this same contribution when a; =
i and ary; = J, for some k from 1 to n — 1. Therefore, (i — j)> appears
(n—1)(n —2)! = (n — 1)! times in the sum ) _ S It thus follows that

D S =) (n—Dli - j)%
o @)
and the average value of S, equals
A—lZS = iZ(n—l)!(i— ')2—12(1'— )?
T on! 77 nl 4 ' / n 4 7
o @.J) @.J)
In order to compute the last sum above, note that

%Z(z‘—j)z =%ZZ(1’—1)2 = %ZZ(#HZ—%)

@) i=1 j=1 i=1 j=1
1 B n n n n n n

o DIDILED DDA IP I

| i=1 j=1 i=1 j=1 i=1 j=1

n

B n n n
_! nZi2+an2—2<Zi> >
| =l j=1 j=l

i=1

N

B n n 2
=% 2n2i2—2(2i)
i=1 i=1
1. nm+DC+1 <n(n+1)>2j|
n 6 2

_(n—l)n(n+1)_<n+1)
N 6 -\ 3 )

17. Fix one of the 2n + 1 given points, draw the diameter passing through it
and suppose that such a diameter leaves d of the remaining 2n points in one
semicircle, and the other 2n — d points in the other one. Use combinations to
conclude that the number of obtuse triangles having the fixed point as one of
their vertices and an acute angle at this vertex equals d> — 2nd + 2n> — n
(therefore, it is always greater than or equal to n(n — 1)). Adding over the

2n + 1 given points, conclude that there are at least (2n + 1)(;) = w
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obtuse triangles. Finally, deduce that the total number of acute triangles is at
most n(n+1)2n+1)
——

Fixed1 <i <nand0 < j <min{i — 1, n — i}, Proposition 1.26 gives exactly
(’;1) ways of choosing j elements of [, less than i and (”_.’) ways of choosing
Jj elements of I,, greater than i. Hence, the additive and multiplicative principles
guarantee that i is the central element of

2(507)

sets A € Z,,, with the above sum extending through all indices 0 < j < min{i —
1,n — i}. For the second equality of item (a), there are at least two possible
reasonings:

(i) Computing the coefficient of x'~! in both sides of the equality
(1 +x)i—l(1 +x)n—i — (1 +.X)n_l

we get, with the aid of the binomial formula,

> (506 = (20

j=0
@) If xg41 = i and A = {x1,x2, ..., X2k+1} IS as above, write A = B U
(X141} UB, with B = {x1,...,x¢} and B = {x¢42, ..., x2kq1};if B =

{i+1,i+2,...,n—1,n}\ B, show that the correspondence
BU{x41JUB+—> BUB

establishes a bijection between Z,, and the family of subsets of n — i
elements of I, \ {i}. Since |I, \ {i}| = n — 1, use Proposition 1.26 to
conclude that i is the central element of (Z:zl) sets in Z,,.

The rest of the proof follows immediately from the lines’ theorem of Pascal’s
triangle (cf. item (a) do Corollary 4.25 of [8]):

S -5 ()

AeT, i=1
n n
n—2 n—1
=mn-1
(n );<i—2>+;(1’—1>

=mn—1-2"242" 1 =(m+1).2"2
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For item (a), if f does satisfy the given conditions, then it is clearly injective,
for f(x1) = f(x2) = f(f(x1)) = f(f(x2)) = x1 = x2. Now, it follows
from the result of Problem 4, page 7, that f is a bijection. Assume that f has k
fixed points. Fix a € I, such that a is not one of them and let b = f(a). Then,
b # a and f(b) = a. Thus, we can group the remaining n — k elements of 7,
(all but the fixed points of f) in pairs (a, b), with b = f(a) and a = f(b),
which implies that n — k must be even. For item (b), let 0 < k < n be such

that n — k is even. For each choice of k elements xy, ..., x; € I,, and for each
partition {{ay, b1}, ..., {a;, b;}} of the remaining n — k elements of I,, there
obviously exists a single function f : I, — I, having x, ..., x; as its fixed

points and satisfying f(a;) = b; and f(b;) = a; for 1 <i < [. Observe that
f(f(x)) = x for each x € I,. For item (c), once fixed 0 < k < n such that
n — k is even, there are (’IZ) ways of choosing k elements of I, to be the fixed
points of f. In turn, the number of ways of partitioning the remaining n — k

elements of [, into disjoint 2-element sets is equal to

n—k—2 2 (n—k)!
SRR
Hence, the multiplicative and additive principles assure that the number of
functions we wish to count is equal to the given number.

Let |F| = k. Toeach A = {a, b, c} € F, associate its 2-element subsets {a, b},
{b, c} and {c, a}. The condition given in the statement of the problem assures
that each 2-element subset of 7, is associated to at most one of the sets A € F.
Thus, 3k < (g), which gives us the desired inequality.

For each 1 < i < n, choose B; C A; such that |B;| = k. The assumption
|[AiNAj| <k-—1forl <i < j < n guarantees that the correspondence
i = B; is injective; indeed, if 1 < i < j < n are such that B; = B; = B,
then [A; N Aj| > |B| > k. Now, {B1, ..., By} is a family of pairwise distinct
m-element subsets of A, so that Proposition 1.26 gives n < (’Z)

For 1 < k < n, we let mj denote the number of P;’s which contain ay; conclude
that my + --- +my, = 2n. If F is the family of sets {F;, P;} such thati # j
and P; N P; # , use the given conditions to show that |F| = Y7, ().
Now, consider f : F — {P1,..., P} such that f = ({F;, P;}) = P, with
Py = {a;, a;}; conclude that f is injective, so that

and, then m% +--- ~|—m,zl < 4n. Finally, use the inequality between the quadratic
and arithmetic means (cf. problem 5.2.3 of [8], for instance) to conclude that
my=---=m, =2.
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Section 2.1

1. In each item through (a) to (d), evaluate the corresponding functions at x € A.

2. How many natural numbers from 1 to 1000 have a prime factor less than 10?

3. Use the result of Example 2.6, together with the fact that, since m < n, there is
no surjective function f : I, — I,.

4. Let Cq,...,C, be the n couples, A be the set of distinct lines of 2n
people formed with the members of the given couples (and without further
restrictions), and A; be the subset of A formed by those lines in which both
members of C; occupy neighboring positions. We wish to count the number of
elements of A \ (A; U...U A,). To this end, apply the inclusion-exclusion
principle, noting that [A| = (2n)! and [A;;, N ... N A;| = 2n — )1(2HF for

l<ii<--<ip<n.
5. For1 < j <5, let P; be the set of permutations (ag, az, . . ., ag) of I such that
(a1, ...,aj) is a permutation of /;. We wish to count [P \ U?:l P;|, where P

denotes the set of all permutations of Ig. To thisend, if 1 <ij < --- < i <35,
conclude that

[Py, NPy | =il —i)! ... (ke — ig=1)1(6 — ip)!

Finally, apply the inclusion-exclusion principle and compute the value of each
possible summand above.

6. Let A={1 <m <n; gcd(m,n) = 1}and,for1 <i <k,letA; ={1 <m <
n; pi | m}. Then,I, \ A = Ule A; and, in order to compute |A]|, it suffices

to apply inclusion-exclusion. To this end, note thatif 1 < iy < --- <i; <k
are integers, then m € A;; N ... N A;; if and only if p;, ... p;; | m, so that
[Aiy N...NA; = #.

/ iy Pij

7. Start by showing that, for ¢ € N, the number of naturals less than or equal to
n and divisible by g equals L%J Then, let Aj = {a € N; a < nand p; |
a}, and notice that the number of primes less than or equal to n is given by
n —|A1 U...U Ag|. Finally, apply inclusion-exclusion.

8. Let A denote the set of distinct partitions of n in natural summands and, for
1 < j < n,let Aj denote the subset of A formed by those partitions with at least
one summand equal to j. Then, p(n) = |A| and, for 1 <i; < ... < iy <mn,it
is easily seen that [A;; N... N A; | = p(n — 1), where [ =iy + - - - + ix. Now,
note that A = A; U...U A, and use inclusion-exclusion to get

pmy =Y (DY N p—D.
k=1

I=1 1<iy<..<ip=n

=l

Finally, on the one hand, the last summand has exactly pi () summands; on the
other, 1 <ij <...<iy <nandij +---+ i =/ imply
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10.

2
nzlzl+2+~-~+k=w> k—
2 2
and, hence, k < ~/2n and [ > %
Let A be the set of solutions (x, ..., x,) of the given equation, with x;, € Z
for1 <t <n.Forl <i < n,let A; be the subset of A formed by those
solutions (x1, ..., x,) in which x; > k. We wish to count |[A\ (A1 U...UA,)|;

to this end, apply inclusion-exclusion, recalling (cf. Problem 9, page 29) that
|A] = ('"+”_1) and showing that

n—1

m—jk+1)+n—1
|Ailﬂ...ﬂAij|=< / >

n—1
for 1 < iy < --- < ij < n. For this last computation, observe that
X1,...,xs) € A;;N...N A,~j if and only ifxil,...,xij > k + 1; hence,

letting y; = x; fort #iy,...,ijand y; =x;;, — (k+1)for1 </ < j, we have
Viseeer Yo = 0and y; +--- + y, = m — j(k + 1); now, apply once more the
result of Problem 9, page 29.

For the first part of (a), note that there are 2 ways of choosing n pairwise
nonadjacent chairs, and after that there are n! ways of distributing the men
in them. For (c), note that if Ay;_; N Ay was not empty, then w; should
simultaneously sit in chairs i — 1 and i; also, if Ay; N As;4+1 was not empty,
then w; and w; 4 should both sit in chair i. Item (d) follows from the fact that,
for every intersection of the form A;, NA;,N...NA;,, exactly k of the n women
have their positions entirely determined, whereas the n — k remaining ones can
be permuted in any desired way. Finally, for (f) apply the inclusion-exclusion
principle.

Section 2.2

Sl o

Explicitly write the summands at both sides.

Note that both sides count the number of subsets of a set having n elements.
Adapt, to the present case, the idea used in the proof of Example 2.9.

Start by choosing k odd elements and k even elements; then, use Lagrange’s
identity.

Let P, P, ..., P11 be the patrols and &1, ha, ..., hy, be the volunteers. Define
a function

folh, ..o b)) = {P, P 1 <i< j<11}
by letting

f(hi) ={Pj, P} & h; enters Pj and Px.
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The conditions given immediately assure that f is a bijection, so that there are
as many volunteers as 2-element subsets of the set of the 11 patrols. Thus, there
are n = (121) = 55 volunteers. Now, let A be the set of ordered pairs (h;, P;)
such that #; € P;. Since each of the 55 men enters exactly two patrols, A has
exactly 2 - 55 = 110 pairs. On the other hand, if & is the number of members in
each patrol, then P; is the second entry of exactly k ordered pairs in A (those
whose first entries are the k members of P;); however, since there are precisely
11 patrols, it follows that A has 11k ordered pairs. Therefore, 11k = 110 and,
hence, k = 10.

Show that both sides of the desired equality count the total number of fixed
points of all permutations of I,.

. Letay, as, ..., ay be the initial terms of the arithmetic progressions, and n >

ai, ..., a, anatural number. Let’s count the number of elements of I, in two
different ways, the obvious one being |I,,| = n. For the other one, assume that
the arithmetic progression of initial term a; and common ratio d; has exactly k;
terms in [, so that Z;-"zl di =nanda; + (k; — 1)d; <n < a; + k;d; or, which
is the same,

n—a; n —ai

+ 1.

<ki<
i i

Adding all such inequalities for 1 < i < m, we conclude that

m m
Zn_ai n_ai+
<Vl<2 m
4 L,
i=

i=1

or, which is the same,

21 1’"a ’”1 l &a m

i=1 "

Finally, let n — +o0to get ) /| d =

Associate 0 or 1 to each line segment which is a side of a smaller triangle,
according to whether its vertices have equal or distinct labels, respectively;
then, associate to each smaller triangle the sum of the numbers associated to
its three sides. Now, observe that the number associated to any smaller triangle
is equal to O, 2 or 3, being equal to 3 if and only if the corresponding triangle
is labelled as ABC. Finally, use double counting to show that the sum of the
numbers associated to the smaller triangles is always odd.

Let x denote the desired number of commissions and y the total number of the
remaining ones. Firstly, note that x + y = 4060. Now, fix an arbitrary senator
and show that he/she enters exactly 268 commissions in which the other two
members are both his/her friends or enemies. Finally, use double counting to
conclude that 3x + y = 30 - 268.

Let AjAs ... A, be the n-gon, A,A> NA1A3 = {X}and AyA4 N A3A5 = {Y};
choose the following n — 2 points: a point B in the interior of AjA>X, a point
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C in the interior of A3A4Y and, for 5 < j < n, a point in the interior of
ArA3A;NA;_1AjAj 1. With the aid of the fundamental principle of counting,
show that the total number of triangles formed by three vertices of the n-gon
and containing one of the chosen points is equal to

2=+ Y (=N —j+2) = (’;)

J=5

Section 2.3

1. For item (a), we leave to the reader the task of showing that ~ is symmetric. For
the reflexivity, let @ € A be given; since F is a partition of A, there exists B € F
such that a € B. Therefore, a,a € B or, which is the same, a ~ a. Now, let
a,b,c € Abesuchthata ~ b and b ~ c. There exist B, C € F such that
a,b € Band b, c € C. However, since F is a partition of A and B N C # @ (for,
b € BN C), we conclude that B = C; therefore, a ~ c. Finally, for a € A, take
the set B € F for which a € B. Then,

a={xe€eA; x~a}={x€A; x,aeC,3C e F}.

Invoking once more the fact that F is a partition of A, we conclude that B is the
only element of F to which a does belongs. Thus,

a={x €A, x € Bl =B.

The analysis of item (b) is quite similar to that of (a) and will also be left to the
reader; we notice that, in this case, if B is a finite set, then there are exactly | B|
distinct equivalence classes.

2. A~ A, for A = A+ 0modulo 3. If A ~ B, with B = A + j modulo 3, then
B ~ A, with A = B 4 (3 — j) modulo 3. Finally, if A ~ B and B ~ C, with
B = A +i modulo 3 and C = B + j modulo 3, show that C = A + k modulo
3, where 0 < k < 2issuch thati + j = k (mod 3).

3. If the involved sets were to be chosen in a specific order, then there would be
exactly (b“b b) = EaTb))a! distinct ways of partitioning the set as prescribed. Since
the choice is actually unordered, we have to divide by a!.

4. For item (b), use the result of (a), together with Proposition 2.16 and the
definition of Stirling numbers of second kind. For item (c), use the result of (b),
together with that of Example 2.6.

5. Firstly, note that there are exactly m” — m non monochromatic sequences of
p beads, each bead being of one of the m given colors. Apply the equivalence
relation (2.16) to such sequences (with p in place of n) to conclude that there are

exactly ’"pp_ " distinct and non monochromatic necklaces. Since there are exactly
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m monochromatic necklaces, there is nothing left to do in order to establish the
first part. For the second part, it follows from the first that p divides m? —m =
m(mP -1 1), for every m € N. It now suffices to assume that p { m, using the
remarks that precede the statement of the problem to conclude that p | (m?~! —
1).

6. In the set F of aperiodic sequences of size n, let ~ be the relation defined
by setting (x1, x2,...,%,) ~ (¥1,¥2,...,yn) if and only if there exists 0 <
k < n — 1 such that y; = Xi{k(modn), for 1 < i < n. Show that ~ is
an equivalence relation, with respect to which each equivalence class contains
exactly n sequences. Then, apply the result of Proposition 2.18.

7. Apply Bollobas’ theorem, together with the fact that (Ln72j) is the largest
binomial number with numerator equal to 7.

8. For the first part of (a), show more generally (by induction, for instance) that if
f (m) = 1d for some m € N, then f is injective, hence bijective (thanks to the
result of Problem 4, page 7). The second part of (a) follows from the associativity
of composition, together with the fact that £/) is a bijection for every j € Z (so

thata = fO(b) = b= (f(j))_l(a) = £/ (a)). For the first part of (b), let

a={... "2, f“V,a, f@, fPa),...)

be an equivalence class of ~ with more than one element, so that f(a) # a. If
j > 1is the smallest integer such that ) (a) = a (by assumption, f ") (a) = a,
thus such a j does exist), write p = jg + r, with 0 < r < p, and use the
minimality of j to conclude that » = 0; then, show that j = p. Conclude
thata = {a, f(a), f®(a), ..., fP~V(a)}. The second part of (b) now follows
from the first part, together with the fact that the equivalence classes form a
partition of I,. Item (c) follows from the fundamental principle of counting,
together with the fact that, given pairwise distinct elements ay, az, ...ap € I,
there are exactly (p — 1)! possibilities for the restriction of f to {a1, a2, ...ap},
such that f({ay,az,...ap}) = {a1,a2,...a,} and none of ay, az,...a, is a
fixed point. Indeed, in this case there exists a € I, for which {a1, a2, ...a,} =
{a, f(a), ..., fP~D(a)}; however, since f?) (a) = a, the number of desired
bijections from {aj, az,...ap} to itself amounts to the number of circular
permutations of these numbers, i.e., (p —1)!. Finally, for (d), once fixed an integer
0 <k <nsuchthat p | (n — k), there are (Z) ways of choosing k elements of
I,, to be the fixed points of f. In turn, the number of ways of partitioning the
remaining n — k elements of I, into disjoint p-element sets is equal to

n—k n—k—p P\ _ (n—k)!
) . ) ») = pu R
Hence, the multiplicative and additive principles assure that the number of
functions we wish to count equals the given number.



22 Hints and Solutions 545

9. For item (a), show that if A, B C I, are distinct subsets with k > % elements
each, then AN B # (. For item (b), take F as the family of subsets of 7, formed
by the k-element subsets of I,, which contain n. For item i., fix A € F compatible
with o’; we can assume, without loss of generality, that A = {aj, ..., ar} and
o = (ay,...,0k, k+1, - - -, ap). Group the remaining k-element subsets of [,
which intersect A and are compatible with o in appropriate pairs. Then, use the
fact that F is an intersecting family to conclude that there are at most other
k — 1 sets in F which are still compatible with o. For ii. assume, without loss

of generality, that A = {xy,...,xx} and 0 = (ay, ..., ak, Ak+1, - - -, ay), With
{x1,...,xx} ={a1, ..., ar}. Finally, for iii. use double counting.

Section 2.4

1. Let S, be the set of sequences a = (ay, ..., a,), witha; € {0, 1} for 1 <i <n,

and P(n) be the family of parts of I,,. Fora € S, let f(a) € P(n) be given by
f(a) = {1 <i < n; a; = 1}. Now, check that the function f : S, — P(n)
thus defined is a bijection that preserves metrics, in the following sense: if d is
the Hamming metric in S, and d’ is the metric of symmetric difference in P (n),
then d(a, b) = d'(f(a), f(b)) foralla,b € S,.

2. Use the hypotheses to show that 7 = [, ¢ B(x;3), a disjoint union, and
|B(x;3)| = (g) + ('1') + (g) + (';) for every x € S. Then, conclude from
(b) that |B(x;3) N'S| = 1 for each x € T and, letting k = %, show that
3.2%=2 = k(2k? — 3k +4). In order to solve such an equation, start by showing
that 3 | k; then, write k = 3/ and conclude that / < 4 and, hence,l = 4,k = 12
and n = 23.

3. Adapt, to the present case, the discussion of Example 2.29 and the hint given to
Problem 20, page 32.

4. Let P(n) be the family of subsets of I,,, furnished with the metric of symmetric
difference. Show that, for 1 < i < k, the balls B(A;; r) are pairwise disjoint.
Then, use (2.20), together with the fact that B(A1;7) U...U B(Ag;r) C P(n).

5. Firstly, if A and B are the sets of members of two of the 1997 subcommittees,
note that the set of people who participate of exactly one of these subcommittees
is AAB, so that |JAA B| > 5. Now, apply the result of the previous problem.

6. Let x1, ..., x, be the sequences in the dictionary and d the Hamming metric
(with O standing for big and 1 standing for small). Show that

|B(x1;4)U...UB(x,; 4)| = 2°*.
Moreover, for 1 <i < j <n,ifx € B(x;;4) N B(xj; 4), show that d(x; x;) =

d(x;xj) = 4 and d(x;; x;) = 8. Use this fact to show that x belongs to at most
six of the balls B(x;; 4) and, then, conclude that
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24 24 24 24 1/24
[B(x1;4)U...UB(xp: )| < <<0>+(1>+(2>+<3)+5<4)>”

= 4096n.

Section 3.1

1. Termwise differentiate both sides of (3.2) and, then, substitute x = 1. Note that
Theorem 3.4 justifies such a procedure.

2. For item (a), argue as was done for the Fibonacci sequence. For items (b) and (c),
apply the result of (a), together with (3.4).

Section 3.2
1. Make induction on k > 2, the initial case k = 2 being given by Proposition 3.3.
2. Apply Theorem 3.4 k — 1 times, starting from ﬁ = D ,>0X". Alternatively,

expand (1 — x)_k with the aid of the binomial series.
3. For item (c), it follows from (b) and from (3.5) that g’(x) = anl(—x)”_1 =

o for x| < 1. Hence, f'(x) = g'(x) and £(0) = g(0), so that f(x) = g(x)

for x| < 1.
4. For item (b), it follows from the Fundamental Theorem of Calculus that

an n+1 * 4
E X =Fx) = F'(t)dt
n -+ 1 0

n>0
= 1)dt = n”dl‘.
fo f(tdt fo > ant

n>0

5. Start by showing that, if ¢ > |a1|, +/]az[, X0, where xo = % (|u| +u? —|—4|v|),
then |a,|] < ¢q" for every n > 1. Fix such a ¢ and conclude that the

generating function ) ;. ; arx* converges in the interval (— %, %) , thus defining
a differentiable function f : (— [ll, %) — Rby f(x) = Zkzl akxk. Use the
recurrence relation satisfied by the sequence (ax)x>0 to write

flx) = Zakxk =ajx + a2x2 + Zakxk

k>1 k>3

=a1x + a2x2 + Z(uak_l + vak_z)xk
k>3

=aix + a2x2 +ux Zak_lx/“l + vx? Zak_zx’“z
k>3 k>3

=ajx + a2x2 F+ux(f(x) —aix) + vxzf(x).
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Conclude that

arx + (ap — ual)x2

T = = e = o
1

for |x| < min{%, Tl IP%I}’ where o and $ are the roots of x2—ux —v=0.1If

a # f, show that there exist unique real constants A and B for which f(x) =
lééx + 1f§x- Then, expand ﬁ and ﬁ in geometric series to get

f) =) Ak 4 BBk,

k>1

Finally, compare this last expression with the fact that f(x) = ) ., aix* to
obtain q; = Aak1 4 B,Bk’l, for every k > 1. If « = B, argue similarly. This
problem is the content of Theorem 11.45 of [8]; further details can be found
there.

6. Use the formula for the number of derangements of 1, together with (3.8) and
the triangle inequality to get

n! (— D)k 1

—Zl=n E - 7 VE —

d, p _n.’ T ’511. ik
k>n k>n

Then, estimate

d—”—!)— ! (1+ Ly ! +o)
"oel T (n+ 1) n+2 (m+2)n+3)

1 1 1
1 )
<n+1< tor2t T

1 n+2 1

_— < —.
n+1 n+1 n

Section 3.3

1. Letting f(x) = Y = axx¥, we get

fx) = Zakxk =X Zakxk_l =x Zak+1xk

k>1 k>1 k>0

=2 +x Y (ax + (k+ D)k
k>1

=2x +xf(x) +x Z(k + 1)xk
k>1

=2x +xf(x) +xg'(x),
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with g(x) = Zkzl xk = 1= for [x| < 1. Use such a relation to obtain a closed
expression for f(x), valid for |x| < 1, expand this expression as a power series
and obtain the desired formula for a; as a function of k.

2. For item (b), we have

@) =14 a" =14 apx""!

n>1 n>0
=14 Qay +n)x""!
n>0
=14+2f()+ Y (n+2x"H =2 " xH!
n>0 n>0

=1+ 2xf(x)+ g (x) —2g(x),

with g(x) = 1xTx For (c), reduce the sum at the right hand side to a single
denominator and, then, compare the coefficients of the numerators at both sides
to obtain a linear system of equations in A, B and C. Finally, for item (d), use
the result of Problem 2, page 78.

3. We want to compute the coefficient of x” in the product

O =@ +x> 4+ ) x>+,

with k factors x + x% 4 - - - = %= (for |x| < 1).
4. We want to compute the coefficient of x2° in the product

A+x+x? 4+ )@+ + A +x+x2+ )L +x +x7 4+ x7).
Letting f(x), for |x| < 1, denote the above expression, we have
f) =x*A4+x+x> 4+ PA+x+x2++x7)

2 3 4 9
=" 4+x"+x"+ +x7) TS
Now, use the result of Problem (2), page 78.
5. For (a) and the first part of (b), apply the multiplicative and additive principles.
For the coming problem, the reader may find it convenient to read again the
paragraph that precedes Example 1.15.
6. For item (a), start by observing that if

n=14+14 -+ 14242+ +2+434+3+4... 43,

k summands | summands m summands
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then n = k + 21 + 3m; conversely, any such expression for n gives rise to a
partition of n in which no summand exceeds 3. Now, note that if n = k+2/+3m,

then x” = x¥ . x% . x¥" and hence (setting ag = 1)

2 = (L) () ()

n>1
1 1 1
5

l—x 1—2x2 1—x3

if |x| < 1. Item (b) can be solved by multiplying both sides by (1 —x)(1 —x3H(1-
x3), expanding and comparing coefficients of equal powers of x; the answers are
a = %, b=c= }‘ and d = % Finally, for item (c), insert the values of a, b,
¢ and d in the right hand side of the equality of item (b) and use (3.1), together
with the result of Problem 2, page 78, to get

1 1
PreiaD DLt e RD DRSS

k=0 k>0

1 n+2\ 1 .
(1——)()3:2< 2 )X, and (]_—x)2:Z(n+1)x

n>0 n>0

Then, look separately at each of the cases 6 | n,2 | nbut34n,2tnbut3 | n,
2{nand3{n.
6. Letting dy = d; = 0, item (d) follows from

Fy =y e

= (n—-1)!
Z (n— l)fn' 1 -1 T Z (n— l)fn'—an_l
s (n—=1) = (n—1)!
_ (n—Ddp—1 ,_» dn—2 >
_x+xZ—(n_1)! X +xZ(n_2)!x
n>2 n>2

=x +xf'(x) + xf(x).

Item (e) follows the fact that fgc()ﬂl = % log ( f)+ 1). Finally, for (f) integrate
the equality in (e).

8. For item (a), the number of ways of choosing the 2aq positions of the 0’s, the a;
positions of the 1’s etc is equal to

n n—2ap\ (n—2ay—ai\ (n—2a)—a —ay _ n!
240 ai a as T Qag)laylazlaz!’
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Item (b) amounts to noticing that

Sn n _ n
Z Z (2610)‘01 'az'as'

n>0 n>1
2ag ap az as
(X e (Z e Z (X 5)
e (2agp)! 430 ap! 20 as! 4320 asz!
¥2 4 2 3
<1+§+E+ ><1+1'+§+ )
For (c), start by observing that
k k 2j
_ X (—x) x=/
ex+ex=2<—+ ):22—,
! ! !
0 k! k! =0 @n!

so that
1 X —Xx x\3 1 4x 2x
f(x)=§(e + e (") =§(e + ™).

Finally, expand ¢** and e2* in power series and compare the result with > >0 ;4’,
to finish the problem.

Section 4.1

1. Divide the given square into four small squares of side 1 each, and let them
play the role of pigeonholes. Then, notice that the length of the diagonals of
each small square is precisely /2.

2. Divide the cube into 93 = 729 small cubes, each of which having edge length
equal to 12, Such small cubes will be the pigeonholes, and have diagonals of
length _10§f , with _109\f < 2.

3. Let the pigeonholes be the intervals [% IH) with 0 </ < n, and the pigeons
be the fractionary parts of the numbers kx, with 1 < k < n — 1. Note that if
{kx} € [0, ) U= = 1) for some integer 1 < k < n — 1, then there is nothing
left to do. Else {kx} € U 1+1) for 1 < k < n — 1, and it suffices to

n’ n

apply the pigeonhole prmc1ple

Recall that the fractionary part of x € R is the real number {x}, given by {x} = x — [x]. In
particular, note that {x} € [0, 1), with {x} = 0 if and only if x € Z.
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. By contraposition, if aj <m,ay <m,...,a, < m,then

ar+a+---+ay <n~m

=m.
n n

The other case is entirely analogous.

. Let us argue as in the previous problem: since each number is a summand of

five sums of five consecutive numbers (around the circle), the total sum of all
possible sums of five consecutive numbers equals

1+15)-15
(+—) .5=40-15.
2
Since there are 15 sums of five consecutive numbers, the average value of each
one of the is % = 40. Therefore, by the result of the previous problem, at

least one of these 15 sums is greater than or equal to 40.

. Apply the result of Problem 4, counting the total number of color matchings of

corresponding sectors in disks A and B, in each of the 200 possible matching
positions.

. Consider the 51 sets {0}, {1,99}, {2,98}, ..., {49,51}, {50}. Since there

are exactly 100 possible remainders upon division of an integer by 100 (the
remainder varies from 0 to 99), the pigeonhole principle guarantees that at least
two of the 52 given numbers have remainders belonging to a single one of these
51 sets. Therefore, either their sum or their difference leaves remainder O upon
division by 100.

. Letting n be a given natural number, take as pigeons the n 4+ 1 numbers 1, 11,

111, ..., 11...1 (this last one with exactly n + 1 digits 1). Let the pigeonholes
be the remainders upon division by n,i.e.,0,1,...,n — 1.

. Given a natural number n, adapt the hint given to the previous problem to show,

with the aid of the pigeonhole principle, that n has multiples of the forms a =
33...300...0and b =77...700...0. Then, show that it is possible to choose
m € N such that either a 4+ 10™b or 10™a + b has odd sum of digits.
Condition ged(a, n) = 1 assures that none of the given powers of a is divisible
by n. Thus, we can distribute them in boxes labelled from 1 to n — 1, according
to their remainders upon division by n. If box 1 does contain at least one of the
given powers, there is nothing left to do; otherwise, the n — 1 given powers of
a shall be allocated among n — 2 boxes with labels varying from 2 to n — 1. By
pigeonhole’s principle, there exists 2 < k < n — 1 such that the box labelled k&
contains at least two distinct powers of a, say a'anda’,withl <i < Jj<n-—1.
Then, we have a' = ns + k and a/ = nr + k, for some s, € Z, and it follows
that

ai(ajfi -1 =al —d =n(t —s).

Therefore, n | a’(a/~" — 1) and, since gcd(n, a’) = 1, we conclude that n |
(a/=t = 1).
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If one of the n sums a1, a; + az, a1 +ap +as, ...,a; +ap + --- + a, leaves
remainder O when divided by n, there is nothing else to do. Otherwise, distribute
them into boxes numbered from 1 to n — 1, according to their remainders upon
division by n. Since we have n sums and n — 1 boxes, pigeonhole’s principle
guarantees that at least two sums will be in a single box. Letting a; + - - - + ax
andaj; +- - -+ag+- - - +a; be these two sums, conclude that ax + a1+ - -+a;
is a multiple of n.

Notice that each element of I, is of the form 2kq, with k£ > O and g €
{1,3,5,...,2n — 1}. Then, apply pigeonhole’s principle, with the pigeonholes
being the n odd numbers 1, 3, 5, ..., 2n — 1 and the pigeons being the n + 1
selected elements of Ip,,.

Each element u € A is of the form u = 2%13*25%37%]11%, Take, as
pigeonholes, all possible sequences (&1, &2, &3, 44, &s5), with &; = 0 or 1 for
1 <i < 5. Then, place u € A into the pigeonhole (&1, &2, @3, a4, &s) if and
only if o; and &; have equal parities, for 1 <i < 5.

By contraposition, assume that none of the 15 chosen elements is a prime. Then,
Corollary 6.36 guarantees that each one of these 15 numbers has a prime divisor
which is less than or equal to +/1998 ~ 44, 69. Now, notice that there are
exactly 14 primes less than or equal to 44, namely: 2, 3, 5, 7, 11, 13, 17, 19,
23, 29, 31, 37, 41 and 43. Since we have chosen 15 numbers, the pigeonhole
principle assures that at least two of these will be divisible by a single one of
these 14 primes and, this way, will not be relatively prime.

On the one hand, A has 219—1 = 1023 nonempty subsets. On the other, the sum
of the elements of any such subset of A is at most 90+914+92+- - - +99 = 945.
Hence, by the pigeonhole principle, at least two nonempty subsets of A, say B
and C, have equal sums of elements. Thus, B\ (BN C) and C \ (BN C) are
the subsets of A we are looking for.

IfAC{1,2,3,...,2n+ 1} is free of sums, we claim that |A| < n + 1. Indeed,
letting A = {1, 3,5, ...,2n+1}, we have |A| = n+1 and A is free of sums, for
the sum of any two (not necessarily distinct) elements of A is an even number,
while all elements of A are odd. Now, let B C A be such that |B| = n + 2; we
will show that B is not free of sums. If B = {x] < x3 < --- < x,42}, then

1 < Xp42 — Xp41 <00 < Xpg2 — X1 < 2n.

If none of these n + 1 differences x,4+7 — x; belongs to B, then all of it shall
belong to {1,2,3,...,2n + 1} \ B. However, since this last set has only n
elements, pigeonhole’s principle assures that at least two of the numbers x,, 42 —
x; are equal. This is a contradiction

We first claim that, among the n + 1 chosen numbers, there are necessarily two,
say x and y, such that |[x — y| < 2. In order to verify such a claim, it suffices to
apply the pigeonhole principle, distributing the n 4+ 1 chosen elements among
the n sets {3k—2, 3k—1, 3k}, with 1 < k < n. Now, letting x and y be as above,
assume, without loss of generality, that y > x. If y —x = 1, then4xy + 1 =
dx(x+1D+1= 2x+1)72 Ify—x=2thenxy+1=x(x+2)+1= (x+1)2.
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18. We shall show that f(n) = 2n. To this end, let
{1,2,...,2n} =CiUCU.--UC,

be an arbitrary of /() into n sets. Since from n to 2n there are n + 1 integers,
the pigeonhole principle guarantees the existence of n < u < v < 2n and
1 <i<nsuchthatu,v € C;. Takinga =2u —v>0andx =y=v—u > 1
we have

{fa+x,a+y,a+x+y}={u,v}CCj

therefore, f(n) < 2n. Now, consider the following partition of I5,_; into n
sets:

n—1
(L.2,....2n = 1} = [ k. k +n} U fn);
k=1

we shall show that the stated conditions are not fulfilled. Indeed, if
{a+x,a+y,a+x+y}={u,v} C Cr={k, k+n},

thena+x =a+y =kanda+x+y =k+n,sothatx = nanda =
k —x = k —n < 0, which is an absurd. Finally, it is enough to see that
{a+x,a+y,a+x+ y} has at least two elements and, hence, cannot be equal
to {n}.

19. For item (a), assume that the 21 squares of the chessboard have been painted.
Call a column black if it has at least two black squares, and white if it has at
least two white squares. Since we have seven columns, the pigeonhole principle
assures that at least four of them are of the same color, say (without loss of
generality) black. We can also assume that these are the first four columns
of the chessboard, from left to right. If any of these four columns has three
black squares, there is nothing left to do: it suffices to take two black squares of
another columns to get a rectangle with four black squares in the corners (see
Fig.22.1).

Otherwise, in each of these four black columns there are exactly 2 black
squares. Since in a single column there are exactly three ways of choosing these
two black squares, the pigeonhole principle assures that at least two of the four

Fig. 22.1 The first case of
item (a)
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Fig. 22.2 The second case of
item (a)

Fig. 22.3 A painting for item

(b)

20.
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columns will have two black squares in the same positions. These two pairs
of black squares in the two columns are the corner squares of a rectangle with
sides parallel to those of the chessboard (see Fig. 22.2).

For item (b), the total number of ways of choosing 2 out of 4 squares is (‘2‘) =
6. Thus, we have to paint black exactly two squares in each of the six columns,
choosing the two black squares at the columns in all six possible distinct ways
(for instance, squares 1 and 2 in the first column, 1 and 3 in the second, 1 and
4 in the third, 2 and 3 in the fourth, 2 and 4 in the fifth and 3 and 4 in the
sixth—see Fig. 22.3).
Choose any person, say A; by the pigeonhole principle, A exchange letters on a
single subject with at least L%J + 1 = 6 other people. Now, looking at these
six people, there are two cases to consider: either there are two of them which
correspond on the same subject as that of the letters they received/wrote to A—
and in this case there is nothing left to do—or any two of them correspond on
another one of the two left subjects. In this last case, repeat the above reasoning,
applying the pigeonhole principle to these six people, with any two of them
exchanging letters on one of two possible subjects.

Section 4.2

1.

Start by observing that if a square can be partitioned into k other squares, then
it can also be partitioned into k + 3 squares. Then, show how to partitionate a
square into 6, 7 or 8 squares.

. Label the rows and columns of the chessboard from top to bottom and from left

to right, from 1 to n, and let a;; denote the number written in the (i, j)-cell (i.e.,
that situated in row i and column j). If Sy stands for the sum of the numbers
written in the k2 cells of a k x k chessboard, show that
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Sp = Sp—2 + anp — ap—1,n—1-

Then, apply an inductive argument.

. Give a convex polygon AjA; ... ArAk+1, its interior is equal to the union of

the interiors of the convex polygons AjAj...A; ... ApAgs1, where the over
A; means that such a vertex is excluded. Hence, O belongs to one of these
convex k-gons, say AjAs ... Ag. Now, insert an induction hypothesis and show
directly that, for some 1 < i < k, at least one of the angles ZA; O Ay is not
acute.

. Make complete induction on the number k of sides of the polygon. For the

induction step, consider a polygon P of n vertices, and draw some of its
diagonals in such a way that no two of them intersect in the interior of P.
Assume, without loss of generality, that these diagonals partitionate P into
triangles. Fix one of the traced diagonals, say AB, and let P; and P, be the
two polygons into which P gets divided by A B. Use the induction hypothesis
to show that P; and P, possess a vertex different from A and B, which is not
incident to none of the drawn diagonals.

. By induction hypothesis, suppose we can paint k towers as described, for a

certain k < nZ2. Place k+ 1 towers in the chessboard, discard the left and upmost
tower and apply the induction hypothesis to the k remaining towers. Then, paint
the discarded tower with a color (out of the three given ones) distinct from the
color(s) used to paint the towers (if any) which are closest to and belong to the
same line or column of the discarded one.

. Suppose that the given property is true for k lines, and draw the (k 4 1)-th, say

r. Choose one of the semiplanes into which r divides the plane and maintain
the colors of all regions situated in this semiplane (even those resulting from a
division of a former region in two by r); then, change the colors of all regions
contained in the opposite semiplane (again, even those coming from a division
of a former region in two by r).

. Make induction on the number of columns of the board (independently of the

total number of lines). To this end, say that the chessboard is € blue (resp. red)
if the queen can visit all of its blue (resp. red) squares as prescribed in the
statement of the problem. For the induction step, apply the induction hypothesis
to the m x n board obtained from an m x (n 4+ 1) one by the exclusion of
its rightmost column. Upon doing this, consider three separate cases: (i) the
smaller board is blue but nor red; (ii) the smaller board is red but not blue; (iii)
the smaller board is at the same time blue and red. In case (i), if the erased
column has any blue square, then at least one of the remaining squares of the
line of this blue square is also blue; show that, this being the case, the bigger
chessboard is also blue. In case (ii), argue in an analogous way. Finally, in case
(iii), start by observing that we can assume that if any square of the erased
column is blue (resp. red), then the remaining squares of the same line of
this blue (resp. red) square are all red (resp. blue). Let the queen walk along
a diagonal of the board to show that it still is blue and red.
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For item (a), let » be a line passing through two of the n given points, say A
and B, and which is at a minimum positive distance from one of the remaining
points, say C. Argue by contradiction to show that, from the n given points, A
and B are the only ones situated on r. For item (b), use induction. The initial
case is n = 3, while the induction step is taken care of by the result of (a).

. Make complete induction on n. For the induction step, assume the desired

property to be true for 1 < n < k, with k € N, and consider 2k + 2
points satisfying the given hypotheses. Let P be the smallest convex polygon
containing such points (so that the vertices of P are some of these points).
Consider two cases separately:

(i) There are two consecutive vertices A and B of P such that A is blue and B
is red: draw A B and apply the induction hypothesis.

(i) All vertices of P are monochromatic, say red: take an edge of P and call it
B1 B>. Number the blue vertices Ay, Ao, ..., Ak, Ag+1, such that

BzEIAl < BzElAz < e < Bz§1Ak+1.
Define a function f : {1,2, ...,k + 1} — N by letting
f (i) = #(pontos vermelhos no interior de /B B1A;) + 2,

so that
2= fMH=fQ=---=f)sflk+1)=<k

(note that the last inequality comes from the fact that P has at least three
vertices, at least one of which is not interior to /By BjAg+1). Conclude
that there exists 2 < i < k such that (i) = i, trace B1A; and apply the
induction hypothesis.

Let us make induction on n. For n = 1 we can take k; = 3. Suppose the
conclusion to be true for n = [, and consider a set of m points in the space,
no four of which being coplanar and each line segment joining two of them
having one of the numbers 1, 2, ..., [, [ + 1 associated to it. Fix one of these m
points, say A, and look at the m — 1 line segments joining A to the remaining
m — 1 points. Since each one of these m — 1 segments has associated to it one
of [ 4+ 1 given numbers, the pigeonhole principle assures that, out of these / 4 1
numbers, a certain number x is associated to at least

P CEST
[+1

distinct segments. If M > k;, we can choose points Aj, Ay, ..., Ag, such that
the line segments AA; (1 < i < k;) have x associated to themselves. We now
look at the line segments joining two of the points A, A, ..., Ag,. If one
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of them, say A;A;, also has x associated to itself, there is nothing left to do:
AA;Aj will be a triangle with x associated to all of its sides. Otherwise, points
Ay, Ay, ..., Ay, will be a set of k; points in space, no four of which being
coplanar and with one of the / numbers 1, ..., x — 1, x+1,...,] 41 associated
to each of the line segments joining two of them. By induction hypothesis, we
get the existence of a triangle having the desired properties. In order to finish,
it suffices tonote that M > k; if m > (I + 1) (k; — 1) + 2.

Section 4.3

1. In each item from (a) to (d) one has to check that the corresponding relation is
reflexive, antisymmetric and transitive. For item (a), we already know that a = a;
a<bandb <aimplya = b;a < band b < c imply a < c. The verification
for (b) is quite similar, and we just point out that if ¥ and Z are subsets of X
satisfying Y € Z and Z C Y, then Y = Z. We leave item (c) as an equally
easy exercise for the reader, referring to items (a) and (b) of Proposition 6.5
(if he/she finds it necessary) for complete arguments. Finally, for item (d), the
desired properties are inherited from those of < in A.

2. Apply Mirsky’s theorem to A, partially ordered by the divisibility relation.

3. If (A, x) is a partially ordered set such that |A| = ab + 1, with a,b € N,
and ¢ = min{a, b}, then A contains a chain of ¢ + 1 elements. The proof is an
easy adaptation of the proof of Theorem 4.25. It starts by letting n = ab + 1,
A={x1,...,x,}and A= {(i, x;); 1 <i < n}, ordered by <1, where

(. xi) 21 (J.xj) & (=j)or (i <jandx; <x).

The rest of the proof goes on almost unchanged.

4. Make induction on m, first noticing that the case m = 1 corresponds to the case
a = b in the Erdos-Szekeres theorem. For the induction step, write n2" + 1 as
(n2)2m_] + 1 and apply the Erdos-Szekeres theorem again.

5. Let x € AN B and assume, by the sake of contradiction, that A and B have
distinct lengths, with B being the longest. Let A; = {y € A; y <x}, A, ={y €
A; x <y},By={z€ B; 7z <x},By={z € B; x <z}. Show that A{ U B, and
Ay U By are chains, and at least one of then is longer than A.

6. For item (a), assume that A; N By = ) for some index 1 < i < k, apply
the pigeonhole principle and arrive at a contradiction to the fact that By is
an antichain. For item (b), start by letting B; be an antichain of k elements
containing x;. If j # i, show that A; N B; # ¢, take y € A; N B; and
successively conclude that y < x; and x; £ x;. Now, reverse the roles of i
and j to show that x; Z x;. For item (c), i., start by observing that B; \ {x;} is
an antichain of k — 1 elements in A \ C. On the other hand, if A \ C contained
an antichain B of k elements, then B would intersect {z € A;; x; < z}, which
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contradicts the definition of x;. For (c), ii., the induction hypothesis guarantees
that A\C = C1U...UCy_1, with Cq, ..., Cx_1 being pairwise disjoint chains;
since C is itself a chain, we thus obtain A = C; U ... U Cy_; U C, a union of
k pairwise disjoint chains. Finally, for (d), i. follows from the hypothesis of (d),
together with the fact that a is a maximal element. Subitem ii. is straightforward:
A={alUAIU...UA;

Section 4.4

1. No. On the one hand, one can easily prove that, after any number of operations,
each bottle will contain an amount of water expressed in liters by a fraction of
the form 2“—k with a, k € N. On the other hand, if one could reach the situation
in which every bottle has the same amount of water, then each one of them
would contain 16—1 1 of water.

2. Show that the trinomial’s discriminant is an invariant for the allowed operations.

3. No! To see why, first look at the chessboard with its usual alternate black and
white painting. Since each 2 x 1 rectangle covers exactly one black and one
white square, after we have distributed any number of rectangular pieces, these
will have covered equal numbers of black and white squares (this is the invariant
that will solve the problem). Nevertheless, when we cut out two opposite
squares, the remaining 62 squares of the chessboard comprise 32 squares of
one color and 30 of the other. Hence, the cut out chessboard cannot be covered
as asked.

4. If at some moment we replace a and b by |a—b|, then the difference between the
sums of the numbers written on the blackboard before and after the operation is
(a + b) — |a — b|, which is always even. Therefore, the parity of the sum of the
numbers written on the blackboard at any moment is an invariant with respect
to the allowed operations. Now, observe that 1 +2 + - - - + 1997 = 999 - 1999,
which is odd.

5. If S and S’ denote the sum of the numbers of two consecutive lists of six
numbers, check that S’ = § (mod 7). Then, note that 1 +2+3+44+5+6 =21
and3+ 742415+ 8+ 8 =43, but 21 # 43 (mod 7).

6. Label the coins consecutively from 1 to 10. Then, associate to each coin a
weight, which is 0 if the coin is showing head, or is equal to the label of the
coin, if it shows fail. Then, verify that each move does not change the parity of
the sum of the weights associated to the coins.

7. Firstly, distribute the members in the two houses at random, and let S denote
the sum of the numbers of enemies that each member has in the house he/she is
in. Now, choose a member and look at his/her number of enemies within his/her
present house; if this is 2, then move him/her to the other house and note that
this operation diminishes the value of S. Now, repeat this as long as possible.

8. Notethata + b +ab + 1 = (a + 1)(b + 1). Therefore, if at a certain moment
the numbers written on the blackboard are xi, x2, ..., xk, then the value of the
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expression (x; + 1)(x2+1) ... (xx + 1) does not change. In the beginning, such
a value was (1 + 1)(2+1)...(n + 1) = (n + 1)!. Hence, letting x denote
the number written on the blackboard after n — 1 operations, we have x + 1 =
(n+ 1!, sothat x = (n + 1)! — 1.

. No! In order to prove this, let a, b, ¢, d and d’, b, ¢/, d’, respectively, denote

the quantities of cards at the vertices of the square (in the clockwise sense),
immediately before and after some step. If f(w,x,y,2) =w—x+y—z,itis
immediate to check that f(a’,b’,c’,d") — f(a, b, c,d) = +3k, where k is the
number of cards removed from one of the vertices at that step. In particular,

f@', b, c,d)= f(a,b,c,d) (mod3).

Thus, the remainder of f(w, x, y, z) upon division by 3 is an invariant asso-
ciated to the allowed operations. Now, if there were a sequence of operations
leading from the first to the second configuration, we should have

f(1,9,8,9) = f(1,0,0,0) or f(1,9,8,9) = f(0, 1,0, 0) (mod 3),

which is an absurd.

Start by drawing n line segments satisfying condition (a) and with distinct
endpoints. Then, let A} and A, be blue points and V| and V; be red ones, such
that A1V} and A, V, are two of the drawn line segments. If A1V N AV, # 0,
erase them and draw A1V, and A, V| instead. Now, use the (geometric) triangle
inequality to show that the sum of the lengths of the n drawn line segments
decreased. Finally, use the finiteness of the set of points, together with the semi-
invariant consisting of the sum of the lengths of the n line segments, to show
that, at some moment, condition (b) will be satisfied too.

A will do. To see why, let us paint the unit cubes black and white, so that
adjacent cubes have different colors and each player moves from a unit cube of
one color to another one of the other color. We consider two cases: e n is even:
group the unit cubes into n3/2 blocks 1 x 1 x 2 and make A start in a white
cube, always moving to the black cube of the same 1 x 1 x 2 block. e n is odd:
assume, without loss of generality, that the unit cubes placed at the corners of
the bigger one are black. Ignore one of these black unit cubes and group the
remaining n3 — 1 ones into (n3 — 1)/2 blocks 1 x 1 x 2; again, A should start
in the white cube of a block and follow the strategy of the first case.

For item (a), number the unit squares of the chessboard, modulo 4, as shown
in the table below, noticing that there are 16 squares with each integer from 0
to 3. Any piece of one of the displayed shapes (and this is the invariant!) will
occupy four unit squares such that the sum of the numbers written on them is a
multiple of 4.
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10321032
23012301
32103210
01230123
10321032
23012301
32103210
01230123

For item (b), take five unit squares of the chessboard, placed as shown in the
figure below:

IS
=[=[7]
o

If it was possible to number the squares as desired, we would have, modulo 4,
at+b+c+d=a+b+d+e=a+b+tc+e=d+c+d+e.

Hence, it should be the case that a = ¢ = d = e (mod 4). Check that this would
give 30 squares of the chessboard with numbers all congruent modulo 4, which
is impossible.

Whatever the way of placing the cubes such that the faces touching the table
form the board of a 6 x 6 square, each cube will have 3 visible and 3 invisible
faces. For any such placement of the cubes, let vp and vy respectively denote
the numbers of black and white visible faces. Since

lvp —vw| =vp —vw = vp + vy = 60 = 0 (mod 2),

we conclude that [vp — vw| is always even (here we have the invariant!).
Assume, without loss of generality, that vy > vp, and hence that vy > 31
and vg < 29. Show that there is at least one cube with more invisible than
visible black faces, and then that it is possible to change the position of this
cube in such a way that [vp — vy | decreases two units.

Note that, after any number of operations, the quantity, say n, of written
numbers does not change. On the other hand, thanks to the property we alluded
to before the statement of the problem, the product P of the written numbers
also does not change. Since there is just a finite number of ways of representing
P as a product of n positive integers, there is a largest positive integer m that
appears in the blackboard at some moment. We claim that such a number
is a multiple of all the other ones written at this moment. For the sake of
contradiction, assume that, at this moment, some number k written on the
blackboard does not divide m. Then lem (m, k) > m, so that changing m and
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k by ged(m, k) and lcm (m, k), we conclude that m is not the largest possible
number to appear on the blackboard. This is an absurd! Thus, by this claim,
when m appears on the blackboard, the written numbers are m1, mo, ..., m,_|
and m, = m, withmy, ma, ..., m,_1 dividing m. Now, show that m will always
be on the blackboard, so that, for all purposes, the subsequent operations go on
as if we were operating only with m1, ..., m,_1. Then, we can use the same
argument as above with these n — 1 numbers, thus concluding that, after a finite
number of operations, we shall reach a situation in which the written numbers
X1, X2, ..., X, are such that x; | x | - -x,, | x,. From this time on, nothing
changes on the blackboard.

Section 5.1

1. Consider a graph whose vertices are the 100 guests and in which two vertices
are adjacent if and only if the corresponding guests know each other. Then,
apply the result of Corollary 5.6.

2. Look at the possible degrees of a vertex of a graph with n vertices and, then,
apply the pigeonhole principle. You may find it useful to review the discussion
of Example 4.2.

3. Assume, without loss of generality, that V| = V, = I, for some n € N. If
f I, — I, is an isomorphism between G| and G», then f is a permutation
of I,; show that, applying f to the rows of Adj(G1), we get Adj(G2). Argue
similarly for the converse.

4. Let Gy = (V1; E1), Go = (Va; E») and G3 = (V3; E3) be given graphs. If
f Vi — V, (resp. g : Vo — V3)is a graph isomorphism between G and G,
(resp. between G, and G3), show that f_1 Vo — Vi(resp.go f: VI — V3)
is a graph isomorphism between G, and G (resp. between G and G3). For
reflexivity, use the identity, Id : V| — V.

5.V ={uy,...,uy}and G = (V; E) is a labelled graph, then E C P2(V);
conversely, given E C P>(V), we obtain a labelled graph G = (V; E). Hence,
it suffices to count the number of distinct subsets E of P,(V), which is 20(),

6. Assume that such a graph, say G, does exist, and let a and b be its vertices of
degree 1 and c its vertex of degree 6. Since the graph has seven vertices, ¢ must
be adjacent to both a and b. Therefore, if H is the graph obtained from G by
the excision of a and b, then H has five vertices, of degrees 2, 3, 4, 5 and 4
(recall that ¢ has lost two of its edges). But this is an absurd, for in H we have a
vertex of degree 5 which can have at most four neighbors. Alternatively, apply
Havel-Hakimi’s algorithm.

7. Try to build the graph by imposing that the vertex of degree 3 is not adjacent
to that of degree 6. Then, observe that the vertex of degree 6 must be adjacent
to those of degrees 1, 1, 2, 4, 4 and 5. Alternatively, apply Havel-Hakimi’s
algorithm.



562

8.

10.

11.

12.

13.

22 Hints and Solutions

Argue by induction on n. For the induction step, if G is a graph of vertices
UL, VU1, oovy Up—1, Vg—1, With dGg(u;) = dg(v;) = iforl <i <k —1,add a
vertex u to G and make it adjacent to uy, ..., ux—1; then, add a vertex v and
make it adjacent to u.

Item (a) follows from the fact that, for given u, v € V, we have uv € E or
uv € E¢; hence, Ng(u) N Ng(u) =¥ and Ng(u) U Ng(u) = V \ {u}, so that

dc () + dg(u) = #(Ng(w) U Ngw)) =#(V \ {u}) =n — L.

For item (b), it suffices to observe that E N E€ = P and E U E€ = P,(V), so
that

. . n
|E| +|E°| =|EUE| = |P2(V)| = <2>

Letting G = (V; E) be a self-complementary graph, we have |E| = |E€|.
Hence, item (b) of the previous problem gives

IE| = %(’;) - —”(”4_ 2

so that 4 | n(n — 1). The rest is immediate.

G — B = (V\ B; E’), where E’ is the set of edges of G which are not incident
to any vertexin B.G — A = (V; E \ A).

For item (a), note firstly that both G — u and G|y (G)\(u) have V(G) \ {u} as set
of vertices. Now, if € is an edge of G, then € is an edge of G — u if and only if €
is not incident to u, which is the same as asking that € be an edge of G|y (G)\(u}-
Finally, the proof of (b) is analogous to that of (a), once w apply the discussion
of the previous problem.

The only vertices of G which change degree in H are u and v, and they do so
in such a way that dy (1) = dg(u) + 1 and dg (v) = dg (v) + 1. Now, there are
three essentially distinct possibilities: (i) # and v have odd degrees in G: then,
u and v have even degrees in H, so that H has two odd degree vertices less than
G; (i) u and v have even degrees in G: then, # and v have odd degrees in H,
so that H has two vertices of odd degree more than G; (iii) # has even degree
and v has odd degree in G: then, u has odd degree and v has even degree in H,
so that H has exactly the same number of vertices of odd degree as G. For the
second part, let us start with a graph G = (V; E), with E = {ey, ..., €,}. For
0 <k <m,let Gy = (V; E), with Ex = {€x+1,...,€n}for0 <k < m, and
E,, = . If v; denotes the number of vertices of odd degree in Gy, then v,, = 0
and, hence,

m—1 m—1

Vo= D (U — vkt 1) + U = Y (0 — Vkg1)-

k=0 k=0
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However, by the first part of the problem, we have vy — v+ = —2, 0 or 2, so
that vy — vk is always even. Therefore, vg, as a sum of even summands, is
also even.

Item (a) will be left to the reader. For item (b), if m = 2nand 1 < i, j < 2n,
then

{i, j} € E < j =ixn(mod2n).

From this, conclude that vertex i +n (modulo 2n) is the only neighbor of vertex
i; also, the edges of G(2n, n) are those joining vertices i and i + n, for 1 <
i < n, so that there are exactly n edges. For item (c), given 1 < i < m,
show that vertex i is adjacent to vertices i + n and i — n (modulo m) and that
i +n # i —n (modulo m), thus giving d(i) = 2; for what is left to do, use
Euler’s theorem to conclude that |E| = m. Finally, in what concerns item (d),
show thatId : I, — I, is an isomorphism between G (m, n) and G (m, m —n).
Verify that the desired graph is the one depicted in Fig. 5.4.

Firstly, note that the very definition of bipartite graph assures that, foru, v € V,
we have uv € E = u € V] and v € V>, or vice-versa. Hence, we can identify
E with a subset of V| x V5, through the injection uv — (u, v), if u € V| and
v € V;. Therefore, |E| < |V] x V2| = |Vi]| - | V2|, with equality if and only if
E=V x V.

If |Vi] = |W1] and | V»| = |W>]|, take bijections f1 : Vi — Wiand f, : Vo —
Wo; then, let f : V1 UV, — Wi U W, be given by setting fjy, = fi and
fiv, = f2, and show that f is an incidence-preserving bijection. Conversely,
let f: V1 UV, - W; U W, be an incidence-preserving bijection. Since V7 is
an independent set, the same happens to f (V). Hence, f (V1) cannot intersect
both Wi and W», so that f(V)) C Wi or f(V]) C W,. Assume that f(V]) C
W1 (the other case is entirely analogous). Since every vertex in V; is adjacent to
every vertex in Vi, we conclude that every vertex in f(V>) is adjacent to every
vertex in f (Vi) C Wy, then, it follows from the fact that Wy is an independent
set that f (V) does not intersect Wy, i.e., f(V2) C Ws. Now,

ViUV =[f(ViUW)|=|f(VDI+1f(V2)]
S Wil + [Wa| = [WL U Ws| = [Va UV,

with the last equality coming from the fact that f is an isomorphism. Therefore,
|f (VDI = [Wil and | f(V2)| = [W2], so that f(Vi) = Wi and f(V2) = Wa.
Finally, this gives | V|| = |W{| and |V>| = |W,|.

Assume that G has [ vertices of degree 5 in V| and k vertices of degree 8, so that
V1| = k+1 and | V3| = 16 — . Since the graph is bipartite, the edges departing
from V; are incident to vertices in V5, and vice-versa. Hence, 8k+5] = 5(16—1)
or, which is the same, 4k + 5 = 40. It is now immediate to verify that the
nonnegative integer solutions of such an equation, with k > 0, are (k,l) =
(5,4) or (10, 0). In each one of these cases, exhibit the corresponding bipartite
graph.
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For item (a), apply Euler’s theorem. For (b), start by letting the n vertices be
those of a regular n-gon, and consider the two following cases: (i) if r = 2m <
n, join each vertex to the 2m closest ones; (ii) if r = 2m + 1 < n (so that n is
even), join each vertex to the 2m closest ones, as well as to the vertex symmetric
with respect to the center of the polygon.

Let Py, P,, ..., P11 be the patrols and k1, k>, ..., h, be the volunteers, and join
hi to P; if h; is a member of P;. Also, let k be the number of members of each
patrol and A; be the set of men in patrol P;. Since we have n men altogether, it
follows that

n=|AfUAU---UAq].
Therefore, by inclusion-exclusion,

n=|A1UAyU---UA]

=Y 1A =) 1A N A+ D JAINA; N A — -
i

i<j i<j<k

However, since no man belongs to three or more patrols, the only nonzero
summands in the last expression above are the two first ones, so that

11
n=Z|Ai|—Z|AiﬁAj|=11k—<2> = 11k — 55.
i

i<j

Now, let us count the number of edges of our (bipartite) graph in two distinct
ways: on the one hand, since each man has degree 2, we have a total of 2n
edges; on the other hand, since each patrol has degree k, the number of edges
is equal to 11k. Thus, 2n = 11k. Finally, solving the linear system of equations
{ n=11k —55

2n = 11k. ’

we getn = 55 and k = 10.

For item (a), adapt the reasoning used to solve the previous problem to get
g=m—1landn = (';') For (b), set Vi = {a1, a2, ..., am}, V2o ={bji; 1 <
J < k < m} and let a; to be adjacent to b; x if and only if i € {j, k}.

Look at the posed situation as a bipartite graph G, with the elements of the
independent sets of vertices being the students and the problems, and such that a
student and a problem are adjacent if and only if the student solved the problem.
If each problem was solved by k students, apply double counting to conclude
that k = % Now, let E be the set of students, e € E and P be the set of the y
problems solved by e. If H is the subgraph of G induced by (E \ {e}) U P (cf.
Problem 12), then H is also bipartite; apply double counting to H to conclude
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24.
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26.

that3(x — 1) =y (%‘ — 1). Then, deduce that (x, y) = (4, 9) or (8, 7). Finally,
bipartite graphs corresponding to those possibilities can be easily constructed
from the respective adjacency matrices A, which we exhibit below:

@ (x,y)=49):

111111111000000000
000000111111111000
000111000111000111
111000000000111111

(1) (x,y) =8, 7):

[111111100000007]
00001111110001
00111001001101
110010001111060
10100100101011
10010101010110
01100011011010

0L101010010100111 |

By the sake of contradiction, assume that there is a way to place the given
numbers as stated, and consider the graph G = (V; E) such that V =
{1,2,...,13} and {x, y} € E if and only if x and y are neighbors in the circle.
Then, G has 13 vertices and 13 edges, and all vertices have degree 2. Now, look
at the sets of vertices A = {1, 2, 3,4, 10,11, 12, 13} and B = {5, 6, 7, 8, 9}; we
can have at most two edges joining pairs of elements of A: one joining 1 and 4
and another joining 10 and 13. Since we have 13 edges altogether, two of them
departing from each vertex, we conclude that at least 4 -2 +4 - 1 = 12 edges
join elements of A to elements of B. Since B has five elements, the pigeonhole
principle guarantees that at least one of them must receive at least three edges,
which is an absurd.

Item (a) is immediate and (b) follows from the definitions of chain, antichain,
vertex cover and matching. For item (c), note that (from i.) a minimal vertex
cover corresponds to a maximal antichain, whereas (from ii.) a maximal match-
ing corresponds to a maximum collection of disjoint chains (thus containing all
vertices of degree 0) whose union is Vi U V5.

For item (a), show that )", _\, d™ (u) counts each subset of two vertices exactly
once. Item (b) follows directly from (a). For item (c), show that if (u, v) and
(u, w) are edges of G, then there is exactly one transitive K3 in G involving u,
v and w; then, conclude that the number of distinct transitive K3’s in which u
enters with out degree 2 is equal to (d+2(”)). For item (d), note that the number
of K3’s in G is exactly (g’), then, use the results of items (c) and (a). For item
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(e), substitute d* (u) = (d*(u) —d ) +d " in the formula of (d) and expand,
using, whenever convenient, the result of (b).

Looking at the described situation in the language of the previous problem,
conclude that the number of sets one asks to maximize is at most 112. Then,
write down an explicit table of results for the (124 ) = 91 distinct matches,
showing that it is indeed possible that one has 112 sets of three players
satisfying the stated conditions.

Section 5.2

k
bij = Z alllalllz alk 2lk 1My jo

For item (a), if M = (a;;), use the definition of adjacency matrix to show that a
generic summand a;iai; of the sum defining entry (i, j) of M 2 is equal to 1 if
and only if vy is adjacent to both v; and v;. For item (b), make induction on k.
Finally, for item (c), use the result of (b) and adapt the argument given to item
(a).

Show that H coincides with the maximal connected subgraph of G containing
u.

. For the first part assume, by contraposition, that G has at least two connected

components, so that G is the union of two disjoint subgraphs H; and H,
respectively with k and [ vertices. Use the fact that k + [ = n, together with
discrete optimization (cf. Remark 4.32) to get (]5) + (é) < ("51).

Use the result of the first part of the previous problem.

. Use the comments preceding the statement of the problem to prove that each

vertex of G (m, n) belongs to the connected component of one of the vertices 1,
2,...,d.

If G has two connected components H, and H,, then each vertex of H; is
adjacent to all vertices of Hs in G, so that G contains the complete bipartite
subgraph with independent sets of vertices V (H;) and V (H3). The rest is now
clear.

. Create a walk reduction algorithm that, as final result, gives a path between two

chosen vertices, provided there is a walk from one to the other. Basically, from
a given walk such an algorithm should eliminate each portion of it of the form
(v =vg,v1,..., 0k = V).

Execute the algorithm delineated in the proof of Theorem 5.24.

Adapt, to the present case, the proof of Theorem 5.24.

. Let C; and C; be two paths in G, of largest possible lengths. By the sake of

contradiction, suppose that C; and C, do not have common vertices. Take a
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path C in G, joining a vertex of C; to a vertex of C; and having the smallest
possible length. Show that C has only one vertex in common with C; and only
another one in common with C;. Now, concatenate a portion of Cy, C and a
portion of C, to build a walk in G whose length is larger than that of C; or of
Co.

There are (kfl) ways of choosing k — 1 vertices out of u1, ..., u,, and each of
such choices generates (k — 1)! distinct paths with the stated properties. Now,
use the additive principle.

Adapt, to the present case, the proof of Theorem 5.24 in order to build a cycle
in the given graph.

Use the result of the previous problem.

Let A, B, C, D and E be the mathematicians and Ay, A, By, Bz, Cyi, Ca,
Dy, Dy and Ey, E», respectively, be the time intervals during which they slept.
Build a graph having these time intervals as vertices, with two such vertices
being adjacent if and only if the corresponding time intervals overlap. Then,
show that such a graph contains a cycle.

Start by attributing the labels 1, 2, ..., k to a maximal walk (of length k) in G,
that does not runs through the same edge twice.

We first claim that G — € has at most two connected components. In order to
prove this, let € = {u, v}, and let w # u, v be another vertex of G. Since
G is connected, we have in G a path C joining w and u. Now, there are two
possibilities: (i) C does not pass through €: then, we have in G — € a path joining
w and u; (ii) C passes through €: since the vertices of C are pairwise distinct and
u is the last one of them, the next to last must necessarily be v; hence, stopping
the path C in v, we obtain a path in G — € joining w to v. Anyhow, every vertex
of G — € can be joined to u# or v by a path in G — €, so that G — € has at
most two connected components: one containing # and another containing v.
We now claim that G — € has at least two connected components. Indeed, if
G — € was connected, it would contain a path joining « and v, and such a path
would necessarily have length at least 2; adding edge € to such a path would
give us a cycle in G, which is an absurd.

Let u be the vertex of G with maximum outdegree. If the edge joining u to v is
oriented from u to v, there is nothing left to do; otherwise, prove that d T(u) +
d~ (v) > n — 1, and use this to conclude the existence of w € Ng () N Ng (v).
For item (a), number the cities from 1 to n and orient the road joining i and j,
with i < j, from i to j. For item (b), suppose the wizard executed his intent
somehow and note that, if one could always leave every city, then he/she would
eventually return to a previously visited city, which is a contradiction. This way,
conclude that there exists a city from which one cannot leave, label it as city
n and exclude it from the subsequent analysis of the problem. Now, if it was
always possible to leave each of the remaining n — 1 cities to another one of
them, reach an analogous contradiction. Then, conclude that there is one of
these remaining n — 1 cities such that one cannot leave it to another one of them
(i.e., from there one can only reach city n). Label it as city n — 1 and exclude
it from the subsequent analysis of the problem. Repeat this reasoning as long
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as there are cities to consider and conclude that, when just one city is left, then
one can go from there to any other city. Finally, for item (c), use the proof of
(b) to conclude that every possible way the wizard has to implement his rules
is equal, up to isomorphism, to the one described in (a). Then, show that there
are exactly n! distinct ways.

Given an optimal path C = (co, c1, ..., ¢,2_1), We say that an edge of a unit
square is traversed if it is a common edge of two consecutive unit squares c;
and c;41 of the path. Consider the graph G having as its vertices all of the
(n + 1)? vertices of all of the n” unit squares of the chessboard, and as its edges
the traversed edges of the unit squares. We classify the vertices of G in three
distinct types: (I) the four vertices at the corners of the chessboard; (II) the
remaining 4(n — 1) vertices at the edges of the chess; (III) the (n — 1)2 vertices
lying in the interior of the chessboard. Letting d,, denote the degree of vertex v,
we have d,, < 3 for every v. Now, note that a path C contains an U if and only if
some vertex has degree 3. By the sake of contradiction, assume that an optimal
path C does not contain an U and conclude, with the aid of Euler’s theorem, that
the number m of traversed edges is at most n? — 1. Then, show that m = n? — 1
and conclude that the degree of each vertex of type (I) is 1, which is clearly

impossible.
Let uy, us, ..., u, be the vertices of the graph and di, ds, ..., d, be their
respective degrees. Also, let d;1, d;2, ..., diq, be the degrees of the vertices

adjacent to u;. By the sake of contradiction, assume that

diy +dip+ -+ dig, - di+do+---+d,
d,‘ n :

Then,

n 1 n n
Z(di] +dip+ - +dig) < - Z;di Z;di
i= i=

i=1

_ +do+ -+ dy)?
p .

However, since each summand d;; at the left hand side is counted exactly d;;
times (one time for each of the d;; neighbors of the vertex having degree d;;),
it follows that

(di+dy+ - +dy)?

di+d;+--+d; < .

In turn, this contradict the inequality between the quadratic and arithmetic
means (cf. problem 5.2.3 of [8], for instance).
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Start by noticing that such a problem is a natural generalization of Problem 3.
Then, adapt to the present setting the discussion of Example 2.29 and the hint
given to Problem 20, page 32.

Let G be a graph satisfying the stated conditions, fix a vertex u of G and count
its neighbors and the neighbors of their neighbors to conclude that & > 5. If
k =5, conclude that such a counting computed exactly one vertex of G twice,
and that such vertex is neither « nor a neighbor of . Then, show that u belongs
to a single 4-cycle in G and, by the arbitrariness of u, that G can be partitioned
into 4-cycles, which is an absurd. If k = 6, construct a graph G of 25 vertices
in the following way:

¢ The set V of vertices of G is the disjoint union V = Uis=1 A;, where each A;

is a set of five vertices and the subgraph G; of G induced by A; is a 5-cycle.
e Forl < i < j < 5, establish a bijection ¢;; : A; — A; such that, if
x,y € A; are adjacent in G;, then ¢;;(x) and ¢;;(y) are nonadjacentin G ;.
Then, impose that x and ¢;; (x) are adjacent in G, for all x, i and j as above.

Finally, show that the graph G thus constructed satisfies the stated condition.
Let us interpret the problem in the language of Graph Theory, in the following
way: associate a vertex to each room and put an edge between two vertices
if and only if there is a door between the corresponding rooms. For two rows
of n rooms each, the condition in the statement of the problem amounts to
the connectedness of the resulting graph G, (of 2n vertices). Now, let a,, be
the number of connected graphs G, satisfying the given conditions. Firstly,
check that a; = 1 and ap = 5. Then, use a recursive argument to show that
an+1 = 4a, + by, where b, is the number of graphs G, having exactly two
connected components. Finally, show that b,, = 1 4+ 2a; 4+ 2a; + - - - + 2a,—1
and conclude, from this last recurrence, that a,42 = S5a,+1 — 2a, for every
n>1.

Section 5.3

. For the first part, prove that (a) = (c) = (b) = (a). For the second, the

established equivalences assure that the number of distinct paths in a tree with n
vertices is equal to the number of distinct ways of choosing two of its vertices.

. If u is a vertex of T" with degree k, show that 7 — u has k connected components,

all of which are themselves trees. Then, apply the result of Lemma 5.32.

. For item (a), use the result of Proposition 5.33. For (b), show that if T U {e}

did not contain cycles, then 7 would not be a spanning tree of G. For item (c),
assume that G is not a tree and, hence, that it contains some cycle; show that G
has at least two spanning trees.

. Adapt, to the present case, the proof of the correction of Kruskal’s algorithm (cf.

proof of Proposition 5.36), showing that Dijkstra’s algorithm builds a spanning
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tree for the given graph and that the weight of such a tree is less than or equal to
that of any other spanning tree.

. Start by following Kruskal’s or Dijkstra’s algorithm to find one spanning tree

with minimal weight.

. Item (a) simply counts the number of odd integers in the list 1, 2, ..., (g) For

item (b), start by painting a leaf of T, say in blue. Then, if some (but not all)
vertices of T have already been painted, choose a vertex v of 7 which has not
been painted yet and is adjacent to an already painted vertex u, and paint v with
the color distinct from that of u. Continue this way until there are no unpainted
vertices in T'. For (c), show that a path has odd weight if and only if its endpoints
have distinct colors. Then, use the hint given to the second part of Problem 1.
Finally, for (d), use the results of (a) and (c), together with the fact that x +y = n.

Section 5.4

(O8]

. Given a vertex a of G and changing G by G, if necessary, we can assume that

dg(a) > 3. Now, take vertices u, v and w in Ng(a). If two of these vertices,
say u and v, are adjacent in G, then a, u and v are the vertices of a K3 in G.
Otherwise, u, v and w are the vertices of a K3 in G.

Under the assumptions of (a), the pigeonhole principle guarantees that at least
one of the remaining 2qg — 2 vertices will receive at least L(zqq 2)+1J +1=2
edges from {u, v}; if w is such a vertex, then uvw is a K3 in G. If we are as in
(b), then G — {u, v} has 2g — 2 = 2(¢q — 1) vertices and at least (q2 +1) —
((2g —2)+1) = (g — 1)?> + 1 edges. By induction hypothesis, G — {1, v} (and,
hence, G) contains a K3.

Apply the result of the previous problem.

Adapt, to the present case, the solution to Problem 2. More precisely, start by
taking (from the result of that problem) a K3 in G, with vertices a, b and c.
Now, if one of the remaining seven vertices is adjacent to all of a, b and c, there
is nothing to do. Otherwise, assume that k of the remaining seven vertices are
adjacent to at least two of a, b and ¢, whereas the remaining 7 — k are adjacent
to at most one of a, b and c. Then, we have at least kK + 1 K3’s and at least
26 —3 — 2k+ (7 —k)) = 16 —kedgesin G — {a, b, c}. If k > 4, there is
nothing to do. Otherwise, k < 3. Separately consider the cases k = 0, 1, 2 and
3, arguing in the same way as above.

. Letuy, ..., u;—1 be the verticesof a K;_1 in G. If uy, ..., u;_1 are all adjacent

to at least one of the remainingn — (I — 1) = (I — 1)(¢ — 1) vertices of G, then

we have a K; in G. Otherwise, at most ({ —2)(n—({—1)) = (-1 —-2)(g—1)

edges depart from one of uy, ..., u;_1 to the remaining vertices. Then, H :=
—{u1,...,u;—1} has (I — 1)(¢ — 1) vertices and at least
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1__2_____l—1_l___2
FU=DU=2q" = =Dl =2)(@q -1 (2 )—2(1 DI=2)(¢g—1)

edges. By induction hypothesis, H contains a K.

. Construct a graph G having the teams as vertices and such that two of them are

adjacent if they have played against each other. The stated conditions assure
that &(G) < 2, and Proposition 5.46 that @(G) < 2. Conclude that G has at
most 100 edges and, then, apply item (b) of Problem 9, page 132, to show that
the tournament must have at least 90 matches. In order to build an example
with exactly 90 matches, divide the teams in two groups of 10 and, within each
group, let each two teams have a match.

. Model the given situation by means of a graph, having the given people as

vertices and with two people being adjacent if and only if they know each other.
Then, use the given conditions to obtain upper bounds for «(G) and ¢ (G).

. Let two of the given points, say A and B, be joined by an edge if and only if

LAOB > 120°. Elementary geometry guarantees that the resulting graph G
does not contain a K3’s. Therefore, Turdn’s theorem assures that G has at most
T (21;3) = 110 edges. Now, note that the number of arcs we wish to count is
equal to the number of edges of G, i.e. (221) — 110 = 100.

. Draw the line segment joining two points if and only if its length is greater than

V2. If G is the resulting graph, use Ptolemy’s theorem on cyclic quadrilaterals
(cf. Chapter 7 of [9]) to show that G does not contain a K4. Then, apply Turdn’s
theorem to get the desired upper estimate on the number of edges in G.

Consider the graph G having the n people as vertices and such that two people
are adjacent if and only if they are friends. Start by observing that G has g edges
and, by the stated conditions, does not contain K3’s. Show that, for each vertex
u of G, the number of amicable pairs that can be formed from the enemies of
uisequaltog — ) . N 4(v); from this, conclude that we wish to assure the

2
existence of a vertex u of G for which }° y () > 4%2. To this end, note that

2

_ 51 _4q2
Yo Y dw= Y AWz~ 3 dw) | =

ueV(G) veN(u) veV(G) veV(G)

where the used inequality is that between the arithmetic and quadratic means
(cf. (cf. problem 5.2.3 of [8], for instance).

Letm = Lk”TlJ and p = L(kk__zl)" 1. Also, let A be the set formed by the vertices
u of G suchthatd(u) < p,and B = V(G) \ A, so thatd(v) > p + 1 for every
v € B. Assume, by contradiction, that |A| < m and, hence, that |B| > n — m.
Use Turédn’s theorem to show that G| contains a K which is a contradiction.

Let G be the graph having the 1001 people as vertices and such that two people
are adjacent if and only if they know each other. Apply the result of the previous

problem to G.
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Let each element of S correspond to a vertex, and join vertices o and g if and
only if the sets A + « and A + B are disjoint (here, A + k := {x + k; x €
A}). Thus, letting A = {ay, a, ..., ajo1}, we conclude that an edge joins two
elements o and B of S'if |o — B| # |a; —aj|, forall distinct 1 <7, j < 101. Use
the fact that #{|a; —a;|; 1 <i < j <101} < 101- % to show that each vertex
of the graph thus obtained has degree greater than or equal to 10° — 101 - 100,

and note that the problem ends if we find a K1¢g in our graph.

Section 6.1

o

10.

11.

. If n = (axax—1 - . . arap)1o is the decimal representation of the natural number

n, then n = Z];:o aj 10/. Now, use the result of Example 6.4, together with
Corollary 6.9.

Write 10 = (11 — 1)¥ and expand the right hand side with the aid of the
binomial formula.

. Write n = Zl;:o aj 10/ and use the result of the previous problem, together

with Corollary 6.9.

If n = (abc) g is the decimal representation of 7, use the result of the previous
problem to conclude that @ — b 4+ ¢ = 0 or 11. Then, analyse these two cases
separately.

If n has k algarisms, use the given conditions to show that ok > 102k=D _
10k — 22 and, then, to conclude that k = 1 or 2.

For a € N, start by observing that (@ + 1)(a +2)...(a +n) = %

Start by showing that a natural number is a multiple of 10 if and only if it is
at the same time a multiple of 2 and 5. Thus, since the given number is clearly
even, it suffices to show that it is a multiple of 5; to this end, use the result of
Example 6.3.

Use the result of item (b) of Example 6.3.

In item (c), in order to show that S C nZ, use the division algorithm and the
minimality of n.

Start by analysing the first part of the problem. To this end, write 20 + 1 =
(2% — 1) + 2 and factorise 2% — 1.

Start by applying the existence part of the division algorithm to write m =
aq + mg, with 0 < mg < a — 1. Then, arguing by induction, write ¢ =
mga* =l +mp_1a*=2 + .-+ my, withO <m; <a—1forl < j < k. Now, if

m = mkak+mk_1ak_1 +---+miat+mgy = m2a1+m2_1al_l +-- ~+m/1a+m6,

with 0 < m;, m/] < a — 1 for all i’s and j’s, use the uniqueness part of the
division algorithm to conclude that mq and mj, being remainders upon division
of m by a, are equal. Arguing once more by induction, apply the induction

hypothesis to m_am(’ to conclude that k =/ and mj = m/j forl < j <k.
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13. For items from (a) to (e), it suffices to perform judicious applications of the
results of items (a) and (b) of the previous problem. Regarding item (f), start by
using the result of item (b).

14. Start by analysing the case in which x belongs to an interval of the form (n, n +
%), for some n € Z.

15. Start by showing that, under the given conditions, we have % + 1;—2 +1 >

@40° _ | 4 ab and, then, that 1 + (a + b — 1)(a? + b* — ab) > a?b?. Finally,
conclude thata > b = b = 1.

16. Expanding the given equality we obtain (x + y)(x + z) = 2xz. Conclude that
one of the sides of this last equality is a multiple of 4, while the other is not.

17. Apply items (a) and (b) of Corollary 6.8.

18. For item (b), use the result of (a); for (a), write n = 7q + r, with r =
0,1,2,3,4,5 or 6, and compute n3.

19. We certainly have n > 1, and can assume x < y < z;if x = y, start by showing
thatn = 2;if x < y, write | = ¥~ *(n*=Y — 1).

20. For k > 5, show that k! end with 0; then, use the result of Example 6.10.

21. Use the result of Example 6.10.

22. For item (a), write n = 2"g, with r being a nonnegative integer and ¢ an odd
natural number. Then, use the given condition to conclude that ¢ = 1.

23. By the sake of contradiction, assume this is not the case, and let N € N be such
that

n>N = s3> 53").
Problem 1 assures that s(3k) is a multiple of 9 for k > 2, so that
s3> 53" +9, Vi > N.
Adding the above inequality forn = N, N +1,..., M — 1 to get s(3M) >
s(3N)Y4+9(M — N) = 9(M —¢),for some integer ¢ < M, which doesn’t depend
on the chosen M > N. Now, note that 3% < 10— for all sufficiently large M

(cf. Section 7.2 of [8], for instance); however, since the greatest possible value
for s(m) when m < 10M—¢ is

s(10M= — 1) =5(99...9) = (M — ¢),
M—c

we have arrived at a contradiction.

Section 6.2

1. Apply Euclid’s algorithm to a = 21n + 4 and b = 14n + 3.
2. Firstly, write 2™ = (n — 1)(n 4 1); secondly, compute all possible values of
gcd(n — 1, n + 1) and, then, use item (b) of Corollary 6.23.
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. First show that, if there exists a natural number which is a term of both

progressions, then there will exist infinitely many such natural numbers.
Secondly, for the characterization of the existence of a natural number which is
a term of both progressions, use Proposition 6.26.

Revisit the hint given to Problem 10, page 163.

Start by showing that the gcd we wish to compute divides (n +1)! —n! =n-n!.
Let d = gcd(a, b) and write a = du and b = dv, so that ged(u,v) = 1.
Conclude that ab | (a® + b?) if and only if uv | (u? 4 v?). If this is so, since
u,v | uv, we have that u, v | (u2 + vz) and, hence, u | v? and v | u?. Now,
use the fact that gcd(u, v) = 1 to obtain u = v = 1. Alternatively, write
a? 4+ b% = abk, with k € N, and examine the discriminant of the second degree
equation x2 — (bk)x + b2 = 0, which has a as a natural root.

Firstly, analyse the case gcd(a, b) = 1. In this case, let the rectangle has vertices
0,0), (a,0), (a,b) and (0, b). Start by showing that if one of its diagonals
has a point in common with an 1 x 1 square, then it crosses the interior of
such a square. Subsequently, show that such a diagonal intersects the column
of 1 x 1 squares bounded by the vertical lines x = j and x = j 4 1 in exactly
[5G + D] + 1 - |2] squares.

Let d be the desired gcd. It follows from the columns’ theorem of Pascal

triangle (cf. Section 4.2 of [8]) that d divides the sum (";:J]f{l) of the given

numbers. Therefore, d divides ("Z_’Sl) — ("Zk) = (Zfl‘) From this, and with

the aid of Stifel’s relation (once more according to Section 4.2 of [8]), conclude

that d divides (Zii), (Zﬁ), (Zi’f) Finally, argue inductively.

. Let d be the gcd we wish to compute. Then, d divides the sum of the given

numbers, which (by the lines’ theorem of the Pascal triangle—cf. Section 4.2
of [8]) is equal to 2%"~!. Thus, d is a power of 2. Write n = 2Kg, withg € N
odd, and show that

(Zn ):2k+1. 2n —1)q 2n—2>
2% —1 2 —Dhen—2+H\2u—2)

From this computation, conclude that 2€*1 divides all of the given binomial
numbers.

Ifd = ged(n®+k, (n+1)>+k), thend | [((n+1)*>+k) — (n>+k)]. Therefore,
d | [(2n+1)?>—4(n?*+k)), and from this it is easy to conclude that d | (4k+1),
and hence d < 4k + 1. Finally, exhibit a value of n for which the corresponding
gcd is equal to 4k + 1.

Start by writing a = du and b = dv, with d = ged(a, b) and ged(u, v) = 1;
then, conclude that u, v | ¢ and, hence, that uv | c.

Let x> + y? — x = 2xym, with m € N. Then, by looking at such an equality as
a second degree equation in x, show that the fact that x is an integer guarantees
that the discriminant A = 2ym + 1)> —4y? = Qym +1—2y)2ym +142y)
must be a perfect square. Finally, show that gcd(2ym+1—-2y, 2ym+142y) =
1 and use the result of Corollary 6.23.
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Firstly, use the pigeonhole principle (cf. Sect.4.1) to show that at least one of
the five odd elements of our set is not a multiple of 3, 5 or 7. Now, let a be
such an element, and b be any other element of the given set. Use the fact that
gcd(a, b) | (a — b) to show that if gcd(a, b) > 1, then it is divisible by 2, 3, 5
or 7. Finally, conclude that a is the element we are looking for.

Write aj + b = mLa/m—erJ +rj, with 0 < r; < m; then, use the condition
gcd(a, m) = 1 to conclude that rg, 71, ..., ry—1 are pairwise distinct.

Write r = du and n = dv, so that ged(u, v) = 1; then, let {%} = % — |
and use the result of the previous problem.

Use Bézout’s theorem to substitute gcd(m, n) = mx + ny, with x, y € Z, and
develop the expression thus obtained.

Start by proving that @, = a; ...a, + 1 (cf. item (a) of problem 15 of [8]).
Prove item (a) by induction on n and item (b) by induction on k. As for item
(c), for subitem (i) use (b) to show, also by induction, that F, | Fj; for subitem
(i), use (i) and (a); for (iii), make induction on ¢ > 0, using (b) and (ii) to
perform the induction step. Finally, for item (d), adapt Euclid’s algorithm to the
situation at hand, with the aid of the results of item (c).

Adapt, to the present case, the several items and hints given to the previous
problem.

For item (a), let # and v be natural numbers such that au — bv = 1. The fact

that n > ab gives us nau — nbv = n > ab and, hence, % — % > 1. Thus,

there exists an integer ¢ such that ”a—” <t < % Letx = nu — bt, y = at — nv
and obtain (b) arguing by contradiction; then, reduce (c) to (a) and (d) to (b).
Concerning (e), let S = ab — a — b and show that, for 0 < m < §, exactly one
of the numbers m and S — m can be written as prescribed.

For (a), arguing by contradiction, let x, y, z € Z such that 2abc — ab — bc —

ca = xbc + yac + zab. Then,
2abc = (x + 1)bc + (y + Dac + (z + 1)ab,

so thata | (x + 1)bc. Since ged(a, bc) = 1, we conclude that a | (x + 1) and,
hence, that x 4+ 1 > a. Similarly, y + 1 > b and z 4+ 1 > c. But these give

x+Dbc+ (y+ Dac+ (z+ 1)ab>a-bc+b-ac+ c-ab=3abc,

which is a contradiction. For item (b), if n > 2abc — ab — bc — ca, then
n > a - bc —a — bc and the previous problem guarantees (since a and bc are
relatively prime) the existence of integers x, ¢t € Z4 such that n = xbc + ta.
Without loss of generality, we can assume that 0 < x < a; indeed, if x > a,
write x = aq + x’, with 0 < x’ < q, thus obtaining n = x'bc + (¢ + gbc)a.
For (c), letting x < a — 1, we have

ta =n — xbc > (2abc — ab — bc — ca) — (a — 1)bc = abc — ab — ac,
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whence t > bc—b—c. However, since b and c are relatively prime, by invoking
once more the result of the previous problem we conclude that there exist y, z €
Z such that t = bz + cy. Finally, for item (d), in the notations of the previous
items we get

n = xbc +ta = xbc + (bz + cy)a = xbc + yac + zab.

Adapt the items and hints given to the previous problem and make induction on
n>2.

For the first part of item (a), use induction. For item (b), show that if 0 < a; <
ay < az < --- < ap— are the remainders obtained in the execution of Euclid’s
algorithm when a = a; 1 and b = a,, thena; > F;_; for 1 < j < n. Finally,
show that (c) follows from (a) and (b).

Let k be the only positive integer such that 2¥ < n < 281 and let M =
lem (1,2, ...,n). Show that 2F | M and

1 &M

n

1
B LRI
J= J=

J

with % being odd if and only if j = 2.

Section 6.3

. Firstly, p + ¢ is even. Also, if p < ¢, then p < % < g,sothat (p+q)/21is

not prime.

" 2k+1 1 ko1 2k+1 1
Start by writing % = Zj:l. i 22,’:1' 3 = 2 ikt it The.n, group the
summands of this last sum in pairs to write it as a sum of fractions with all

numerators equal to 3k + 2 = p. Finally, use the fact that p is prime.

. We can assume that x # y. If x < y, prove that x < p < y and, hence, that

ged(p, x) = 1. Write 2xy = p(x + y) to conclude that p | y. Let y = pz,
with z € N, to get z = 5., thus showing that (2x — p) | x and, hence, that
(2x — p) | p. Finally, this gives 2x — p = 1.

Start by separately considering the cases n = 6k, 6k+1, ..., 6k+5. Forn = 6k,
for instance, use the fact that k, 2k + 1, 3k + 1 and 6k + 1 are pairwise relatively
prime to conclude that k = 1.

. Start by using the given condition to show that n | a,. Then, if p is a prime

number which does not divide n, show that p 1 aj,.

For item (a), use the FTA (for whose proof we did not use the infiniteness of
prime numbers. For the first part of (b) use, beside the result of item (a), the
fundamental principle of counting. Finally, show that the result of (b) generates
the inequality n < 2K/, which, in turn, generates a contradiction.
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. In each case, adapt the idea of the proof of Example 6.40. To this end, observe

that every prime p # 3 is of the form 3k & 1 and every prime p # 2, 3 is of the
form 6k £ 1.

. Factorise 22" — 1 and use the result of Problem 4, page 177.
. Use Lagrange’s identity—cf. Example 2.9—to write (2; ); then, use the result

of Example 6.42.

For item (a), show that if n is not a power of 2, then it is possible to factorise
a" + 1. For item (b), argue similarly.

Consider the cases n even and n odd separately. In the case n = 4k, compute
ged (3 — 1, n); in the case n = 4k + 2, compute ged (5 — 2, n); finally, in the

+1
case of an odd n, compute gcd (n, ”T)

Factorise ¢;;+j — ¢ and, then, apply the result of Problem 6, page 163.

If n = pi" ... p{* is the canonical decomposition of n, write u = p’ls1 . pf"
and v = p{'...p/, with B, > 0, and compute how many are the

ordered pairs (B;, y;) for which max{B;, y;} = «;. Then, apply the result of
Corollary 6.48.

Write If—z = [91, with ged(e, d) = 1, and deduce that b = x? and a = x¢, for
some x € N. Then, conclude that x = 1 or cx?d = dx¢. In the second case,
analyse the subcases ¢ < 2d, ¢ = 2d and ¢ > 2d.

If n is odd, then there are no solutions, for the left and right hand sides of the
given equality have distinct parities. If n is even, thenn = 5+ d% +d?, with d3
and dj having distinct parities. If n is a multiple of 4, show that n = p* + 21,
where p is the smallest odd prime that divides n; then, show that p | 21 and
conclude that there are no solutions. If n is of the form 4k + 2, show that n =
5( p2 + 1), where, as above, p is the smallest odd prime divisor of n. Conclude
that p = 5 and, then, that n = 130.

Write n = di3q13 = d14q14 = d15915, With 13, q14, 15 € N. Condition (b) is,

thus, equivalent to q—}% + qﬁ + q+5 = 1. Therefore, start by getting all natural

numbers a < b < ¢ for which % + % + % =1.
Examine the cases 1 < n < 30 to conjecture that all naturals of the form 2k 2
satisfy the stated property. Then, prove this fact by writing, for n = 2% — 2,

k=11 k—1

> d@j—D+ Y (d0) +d@ 3+ +dk - 2))

j=1 i=1

I(n)

k—1

:(2k—1—1)2+Z(1+3+5+~~+(2"‘i—1))

i=1

k—1 2 - 2k—2i—2
(@) e
i=1

2 %*—2_ 2k )k —1
:(2k—1_1) " . _( )3( )‘
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First note that 3 | n. Now, write n = 2"‘~3ﬁp,1cl e pf’, with3 < p; <--- < p;
being primes and o« > 0, 8 > 1 being integers. Then, note that the given relation
reduces to 3(a + D(B + (ki + 1) -~ (k + 1) = 2%3F pi' ... pf*. Conclude
that 8 = 1 or 2 and n does not possess other prime factors apart from 2 or 3.
Finally, analyse these two cases separately.

For an arbitrary prime number p, it suffices to show that e, (2m) + e, (2n) >
ep(m)+ep(n)+ep(m+n). To this end, use Legendre’s formula, together with
item (f) of Problem 13, page 164.

For item (a), use Legendre’s formula to show that e;(2n) > 2e>(n) + 1 for
every n € N. Alternatively, use Lagrange’s identity—cf. Example 2.9—and
induction. For item (b), refine the computations of the first hint to (a) to show
that e (2n) > 2e(n) + 2 if and only if n is not a power of 2.

By contradiction, let d| < da < +/n be divisors of n, so that d| < dp < 5—2 <
;—1. It suffices to show that there exists no perfect square between d; and d”—l.
Lettingd; = a,d, = a+u, [’11—2 =a—|—vand;—1 =at+w,withO<u <v<w,
we have a(a+w) = n = (a+u)(a+v). Ifk > 1issuchthat (k—1)2 < a < k2,
we claim that k> < a + w. Indeed, since /a < k < /a + 1, it suffices to
show that (/a + 1)> < a + w or which is the same, 2,/a < w — 1. From
a(a + w) = (a +u)(a + v) we obtain aw = au + av + uv, so that a | uv and
a < uv.Itcomes thataw = au+av+uv > au+av-+a, whence w > u+v-+1.
Then, w — 1 > u + v > 2,/uv > 2./a. Finally, we cannot have equality in the
last inequality, for otherwise u = v = a+u =a+v = dy = L’;—z, which is
impossible.

Writen = ag+aj -2+ ax -22+-~-+am2’",witha.,- € {0, 1} for0 < j < m,
so that ag + aj + - - - + a,, = k. Then, compute

n .
LEJ =aj+tajyr-24-+ap- 2"
and, finally, use Legendre’s formula to show that ex(n) = n — k.

Let p be prime and ¢ € N be such that (a + kb)(b + ka) = p'. Assuming,
without loss of generality, that a < b, we have a + kb > b + ka > 1, so
that there exist r, s € Z for which1 <r <s,r+s =tanda + kb = p’,

b+ka = p". Conclude that (b+ka) | (a+kb) and, writing £52 = k— “;f e
that (b + ka) | (k2 = 1). Now, consider two separate cases: (i) if p > 2, use the
fact that b+ka is a power of p and ged(k—1, k+1) < 2 to conclude that b+ ka
dividesk — 1 ork + 1,sothat b+ ka < k + 1 and, hence, b = a = 1. Then,
show that the solutions are the 3-tuples (a, b, k) = (1,1, p” — 1), for every
integer r > 1 and every prime p > 2. (ii) If p = 2, start by observing that at
least one of @ and b is odd, so that & is also odd. Now, since (b + ka) | k*=1)
and b + ka = 2", show that (b + ka) | 2(k + 1) or 2(k — 1); in particular,
b+ ka < 2k + 2 and, hence, a = 1 or 2. If a = 2, arrive at a contradiction;
if a = 1, we have that (b + k) | 2(k + 1) or k — 1, which splits the analysis
into that of two subcases: (b + k) | 2k +2) or (b + k) | (2k — 2). In the first




22

24.

25.

26.

Hints and Solutions 579

subcase, show that b = k+2orb = 1. If b = 1, conclude that k = 2" — 1;
if b =k + 2, write s = 2u to get (a,b, k) = (1,2% + 1,2 — 1), for some
u € N. In the second subcase, show that b = k — 2 and, then, let s = 2u to get
(a,b, k) = (1,2 —1,2* 4+ 1), for some u € N.

Choose a prime p greater than 1 4+ 2 + - - - + 1000 and show that the set A =
{p,2p,3p, ..., 1000p} satisfies the required conditions.

For item (a), use the result of Problem 4, page 177, together with the fact that
p(qzk) = g for every k > 0. For item (b), factorise qzk — 1 and use the
minimality of k to conclude that one cannot have p(c]zk_l -1 > p(qzk_1 ).
If ¢ is the product of all primes less than or equal to m, let y; = x;,, where py, is
a prime greater than ¢. Letting p be the greatest prime divisor of y; and r € N
be such that p = p,, define y, = x;,, with o > r, #1, and convince yourself that
ged(y1, ¥2) = 1. Once you have chosen elements yj = x;, < -+ < y; = Xt
of A satisfying item (b), with j < m, let p be the greatest prime factor of y;
and r € N such that p = p,; define y; 41 = Xtjy1s with tj11 > r, t;. Continue
in this way until j = m. Then, show that the set B thus obtained does satisfy
condition (c).

Section 7.1

. If (x0, y0, zo) is a solution, then (xoa*!, yoa™t!, zoa") is also a solution, for

any a € N. Now, get a solution by lettingx =y =k + 1.

. Use Proposition 7.1 to write x + y, y + z and x + z in terms of the parameters

u, v and d, as prescribed by that result.

. Imitate the proof of Proposition 7.1. More precisely, if x, y,z > 0, start by

observing that z — x and z + x are both even and, if d = ged (555, £5%), the

22
equality
_ 2
Z—X Z+x _5 ( y )
2d 2d d

guarantees the existence of u, v € Z such that % = 2v?% and % = u?. Now,
show that gcd(u, 2v) = 1.

In each case, use Fermat’s descent method. Specifically for item (d), start by
showing that x and y leave equal remainders upon division by 3; then, by
computing (3k + r)3, conclude that if x and y are not divisible by 3, then
x3 4+ 5y is not divisible by 9.

. Start by writing x = u —vandy = u+v, withu, v € Q, to get x> +xy +y> =

3u?+v2. Then, letu = Sandv = IE’, witha, b, ¢ € Z and gcd(b, ¢) = 1, to get
3u? + 2 = 3“1—'2%2. Now, for item (a) use the result of Example 7.3; for item
(b), adapt the proof of Proposition 7.1 to solve the equation 3a> + b? = ¢2.



580

10.

22 Hints and Solutions

If z is odd, use the result of item (c) of Corollary 6.8 to show that there are no
solutions. If z is even, use item (b) of that same result to conclude that w, x and
y are also even; then, apply Fermat’s descent method.

Multiply both sides of the given equality by 4, complete squares and write 2x +
3,2y + 3 and 2z + 3 as fractions with a common denominator to reduce this
problem to the previous one.

Start by multiplying out to show that it suffices to obtain rational solutions to
the linear system of equations

ax +2cy+2bz =1
bx +ay+2cz=0
cx+by+az=0

Then, use Cramer’s rule to reduce the problem to showing that the only solution
of the diophantine equation a> 4 2b3 + 4¢> = 6abc isa = b = ¢ = 0. Finally,
for this last step, reduce to the case of a, b, ¢ € Z and apply Fermat’s descent
method.

Start by letting A1 A; be a diameter of the given circle. Then, use (7.1) to choose
points A3, ..., A, such that AjA; and AjA; are rationals, for 3 < i < n.
Finally, apply Ptolemy’s theorem (cf. Theorem 4.18 of [9], for instance) to
show that TAJ is also rational.

The solution we present to this problem uses more the ideas presented along
this section that any specific result we have derived. Anyhow, since it is much
more difficult than the previous ones, we present a complete solution: start by
simplifying the stated relation to get a* + c> — ac = b?> + d* + bd or, which is
the same,

(2a — ¢)* + 3¢% = (b + 2d)* + 3b%. (22.1)

By contradiction, assume that ab 4 cd = p, with p prime. Conditiona > b >
c>d>0gvesp=ab+cd >4-3+2-1=14,sothat p > 17. On the
other hand,

2p =2ab + 2cd = 2a — c)b + (b + 2d)c

and, hence, gcd(2a — ¢, b+ 2d) divides 2 p. For gcd(2a — ¢, b+ 2d) to be even,
we should have b and ¢ both even, and this would give p = ab + cd also even,
which is impossible. Therefore,

gcd2a —c,b+2d) =1 or p.

We claim that gcd(2a — ¢, b + 2d) = 1. On the contrary, suppose that
ged(2a — ¢, b+ 2d) = p. Then, (22.1) would give us p? | 3(b> — ¢?); in turn,
since p # 3, this would assure that p? | (b> — c?). However, p = ab+cd > b
forces 0 < b?> — ¢? < p?, which is an absurd.
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Now, let x = 2a — cand y = b + 2d. Then, gcd(x, y) = 1, and it follows

from (22.1) that x2 — y? = 3(b* — ¢?) or, which is the same,

(x=»&x+y)=30-0)b+o).

We consider two cases separately:

®

(i)

b and c have distinct parities: the fact that p = ab+cd gives ged(b, ¢) = 1.
Since b + ¢ and b — c are both odd, this implies gcd(b +c,b—c) = 1. An
analogous reasoning also gives ged(x + y,x —y) = 1.
If3 | (x + y), then

x—y=gedx -y, (b+c)(b—0) = ged(x — y, b+¢) ged(x — y, b —¢)
and
x+y=3gcd(x+y, (b+c)(b—c)) =3gcd(x+y, b+c)ged(x+y,b—c).
Writinge = ged(x—y, b—c), B = ged(x—y, b+c), y = ged(x+y,b—c)
and§ = gcd(x +y,b+c),wegetx —y =aff and x + y = 3y6. On the
other hand,

b—c=gcedb—c,x —y)gedlb—c,x+y)=ay
and, analogously, b + ¢ = 6. Solving for a, b, ¢ and d, we obtain

4a =af + BS54+ 3ys —ay, 2b=ay + B4,

2c = —ay + B8 and 4d = —af — B8 +3y8 — ay.

Thus,
8p = 8(ab + cd) = B8(2a® + 3582).
However, since b + ¢ is odd, we conclude that both 8 and é are odd and,
hence, 882> 4 382) is odd too, which is impossible.
If 3 | (x — y), we reach a contradiction in a likewise manner.

b and ¢ have equal parities: in this case, b and ¢ must both be odd, for,
otherwise, 2 would divide ab + ¢d = p. Thus, in the above notations, x
and y must also be odd. It follows that

gedb+c,b—c) =gedx +y,x —y) =2,

for we already have ged(x, y) = 1.
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If 3 | (x + y) (the other case is, once more, entirely analogous), then
writing
xX—y x+y _3 b—c b+c
2 2 ) 2 2
and letting

x—y b—c x—y b+c
= d Y 3 = d ) 9
¢ gc( 2 2 ) g gc( 2 2 )

x+y b—c x+y b+c
= d 5 N 62 d 5
V=& < 2 2 ) & < 2 2

we arrive, as in the previous case, at 2a = aff + 6 +3y8 —ay, b =
ay + B8, ¢c = —ay + B6 and 2d = —aff — B§ + 3y5 — ay. Hence,

2p = 2(ab + cd) = B8 (2a® + 38%).

Neither 8 nor § are equal to p, for, otherwise, we would have b > p, which
contradicts the fact that ab 4+ cd = p. Therefore, 8§ < 2, and this gives
0<d<c<2—ay <1, whichis an absurd.

Section 7.2

—_

. Substitute d = 4k + 3, m = 41 + 3 and use Corollary 6.8.
. Just note that x,+1 + Ynp1v/2 = (x1 + y1vV2) (Xn + yav/2).
. Imitate the discussion of Example 7.6, observing that x = y = 1 is a solution of

the stated equation.

. If x2 — dy* = m and a® — db®> = 1, with a, b € N, then

(a — bvVd)(xo + yov/d) - (a + bNVd) (xo + yov/d) = m
or, which is the same,
[(axo + bdyo) — (ayo + bxo)Vd1[(axo + bdyo) + (ayo + bxo)vVd] = m.

Therefore, x; = axg + bdyo and y; = ayg + bxg also solve the given equation.
Now, observe that

xt +dyf = (a® + db*)(x§ + dyy) + 4abxoyod > x§ + dyj,

so that (x1, y1) # (xo0, Y0)-
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5.

6.

Multiply the equality n2 4+ (n 4+ 1)> = m? by 2, complete squares and apply the
result of the previous problem.

By completing squares, conclude that the given equation is equivalent to (2x +
y)2 — 5y% = 4. Now, use the result of Problem 4, noticing that x = y = 1l is a
solution of the stated equation.

. By adapting the hint given to Problem 4, show that if u, v € N are such that
u?— Av? =1, then & := uxo— Avyp and B := uyo — vxg are an integer solution
of x2 — Ay2 = 4an. Now, note that

ax® + bxy + cy* = n = (2ax + by)* — Ay? = dan,

so that, in order to generate an integer solution of equation ax? 4 bxy +cy> = n,
it suffices to show that it is possible to solve, in Z, the linear system of equations

{2ax+by=a
y=48 '

In turn, such a task is equivalent to showing that 2a | (¢ — dB), which can be
done by writing

a —df = (uxo — Avyo) — b(uyo — vxo)
= u(xo — byo) + bv(xpg — byo) + 4acvyy,

for the last expression is a sum of multiples of 2a.

Chapter 8

2. Prove first that [ [o_y, @ = [og), 5- Then, let P denote this product and use
such an equality to show that P2 = n¢™,

3. For0 < d | n, we have d + % > 2./n. Now, add all such inequalities over all
positive divisors of n.

4. For the second equation, show that an ordered pair (x, y) is a solution if and
only if x = n — n? 7oy o that n 4+ y must be a divisor of n? greater than 7.
Now use the result of} Example 6.47 and (8.3) to conclude that there are exactly
3 (d (n?) —1) distinct possibilities for y and, hence, for (x, y). In what concerns
the first equation, adapt the hint given to the second one to conclude that there
are d(n?) distinct solutions. Finally, conclude that we ought to have 3d n? =
157, which is an absurd.

5. For item (a), use the result of Lemma 8.3. For item (b), if gcd(m,n) = 1, use
the result of item (a) to compute | D1 (mn)| — |D3(mn)| in terms of |D1(m)| —
|D3(m)| and | D1 (n)| — | D3(n)|; then, apply an inductive argument.
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For item (a), multiply both sides of the desired equality by n. For item (b), make
a direct computation for the sum of the positive divisors of 27~1(27 — 1).

The second part of item (b) uses item (b) of Problem 10, page 190.

Show that s(ab) > s(a)b, for all a, b € N. To this end, exhibit, in terms of
the positive divisors of a, a set of positive divisors of ab whose sum is equal to
s(a)b.

. Apply the result of Proposition 8.4.
10.

Apply the result of Proposition 8.4.

11. Use Proposition 8.4 and the result of Problem 1 to conclude that both sides of
the desired equality can be seen as arithmetic multiplicative functions, say F
and G. Then, if p is prime and « € N, show that F(p*) = G(p%).

12. Apply double counting—cf. Sect. 2.2—first showing that, for 1 < j < n, the
left hand side counts f(j) exactly L%J times.

13. Start by applying the result of the previous problem; then, apply Proposition 8.4
to show that F'(m) = 1 if m is a perfect square and F(m) = O otherwise.

14. If f(j) = 1 forevery j € Nand F(n) = ZO<d|n f(d), then F(n) = d(n) for
every n € N. Now, apply the result of Problem 12.

15. Use the Mobius inversion formula together with the result of Problem 1.

17. Use the result of Proposition 8.4.

18. Start by proving that, for a fixed positive divisor d of m, there are exactly 7 -
@(d) ordered pairs (d, n) as stated. Then, use the result of Corollary 8.13.

20. Foritem (a), use item (a) of Problem 19. For (b), write S,,, (n) = Zf:l n—a)™
and expand the binomial (n — a;)™. For the first part of (c), use (b); as for
the second part, separately consider the cases n even and n odd and apply the
conclusion of item (a) in the case of an even n.

21. For item (a), choose d in such a way that gcd(m,n) = % and a such that
m= % - a; then, conclude that gcd(a, d) = 1. For item (b), use the result of (a)
to show that Yo_,., (%)k Se(d) = 1% + 2K 4 ... 4 nk . Ttem (c) follows from
Mobius inversion formula, applied to the result of (b). Finally, for items (d) and
(e), use the formula of (c).

Section 9.1

1. Use the Prime Number Theorem.

(O8]

. Use the divergence of the harmonic series (cf. Section 7.4 of [8], for instance),

in conjunction with Lemma 3.15.

. Use again the divergence of the harmonic series, together with Theorem 9.5.
. For the first part of item (a) use the fact that, if p is prime and n < p < 2n, then

gced(n!, p) = 1; for the second part, use the binomial formula. For item (b), use
(a), together with the fact that the number of primes p satisfyingn < p < 2n is
exactly 7 (2n) — m(n). For the second part of item (c), use the fact that % > x2/3
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and x + 2 < %‘ for x > 8. For item (d), make a direct checking of the cases
2 < n < 8; then, prove the remaining cases by induction on n > 8. Finally, for
item (e), use items (c) and (d), together with the (obvious!) inequality w(x) <
ZL%‘J + 2.
5. Note that
Im) =) +@)+---+t@M)+@T2)+14d) +---+1(2[n/2)))

=0+34+--+in)+ @D+ + -+ 1 ([n/2)))
1
= G + D2 +11(n/2)).
This gives (a), and iterating such a recurrence relation, we get (b). For (c), we
have
t

1 n A ey o
0 =50 G ) =5 (D g

k=0

_1;1241+4 1 il
~4\73 )T 21

Now, since ¢ = [log, n| < n, we obtain (d) by estimating

I < an’ fAntr41— n’ 2n
p— [— n J—
=4\ 3. 4llogan|  pllogyn]
<] 4n2+4 b)) =1 4n2+4 + logyn| + 1
-\ —= n =—-|—= n 0grn
=4\73 4\ 73 &2
1l 4n2+4 nad 4n* + 15043
-\ — n n =
4\ 3 12

The estimates leading to (e) are quite analogous and will be left to the reader.
The first part of (f) now follows immediately from (d) and (e), together with
T(n) = "("—ZH) Hence,

12 1
Ao I _4F

2
for every n > 1, from where we get lim ) = —. Thus, if r 7é %, then there
—+o0 T(n) 3

exists ng € N such that

In particular, n > ng = ;((’,l,)) 7

wh\)
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Section 9.2

1. From Chebyschev’s theorem, there is at least one prime between p, and 2p,,.

2. Letting p be the largest prime which does not exceed n, apply Chebyschev’s
theorem to show that 2p > n.

3. Ifn = 2k, write 112! ... n! = 2Xk1(315! ..., (2k — 1)!)? and, then, apply the result
of the previous problem. The case n = 2k + 1 can be dealt with in an analogous
way.

4. Let p and g denote the largest primes that do not exceed m and n, respectively.
Use the result of Problem 2 to compare the greatest powers of p and ¢ in both
sides of the given equation.

5. Start by using the result of Problem 2 to show that n = p, a prime number; to this
end, follow a path analogous to the hint given to the previous problem. Then, if ¢
is the greatest integer which is less than or equal to p — 1, conclude that m > 2gq.
Finally, use the remark that precedes the statement of this problem to conclude
that ¢ < 5 and, hence, that p — 1 < 6. To solutions are m = n = 2 or m = 10,
n=717.

6. Let n > 1 be a natural number satisfying the stated conditions, and p < /n
be a prime number. Then p | n, for otherwise we would have p?> < n and
ged(n, p?) = 1. Thus, n is divisible by p1, ..., px, where p; < --- < py are
those prime numbers less than /n. Now, let [ € N be such that 2l < /o< 2l
Since (invoking again the stronger version of Chebychev’s theorem, alluded to
above) for every integer k > 1 we have at least two integers between 2¢ and
2k+1 we obtain

2

P =222, 200 =2,
This way,

2
2 < pr.pe<n <282

so that /[ < 2. Hence, there are three cases to consider:

(i) I = 0: in this case, we have 1 < n < 4, and it is immediate to check that
n = 2 or 3 are the possible solutions.
(i) I =1:wehaved4 <n < 16and 2 | n,so thatn € {4,6,8, 10, 12, 14}. A
simple inspection show that the possible solutions are n = 4, 6, 8 or 12.
(iii) [ = 2: in this last case we have that 16 < n < 64 and 2, 3 | n. Therefore,
n € {18, 24, 30, 36, 42, 48, 54, 60} and, once more by inspection, we obtain
the solutions: n = 18, 24 or 30.
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Section 10.1

10.

11.

12.

13.

Make induction on m > 2.
Use the elementary properties of congruences, together with the fact that 10 =
—1 (mod11).

. Use congruences to compute the remainder of the given number upon division

by 4. Then, apply the result of Proposition 10.9.

. For k € Z,, show that 7% = 1 (mod 10), 7! = 7 (mod 10), 7%+ =

—1(mod 10) and 7#%*3 = 3 (mod 10). Then, compute the remainder of the
division of 319 by 4.

If all prime divisors of n were congruent to 1, modulo 4, use the elementary
properties of congruences to conclude that we were to have n = 1 (mod4).

. The first equality gives us 232 4228 . 5% = 0 (mod 641); the second, 228 . 5% =

(—=1)* (mod 641).

Assume that the decimal representation of n has k + 1 digits, and let m be the
natural number formed by the first k& digits of n. Show that the stated condition
is equivalent to 6 - 10K +m = 4(10m + 6) or, also, to 3 - 10 = 13m + 12.
Then, conclude that it suffices to find all natural numbers k for which 10 =
4(mod 13).

Start by observing that 2" 4+ 3" = 0 (mod 7) if and only if 6" +9" = 0 (mod 7),
which, in turn, is equivalent to (—1)" 4+ 2" = 0 (mod 7). Then, compute the
possible congruences of 2", modulo 7.

Apply congruence modulo 3 to show that either p or ¢ must be a multiple of 3,
hence equal to 3. Then, assuming ¢ = 3, write p> + 9p + 9 = n? and solve
such an equality for p.

For item (a), start by reducing the terms of the Fibonacci sequence modulo
2 and modulo 4, and note that the two reduced sequences thus obtained are
periodic. Items (b), (c), (d) and (e) can be dealt with analogously.

Start by using the result of item (c) of Problem 2, page 71, to conclude that if
d = gcd(F,, Ly), then d | 4. Now, distinguish the cases 3 t n and 3 | n, and
apply the results of the previous problem.

For items (a) and (b), use induction on n € N. For item (c), start by using the
result of item (a) to write 2Fy,yor = Fyu Lok + Fox L. Then use the result of
the item (b) of Problem 2, page 71, as well as (a) again, to get

2Fpiak = Fu(Lg +2(=D*) + FLg Ly = 2(=D* ' F,y (mod Ly).

Now, apply the result of item (b) of Problem 11, taking into account that 2 | k
and 3 t k. For item (d), argue in an analogous way, writing

2Lk = 5F Fak+-Lin Lok = 5Fp Fi L+ Ly (L342(=1)*"1) = —2L,, (mod Ly)

14.

and, hence, L, 12x = —L,, (mod Ly).
Apply item (d) of Proposition 10.9.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

25.
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Look at the equation modulo 3 to conclude that m is even. Then, factorize k2 —
2" and argue as in Example 10.11.

If n > 5, show that m” = 3 (mod 10) and, hence, that p > 2. Then, use modulo
3 to conclude that 3 | m, so that 27 | m”. Finally, look at the equation modulo
27 to conclude that there is no solution when n > 9.

Use modulo 3 to show that z is even, say z = 2¢. Then, factor 52t _ 4 and
argue as in Example 10.11.

Ify=1thenp=2andx = 1.Ify > I, write p* = (y + D>  — y + 1)
and show that, letting d = ged(y + 1, y2 — v+ 1), one has d = 1 or 3. Finally,
consider separately the cases d = 1 and d = 3.

Write @ = 2fq and b = 2! B, with k, I € N and «, 8 being odd naturals. From
this, show that kb = la and o? + B¢ = 2¢=k0 Then, use modulo 4 to conclude
thata = B =1 and 2% = % Finally, analysing the function f(x) = 5z, show
that, if k, [ > 4, then k = [.

Firstly, show that it suffices to consider the case b = a”. Then, in order
to analyse it, make induction on n > 0, using congruence modulo a at the
induction step.

Start by looking at the given equation modulo 3 to show that b is even. Then,
let b = 2¢ and conclude that 2¢t! = 159 4+ 1 or 2! =3¢ 4+ 5¢ Letd = c + 1
and, in the first case, use modulo 3 to conclude that d is even and, hence, that
24/2 _ 1 = 39 and 29/2 + 1 = 5%. In the second case, use modulo 4 to show
that a is odd, so that, if ¢ — 2 > 0, we have

2072 =3971 302 54 ... 4 59 = 4 (mod?2).

Thus, conclude that ¢ — 2 = 0.

Using the fact that 1992 = 24 - 83, show that the division of 10!%Z by 1083 +7
leaves remainder 724. Then, if g € Nis such that 101992 = (1083 + 7Nq + 74,
use congruence modulo 10 to compute the last digit of g.

For item (a), if x is even, say x = 2z, we get (7° — 2)(7° 4+ 2) = 3”. Conclude
that both 7° — 2 and 7° 4+ 2 must be powers of 3, and use the fact that (7° +
2) — (7* — 2) = 4 to get a contradiction. For item (b), assuming that if y > 1,
show that 7% = 3¥ + 4 = 4 (mod 9), and that this gives x = 2 (mod 3). Hence,
deduce that x = 2 (mod 3) and x = 1 (mod 2) implies x = 5 (mod 6). Item (c)
now follows from letting x = 6 + 5 and computing

75 = 7% = (799 .70 = (=1)7 . (=2) = £2 (mod 13).

Finally, for (d) and (e), compute 3¥ = 1, 3 or 9 (mod 13) and, hence, 37 + 4 =
5, 7 or 0 (mod 13); then, show that this contradicts (c).
Looking at the equation modulo x + 1, we obtain (—1)**! = 1 (mod x + 1).
Therefore, from x > 1 show that z is odd. Now, write

G+ =x+1l=(x+ D' —x* 24 ... —x + 1),
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to get (x + DY = x3=1 — x2=2 4 ... — x + 1. If x is odd, show that both
sides of this last equation have different parities, which cannot occur. Now, use
the fact that x is odd, together with

L@t -1
- X

X!

=@+ D HL

to show that y is also even. Then, letting x = 2s and y = 2¢, we have

[+ D' =1][(x+ D" +1] = 29)%. (22.2)

Note now that (x + 1)’ — 1 and (x + 1)* 4+ 1 are consecutive even numbers, so
that they have ged equal to 2. Use modulo x to get (x + 1)’ — 1 = 0 (mod x)
and (x + 1)’ +1 = 2 (mod x), so that the first factor is a multiple of x, whereas
the second one is of the form xg + 2, with 2 being its only common factor with
x. Use this to conclude from (22.2) that

(x+ 1) —1=2s°
@+ D +1=21"

Then, finish the solution.

Section 10.2

1. Apply Fermat’s little theorem with p = 7.
2. Start by considering the cases p = 2,3,5. If p # 2,3,5, write the given
difference as

(@-10% —10%) +2(a - 10’7 — 10") +--- +9(a — 1), (22.3)
where @ = 11...1. Then, apply Fermat’s little theorem to conclude that a =
——

p
1 (mod p) and to analyse the remainder of the division by p of each summand
of (22.3).

3. Show that, after performing k > 1 operations, the j-th term of the sequence
goes to position 2¥ j (mod 21 + 1). Then, use Fermat’s little theorem.

4. Firstly, use modulo 11 to conclude that there are no integer solutions such
that x = 0(mod 11). Then, if x #% 0(mod11), use Fermat’s little theorem
to conclude that 11 divides x> + 1 or x> — 1 and, hence, that y2 = —5or
—3 (mod 11). Finally, show that such congruences do not have any solutions.

5. We may assume p > 2. In this case, if n = pg + r, Fermat’s little theorem
assures that it suffices to find an integer 0 < r < p such that 297" = r (mod p)
for infinitely many naturals g. For what is left to do, choose r = 1 and, then,
infinitely many ¢’s.
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6.

10.

1.

12.

13.
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For the sake of contradiction, assume that there exists an integer n > 1 such that
n | (3" —2™").If p is the smallest prime factor of n, with n = mp, use Fermat’s
little theorem to conclude that 3" = 2™ (mod p). Then, use the minimality of
p to show that gcd(m, p — 1) = 1. Finally, write mx = (p — 1)y + 1, with
x, y € N, and use Fermat’s little theorem once more to reach a contradiction.

. For item (b), start by using the fact that gcd(p,q — 1) = 1 to write px =

(g — Dy + 1, with x, y € N. Then, apply Fermat’s little theorem.

If k stands for the number of digits of 5", show that the problem is equivalent
to finding m > n for which 5" — 5" = 0 (mod 10"). Prove that n > k and
conclude that it suffices for us to have 5"~ = 1 (mod 2k ). Then, use Euler’s
theorem.

. With the aid of Euler’s theorem, prove first that if / is odd, then gcd(2‘p(l)m —

3,1) =1, for every m € N. Then, choose ki, ..., k, inductively.

Use Mobius inversion formula to get a, = > _,, 1(d)2. Now, use Euler’s
theorem to show that, if p is prime and p® is the greatest power of p that divides
n, then p® | a,. To this end, write n = p“k, with ged(k, p) = 1, and, from this,

o o ﬁ
= Y p@2T =Y p@2'T + Y p(pd)2
0<d|p®k 0<d|k 0<dlk
o g ,0:71
=Y u@2'T - Y p@rT
0<d|k 0<d|k
a—1 p a—1
=2 u(d){(z"dk) —2"dk}
0<dl|k
)afl _
- Y e ()
0<d|k
= 2 @2 (200 ).
0<dl|k

For item (a), argue by contradiction. More precisely, ifa = (p1—1) ... (px—1),
with £ > 1 minimum as in (a), use the fact that gcd(2“/2 —1,24/2 4 1)=1to
conclude that there exist / < k primes among py, ..., pk, say pi, -- ., Pi, such
that2¢/2 —1 = p{' ... p". Then, letting b = (p1 — 1) ... (p; — 1), use the fact
that (2 — 1) | (2¢/? — 1) to contradict the minimality of k.

For item (b), use Fermat’s little theorem. For (f), if ¢ 1 x, show that x@=b/2 =
+1 (mod ¢), and analogously for y@=1/2 and z(¢=1/2; then, use the equality
x@=D/2 4 y@=D/2 4 2(a=1/2 = 0, together with ¢ > 5, to get a contradiction.
Finally, for (g) ii., observe that if ¢ | a and ged(a, d) = 1, then g 1 d.

For item (e), you will need to use the result of Example 8.14. For item (h), first
show that g, = 2”_1q1 + (2"_1 — 1), for every integer n > 1; then, use Fermat’s
little theorem to show that, if g; is an odd prime, then it is possible to choose
n > 2 such that g1 | gp.



22 Hints and Solutions 591
Section 10.3

1. We prove both items simultaneously. If x is an integer such that ax = b (modn),
then we have ax = nq + b for some g € Z. Therefore, b = xa + (—q)n, a linear
combination of a and n, so that Bézout’s theorem furnishes gcd(a, n) | b. Now,
let gcd(a, n) = d, with d | b. Then,

a b n
ax = b (modn) & Ex =7 (mod E)

However, since gcd (%, %) = 1, the existence of solution follows from Corol-

lary 10.25. For what is left to do, start by noticing that
n n
ax = axg(modn) & x = xg (modg) S x =x9+ Et, dr € Z.
On the other hand, it is immediate that
n n
X0 + Etl = x0 + ElQ (modn) < t; =t (modd),

so that there are as many pairwise incongruent solutions for the original equation
as there are integer values for ¢ pairwise incongruent modulo d. Thus, the original
equation has exactly d = ged(a, n) pairwise incongruent solutions modulo #.

2. Assuming that the given congruence has any solution at all, use Bézout’s
theorem, together with item (d) of Proposition 10.6, to show that the gcd between
gcd(ay, az, . .., ai) and n divides b. Then, observe that

ged(ged(ay, az, ..., ar), n) = ged(ay, az, ..., ag, n). (22.4)

For the converse, apply Bézout’s theorem once more, together with (22.4).

3. Letting x denote the total of soldiers, show that it satisfies a system of two linear
congruences with relatively prime moduli. Then, use the proof of the Chinese
remainder theorem to show that

x=7-12-1245-1-13(mod 12 - 13)

and, hence, that x = 132¢ + 17 for some g € Z. Finally, use the fact that
600 < x < 700.

4. For item (a), start by observing that, if u, v is a solution of the linear diophantine
equation and x = mu + a; = mov + az, then x solves (10.7) for k = 2.

5. Apply Euler’s theorem.

6. If p and ¢q are distinct primes, Example 6.29 assures that 2 — 1 and 29 — 1 are
relatively prime. In view of this fact, show that an integer x satisfies the stated
conditions if and only if it solves a certain system of linear congruences. Then,
apply the Chinese remainder theorem.
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7. Adapt, to the present case, the idea of the proof of Example 10.28.
8. For implication < of item (a), let a; € Z be an integer solution of f(x) =
0 (mod pf"' ). If x is any solution of the system of linear congruences

x = a; (mod pi")
x = ap (mod p3?)

x = a (mod p;*)

whose existence is guaranteed by the Chinese remainder theorem, use item (c)
of Proposition refprop:propriedades da congruencia to conclude that f(x) =
0 (mod p?") for | < i < k and, hence, that f(x) = 0(modm). For item
(b), let S(¢) be a set of N(¢) pairwise incongruent solutions, modulo ¢, for the
congruence f(x) = 0(modz). Use the result of (a) to infer the existence of a
bijection f : S(m) — S (p‘fl) X xS (p,‘:k); then, apply the fundamental
principle of counting.

9. If a is the initial term and r the common ration of the progression, the given
hypotheses are equivalent to the existence of x, y € N such that x?> = a (mod r)
and y3 = a (mod r). By the same token, the thesis is equivalent to the existence
of z € N such that z° = a (modr). Make complete induction on r, the case
r = 1 being trivial. For the induction step, separately consider the cases r = p“,
for some prime p and some o € N, and r = st, with 5,7 > 1 relatively prime.
In the first case, if x and y are as above and y’ is the inverse of y modulo p“,
show that z = xy’ solves the problem. In the second case, let u and v be terms of
the arithmetic progressions (a + ks)x>0 and (a + kt)>0, respectively, such that
u® = a (mods) and v® = a (mod1); use the Chinese remainder theorem to find
z € N such that z® = a (mod s7).

Section 11.1

1. Notethata; +a>+---4+a,=1+2+---+n(modn).

2. Adapt the proof of item (b) of Proposition 11.3 to the present case.

3. Adapt the discussion of Example 11.4 to this case, this time using the result of
the previous problem.

Section 11.2

2. This amounts to noticing that@-(b+¢) =a-b+c=a-(b+c)=a-b+a-c =
a-b+a-c=a-b+a-c.
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3.Ifa=candb = d, thena = ¢ (modn) and b = d (modn), so_that a— b=
¢ — d (modn). But this is the same as saying that ¢ = ¢ and b = d imply
a — b = ¢ — d, which is exactly what we wanted to verify.

4. The units of Zy» are 1, 5,7 and 11 (note that ¢(12) = 4). Since 1

T1° = T, there is nothing left to do.

5. Adapt, to the present case, the discussion of the well definiteness of the
operations of addition and multiplication in Z,.

6. For the first part, if n > 1 is not prime, write n = ab, with 1 < a, b < n. For the
second, note thatif 7 - b = 0 in Zp, then p | ab and, hence, p |a or p | b.

7. For the first part, look at the particular case @ - x = 1. For the second, multiply
both sides of @ - x = b by @~ ! and use the associativity of multiplication.

2_R_7_

Section 12.1

2. By contradiction, if 23" = —1 (mod 17), then 22¥" = 1 (mod 17). Now, use the
congruence 216 = (mod 17) to conclude that ord;7(2) = 1 or 2, which is a
contradiction.

3. If m = ord,(a), then m | 2k and, by Euler’s theorem, m | ¢(n). Hence, m |
gcd(2k, o(n)) = 2d, where d = gecd(k, ¢(n)/2) (recall that n > 2 = @(n)
even—cf. Problem 19, page 220). If m | d, then m | k, which contradicts the
given congruence. Therefore, m = 2d’ for some divisor d’ of d, and hence m is
even.

4. Ifn | 2" — 1), thenn is odd. If n > 1 and k = ord,(2), then 1 < k | n, p(n).
Now choose, from the very beginning, the least possible natural number n > 1
such that n | (2" — 1). Arrive at a contradiction by showing that k | (2]‘ —1).

5. Let S denote the given product. Legendre’s formula (6.10) assures that the
greatest power of 2 that divides n! has exponent

+o0 n +o00 n
ex(n) = Z b—jJ < 7 =
1

Jj=1 Jj=

therefore, eo(n) < n — 1 and, hence, 2e2(m) | S.Now, let 2 < p < n be prime
and [ be the exponent of the greatest power of p that divides S. Use the fact that
2" — 2! = 0 (mod p’) if and only if ord,,; (2) | (n — 1), together with the idea of
the proof of Legendre’s formula, to conclude that

n n
-l Bl

jz1 >1

6. Show that k; | = 2k; (mod2n + 1). Then, for item (a) conclude that f(n) = 0
if and only if the set {1, 2, 22 23 . .} contains a RRS modulo 2r + 1. For item
(b), show that
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£(1997) = 2 - 1997 — orda.199741(2)

and compute ordj.1997+1(2) = 8-23 = 184 by using the equalities 2- 1997+ 1 =
5.17-47, ord;7(2) = 8 and ords7(2) = 23.

7. Assume that we have found g as in (a), so that p | (¢ — 1). Arguing by
contradiction, suppose further that there exists n € N such that n” = p (mod g).
Since p # ¢, we have ged(n,q) = 1, and Fermat’s little theorem gives

1=ni"1= quI (mod ¢), which is impossible. For (b), note that a = p?~! +
pP~2 4.4+ p+1=p+1(mod p?), so that a has at least one prime factor ¢
for which ¢ = 1 (mod p?). Inturn, if k = ord, (p), then the fact thata | (p? — 1)
givesk | p;ifk = 1, wewouldhave 0 = a = p?~ !4 pP~24...4p+1 (modgq),
so that p = ¢, a contradiction.

Section 12.2

1. Compute 214 = _1 (mod29) and, then, conclude that ordyg(2) = 28.

2. Separately consider each one of the cases n = 2, 4, p and 2p¥, with p being
an odd prime and k € N.

3. Letting a be a primitive root modulo 7, note that the g;’s are congruent modulo

n, is some order, to a, a2, ..., a®"™, so that
) (@m+1)
aay .. .Aapm) =a" 2 (mod n).
. . . e (pm)+1)
Now, if n = 2 or 4, give a direct argument to show that a 2 =
—1(modn); if n = p* or 2p*, for some odd prime p and some k € N,
()
use the fact that ord,(a) = ¢(n) to conclude that a7 = 21 (mod n)—be
) ) o 0
careful: n | (a% + 1)(ale — 1) does not necessarily imply 7 | (a% + 1) or
)
n|(a g 1).

4. Firstly, adapt the proof of Lemma 12.12 to the present case, showing (by
induction) that for every integer n > 3 there exists an odd integer g such that
192" = 29 4 1. Back to the posed problem, start by taking k; = 1, and
ko = 2. Then if 19 — 97 = 2"g and ¢ is even, take k,41 = ky; if ¢ is odd,
take ky1 = ky + 2" 2.

5. Ultimately, the solution of this problem also relies in a variation of the idea of
the proof of Lemma 12.12. Indeed, one wants to find infinitely many m € N
such that m? +7 = 0(mod 2¥). Start by showing that it suffices to establish the
existence, forevery l € N, of m; € N such thatmlz+7 = O(mod 2! ); then, prove
this last statement by induction on /. For the induction step, if ml2 +7 =2,
with [ > 3 and n; odd, try m;4+1 = am; and show that it is enough to have
a’ = 21q + 1, with g odd; then, prove that a = 52[_3 works.
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. Ifa?P4~! = 1 (mod 3pq), then a’Pi=1 = 1 (mod p); in particular, letting a be

a primitive root modulo p, we must have (p — 1) | (3pg — 1) and, analogously,
(g — 1) | Bpg — 1). From this, conclude that (p — 1) | 3¢ — 1) and (g — 1) |
(Bp — 1), from where p = 11 and ¢ = 17 or vice-versa. Finally, show that
a>117=1 = 1 (mod3- 11-17) for every natural number a relatively prime with
3.11-17. To show that p = 11 and ¢ = 17 if p < g, one can argue in the
following manner: since p < g, we have

3p—1<3q—1 2 2
g—1 — g—1 qg—1"— 4

l

so that 3” = 1, 2 or 3; analysing each one of these cases separately, we

conclude that 3p —1=2(g — 1) and, hence, 3; 11 gg—_i, a number greater

than 4 and less than 8; thus, 94 3
q = 17 as the only actual one

= 5, 6 or 7, and these possibilities lead to
1

and p — 1—here we used the fact that £~ 2 is also prime.

. For (a) = (b), write n = pi... pg, with py < --- < py being primes such

that (p; — 1) | (n — 1); then, apply Fermat’s little theorem to conclude that
a" = a (mod p;), for every 1 < i < k. For (b) = (a), take a prime divisor p
of n and let a be a primitive root modulo p? to obtain a contradiction if p? | n;
then, let a be a primitive root modulo p, to show that (p — 1) | (n — 1).

ap,-(n—l) _an—l
= 1+4q; (f (mod p;).
a -1

For item (a), observe that

prqg—1p— pg—1p—1
Z ZPJ-H)" =3 Nt =g Zl” I = 0 (mod p).
j=0 [=0 j=0 [1=0

For item (b), use (a) to conclude that, if n = p?g, with p prime and ¢ natural,
then s, = 1 (mod p). Item i. goes through with a computation analogous to that
of the hint given to item (a). Item ii. follows immediately from i., together with
the fact that, modulo p;, we have {a, az, e, al"’_l} ={L,2,...,pi — 1}. Fpr
iii., if n | 5,, then s, = 0 (mod p;). However, since p; | (a?®~D — g"~1), the
formula in ii. guarantees that the only way of having s, = 0 (mod p;) is to have
pi |l (@"~'—1). Then, pi—1 =ordy, (a) | (n—1) and, hence, (p; —1) | (gi—1)
(sincen — 1 = (p; — 1)g; + (gi — 1)). For item iv., if n | s,, then p; | s,, and
it follows from i. and iii. (more precisely from (p; — 1) | (n — 1)) that
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pi—1 pi—1

O=sp=1+gq ) I""=1+g ) 1=1+g(pi~1)(modp).
=1 =1

Hence, gi(p;i — 1) = —1 = p; — 1 (mod p;), so that g; = 1 (mod p;). Finally
in what concerns item V., it is enough to show that if p;(p; — 1) | (¢ — 1)
for 1 < i < t,then p; | s, for 1 < i < ¢; to this end, it suffices to use
the congruence of item i., together with the fact (easily deducible from our
hypotheses) that (p; — 1) | (n — 1).

For item (a), if gcd(a*+1, n) > 1thenn | (a¥+1), and hence a** = 1 (mod n);
this contradicts the fact that ord,(a) = 2pk. For i., it follows from akb =
—1 (mod n) that a®*? = 1 (mod n), and thus d | 2kp = n—1. On the other hand,
if d | 2k, then a®* = 1 (modn) and, this way, n | (a* — 1)(a* + 1); however,
since gcd(ak +1,n) =1, we getn | (@* — 1) and then a*? = 1 (modn), an
absurd. Now, if d | 2kp and d 1 2k, it is immediate to see that ged(d, p) > 1,
and hence that p | d; therefore, the last part of i. follows from Euler’s theorem.
For ii., it is pretty clear that p 1 (2kp + 1); therefore, the formula for ¢ (2kp + 1)
assures that p | (g — 1), for some prime divisor g of 2kp + 1; thus, it suffices to
let g — 1 = Ip, noticing that [ > 1, for otherwise both p and ¢ = p + 1 would
be odd primes, which is impossible. Finally, for iii., if 2kp + 1 = (Ip + Du
then u = 1 (mod p), so that u = hp + 1 for some h > 1. If h > 2, then
n=(>Up+Dhp+1)=>Qp+1)?>22p+1)p+1=2kp+1=n, which
is impossible. Therefore, » = 0 or 1, and if A = 1 then (p + 1) | 2kp + 1), an
absurd (for p + 1 is even and 2kp + 1 is odd.

Show? first (by induction) that for every k € N there exists a natural number
my of k digits, all of which equal to 1 or 2, such that 2 | my. Now, note that
5 1 q1000, and use the fact that 2 is a primitive root modulo 5 1000 ¢ find k € N
with 28 = g1000 (mod 5!%%0). Finally, writing 2¥ = a - 51990 4 400, for some
a € N, show that 2611000 hag the desired properties.

Item (a) follows from Fermat’s little theorem, together with the fact that xf +
xé + xé‘ + xff + x? = 0 (mod p) if and only if f(xq,...,x5) = 1(mod p).
Item (b) follows from the multinomial formula desenvolvimento multinomial
(cf. Problem 2, page 28) and from the result of (a).

Section 12.3

1.
2.

Use Euler’s criterion.
Adapt the proof of Example 12.24 to the present case to obtain infinitely many
integer values of k having the desired property.

2This is based on the solution given by professor Carlos Gustavo Tamm de A. Moreira.
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. Start by multiplying equality ax? + bxy + cy?> = n by 4a and completing

squares.

. First show that if such x and y did exist, then they would be relatively

prime with 122. Then, use the result of the previous problem to conclude
that 17 should be a quadratic residue modulo 61. Finally, apply the quadratic
reciprocity law and Proposition 12.23 to reach a contradiction.

. For item (a), if every prime divisor of 2b% + 3 was congruent to 41 modulo 8,

we would have 2b% 4+ 3 = +1 (mod 8); show that this is impossible. For (b), if
(2b% +3) | (a®> —2) and p is as in (a), then a* = 2 (mod p), so that 2 would
be a quadratic residue modulo p; use the result of Example 12.27 to reach a
contradiction.

. Let L, = 2x2. If n is odd, use item (b) of Problem 11, page 252, together

with the fact that L, is even, to show that n = 3 or 9 (mod 12). Then, apply
several times item (e) of this same problem to get L,, = L3 or Lg = 4 (mod 8),
and show that this gives x> = 2 (mod 4), which is impossible. Now, assuming
that n is even, consider the following three separate cases: n = 0 (mod4),
n=6(mod8)orn =2 (mod8).Ifn = 0(mod4), write n = 2-3' -k, withk € Z
such that 2 | k, 3 t k. Argue as in the proof of Example 12.25 to obtain L, =
—Lo = —2 (mod Ly) and, hence, x2 = —1 (mod Ly). Show that this furnishes
a contradiction, exactly as the one obtained in the proof of Example 12.25. If
n = 6(mod8) butn = 6 (note that Lg = 18 = 2 - 3%), writen = 6 +2 - 3! - k,
with k € Z such that 4 | k and 3 { k. Use item (d) of Problem 13, page 253, to
obtain L, = —Lg = —18 (mod L), and hence x2=-9 (mod Ly). Also as in
the proof of Example 12.25, conclude that one can take a prime divisor p of Lg
such that p = 3 (mod 4), so that x2=-9 (mod p). Then, show that 3 { Ly, so
that gcd(p, 9) = 1 and, thus, (_79) = (2)(_—1) = (_—1) = —1. Finally, in the

p/\p p
case n = 2 (mod 8), just note that L_,, = L, and —n = 6 (mod 8).

.Let F, = x2. If n = 1(mod4) butn # 1, write n = 1+ 2 - 3! - k, with

k € Z such that 2 | k, 3 t k. Use item (c) of Problem 13, page 253, to

get F, = —F; = —1(mod Lyg); then, arrive at a contradiction, exactly as in
the proof of Example 12.25. If n = 3 (mod4), use the fact that F_,, = F,
and —n = 1(mod4). If n is even, write n = 2m and apply item (a) of

Problem 13, page 253 to get F, = F,,L,,. Then, distinguish two distinct
subcases: if gcd(n, 3) = 1, use Problem 12, page 252 to conclude that L,, is
also a perfect square; then, apply the result of Example 12.25. If ged(n, 3) = 3,
use Problem 12, page 252, again to conclude that L,, is twice a perfect square;
then, apply the result of the previous problem.

. Apply Gauss’ lemma, as was done in Example 12.27, or the quadratic reci-

procity law.

. For item (a), if every prime divisor of 2" — 1 was congruent to &1 modulo 12,

we would have 2" — 1 = %1 (mod 12); show that this is impossible. For (b), if
(2" — 1) 1 (3™ — 1) and p is as in (a), then 3" = 1 (mod p) or, which is the
same, 3"t =3 (mod p); since m + 1 is even, it would follow that 3 would be
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a quadratic residue modulo p; now, use the result of the previous problem to
get a contradiction.

For item (a), use the quadratic reciprocity law. For item (b), use the result of
Corollary 12.20, together with the fact that p — 1 is a power of 2.

For item (a) make induction on k > 3, showing that if x,% = g (mod 2%), then
x,?H = g (mod 2¥t1), with x; 4.1 = x; or xx 4+ 2%~ 1. For (b) make an analogous
induction; more precisely, if x,f = pkq + a, let xp41 = xr + pkt, witht € Z,
and impose the validity of the congruence x,% 1 =a(mod p**1) to deduce that

¢ must satisfy the linear congruence 2x;t = —q (mod p); finally, show that it is
always possible to choose such a 7.
If x2 = a (modn) for some integer x, then x2 =a (mod 21‘) and x? =

a (mod pfi ), for 1 < i < t; it then suffices to apply the results of the
previous problem, together with Euler’s criterion. Conversely, if conditions (i)
and (ii) are satisfied, apply once more the results of the previous problem and
Euler’s criterion to assure the existence of integers xg, X1, ..., x; such that
xé = a (mod 2k ) and xl.z = a (mod pfi), for 1 <i < t; then, invoke the chinese
remainder theorem to get, out of the x;’s, an integer x such that x’=a (modn).
Number the children in the counterclockwise sense and in a continuous way,
so that the child at positions 1,n + 1, 2n 4+ 1, 3n + 1, ...is the same one, and
analogously for the remaining children. Show that the teacher will give candies
to the children situated at positions @, for k € N, so that it suffices to

find all natural values of n for which the congruence w = a (modn) has a
solution for every integer 1 < a < n. Now, notice that if such a congruence has
a solution, then the same holds with the congruence (2x + 12 = 8a+1 (modn).
Finally, use the results of Problem 12 to show that n must be a power of 2.

For =, use Fermat’s little theorem. For <=, let @ be a primitive root modulo

p,and j € N be such that %j = -1 (mod ”T_l); then, take k € N such that

ok = a/ (mod p) and show that k | d and xo = ok

x" = a (mod p).

Items (a) to (d) only require simple algebraic manipulations and elementary
properties of congruences. For the first part of item (e), use Wilson’s theorem,
together with Euler’s criterion; for the second part assume, by the sake of
contradiction, that r; = r; (mod p) and use the fact that p 1 ( j2 — i2). For
the second part of (f), conclude that

p=1 p-1

2 2

> rj=)_j*=0(modp),
j=1 j=1

/ solves the congruence

where, in the last congruence, we used the fact that p > 5.
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Section 12.3

1. Start by showing, with the aid of Proposition 10.9, that if such integers k, /,
x, y and z did exist, with [ > 1, then x, y and z would all be even. Then,
use this to reduce the analysis to the case [ = 0, and use again the results of
Proposition 10.9.

2. By contradiction, suppose that a+b is even. Then, at+ct=ad*>-p*=0 (mod 4),
and hence a = —c? (mod 4). From this, conclude that a(a — 1) has a prime factor
congruent to 3 modulo 4 and which appears in its canonical decomposition with
odd exponent.

3. Observe that 1995 = 3 .5-.7-19, with 3,7,19 = 3 (mod4). On the other
hand, if d is a positive divisor of 1995 (the case d < 0 can be handled in a
totally analogous way), analyse separately the following four possibilities: d = 1,
d=5,1<d]|(3-7-19)andd = 5d',with1 < d’ < 3-7-19. For instance: (i)
ifd = 5, then x> + y? = 5(x — y) if and only if 2x — 5)> + (2y 4+ 5)% = 50, so
that2x —5 = +1,£7; Q) if 1 <d | (3-7-19), then, since x2+y2 = 0 (modd),
the argument sketched in item (ii) of the proof of Theorem 12.33 guarantees that
d | x and d | y; setting x = da and y = db, we obtain a®> + b> = a — b, which
is equivalent to the first of the four possibilities above.

4. Example 6.40 guarantees the existence of infinitely many primes of the form 4k+
3; then, choose distinct primes ¢, ..., gn, all of which congruent to 3 modulo 4,
and apply the chinese remainder theorem, together with Theorem 12.33, to the
system of linear congruences x = —i + ¢; (mod ql.z), forl <i <n.

5. For item (a), note that |S| = pTH. For (b), use (a). Item (c) follows from (b),
together with the fact that y% + y% + y% + yf = mp (mod p). Finally, for (d),
start by using a descent argument to show that p can be written as a sum of four
squares; then, apply several times identity (12.10) to show that any n € N can be
written as a sum of four squares.

6. For item (a), assume that n has an odd divisor d > 1. Then, since (2¢ — 1) |
(2" —1), we have that (2¢ — 1) | (m2+9), which is a sum of two perfect squares.
However, since 2¢ — 1 is of the form 4k — 1, he must have some prime divisor p
which is also of this form. It now follows from a slight modification of the proof
of Theorem 12.31 that p | m and p | 3, and hence p = 3. Therefore, 3 | (2¢ — 1),
which is an absurd, for 2¢ — 1 = (—1)¢ — 1 = —2 (mod 3) (recall that d is odd).
For item (b), start by observing that the case k = 1 is trivial. Now, assume that
Q%" — 1) | (m2_, +9) and notice that 22" 4+ 1) | ((3- 2% )2 4 9). Then,
with the aid of the chinese remainder theorem, choose m; € N such that

mp = mp_; mod22” — 1) and my =322 (mod 22" +1).

o . . . k—1 k—1 .. .
It is immediate to verify that 227 _1and 2% +1 divide m% +9; however, since
such numbers are relatively prime, we conclude that their product also divides
2
my + 9.
k
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Section 13.1

2. For item (b), write |z + w|* = (z + w)(z + w) and use the result of item (b) of
Lemma 13.2, together with (13.8).

3. For item (a), apply inequality |z + w| < |z| + |w]|, with # — z in place of z
and z — v in place of w. For item (b), observe that the desired inequality is

equivalent to —|z — w| < |z| — |[w| < |z — w]; then, in order to show that
|z] — |w| < |z —w], apply inequality |z 4+ w| < |z| 4+ |w]|, writing z — w in place
of z.

4. If z can be written as in the statement, use the second part of item (a) of
Problem 2 to conclude that |z| = 1. Conversely, suppose that |z| = 1. Impose
that z = }+”“ with w € C, to obtain w = i +—= 1+ ; then, use items (b) and (d) of
Lemma 13.2, together with the fact that |z| = 1, to conclude that w € R.

5. Expand both sides of the inequality |z — a|*> < |1 — az|?, with the aid of the
result of item (b) of Problem 2.

6. First note that

zelT & |z—al> =R? & |z> — 2Re(@z) + |af* =

2
Then, setw = % to successively obtain ‘% — a‘ = RZ, hence |a|2|a_1 —w|2 =
R?|w|?, then |w|*(|a|*— R?)—2Re(aw)+1 = 0. Finally, write this last equality
as |w|? — 2Re( aw ) + !

la|?—R? lal>—R

5 = 0 and complete squares.

7. First note that zx11 = zx (1 + \/k’—?) Then, compute |zx| in terms of k by

using telescoping products (cf. [8], for instance). Finally, note that 711 —zx =
Tkl
V17

8. Review the definitions of addition and subtraction of vectors, in Chapter 8 of
[9].

9. Assume such a total ordering does exist and arrive at a contradiction. You may
wish to use that i2 = —1.

10. Checking items (a) to (e) is somewhat tedious, though elementary. In what
concerns (f), the first part is immediate from the definition of multiplication
in H; for the second part, it suffices to use the identity |8 12 = afap, together
with the result of item (e). Item (g) follows from the second part of (f). Finally,

if « € H\ {0}, then « - % = 1; therefore, if 8 = 0 and « # 0, then

=% |2< ap) = (ﬁa)ﬂzl-ﬂzﬁ.

On the other hand, if «f = 1, then ¢ — o= ‘2 = 0 or, which is the same,

o ( — Io%) = 0; however, since o # 0, it follows that B = & (here, we

wrote o — B to denote o + (— ), where —8 = (—w) + (—x)i +(—y)j+(—2)k
if B=w-+xi+yj+ zk).
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In the complex plane, let a, b, ¢, d and e be the complex numbers associated
to the vertices of P and assume, without any loss of generality, that /1 =
|b — c|. Use a geometric argumento to show that we can suppose d = 0 and
e = 1. Then, observe that the stated hypotheses are equivalent to la|?, |b|%, |c|?,
la—1121b—=11%|c—1|% |a —b|* and |a — c|? being all rationals. Conclude,
with the aid of the result of Problem 2, that Re(a), Re(b), Re(c), Re(ab) and
Re(ac) are rationals and, hence, that Im(a)? = |a|?> — Re(a)? is rational. Since

Re(ab) = Re(a)Re(b) — Im(a)Im(b)
= Re(a)Re(b) + Im(a)Im(b),
deduce that Im(a)Im(b) is rational; analogously, show that Im(a)Im(c) is also

rational. Now, since (once more from Problem 2) |b — ¢|?> = |b|> + |c|? —
2Re(bc), it suffices to show that Re(bc) is rational. To this end, note that

Re(bc) = Re(b)Re(c) + Im(b)Im(c),
and then it is enough to show that Im(b)Im(c) is rational. For what is left to do,
write
Im(a)Im(b) - Im(a)Im(c)

Im(b)Im(c) = i@y

Section 13.2

—_

et

. Adapt, to the present case, the proof of Corollary 13.8.

Start by observing that @ + % =—1,0* =1, 0¥ = w and W3¥**? = @2 for
every k € 7.
Put 1 + +/3i in polar form and use the first de Moivre’s formula.

Take conjugates in the second equation to obtain z; + z> 4+ z3 = 0. Then, use
the first equation and item (d) of Lemma 13.2 to conclude that Zl + % + % =0
and, hence, that z1z2 4+ 2123 + z2z3 = 0. Finally, observe that 0 = z1(z1z2 +
23+ 23) =20+ + 1= —z? + 1, with identical relations being true
for z5 and z3.

. Adapting to the present case the solution given to Example 13.17, writez — 1 =

Rw(z + 1), where w is an n-th root of unity, so that z = }fﬁi Now, compute

1+ R? 2R ;w—R 2R o—R
‘ (1—R2> - R2—1<1—Ra)) - R2—1(w(5—R))

and take modulus on both sides.

Write a, = (n—w)(n—w?), withw = cis Z. Then, recall that 1 +w+w? = 0,
from which we obtain (k — 1 — w)(k — w?) = (k + 0?)(k — w?) = k* — w and,
analogously, (k — 1 — 0?)(k — ) = (k + w)(k — w) = k* — w?.

Letting w?> = p? — 44>, use Bhaskara’s formula to show that the roots of
the given equation have the same modulus if and only if Re(pw) = 0. Then,
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substitute p = rcisa, ¢ = scis B and w = rcisy into w?> = p? — 4¢?, with
r,s,t € R4, and conclude that |« — 8] must be an integer multiple of 7.
Write z5 = 12 +z1 and z3 = 1/3 + z; to reduce to the case z; = 0; then, write
7y = wzh and 2§ = wz3, for an appropriate complex number w of modulus 1,
to reduce to the case z, = 1.

Setting w = cis 2}? use the first formula of de Moivre to compute the real and
imaginary parts of the left hand side of (13.20).

For item (a), adapt the hint given to the previous problem. Do the same with
item (b); you may find it helpful to use that sin x = %(1 — cos(2x)).

Perform twice the substitution z — wz + a in the stated equality.

Let O be the center and R the radius of the circle circumscribed to the
polygon. By looking to the plane as the complex plane, we can assume that
O corresponds to 0, A| to R, A; to Rw, with w = cis %’; ,and P to z. Hence,

Ar = Ro* ! for1 <k < 2n,and
— _
Ay P™ = |Ra)2k l—Z|2

= R* + |z|* — 2Re(Rw™ " '2).
Analogously, Agk_le =R>+ |z> — 2Re(Rw2k—2Z), so that
Z 2 - 2
Z Ay P = Z App—1 P
k=1 k=1
if and only if

Xn:Re 2k 1 ZRC 2k 2
k=1

In turn, this is the same as asking that
n n
Re(RZ 3 a)Zk_l> — Re(RZ 3 a)Zk_2>.
k=1 k=1

Finally, show that > }_; 0*~1 = 37_ 02 = 0.

ction 13.3

. Foragivenn € N, U, (C) is a finite subset of C satisfying both conditions.
. Start by using the finiteness of A to show that all of its elements are roots of

unity. Then, if z € A and 7% = 1 for some natural k, show that k | n.

. You may use item (d) of Problem 21, page 220, together with the fact that ¢p(n)

is even for n > 2 (cf. Problem 19, page 220).
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4. For item (a), since d divides both m and n, substituting each piece 1 x m by %
pieces 1 x d and each piece 1 xn by 7 pieces 1 xd, we conclude that the rectangle
can be assembled by using only pieces 1 x d. The rest follows from Klarner’s
theorem. For item (b), let ¢ be a natural number such that ¢ > mn. According
to item (a) of Problem 20, page 179, ¢ can be written as ¢ = mx + ny, with
x,y € N. Therefore, if p, g € N are such that ¢ > mn, then we can assemble a
p X q rectangle by forming p rows 1 x g, with each row composed by x pieces
1 x m and y pieces 1 x n (x and y as above). However, if m,n { p, g, then
Klarner’s theorem assures that one cannot assemble a p x g rectangle by using
only pieces 1 x m or only pieces 1 X n.

5. Arguing as in the proof of Klarner’s theorem, write x’ y/ inside the 1 x 1 square
of the chessboard situated at row i and column j, for 1 < i, j < 8. After we
cover the board, assume that the 1 x 1 square is the one situated at row k and
column /. Use double counting to get

(I+x+x)E@, y)+ 1 +y+yHF @, y) + x5!
=@+ + OV D),

for some polynomial expressions E and F in x and y. Let w = cis ZT” Substitute
X =y = owtoget "t = 1and, hence k + 1 = 0 (mod 3). Substitute x = 2,
y = w to get w*t = 1 and, hence 2k +1 = 0 (mod 3). Finally, conclude that
k,! = 0(mod3), and show that any one of the choices (k,l) = (3, 3), (3, 6),
(6, 3) or (6, 6) do correspond to actual possible positions of the 1 x 1 square
(i.e., show that the remaining 63 squares of the chessboard can be filled with the
21 given rectangles 1 x 3.

6. Adapt, to the present case, the proof of Klarner’s theorem.

7. Once more, adapt the proof of Klarner’s theorem to the present case.

8. Use the result of the previous problem.

Section 14.1

2. The results of items (a) and (b) are respectively X" — a” and X" 4 a". As for
item (c) recall that, according to Example 4.12 of [8], every natural number can
be uniquely written, up to reordering, as a sum of powers of 2 with nonnegative,
pairwise distinct integer exponents.

3. For (X + 1)™(X + 1)", note that each product that contributes to the coefficient
of X? comes from a product of the form aX® . bXP*; now, note that a = ('Z)
and b = (pfk).

4. Start by establishing the commutativity and distributivity. For the associativity
of multiplication, start by using the distributivity to show that, if f(gh;) =
(fg)h1 and f(ghy) = (fg)ha, then f(g(hy + h2)) = (fg)(h1 + h2). Then,
iterate such a reasoning to show that it suffices to establish the (obvious)
equality aX’"(bX” . cXp) = (aXm . bX") - c¢XP, for all a,b,c € K and
m,n,p € Zy.
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10.

. By contraposition, show that if f, g € K[X] \ {0}, then fg # 0. To this end,

write f(X) = Y/ X" and g(X) = Y} b; X/, with ax, by # 0, and
examine the coefficient of X**/ in fg.

Letting g(X) = f(X) + %, we are left to finding g, of degree 2001, such that
g(X)+g(1—X) = 0 or, which is the same, g(X) = —g(1—X). Setting g(X) =
(X —a)209! we must have (X —a)?0! = —(1 = X —q)2001 = (X 44— 1)2001,
Apply the multisection formula.

Adapt the proof of Theorem 14.10 to the present case.

Apply the result of the previous problem to

fO=x+D"=3" (’”)x’i

k=0 k

n=4,r=landz=ﬁ.

Let ap be the constant term of f and write f(X™) = g(X)h(X), with
g,h € R[X] \ R being such that their nonvanishing coefficients are positive.
Let g(X) = Yf_obi X" and h(X) = ¥y ¢; X/. Since ag # 0 and ag = boco,
we have by, co # 0. Therefore, by, co > 0, and hence ag > 0. Suppose, for the
sake of contradiction, that g has a term of the form bz X’, with b, > Oandm 1 ¢.

Then, the coefficient of X’ in f(X™) is

Z b,'Cj = Z b,'Cj + by > 0.

i+j=t i+j=t
i,j>0 i>0,j>0

Now, reach a contradiction and finish the proof.

Section 14.2

. Compute (X% + X + 1)" by writing X2+ X + 1 = (X> — X + 1) + 2X. Then,

use the uniqueness part of the division algorithm.

. Write X" +1 = X" — 142 = (X")"™" — 1 4 2. Then, use the result of item

(a) of Problem 2, page 355, to show that X — 1 divides (X")"/" — 1.

. Start by noticing that

X2m _ 1 _ (sz—l + 1)()(2”1—1 _ 1)

_ (szfl + 1)(X2m72 + 1)(X2m72 _ 1) —

so that X2" + 1 divides X" — 1.

. Witha = —la—’ in Example 14.15, we get

b b 1 b
fxX)= (X + ;)CI(X) + f <_E> =@X+ba qX)+ f <—;) .
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5. Write f(X) = (X +2)q1(X) — 1 = (X —2)q2(X) + 3, with q1, g2 € Q[X].
Then, write ¢1(X) = (X — 2)q(X) + r, withr € Q, to get f(X) = (X? —
4)q(X)+ (X 4+2)r — 1. Finally, use the uniqueness part of the division algorithm
to conclude that r = 1.

6. Write f(X) = (X + D)(X? 4+ Dg(X) + (aX?* 4+ bX + ¢), for some a, b, ¢ € R.
Then, show that the remainders of the divisions of aX? + bX + ¢ by X + 1 and
X2 + 1 are respectively equal to a — b + ¢ and bX + (¢ — a). Finally, apply
the uniqueness part of the division algorithm twice to obtain a linear system of
equations in a, b and c.

7. Assume, without loss of generality, that m > n. Follow the division algorithm
to obtain the quotient X"~ — X" ~2" 4 ... 4+ (—=1)?~1 X"*" and the remainder
(—=D2X" 4 1. Alternatively, if g is odd write

X"+ 1=X""+1=(X"+1)X"+(-X"+1)

and factor X"? 4+ 1 = (X™)4 + 1; if q is even, write

X"+ 1=X""41=(X""-1)X"+(X"+1

and factor X9 — 1 = (X?")4/2 — 1.

Section 15.1

1. Firstly, show that it suffices to consider the case in which f is of the form
f(X) = aX", for some a € K\ {0}, and g is nonconstant. Now, in order to
show that m = f o g, use Corollary 15.14.

2. For item (a), use the binomial formula; for (b), write f(X) = ¢, X" +--- +
c1X + co and use (a) to infer the existence of rational numbers A and B such
that f(a & b\/r) = A & B./r. Then, apply the result of problem 1.3.3 of [8].

3. Use the result of the previous problem to conclude that the given polynomial is
divisible by X? — 2X — 1.

4. Use the division algorithm to write f(X) = (aX + b)q(X) + r, for some
constant r. Then, perform the substitution X > —=.

5. Start by observing that, if such an f does exist, then f(y)? = 1 — y? for every
0 < y <1 and, hence, for every y € R. Then, conclude that 3f = 1 and arrive
at a contradiction.

6. Use the root test for £i, together with the first de Moivre formula.

7. Ifn > 1, write X"t1— X" +1=X""1(X2=X+1)— (X" ' = 1) to conclude
that it is necessary and sufficient to have X"~! — 1 divisible by X> — X + 1.
Since X2—X+1 = (X +w)(X +o?), withw # —1 being a cubic root of 1, we
are searching for the naturals n > 1 such that (—w)" ' =1land (—®)" ! = 1.

8. Assume that the given polynomial has an integer root, say r, so that

r* = 199473 4+ (1993 + m)r> — 11r +m = 0.



606

10.

11.

12.

13.

14.

22 Hints and Solutions

Look at such an equality modulo 2 to conclude that both m and r are even. Now,
suppose that a and b are distinct integer roots of the polynomial. Termwise
subtract the equalities

a* — 199443 + (1993 + m)a> — 1la+m =0

and

b* —1994b° + (1993 + m)b> — 11b+m = 0,

and factor a — b out of the result to obtain
(a+ b)(a® + b*) —1994(a> + ab + b*) + (1993 + m)(a + b) = 11.

Then, reach a contradiction.

Write X2 — X — 1 = (X — u)(X — v), with u = 55 and v = 155,

Invoke the root test to conclude that it suffices to find all a, b € R such that

au'’+bu'®+1 = 0and av'” +bv'%41 = 0. Multiply the first relation by ',
u16_ 16

the second by v'® and subtract the results to obtain a = ——— - Now, letting

Xp = ”Z:gn , use (3.4) to conclude that (x,),>1 is the Fibonacci sequence. Then,

conclude that @ = 987 and compute the value of b in an analogous way.

Write p(X) = X(X —a2) ... (X —ay), with g, . . ., o, being pairwise distinct
nonzero integers. For d € Z, show that p(p(d)) = 0 if and only if d = «;
for some 1 < i < n or p(d) = «; for some 2 < i < n. In this last case, we
have d # 0; moreover, writing &« = «;, show that there exists ¢ € Z* such that
d(d — a)qg = a. Conclude that dg + 1 = —1 and, hence, that d = 5. Finally,
use this to deduce that (d — a») ... (d — o) = 2, and use the fact that n > 4 to
reach a contradiction.

Up to reordering, there are two distinct cases: (i) f(p1) = f(p2) = f(p3) =3
and f(ps) = —3; (1) f(p1) = f(p2) =3 and f(p3) = f(pa) = —3. In case
(i), show that f(X) = a(X — p1)(X — p2)(X — p3) + 3 and, then, use the
condition f(ps) = —3, together with the fact that the p;’s are distinct primes,
to reach a contradiction. In case (ii), show that f(X) = a(X —p1)(X —p2) (X —
q) + 3 and compute f(0) to conclude that g = %; then, use the conditions
f(p3) = f(ps) = —3 to reach a contradiction.

Use the root test to conclude that p(X) =5+ (X —a)(X — b)(X — o)(X —
d)q(X) for some g € Z[X]. Then, assume that there exists m € Z as in the
statement and let x = m in the corresponding polynomial functions to reach a
contradiction.

If w = cis 2?”, then @ and w? are cubic roots of unity and are the roots of

X2 4+ X + 1. Use these two facts to find out the natural numbers k for which
0 + 1+ (@+ D* =0and (@)% + 1+ (@* + D* = 0.
Start by defining f(X) = Y"7_; X% and g(X) = Y_/_, X%, and computing

FOO? = X +2)° X9H0 and g(X)? = g(X?) +2) Xhthi,

i<j i<j
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Then, use the stated conditions to show that 1 is a root of f — g and (f(X) +
gXN(f(X)—g(X)) = f(XH)—g(X?). Writing f(X)—g(X) = (X—DFh(X),
with k € N and & € Z[X] such that h(1) # 0, obtain f(X?) — g(X?) =
(X2 — )*h(X?) and, hence,

(f(X) + g(X)h(X) = (X + D*n(X?).

Finally, evaluate both sides at x = 1 to get n = 2¢~1,

Section 15.2

1. Were a an integer root of f, show that the fact that f(0) is odd, together with the
rational roots test, would give a to be odd. Then, show that if a is odd, then f(a)
and f (1) have distinct parities, so that f(a) would be odd and, hence, we could
not have f(a) = 0.

2. Letting r be the common difference of the arithmetic progression, write x =
y —r,z = y + r and conclude that the polynomial X> — 10X* — 20X? — 2 has
the rational root x /r. Then, apply the test for rational roots to get a contradiction.

3. Since {2cos6; 6 € R} = [—2,2], which is an infinite set, Corollary 15.10
guarantees that there is at most one polynomial f;, € R[X] satisfying the stated
condition.

4. Start by observing that the desired property holds if and only if 2" f,,(z + %) =
72" 41 for every z € C\ {0}. However, letting f,,(X) = Z?:o a; X J, the equality
above is equivalent to the polynomial equality Zl}':o a;jX X241 = X4
1. Thus, it suffices to establish the desired equality for at least n + 1 distinct
complex values of z. To this end, letting z = cisf, we get % = cis (—0) and,
hence,

fa(z+ l) = f,(2cos0) = 2cos(nh) = cis (nf) + cis (—nb) = 7" + Zi"
z

5. For item (a), note that one also has x = 2y2 — 1, and hence 2(y2 —xY) =x-— y.
Thus, either x = y or2(y+x) = —1, whence 2x>—x—1 = O or4x>+2x—1 = 0.
For item (b), if x = cos @, then 2x%>—1 = cos(20) and 2(2x>—1)?—1 = cos(46).
Hence, we are left to solving cos(49) = cos 6, and basic Trigonometry gives

x = cos6 = cos0, cos (ZT”), cos (f5) or cos (31—’5) Finally, compare these value

with those found in item (a) to get cos (f—o) = #.

6. Leta = \3/a + «/5+\3/a — /b. Use the fact that w4+v)3 = P +v3+3uv(u+v)
to compute o® = 2a+3va? — ba. Foritem (a), write (&> —2a)? = 27(a*—b)o?
and apply the rational roots test to the polynomial X° —6aX®— (154> —27b)X> —
8a>. For item (b), write a®> — b = n>, with n € Z, to get & — 3na — 2a = 0.
In order to get the result of i., search rational roots in the polynomial X3 —
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3nX — 2a. For ii., first write « = 2m, with m € Z, to geta = 4m3 — 3mn
and b = a?2 —n® = (4m3 — 3mn)2 — n3. Now, write « = 2m + 1 to get
2a = 2m + 1)(4m2 +4m + 1 — 3n); hence, n must be even, say n = 2n’ + 1,
with n’ € Z,sothata = 2m + 1)@m? +2m — 3n') and b = a® — n® =
[2m + D)(2m? + 2m — 3n")]? — 8(n')>.

7. If Q4+ i)" = (2 —i)", show that (% + %i)n =1, so that % + %i = w* for some
integer 1 < k < n, with v = cis 2,7” Conclude that cos 2],‘7” = % and apply the
result of Theorem 15.21.

8. For item (a), let f;,(X) be the product of all 2" factors of the form

X —(tar+Ja £+ Jay).

Then, f, is certainly monic and has the given number as one of its roots. We
make induction on n to show that f;, € Z[X], noting that this is a straightforward
computation for n = 1. Assuming its validity for n = k, let ay, as, ..., ar, aix+1
be given as in the statement of the problem. Then,

fenn X0 =[] (X + Vagr £ Var £+ + Ja)
[T(x - vag = var £+ Va)
= fi(X + Vas) fir (X — Vars1),

with the above products ranging over all 2¥ possible choices of + and — signs.
Now, direct computation gives

fi(X £ Va) = g (X) £ Jarthe(X),

for some g, hy € Z[X], with g monic, dg; = 2% and 8k < 2% — 1. Thus, we
obtain

fir1(X) = (8x(X) + arr1hi(X)) (8x(X) — Varz1hi(X))
= gk(X)? — ap1hi(X)?,

and it is now clear that f;4 has integer coefficients. For item (c), the rational
roots test, together with (a), shows that the given number is either an integer
or an irrational. However, the estimates 1.4 < V2 < 1.5,1.7 < J3 < 1.8,
22 </5<23,26 <7 <27and33 < V11 <34givel1l2 < V2 +
34+ A5+ T+ VT < 11.7, so that it is not an integer.

9. On the contrary, suppose the two polynomials have a common root z, which is
not rational (for X> — X — 1 has no rational root). Then,
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24+ 1 =2(%? = z2(—az — b)? = 2(a®2% + 2abz + b?)
= (—az — b)a*z + 2ab(—az — b) + b’z
= —a’(—az — b) — 3a*bz — 2ab* + bz,

so that (1 — a* + 3a2b — b?)z = a>b — 2ab* — 1. However, since a, b € Q but
z ¢ Q, this gives

a* —3a’*b +b* = a’b — 2ab* = 1. (22.5)

Lo 3p_ o .
The second equality gives a # 0, hence b*> = ”é’—al. Substltutmgssuch a relation
2a°—2a—1

. . 3p_
in the first equality, one gets a* — 3a2b + % =1, thenb = <=5

this back into the second equality of (22.5), we finally obtain

. Putting

a3<2a5—2a— 1) _2a(2a5—2a— 1)221
5a3 5a3

This is equivalent to a®+3a%—11a° —4a%? —4a—1 = 0, which is an absurd, for
the rational root test assures that the polynomial X 104+3X6—11X5—-4X2—4x—1
has no rational root.

Section 15.3

1. Show that the deduction of Bhaskara’s formula (cf. Section 2.3 of [8], for
instance) still holds in the realm of complex numbers.

2. For the first part, the roots of ul = u% are ug, uow and uow?; now, review the
discussion of Example 15.22. For the second part, if ug + vo = uow + vow?,
show that ug 4+ vo(w 4+ 1) = 0 and, hence, that u% = a(w + 1). Then, use
the fact that u8 + bu(?’) — a® = 0 to obtain the relation bug(w + 1) = 24a2.
Finally, square it and substitute u(z) = a(w+ 1) to arrive at 4a> + b* = 0. Argue
in an analogous way to investigate the equalities ug + vg = uow?> + vow and
Uow + voa)2 = uoa)2 —+ vow.

3. Item (b) follows from applying elementary algebra to the equality of item (a),
together with the fact that z* 4+ az> 4+ bz% 4 cz+d = 0. For (d), Example 15.22
shows that one can always find w as in the first part of item (c), and hence solve
the quadratic equations displayed in the second part of item (c). Upon doing
this, show that z will be a complex root of X*+aX3+bX2+cX +d.

4. For the first part, write f(z) = a,z" + -+ + a1z + ag, with ag, ar, ..., a, € R
and use items (b) and (c) of Lemma 13.2 to conjugate both sides of the equality
f(z) = 0. For the second, make induction on the degree of f; for the induction
step, note that, for z € C\ R, one has (X —2)(X —7) = X2 —2Re(2)X +|z|%* €
R[X].
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Use the result of the previous Problem 4.

Use the proof of the previous problem to write f(X) = u(X)v(X), with
u(X) = H’;ZI(X —zj) and v(X) = H,;':1(X — z;) for some zj, ...,
zx € C\ R. Now, note that if u(X) = g(X) — ih(X) for some g, h € R[X],
then v(X) = g(X) +ih(X).

. Writing f(X) = a, X" 4+ ap_1 X"~ +--- 4+ a1 X + ap, with a,, # 0, it follows

from f(«) = O that

anz_an_l.an_l_..._ﬂ _a_O
an ay an
Now, argue by induction to prove (15.8) for m > n. For the case m = —1,

expand the equality «~! f(«) = 0 in terms of the coefficients of f; for the
general case m < 0, use induction again.
Apply the triangle inequality to get, for |z| > 1,

lanllz]" < lan—1l1z]""" + - + la1llz] + laol < nAlz|"™' < nAlz|"~L.

Letting z = a + Bi be a complex root of f such that « > 2, adapt the hint given

to the previous problem (i.e., apply the triangle inequality) to obtain |a,z" +
klz)* ! . k
=T - Subsequ.ently, use this to show that |z] < 1 + Tazta T
and, then, substitute z = o + if.

For the case of degree 4, if z € C is aroot of f, then z £ 0 and a (z2 + ziz) +

anflzn_l | <

b (z + %) +c¢ = 0; then, let w = z + % and apply the result of Problem 4,

page 378, for n = 2. For the case of degree 6, argue analogously, starting with
F(X)=aX® +bX> + cX* +dX? + cX? +bX +a, witha # 0.

Use the stated conditions to get (X + 1) f(X) — X =aX(X —1)...(X —n).
Then, compute a by evaluating both sides at —1.

As in Example 15.26, substitute X by 1 in the factorised form of X"~ !+ X724
.-+ 4+ X + 1; then, use some Trigonometry to show that, if @ = cis 27”, then
Il — k| =2sin*Z for 1 <k <n.

Use the result of the previous problem, together with the relation sin(z — x) =
sin x.

If z € Cis aroot of p, show that z2 and z — 1 are also roots. Then, use the
finiteness of the number of roots to successively conclude that [z| = 1, [z—1| =
land z = wor z = w, where w = cis QT” Finally, apply the result of Problem 4.

Section 15.4

1.

Use the result of Corollary 15.32, pretty much along the same lines of
Example 15.33, to show that 8a®> — 25a — 180a + 608 = 0. Then, conclude
that a = 4.
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. Write £(X) = g(X)%h(X) and, then, compute f’.
. Use item (b) of Proposition 15.29 to show that f'(z) = >."} f@)

j=1z—z;"

. Adapt, to the present case, the hint given to the previous problem.
. Foritem (a), let f(X) = X" — 1 = []/Z4(X — /) and check that

(@ —1)... (@0 -’ Hw -’ .. (0 - ") = f(@) = no" V.

For item (b), note first that the substitution X + 0 in (15.7) gives
ww? ... .o" ' = (=1)""!n. Then,

n—1
P =TJ@ =1D...@" - D" —oh .. (" -0
k=0

n—1
— H(_l)ll—l—k(wk _ 1) . ((l)k —a)k_l)((l)k _wk+l) . ((!)k _wn—l)
k=0

n—1
nn—1) _ (n—1)(n-2)
=(=)"z~ nna)(" DE— (-2 a".
k=0

. For item (a), set b, = Aa""1 + Bﬂ"‘l + Cy”_l for every n > 1, with A, B

and C being the solutions of the linear system

A+B+C =a
A+ BB+ yC =a ,
o?A+ B*B+y2C =a3

show that (b,),>1 satisfies byy3 = ubri2 + vbiy1 + why forevery k > 1, and
that a; = by for 1 < k < 3. Then, show that a,, = b, for every n > 1. Items
(b) and (c) can be dealt with in similar ways, except for the fact that, in order to
establish the equality byy3 = ubii2 + vbi41 + wby, you will have to use the
fact that X3 — uX? — vX — w has multiple roots.

First of all, find the roots of X3 —6X%+12X —8 (look for integer roots). Then,
apply the result of the previous problem.

Letting f(X) = [T/_, (1 + %xk), show that £(1) = n + 1 and

1
X)=1 —Xx),
fXO=1+ Y -5
W+Scl,

Now, compute f'(1) and, with the aid of the result of Problem 4, %

. It suffices to show that, if some half-plane of the complex plane contains the

roots of f, then it also contains those of f’. By the sake of contradiction,
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suppose that there exists a line » such that one of the half-planes it determines
contains a root w of f/, whereas the other contains all of the roots of f. Let
u € C have modulus 1 and such that the vector u is perpendicular to r; if
f(X)=a(X —z1)...(X —z,) and 6 and 0; respectively denote arguments of
u and z; — w, use the result of Problem 3 to show that

n
Re Z |lz; —w| ' cos@; —6) | = 0.
j=1

Then, note that (z; — w)/u has an argument belonging to the interval (=7, %),
and use the equality above to reach a contradiction.

If f(X) = Y0_o e X¥, with ¢ € Z, then f(X) = Y7_ci(a + (X — )",
Expand all of the binomials (a + (X — a))k and compare the result with (15.9),
for z = a.

Make induction on £ > 1. For the induction step, if m; € N is such that
f(my) = O(modpk) and f'(mi) # 0(mod p), let mp| = my + xpk, with
x € Z to be found. Then, use Taylor’s formula (15.9), together with the result
of the previous problem, to show that

Flmsr) = fme) + f'm)xp* (mod pFy.

Subsequently, show that it is possible to choose x so that f(mpy1) =
0 (mod pk‘H). Finally, since my11 = my (mod p) and f' € Z[X], we have
f'(mpy1) = f'(myg) # 0 (mod p).

Start by showing that one can assume that the center of the square is the origin
of the cartesian plane. Then, if (u, v) is one of its vertices, note that the other
ones are (—v, u), (—u, —v) and (v, —u). Substitute these points in the defining
equation for the graph, i.e., y = f(x), to obtain au® + ¢ =0, v = u> + bu and
av?+4c =0, u = —v> —bv. Conclude that a(u —v)(u+v) = 0 and, hence, that
eithera = ¢ = 0 or u = +v and au® 4 ¢ = 0. Discard the possibility u = Fv
and successively obtain a = ¢ = 0 and wWw? + b3 +bw?+b)+1=0.
Conclude that the polynomial X2(X%2+b)> +b(X*>+b)+1=0has only two
real roots, so that X (X +5)3 +b(X +b)+1 = 0 has only one real root o« = u?
(apart from multiplicities). Thus, show that such a root must be a multiple one,
and therefore that (X +b)> +3X (X +b)>+b = 0. Letting A = o + b, perform
some simple algebraic manipulations to arrive at (16 — 2b?)bA = 2b* — 16, so
that b> = 8 or bA = —1. Discard the possibility A = —1 and conclude that,
if b = 8, then (bA)?> —4(bA) —8 = 0. Finally, if £ stands for the length of the
sides of the square, show that
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€ =2(u? + u@? + b)) = 2(A — b)(A* + 1)
_ 2(bA =) ((bA)* +b%)  2(bA —8)((bA) +8)
N b3 N 8b

2 _ —
_ (bA) 4b(bA) 32 _J7.

Section 16.1

1. Adapt, to the present case, the proof of Proposition 16.1.
2. For item (a), adapt the argument of the solution of Example 16.3. For item (b),
start by writing

X-Y)}’ 4+ -2 +Z-XP=X-VNY-2)(Z-X)FfX.Y,2),

with f of degree 2. Then, use the equality —y> + (y — z)° + 20 = —yz(y —
2) (0, y, z) to show that (0,7, Z) = 5(Y2 —YZ+ Z?) and, analogously, that
f(X,0,Z) =5(X>—XZ+ Z% and f(X,Y,0) = 5(X?> — XY + Y?). Finally,
show that

XY, Z)=5(X>+Y*+Z> - XY - XZ-YZ).

3. Letting f = f(X, Y, Z) stand for the given polynomial, adapt the reasoning used
in the solution of Example 16.3 to obtain

FXY, Z)=X+VX+2DXY +2)g(X,Y, Z),

with g € R[X, Y, Z] of degree 2. Now, use the equality f (0, y, z) = yzg(0, y, 2)
to show that g(0, Y, Z) = Y2+ Y Z+ Z? and, likewise, g(X, 0, Z) = X*>+XZ+
Z?and g(X,Y,0) = X% + XY + Y2 Finally, obtain

g XY, Z)=X>+Y>’+ 2P+ XY+ XZ+YZ.

Section 16.2

1. Use the symmetry of f and g to show that, for a fixed permutation o of I,
we have h(xy,...,x,) = h(Xsq),...,Xo()) for infinitely many elements
X1, ..., Xy € K. Then, use the result of Problem 1, page 398, as well as that of
Proposition 16.1.

3. Foritem (a), apply the definition twice. For (b), just note that all factors X; — X ;,
forl <i < j <n,will appear in f° as £(X; — X ;). For (c), use the result of
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(a). Item (d) follows straightforwardly from (c). For item (e), and writing 7 in
place of 1y; for the sake of simplicity, we have

[T Xeo)— X))

I<i<j<n

= H (Xe) — X()) - H (Xewy = Xe(j))-

I<i<j<n k<j#l
i,j7#k,1

JT ey = Xep) - [ Keir = Xew)-

I<j i<k

T ey = Xey) - Xy — Xey)
keti <

f‘L’

Finally, for (f), show that the map o + o o113 is a bijection from A, to S, \ A,.

4. If S, stands for the set of all permutations of I, and T € S,, use the fact that
o > to defines a bijection on Sj,.

5. Adapt the argument given to the proof of Example 16.7.

6. Letting a? + b% + ¢? = k, we have a® + 3a% = 3k — 25, so that a is a root
of f(X) = X34+ 3X% + (25 — 3k); analogously,b and ¢ are roots of such a
polynomial. Now, factorise f and use Girard-Viete relations to conclude that
a+b+c=—-3and ab + ac + bc = 0, and hence that a® + b% + ¢2 = 9.

7. Letting z1, z2, z3 be the complex roots of the given polynomial, we want to find
the coefficients of f(X) = (X — z?)(X — zg)(X — zg) in terms of a, b and c. To
this end, use Girard-Viete relations, together with the result of Example 16.3.
For instance, letting g(X) = X3 +aX?+ bX + ¢, we have g(X) = (X —
21)(X — z2)(X — z3) and, hence,

G+t =@+t 3@ +2) @+ 23)(@ +23)
= (—a)’ = 3(—a — z3)(—a — 22)(—a — z1)

=—a - 3g(—a) = —a® +3ab — 3c.

8. First of all, show that if a, b and ¢ are such roots, then the hypothesis of a, b and
¢ being positive assures that a, b and c are the lengths of the sides of a triangle if
and only if (a+b—c)(a+c—>b)(b+c—a) > 0. Then, substitute a+b+c = —p
at the left hand side, expand it and use the fact that ab + ac + bc = g and
abc = —r.

9. If f(X) = (X —a)(X —b)(X —c), then f(X) = X> — p, with p = abc # 0.
Now, argue as in the hint given to Problem 7, page 386.

10. Apply the result of Example 16.7 to the polynomial g(X) = X100 4 2x% 4

3X 4o 4 agg X% 4 ag9 X + ajgo. Then, show that its roots are the inverses
of the roots of f.
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Letting ax 4+ by = c denote the equation of a straightline satisfying the stated
conditions, substitute y = —%x — 7 in the equation defining the graph of f
and, then, use Girard-Viéte relations.

Let (x —a)? + (y — b)?> = R? be the equation of the circle. Substitute y = %
and, then, use Girard-Viéte relations.

For item (a), apply Corollary 15.32. For (b), use the fact that > = a*> +a + 1,
and analogously for b and c. Finally, for (c) use (b) and Girard-Viete relations.
For item (a), use induction. For item (b), apply the result of (a), noticing that

Fx)=x" +S1Xn_1 —|—S2Xn_2 4t s X+ sy

Make induction on n > 2 to conclude that x; = x» = ... = x, = 1. For the
induction step, if

JX) =X -x)X —x2) - (X — xp)

= X"+ ap 1 X" "+t a1 X +ao,
note that

0=fx)+ flx2)+-+ fxn)
=n4ap_1n+---+an+an =nf(l).

Firstly, show that the roots of f are negative. Then, apply Girard-Viete
relations, together with the inequality between the arithmetic and geometric
means, to deduce that a; > (Z) forl <k<n-1.

Letting x1, ..., x, denote the roots of f, use Girard-Viete relations to conclude
that

n n
inz = (Zx,-)z -2 Z xixj =3
i=1

i=1 1<i<j<n

and []/_, xl.2 = 1. Then, apply the inequality between the arithmetic and
geometric means to show that n < 3. Finally, separately consider each of
the cases n = 1, 2 and 3; in the case n = 3, you may wish to use some
Calculus (namely, the study of the first variation and/or the intermediate value
theorem) to find out which of the possible polynomials have only real roots. In
this respect, see [8] or the material of Sect. 17.1.

Section 16.3

1.

For 1 < k < n, use Newton’s theorem and Girard-Viete relations. Fork > n+ 1,
use item (a) of Proposition 16.17.
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2. Use item (b) of Proposition 16.17 to prove by induction on j that, for 1 < j < n,
the j-th elementary symmetric sums of ay, ..., a, and by, ..., b, coincide. Then,
compare the coefficients of the polynomials [];_; (X —a;) and []}_; (X — D).

3. Apply item (b) of Proposition 16.17 to prove, by induction on j, that s; = ('j)
forl < j <k.

4. For item (a), factorise X" — z* over C and use the result to factorise g over C.
For (b), use Newton’s theorem to show that the elementary symmetric sums of
Zy', ..., zy are integers. Finally, for (c), just note that g(X) = h(X™), for some
h e Z[X].

5. For item (a), let f(X) = X" 4+ a1 X"~ ' + -+ + a1 X + ag be a polynomial
with integer coefficients and such that all of its complex roots have modulus 1;
use Girard-Viete relations to show that |a,—x| < (}) for 0 < k < n. For item (b),
let o1, ..., oy be the complex roots of f. Use Newton’s theorem to show that,
for each integer k > 1, the polynomial f;(X) = (X — a%k) (X = aﬁk) has
integer coefficients. Then, apply the result of (a) to assure the existence of natural
numbers k < [ such that f; = f;. Finally, use such an equality to show that o is
a root of unity, for 1 < j < n.

Section 17.1

1. For each nonreal complex root z = a + bi of f, write the factor (X —z)(X —2)
of f as in the proof of Lemma 17.1. Letting ¢ be the leading coefficient of
f» x1,..., x its real roots and z1, 71, ..., z/, Z; the nonreal ones, with z; =
aj+ibj, we have

k 1
fO =c[JX=xp[[x —x —2)

j=1 i=1

k )
=c[Jx —xp (X —a)* +57).

j=1 i=1

Use this way of writing f to estimate | f (m)|, and notice that | f (m)| # 0, 1.

2. If @ < a < B are the roots of f closest to a, apply Bolzano’s theorem to
intervals of the form (a, b) or (b, a) contained in the interval («, ).

3. Arguing by contradiction, assume that f'(a) > 0 (the case f'(a) < 0 is
completely analogous) and apply item (a) of Corollary 17.7, together with the
result of the previous problem.

4. Apply Bolzano’s theorem, Corollary 17.7 and the result of the previous
problem, noticing that f'(x) = 0 & x = 0 or %, and f(—1), f(%) <0<
f(0).
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Take ng € N greater that the largest real roots of f and f’. Use Bolzano’s
theorem, together with the fact that f(x) > O for sufficiently large x (cf.
estimates analogous to those preceding (15.5)) to show that f(x) > 0 for
x > ng. Then, use Corollary 17.7 to show that f(u) > f(v) foru > v > ny.
Assume, without loss of generality, that f has positive leading coefficient.
According to the previous problem, take ng € N such that u > v > ng =
fu) > f(v) > 0. Let m > ng be an integer for which f(m) = p, a prime
number. If £(X) = a, X" + a1 X" '+ -+ a1 X + ao, then

fm+p» =a,(p* +m)" + - +ai(p* +m) + ag
= p?l + (@m* + -+ aym + ag)
= p’l+ f(m) = fm)(f(m)l + 1).

Now, check that the choice of m gives f(m + p2) > f(m), and conclude that
f(m + p?) is composite.

Firstly, show that the given condition is equivalent to x'! —x = y!! —y. Then,
prove that, for any ¢ € R the polynomial f(x) = X!'' — X — ¢ has at most
three distinct real roots; to this end, you shall need to use Corollary 17.7 and
Problem 3, in a way analogous to that of the hint to Problem 4.

Since A # 0, show that f(A) = 1, where f(X) = (X —a)(X —ax)(X —
az)(X — asq). Then, show that f decreases in (—oo, ay), so that f(0) = 1 gives
A > ay. Finally, note thatif a; < A < ap, then f(1) <O0.

Let f(X) = aX* +bX3 4+ cX?+dX + e, and take ¢ > 1 such that 72 is a real
root of aX? 4 (c—b)X + (e—d). Show that f(¢) f(—t) = (bt*+d)(1—-1?) <0
and, then, apply the theorem of Bolzano.

Set f(X) =YX, g(X) =37, ‘j"T“jf.'X“r-/ and conclude that xg’(x) =
f (x)2 > 0, for every x > 0. Then, use Corollary 17.7 to obtain g(1) > g(0) =
0, with equality if and only if g is constant.

Start by showing that f has three distinct real roots « < < y, with =2 <
a<—10<pB <land1l < y < 2. Then, note that f(f(x)) = 0 if and only
if f(x) = «, B or y. Finally, find out the numbers of distinct real roots of each
one of the polynomials f(X) —«, f(X) — g and f(X) — y.

Set g(x) = f(x) 4+ f/(x) + f/(x) + --- 4+ f™(x) and assume, by the sake
of contradiction, that g attains negative values. Then, f # 0 and the condition
f(x) > Oforx € Rassures that n is even and f has positive leading coefficient.
Hence, limjy|— 100 f(x) = 400, and Weierstrass’ theorem (Teorema 8.26 of
[8]) guarantees the existence of xo € R such that g attains its minimum value
at xg, with g(xg) < 0. It follows from Problem 3 that g’(xg) = 0. However,
since g'(xo) = f'(xo) + f"(x0) + -+ + f"(x0), we have 0 > g(x0) =
f(xo) + &' (x0) = f(x0) = 0, which is a contradiction.

Firstly, show that B can play in such a way that, when exactly three coefficients
are left to be chosen, at least two of them are coefficients of powers X", with
an odd r. Then, after A plays, we shall have f(X) = g(X) + ar X* + ar X!,
with g being a completely determined real polynomial, 1 < k,/ < 2n — 1 being
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14.

15.

distinct integers such that a; and g; are still left to be chosen and / odd. Since
£©2) = g@2)+2ka; +2la; and f(—1) = g(—1) + (—)*ay — a;, we shall have
F@+2'f(=1) = g2) +2'g(—1) + (2K + (=1)¥2))ay, so that B can play by
g@+2'g(-1)
2k (—DF2
the existence of at least one real root for f, no matter how A plays next.
Without loss of generality, we can assume that the leading coefficient of the
polynomial f originally written in the blackboard is positive. Let o be the
smallest and 8 be the greatest real root of f (possibly with o = 8). If ¢ < B,
show that f"(a) > 0 or f'(8) > 0;if f/(B) > O (the case f/(a) > 0 can be
dealt with analogously), conclude that the next polynomial to be written either
has no root in the interval [8, +00) or has a root in the interval (8, +00). If
o = B, conclude that f(X) = (X —«)> and show that both f + f’ and f — f’
fall into the first case.

Setting b; = —a; for 1 <i < n, show that the condition f(x) > 1 is equivalent

to 1’(’” <0, with g(X) = [T'_,(X — b;) and

choosing ay = — . Finally, conclude that Bolzano’s theorem assures

p(X) = H(X b)+Z b [Jx —bp)

i=1 JF#i

Show that p has a root x; in the interval (b1, +00); then, use Bolzano’s
theorem to show that p also has a root x; in each of the intervals (b;, b;—1),
for 2 < i < n. By distinguishing the cases n even and n odd, show that
the sum of the lengths of the solution intervals of the inequality p (x) <0

is |Zl (X — i bi | Finally, apply Girard-Viete relations to show that
Zz 1 X = 0.

Section 17.2

. Firstly, use the definition of the derivative of a polynomial to show thatif g, h €

R[X] are such that g’ = &', then there exists ¢ € R for which f = g + ¢. Now,
letting f/(X) = a(X +b)"~!, show that f(X) = (X +b)"+c, for some ¢ € R.
Finally, use the hypothesis on f to conclude that f(X) = (X 4 «)", for some
aeR.

. For the sake of contradiction, assume that the given polynomial has only real

roots. Then, use Newton’s inequalities, together with Girard-Viete relations, to
conclude that 3a® > 8b, 4b*> > 9ac and 3¢? > 8bd.

. Writing H; = Hj(a, b, c, d), the given inequality is equivalent to Hi H, > Hj.

H2>H3

Now, it follows from Newton’s inequalities that H > T2
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Section 17.3

. First of all, note that V(f) = V(f(—X)) < n. Then, apply Descartes’ rule twice

to conclude that V(f) + V(f(—X)) = 2n.

. Example 17.17 assures that f has precisely one positive root. It now suffices

to apply Bolzano’s theorem to show that f (2 — 2,11—,1> and f (2 ) have
distinct signs. To this end, letting f denote the given polynomial and g(X ) =
(X — 1)f(X) note that g(X) = X"*t!1 —2X" 4 1; then, use that 1 < 2 — 2,,—1 <
2 — 2;1 to show that it suffices to prove that g (2 - 2,,—,1> and g (2 — 27) have
distinct signs.

CIf £(X) = aX?+bX?+cX +d, we want to compute the number of real roots of

g =2ff" — (f))?. Assume, without loss of generality, that « = 1. Moreover, if
o < B < y are theroots of f, show that changing g(X) by h(X) = g(X+8), we
can assume (also without loss of generality) that 8 = 0 and, hence, that ¢ < 0
and d = 0. Under such simplifications, an immediate computation furnishes
g(X) = 3X* +4bX3 + 6¢X? — 2. It now suffices to apply Descartes’ rule to
conclude that g has exactly one positive root and exactly one negative root.

Section 18.1

[\

N kW

. For item (i), use the fact that df; = j to conclude that a, = b,; then, argue by

induction. For (ii), take n = df and argue by induction on n; for the induction
step, start by choosing a, to be equal to the leading coefficient of f.

. For k = 0 and & = 1 the result is obvious. For k > 2, show that (X) x) =0if

0<x<k—1 ()@ =) ifx = kand (})(x) = (=DF("*,')ifx < 0.

. Apply the Lagrange interpolation theorem.
. Apply the Lagrange interpolation theorem.
. Adapt, to the present case, the proof of Proposition 18.6.
Let o = c1s2— For 1 < k < n — 1, substitute x = «f into the

polynomial functlons corresponding to p and to the p;’s, and use the result of
Proposition 18.6.

. For item (a), look at the sum at the right hand side as the result of a Lagrange

interpolation. Item (b) follows directly from the factorisation obtained in (a).
Finally, for item (c), start by writing

1
gk(kﬂ) (k+n) n'ZZ( I)I()kﬂ

k>1 j=0

Then, for a fixed [ > n, show that % appears in the last sum above with coefficient

Xy (Di() =0

. For each prime p in the set A = {3,5,7, 11, 13, 17}, let «), denote the common

value of the sums ay + ax4p + ag42p + --- when k varies from 1 to p, and
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wp = cis 7 If f(X)=asoX>° +---+ayX?+ a1 X, apply the general version
of the multisection formula (cf. Problem 8, page 355, or Example 18.7) for r =
0,1,..., p — 1 in order to obtain a Vandermonde system of equations in the p

unknowns f (w{,), for 0 < j < p — 1. Then, use the result of Proposition 18.6 to
conclude that the solution of such a system is f(1) = pa, and f(wp) = -+ =

f (wﬁfl) = 0, thus obtaining p — 1 distinct and nonzero roots for f. Finally,
notice that ZpeA (p — 1) = 50 and that O is also a root of f to obtain f = 0.

Section 18.2

2. Let us make induction on k > 1, the case k = 1 being immediate. By induction
hypothesis, assume that the formula holds for a certain k € N. For k + 1, we
have:

f(x + (k+ Dh) = f(x +kh) + (A} f)(x + kh)

k
k .
= f(x +kh) +) j(j.)(Ai T(AL @)
j=0

k
Z( )(Ak ’f)(x)JrZ()(Ak+l T ) (x)

j=0

Il
T M» T

( ) ATy )+ (A )

+Z< )(A" UV,

Now, by performing a change of indices in the last sum above and applying
Stifel’s relation, we obtain f (x 4+ (k 4+ 1)h) successively equal to

k k—1

k— k .
;(j)m ’f)(x>+<A"+‘f><x>+Z< H)(Ak 7))

k—1
= AT Hw+Y ((’J‘) + (,— i 1)) AT B + () e
j=0

+
Z( )(A"“ ).
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3. Adapt, to the present case, the solutions of Examples 18.15 and 18.15.
4. Since df = n, Proposition 18.14 assures that ATl f = 0. Hence, it follows from
item (e) of Proposition 18.13 that

n+1

, 1
0 = (A" ) (0) =Y (=1) (" j )f(n +1-))
j=0
n+l ' 1 1
= Z(—l)f(”*. ) s f D
j=1 J (n—H—j)
n+1 '
=> =D/ + fn+ D),
j=1
so that
[0, ifn=1(mod2)
[+ ==Y (-1 = { L ifm = 0 (med2)

Jj=1
5. Use item (e) of Proposition 18.13 to get the equality

991

(991
0= (A7 )(992) = Z(—w( : )f(1983 - J)-
; J
=0
Then, use the fact that, for every n € N, we have

n
n
> <j>F2n+1—j = Fony1 — 1

j=1

(cf. problem 18 of Section 4.3 of [8], for instance).
6. The given conditions assure that (All‘f) (0) >0for0 <k <3and (A‘l‘f)(n) >0
for each n € N. Now show that, for every m € N, we have

n—1
(AT ) =D (AT K + (AT )(0).
k=0

Finally, use this formula to successively show that (A? fHn) >0, (A% ) >
0, (A1 f)(n) >0and f(n) = (A(l)f)(n) > 0, for every n € N.



622 22 Hints and Solutions

Section 19.1

2.

~N 0B W

Firstly, show that p!" ... p/* divides both f and g in Q[X]. Secondly, show that

if h € Q[X]\{0} is monic and divides f in Q[X], then s = p°' ... pPiqil .. q)",

with0 <§; <o;forl <i <k,and0 <§/ <o) forl <i <.

. Adapt, to the present case, the proof of Euclid’s algorithm for integers.

. Apply Euclid’s algorithm to find X — 3 as the answer.

. Argue by contraposition.

. Start by using Corollary 15.24, together with the result of Problem 4, page 386,

along the same lines of item (b) of Example 19.7.

. Compute derivatives to show that [~ f' + g"~lg’ = h"~!h’; then, multiply

by % on both sides to obtain (f'h — fh') f*~! = (gh’ — g’h)g"!. Use the fact
that f and A have no nontrivial common factors, together with Theorem 19.2
and the result of the previous problem to show that f'i# — fh’' # 0; accordingly,
show that gh’ — g’'h # 0. Assume, without loss of generality, that 3f > dg. Then,
apply again the result of the previous problem to the equality (f'h— fh') f*~! =
(gh’ — g’h)g"~!, conclude that f"~! | (gh’ — g’h) in R[X]. Finally, use this last
relation, together with f” 4+ g" = A", to obtain the following degree estimates

(n—1af <dg+dh—1<adf +29g—1

and conclude the solution of the problem.

. For item (a), make induction on k, using the result of Corollary 19.4 to show that

there exist fl, fx € K[X] such that

SN T

g gas &

with fi = Oor df1 < d(gl"...g") and fi = Oor fp < d(g*). For
item (b), start by dividing f by g*, thus getting f = gXq + r, with r = 0 or
0 < dr < 3(g¥); then, divide r by g~ and proceed inductively.

Section 19.2

1.

For the uniqueness part of item (b), let a, b, c,d be nonzero integers with
gced(a, b) = ged(e,d) = 1,and g, h € Z[X] \ Z be primitives, with (a/b)g =
(c/d)h. Calculate contents in both sides of (ad)g = (bc)h.

. Since f is reducible over @, there exist monic and nonconstant polynomials

g1, h1 € Q[X] such that f = gih;. Take a,b,c,d € Z \ {0} such that
ged(a,b) = ged(e,d) = 1 and g = 7g, hy = 7g, with g,h € Z[X]
monic and nonconstant. Take contents and apply Gauss’ lemma to the equality
bdf(X) = acg(X)h(X) to conclude that bd = ac.
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3. First of all, note that d is primitive. Now, for (a) = (b), let f, g and d
have canonical factorisations f = +f;" ... /¥, g = +g]"" ... g/ andd =
h{'...h*. Show that if d’ | f, g in Z[X], then the canonical factorisation of d’

isd = h{'...h*, witha, < a; for 1 <i < k. For (b) = (a), argue in an
analogous way.

Section 19.3

1. For the verification of the listed properties, follow the corresponding verifica-
tion for polynomials in K[X], with K = Q, R or C.

2. Apply Fermat’s little theorem.

3. For the first claim, note that

fl@)=0= f(a)=0= f@ =0.
For the second, use the root test to write
FX) =X —a)...(X —angX),

for some nonzero g € Zp[X] with no roots in Z,. Then, perform the
substitution X +— @ and apply the second part of Problem 6, page 281 to
conclude that, for some index 1 < j <k, wehavea —a; = 0.

4. If a € Q is a rational root of f, the rational roots test shows that a € Z and
a | 84. In order to eliminate some of the left possibilities, project f into Z3[X]
and Zs[ X] to conclude, with the aid of the previous problem, that a = 0 (mod 3)
and a = 4 (mod 5), and hence that a = —6, —21 ou 84.

5. Make induction on df’; for the induction step, apply the result of Example 6.42.

6. Assume that fg is not primitive and choose a prime p that divides all of its
coefficients. From the equality fg = fg = 0 in Z,[X], conclude that f = 0
or g = 0 and reach a contradiction.

7. Let a be a primitive root modulo p. For item (a), show that (ak )d # 1 (mod p),
k(p—1
for every integer 1 < k < p — 1. For (b), show that (a = >)d = 1 (mod p) for

every integer 1 < k < d, and then conclude that

d
X -T=[](x-a 7).

k=1

8. Use the result of Proposition 19.18, together with Girard-Viete relations.
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Show that, modulo 17, we have
X -3X+1=X-HX -5(X+6).

Then, let s = af + b* + ¥ and 1, = 4% + 5F + (—6)F and conclude, with the
aid of the methods of Sect. 16.2, that

Sk+3 — 3sk42 + sk =0 and 143 =32+ 15 =0
s1=3,5=0,53 =—1 t1=3,t=013=—1"

Finally, use the above to show that s, € Z for every n € N and s, =
t, (mod 17).
For item (a), project on Z[X] and apply the result of Problem 5 with p = 2.
For (b), start by writing the binary representation of 2 — 1; then, project on
Z>[X] and apply the result of Problem 5; finally, argue by induction on m.

For the coming problem, the reader may find it useful to review the statement
of Problem 11, page 163.
For the proof of Lucas’ theorem, compute in Z,[X], with the aid of Exam-
ple 19.15:

X +D™ = (X + TP (X +T)™P(X 4 T)™0
= (XPF 4+ D™ (XP + DM (X 4+ 1)

Now, use the uniqueness of representation in base p to conclude that the
coefficient of X" in the right hand side is exactly

()-GO

For (a), if p | () then p | ('r'l’]’) for some 0 < j < k;inturn, if n; < mj, then

m;j!
n_,-!(mjj—n_,-)!
prime factor p. Item, (b) follows from (a) and the uniqueness of representation
in base p, since we ought to have 0 < n; < m; for 0 < j < k, which gives
exactly m ; + 1 possibilities for n ;. Finally, for item (c) note that pl—1 =
(p—DpF+-- - +(p—Dp+(p—1),sothatmg=m; =...=my =p— 1.
Hence, from (b) there are pk‘H binomial numbers of the form (p Hnl_l) which
are not divisible by p; thus, no binomial number is left to be divisible by p.
First of all, note that the equality X” —1 = (X —1)(XP~ 1+ XP2 4. ..+ X +1)
gives, in Z,[X],

nj <m; < p,and the fact that p is prime avoids (’ij) = to have a

X-D=X-DXP '+ XP 24+ +X+1),
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sothat (X —1)?~! = XP~1 4 XP~2 4 ... 4 X 4 1. Therefore, bi expanding the
binomial at the left hand side and comparing coefficients, we get (—1)" (” l_l) =
1 (mod p). Now, if | = p¥(p — 1), then Lucas’ theorem gives

ke, ki, _ —
<p (p 1)) _ (p (pk 1)> _ (P 1) = (—=1)? (mod p).
l Prq q

For what is left to do, note that item (b) of the previous problem assures that

k
exactly p binomial numbers of the form (p (’l’ 71)) are not divisible by p; since
we have already found p such numbers (for ¢ can vary from 0 to p — 1), the
remaining ones are multiples of p.

Section 19.4

1. Firstly, show that the given polynomial has no integer roots. Then, invoke
Gauss’ lemma and examine the possibility X*=X24+1=(X*+aX+b)( X2+
cX +d),witha, b, c,d € Z.

2. Gauss’ lemma assures that it suffices to show that f cannot be written as the
product of two nonconstant polynomials with integer coefficients. To this end,
first note that f has no integer roots; hence, if it can be written as the product
of two nonconstant polynomials with integer coefficients, we must have

FXO) =X>4+aX +b)(X>+cX>+dX +e),

for some a, b, c,d,e € Z. Expanding the products at the right hand side
and comparing coefficients, conclude that be = 2, so that (b,e) = (1, 2),
(—1,-=2), (2, 1) or (—2, —1). Then, check that each of these possibilities leads
to a contradiction when compared with the remaining relations involving a, b,
c,d and e.

3. Write f(X") = g(X)h(X), with g, 2 € R[X] \ R as in the statement of the
problem and n > 1 (the case n = 1 is trivial). If g(X) = bp X*+bpp X< 14 ..
and h(X) = X' + ¢ X' + -+, with b, ¢; # 0, and changing g and A
respectively by g(X) = by +bgy1 X +--- and h(X) = c; XK 4 ¢ XFHHT 4
-+, we can suppose that g(0), (0) # 0. Therefore, from the beginning let
gX)=bo+ b X+ and h(X) = ;X' + ;. X!T1 -+, with b, ¢; # 0.
Use the fact that f(X") = g(X)h(X) to show that n | [. Then, cancel the terms
of minimal degree at both sides of the equality f(X") = g(X)h(X) and argue
by induction on df to show that g(X) = g1 (X") and h(X) = h(X"), for some
g1, h1 € R[X] \ R as prescribed in the statement of the problem

4. Once more from Gauss’ lemma, we examine when it does happen that f =
gh, with g, h € Z monic and nonconstant. Adapting the idea of the proof of
Example 19.32, we have 1 = f(0) = g(0)h(0), so that g(0) = h(0) = £1;
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hence, ay, ay, ..., a, are pairwise distinct roots of g — h. If g — h # 0, then
d(g —h) < max{dg, oh} < af = n, so that g — h must have less than n distinct
roots. Therefore, g — h = 0, and hence f = gz, or

gX)P —1=X—ap)...(X —ap).
In particular, n = 2k for some k € N, and the unique factorisation in Z[X]
gives, without loss of generality,

gX)—1=K-a)...(X—ap) and g(X)+1 = (X —ar41) ... (X —az),
witha; < ay < --- < ag and ag41 < ap42 < - -+ < azk. Therefore,
2=X—at1) ... X —an) — (X —a1)...(X —a)
and, by evaluating the equality above at aj, a», ..., ai, respectively, we obtain
(@i —axy1) ... (@ —ay) =2

for 1 < i < k. From this point, conclude that if k > 3 then at least two of
the numbers ay41, ax+2, - - . , a2 would be equal, which is not the case. Finally,
look separately at the cases k = 1 and k = 2 to get the listed polynomials.

. Apply Eisenstein’s criterion in conjunction with the result of item (a) of

Problem 8, page 469.

For the sake of contradiction, assume that f = gh, with g, h € Z[X] \ Z, and
examine the equality ?(X ) =g(X YA(X)inZ p[X].

Asin Example 19.28, it suffices to establish the irreducibility of g(X) = f(X+
1). To this end, start by applying several times the result of Problem 5, page 469,
to show that, in Z,[X], one has

g0 ="+ (T A D (T )+ L

Then, also as in Example 19.28, use the fact that

P P

E (Y +T)p—j — § < p 1)yp—./' —yr-!1
; J—

j=1

j=1

to get g(X) = xP =D, Then, look at the constant coefficient of g(X) =
f(X 4 1) to conclude that

gX)=X"4an X" '+ 4 a1 X +p,

withm = pk’1 (p—1Danday,as,...,an—1 € Z being multiples of p. Finally,
apply Eisenstein’s criterion.

Thanks to Gauss’ lemma, we only need to show that f is irreducible in Z[ X].
By contradiction, assume we have f = gh, with g, h € Z[X] \ Z and (with no
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loss of generality, since f(0) = p) g(0) = £1. Use Girard-Viete relations to
conclude that g, and thus f, has a complex root z of modulus less than 1. Then,
substitute the expression for f in the equality f(z) = 0 and use the hypotheses
on the coefficients of f to reach a contradiction.

Let z1, ..., z4 be the complex roots of f.If |z;| < 1 for some 1 < j < n, then

laol = laizj + -+ + anz}|
<laillzj| + -+ lanllz;"

< lai[ +---+lanl,

which is an absurd; therefore, |z;| > 1 for 1 < j < n. Now, suppose that
f = gh,with g, h € Z[X]\ Z, say g(X) = bo + b1 X + --- + b, X" and
h(X)=co+c1 X+ 4+ cs X%, withr,s > 1 and b, ¢; # 0. By renumbering
the z;’s, if necessary, we can assume that the roots of g are zy, ..., z,. Then,
Girard-Viete relations give

[bol = |Drllz1l ... |zr| > |br| and |col = |eslIzr41l- .- |2nl > lcs]-
Hence, |bg| > |b,| + 1 and |cg| < |cs| + 1, so that

laol = |bollcol = (Ibr| + D(les| + 1)
= |brlles] + 1br| + leg| +11

> |br||cs| +2\/ |br||cs| +1
= (/1B lles| + 1)?

= (Vlan| + D*.

This way, «/|ag| > +/|a,| + 1, which is an absurd.
For item (a), use an argument analogous to that of the proof of Lemma 17.1.
For item (b), suppose that f = gh, with g, h € Z[X]\ Z. Then, it follows from

(a) that all of the coefficients of g1(X) = g (X +m — %) have a single sign.

Hence, g2(X) := g1(—X) has nonzero coefficients of alternating signs, so that
|g2(x)| < |g1(x)]| for every x > O and, thus,

1 1
— —_—— < —_——
g( X +m 2) g(x +m 2)
for every x > 0; in particular, |g(m — 1)| < |g(m)|. Conclude that |g(m)| > 2
and, analogously, |A(m)| > 2. Finally, use the fact that f(m) is prime to reach
a contradiction.

Combine P6lya-Szegd’s theorem (cf. previous problem) with the result of
Problem 9, page 386.
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Section 20.1

1. If f(X)= anX" 4+---4+a; X +ag € Q[X]\Q has « as one of its roots, look at

a a

2. The first de Moivre’s formula gives (cos 2"7” + isin Zk” =Z)" = 1. Expand the

2 2kn + COS2 2k _ = 1to

find nonzero polynomials with rational coefficients havmg cos 2"—” and sin =% 2/‘”

an

binomial at the left hand side and apply identity sin

as roots. Alternatively, for cos =% use the result of Example 15 217, together

with cos =& 2"” = 2cos? k& k” -1 and Theorems 20.9 and 20.12; for sin 2"—” use

Trlgonometry, together w1th the fact that cos =% 2]‘"

Apply Eisenstein’s criterion (cf. Corollary 19. 27)

4. First use Gauss’ Theorem 19.14 to show that there exists g € Z[X] \ Z,
irreducible over Z and such that g(o) = 0. The, use Gauss’ Lemma 19.13
to conclude that g is also irreducible over Q, so that g = p,.

5. For item (a), apply Remark 20.10 several times, together with the fact that
pya;(X) = X — Jaj or X2 - aj, according to whether \/a; € Nor  /aj ¢ N.
For (b), use (a) and the rational roots test (cf. Proposition 15.16).

6. Problem 2, page 475, shows that f is irreducible over Q. Now, suppose that

there exist relatively prime integers @ and b and a natural number n > 1 such

that f (o) = 0, with = /|7 ]. Let

is algebraic.

b

gX)=bX"—a=bX —a)(X —aw)...(X —aw"),

with 0 = cis Z ~ Corollary 20.4 shows that f = p4; hence, item (b) of
Proposition 20. 3 guarantees that f divides g in Q[X] and, hence, in Z[X] (for
f € Z[X] is monic). Thus, it follows from Problem 4, page 386, the existence
of integers 1 < k </ <n — 1 such that

F(X) = (X —a)(X — ae)(X — a@") (X — ae)) (X — o).

By examining the independent term of f, conclude that —a® = 2 and, then,

o = —~/2. How, arrive at a contradiction.
7. fa =ay, ..., ay are the roots of p, and B = By, ..., B, are those of pg, the

natural candidate to be looked at is

- 1
ho = [ X —aiBp =@ ...an [ s (OTX>
i=1 !

1<i<m
I<j=<n

Now, note that & . ..a,;, = £p,(0) € Q.
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8. Item (a) is almost immediate. For multiplication, start by taking f, g € Q[X]\
{0} and writing fqg = paq + r, with r = 0 or dr < dp, = n; then, show that
fle)g(a) = r(a), so that f(a)g(a) € Q(a). For (b), let B = f(a) = g(),
with f, g € Q[X] such that f = 0or df <n — 1 and likewise for g; note that
(f — g)(«@) = 0, and successively conclude that p, | (f —g)and f — g = 0.
Finally, for (c), show that gcd(f, po) = 1 follows from the irreducibility of
Po- Therefore, Corollary 19.4 gives fg + poq = 1, for some g,q € Q[X]
satisfying g = 0 or dg < dp, = n and g = 0 or dg < 9f. Then, evaluate this
equality at o to show that % € Q).

9. For the first part, note that p%(X) = X3 — 2, so that Q(v/2) = {a + b2 +

cv/4; a,b,c € Q). The second part can be solved following the steps in the
hint given to Problem 8, page 200. Alternatively, follow the steps listed in the
hint given to item (c) of the previous problem; more precisely, letting f(X) =
1+ X +2X2 (so that 1 + /2 +2v/4 = f(+/2)), use Euclid’s algorithm to find
8,9 € QIX] such that fg + p 3¢ = 1 and then note that f(V2)g(¥2) = 1.

10. Start by showing that ¢ (0) = 0 for any such ¢. Then, use (ii) to show that
¢(1) =0or¢(l) = 1.If ¢(1) = 0, conclude that ¢ = 0; if ¢(1) = 1, show
successively that ¢ (m) = m for every m € Z and ¢ (r) = r for every r € Q.
Now, letting po(X) = X" + a,_1 X"~ ' + .- 4+ a1 X + ag, note that

0=¢(00) = ¢(pa(@) = $(@)" + a_19(@)" " +--- +ar¢p(@) + ao,

so that 8 = ¢ () is also a root of py. In turn, show that, for any f € Q[X]\ {0}
satisfying df < n — 1, we have ¢ (f(«)) = f(d(x)) = f(B), so that ¢ is
completely determined by the fact that ¢ (o) = B. Conversely, for any such
root B of py, let ¢ : Q(a) — be given by ¢ (f(«)) = f(B), for any f € Q[X]
satisfying f = 0or df < n — 1. Itis straightforward to show that (i) holds. For
(ii), let f, g € Q[X] \ {0} be given and write fg = pyq + r, with g, r € Q[X]
such that » = 0 or dr < n — 1. Then, show that

¢(f@)g@) =¢((fe) @) = ¢(r(a) =r(B)
= f(B)g(B) = ¢(f (@) (g(e)).

Section 20.2

1. Use item (a) of Proposition 20.14 for n = p*~! and n = pk.

2. A typical root of ®,, is w = cis 22"—n”, for some integer 1 < k < 2n such that
gcd(k, 2n) = 1. Now, use the fact that —w is also of this form to conclude that
—w is a root of @3, too. Then, show that ®,, is a product of factors of the form

X —0)(X + ).
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3. If &, and &, have a nonconstant common factor in C[X], then, being the
minimal polynomials of any of its common roots, they are identical. Then, letting
d,, = &, = f, item (a) of Proposition 20.14 shows that f 2 divides X™" — 1,
which is impossible.

4. Firstly, with n and d as in the statement, note that ¢(n) = ¢(d) - %, so that

0d, = df, where f(X) = CDd(X"/d). Now, if w = cis ZI‘T”, with1 <k <d and
ged(k,d) = 1,and n € Cis an %-th root of w, show that 5 is an n-th primitive
root of unity. Finally, conclude that ®,, and f have the same roots.

5. Dirichlet’s theorem allows us to choose d € N tal such that 1 + kd = p, a prime
number. Now, look at the arithmetic progression (pll)!’ (;ff)!, R l'a(,k__l;!)d.

6. The general version of Dirichlet’s theorem assures that the arithmetic progression
(n+2,2n+2,3n + 2, ...) contains infinitely many primes. Letting p = kn +
2 > a be one such prime and g be a primitive root modulo p, the fact that
{g.g% ..., "'} is a RRS modulo p assures the existence of an integer 1 <
t < p — 1such that g = a (mod p). Now, apply Bézout’s theorem to guarantee
the existence of natural numbers # and v such that nu = ¢t + (p — 1)v, so that
(g")" = a (mod p).

7. Firstly, consider the case of an odd a. Since a is not a perfect square, there
exist natural numbers b and ¢, and distinct odd primes qi, ..., ¢; such that

a = b?qi...q,. Then, Proposition 12.23 guarantees that it suffices to find

infinitely many prime numbers p for which (%) (%’) = —1. In turn,

Quadratic Reciprocity Law assures that such a relation is equivalent to

with s = le=1 qj. Now, apply Dirichlet’s theorem, choosing p = 4kqy ...q, +
1.

8. Let A = a® — 4b. Multiplying both sides of the given equation by 4 and
completing squares, show that the hypotheses of the problem guarantee that the
quadratic congruence x> = A (mod n) has a solution for every n € N. If A is not
a perfect square, write A = «f?, with a, 8 € Z and |a| > 1 being square free.
Then, use the result of the previous problem to reach a contradiction.

Section 20.3

1. We parallel the proof of the cancellation law for addition:

a-c:b-c:>(a-c)~c_l=(b-c)~c_l
=>a~(c-cil)=b~(c-cfl)

=a-1=b-1=a=h,
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2. Ifa?" =« and BP" = B, then

@+B)" =a + " =a+8,

so that « + 8 € R,,. Argue in the same way to show that «8 € R, and (if « # 0)
a~! € R,. Then, show that R,, is a field.

. For the first part, use (20.10). For the second, use (20.9), together with the fact

that f11(X) ... fiq,(X) = X? — X and

XPP X = (XP)P — XP 4 XP — X
—(XP—X)P +XP - X
= (XP = X)((X? = X)P~' +1).

. Certainly every f € K[X] of degree 1 is irreducible. Now, if fi, f>,..., fx €

K[X] are irreducible (there are at least two such polynomials, X and X — 1), let
f = fifa... fx + 1, choose an irreducible factor g € K[X] of f and show that
g # f1, foo s Jieo

Section 20.4
1. Note that the decimal expansion of « is not periodic.
2. For the sake of contradiction, if « + = r, with r € Q, and f(x) = 0 for

fX)=a, X" +---4+a1X +aop € QX]\ {0}, then
an(r = B)" + -+ ar(r = )+ ao = 0.

Use this equality to show that 8 would be algebraic.

. If /o was algebraic, then several applications of Theorem 20.12 assure that the

same would be true of ({/&r) = . If " were algebraic, and f € Q[X]\ {0}
satisfies f(a") =0, find g € Q[X] \ {0} such that g(a) = 0.

. For the second part, if Q[«] was a subfield of C there would exist » € N and

ap, ai, ..., a, € Qsuch that a, # 0 and é =ay+aia+---+ a,a”. Show that
this would force « to be algebraic.

. Leta € R and, for 1 < k < 2016, let A be the point of the cartesian plane

whose coordinates are the real and imaginary parts of (« + ia?)w*~!, with w =
cos % + i sin %. Then A1 A3 ... A6 is a regular 2016-gon, and it suffices
to show that it is possible to choose « in such a way that Ay ¢ S for every k.
Let " be one of the circles in S, with center O = (a, b) and radius r, so that

a,b,r € Q. Letting cos 2(]2‘6116)” = ¢ and sin 2(];(;]16)” = s, we have

(o + a%i)(c + si) = (ca — sa?) + (sa + ca?)i.
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Then, Ay € I’ < A;O = r or, which is the same, if and only if
((coz — sozz) — a)2 + ((SO[ + cozz) — b)2 —r2=0.
In turn, this last equality is equivalent to
ot + (1 = 2bc + 2as)a? + (2ac — 2bs)a + (@> + b> —r) = 0.
However, since ¢ and s are algebraic over QQ (cf. Problem 2, page 486), we

conclude from the above remark that o should be algebraic over Q. Therefore,
by choosing « € R to be transcendental, we conclude that Ay ¢ S for every k.

Section 21.1

1. For every integer k > 0, set f(k) (x) = age * sinx + bre™* cos x, so that
FED () = —(ar + br)e  sinx + (ax — br)e ™ cosx
and, hence, ar+1 = —(ar + bi), bxy1 = ar — bg. Then, conclude that by, +
2bj41 + 2by =0 fork > 0.
2. The characteristic polynomial of the involved recurrence relations is f(X) =

kxk — X1 _...— X — 1.Ifa € Cisaroot of f such that |a| # 1, we have

kol =1+ a1

<l el + 1
et -1
a1

so that k|a|*T! — (k + D]a|* + 1 < 0. Study the first variation of g(X) =
(X — D f(X) = kX*1 — (k+ 1)X* + 1 to conclude that || < 1.Ife € Cisa
root of f such that || = 1, review the above estimates to obtain

k=klaff =ja* T+ fa+1
<l "4t + 1=k

and, hence, to conclude (from the condition for equality in the triangle inequality
for complex numbers, cf. Problem 3, page 326) that al = j-1,forsome A; > 0.
Up to this point, we have shown that, apart from 1, all of the other complex
roots of f have modulus less than 1. Moreover, they are all simple roots, for
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g(X)=k(k+ DX (x -1 implies that the only multiple root of g is 1, with
multiplicity 2. Now, use Theorem 21.3 to obtain, for m > k,

Xm = Ul +u2a'2"_1 +-~-+ukaZ’_1,

with o1 = 1, a2, ..., ox being the complex roots of f. Then, conclude that
Xm 2u 1. In order to compute u1, note that

uyt+uy+---+up =a
up +uroy + -+ uroyg = ap

-1 -1
uj +uzoe§ +~-~+uk06,]§ = ag

and f(X) = (X — DA(X), with f(X) = (X = DGX* '+ k- DXF2 ...+
2X + 1). Finally, in the above system, multiply the j-th equation (from top to
bottom) by j and add the results to reach

k(k+1)

k
5 wi+ Y ujh(ay) = kag + (k = Dag_i + -+ +2a; + ai.

=2

Argue analogously to yy,.

3. If f(X) = X> —3X? + 1, start by showing that f has real roots a > b > ¢, such
that—1—60 <c< —%, 1—% <b< % and 0 < b" +c" < 1 forevery integern > 2.
Ifa, =a" +b"+ " forn > 1, show that ay, az, a3 € Z and ag4+3 = 3ax42 — ax
for k > 1; then, conclude from what we did above that |a" | = a, — 1. Finally,
use the linear recurrence relation satisfied by the sequence (a;),>1 to show that
ar+17 = ai (mod 17); alternatively, invoke the result of Problem 9, page 469.

Section 21.2

1. For the second part, suppose that |z| > R and let € = |z| — R. Use the definition
of convergence to find an n € N such that |z, —z| < €, and deduce that |z,| > R,
which is a contradiction.

2. Use the result of the previous problem.

3. Adapt the reasoning presented in the proof of Proposition 21.15.

4. Apply the result of items (a) and (b) of the previous problem to the sequence of
partial sums of the series ) ;- | (azx + bwy).

5. Adapt, to the present case, the proof of Proposition 3.7.

7. Start by observing that, if (z,),>1 is a sequence in X such that z, — z, with
z € X, then the triangle inequality gives || f(za)| — | f ()| < |f(z0) — f(2)].

8. Start by observing that, if (z,),>1 is a sequence in X such that z, — z, then
|z — z| < B for every sufficiently large index n; hence, | f(z,) — f(2)| <
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Alz, — z|, also for every sufficiently large index n. Now, given € > 0, note that
| f(zn) — f@)| <e€if |z, —z] < %; then, use the convergence of (z,,),>1 to z.

9. Case m = 1 is the content of Example 21.12. For m = 2 and |z| < ﬁ, we get
from the initial case that

1

m — Zakzk Zalzl — Z ak-HZk-H
< k>0 >0 k,1>0
= Z(n + Da"7".
n>0

By induction, if
1 =Z n+m-—2 A,
(1 —az)m-1 m—2
n>0

then
1 1
(I1—az)™  1—az (1—az)"!

=Y akt Z(l+m 2) 1l

k>0 >0
-y (l +m ; 2)ak+lzk+l
k=0 M
n—+m—
— Z ( _1 ) nzn’
n>0 mn

where, in the last equality above, we have used the columns’ theorem of Pascal
triangle (cf. Proposition 4.17 of [8]).

Section 21.3

1. Use Theorem 21.22, together with the fact that the characteristic polynomial of
the given sequence is

k
k_oxkyr1=xrt-1?= ]_[(X — ).

2. An easy inspection shows that the characteristic polynomial of (a,),>1 is (X —
1)(X —2)2. Thus, Theorem 21.22 givesa, = A+ (B+C(n— 1271, for some
real constants A, B and C. Since g—z = %(B + C( — 1)), we must have C =0
and 8 = 3. Finally, a; = 1 gives A + B = L.



Glossary

Problems tagged with a country’s name refer to any round of the corresponding
national mathematical olympiad. For example, a problem tagged “Brazil” means
that it appeared in some round of some edition of the Brazilian Mathemati-
cal Olympiad. Problems proposed in other mathematical competitions, or which
appeared in mathematical journals, are tagged with a specific set of initials, as listed

below:

AIME

APMO
Austrian-Polish
BMO

Crux

EKMC

IMO

IMO shortlist
Miklo6s-Schweitzer

American Invitational Mathematics Examination
Asian-Pacific Mathematical Olympiad

Austrian-Polish Mathematical Olympiad

Balkan Mathematical Olympiad

Crux Mathematicorum, a mathematical journal of the Cana-
dian Mathematical Society

Eo6tvos-Kiirschdk Mathematics Competition (Hungary)
International Mathematical Olympiad

Problem proposed to the IMO, though not used

The Miklés-Schweitzer Mathematics Competition (Hun-

gary)

OCM State of Ceard Mathematical Olympiad

0CS South Cone Mathematical Olympiad

OBMU Brazilian Mathematical Olympiad for University Students

OIM Iberoamerican Mathematical Olympiad

ORM Rioplatense Mathematical Olympiad

Putnam The William Lowell Mathematics Competition

Saint Petersburg Mathematical competition of the city of Saint Petersburg,
Russia

TT The Tournament of the Towns
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A
Abel, Niels H., 385
Abundant number, 218
Addition
identity for, 351
of polynomials, 349, 396
of quaternions, 327
Adjacency matrix, 129
Algebra, Fundamental Theorem of, 380
Algebraic form of complex numbers, 319
Algebraic number, degree of an, 500
Algorithm, 116
Dijkstra’s, 150
division, 159
Euclid’s, 173
for polynomials, division, 356
greedy, 147
input data of an, 116
invarian associated to an, 116
iteration of an, 116
of Euclid, 456
of Havel-Hakimi, 131
of Horner-Rufinni, 366, 412
of Kruskal, 147
of walk reduction, 566
output of an, 116
polynomial, 182
Antichain, 113
AP
of order 1, 525
of order m, 525
Argument
of a complex number, 329
of a complex number, principal, 329

Arithmetic
function, 209
multiplicative function, 209
Arrangement
with repetitions, 6
without repetition, 24
Axis
imaginary, 322
real, 322

B
Bézout

Etienne, 165, 452

theorem of, 165, 452
Ball, 60

center of a, 60

radius of a, 60
Basis, 441

binomial, 442
Bernstein

polynomials, 377, 384

Sergei, 377
Binomial

basis, 442

number, generalized, 75

polynomial, 442

series expansion, 76
Bollobas

Béla, 53

theorem of, 54, 544
Bolzano

Bernhard, 418

theorem of, 418
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C
Canonical
decomposition, 185
factorisation, 185
factorisation in Z[ X ], 461
projection, 462
Cardano, Gerolamo, 379
Cartesian product, 3
Catalan
Eugene, 87
number, 87,90
recurrence of, 87
Cauchy sequence, 512
Cayley
Arthur, 148
theorem of, 148
Center of a ball, 60
Cesaro, Ernesto, 233
Chain, 113
length of a, 113

maximum element of a, 113

Characteristic
function, 9
sequence, 9

Chebyshev
Pafnuty, 222,230
theorem of, 230

Chevalley
Claude, 296
theorem of, 296

Choice, unordered, 25

Christian
Goldbach, 232

Circle, unit, 335

Class
equivalence, 50
of congruence, 269

Clique, 127,152
number, 152

Closed
disk, 509
set, 509

Coefficient, leading, 352

Combinations, 25

Complement of a subset, 2

Complete
bipartite graph, 133
digraph, 135
residue system, 270

Complex number
algebraic form of, 319
argument of a, 329
conjugate of a, 321

imaginary part of a, 322
modulus of a, 321

polar form of a, 329
principal argument of a, 329
real part of a, 322

roots of a, 332
trigonometric form of a, 329

Complex numbers, 319

addition of, 320
difference, 320
multiplication of, 320
quotient of, 321
sequence of, 326, 336
series of, 512

triangle inequality for, 325, 326

Complex plane, 322
Congruence

as an equivalence relation, 244
class, 269

elementary properties of, 245
linear, 263

relation, 269

relation of, 55

Conjugate

of a complex number, 321
of a quaternion, 328

Connected

component, 137
graph, 136

Constant

polynomial, 348
term, 352

Content of a polynomial, 458
Convergence

disk, 515
of a series, 513

Counting

fundamental principle of, 4
injective functions, 23
recursive, 14

Criterion

of divisibility by 11, 163

of divisibility by 3 and 9, 162
of Eisenstein, 472

of Euler, 298

CRS, 270
Cycle, 140

D

d’ Alembert, Jean-Baptiste le Rond, 380

hamiltonian, 140
in a graph, 140

de Bruijn, Nicolaas, 111

Index
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de Moivre elementary properties of, 158
Abraham, 33, 331 relation, 112
first formula of, 331 relation of, 157
second formula of, 332 Division
Degree, 352 algorithm, 159
in, 135 quotient of a, 160
maximum, 151 remainder of a, 160
minimum, 136 Division algorithm
of a vertex, 127 quotient in the, 357
of a polynomial, 395 remainder in the, 357
of an algebraic number, 500 Divisor
out, 135 common, 165,451
properties of, 352 dof an integer, 157
del Ferro, Scipioni, 379 greatest common, 165, 451
Derangement, 36, 91 positive, 157
Derivative

of a polynomial, 387
of a polynomial, k—th, 390

of polynomials, properties of the, 387 E
Descartes Edge '
René, 432 cutting, 143
rule (;f 432 excision of an, 130

of a graph, 126
orientation of an, 135
Eisenstein

Descent method of Fermat, 195
Difference
between two sets, 2 iteri 470
of polynomials, 351 criterion,
o B o8 Ferdinand, 306, 472
Digraph, 135 Element' I
complete, 135, 144 maximal, 115 ,
path in a, 144 Element of a chain, maximum, 113

walk in a, 144 Equa.tion '
diophantine, 171

Dijkstra . ine, |
algorithm of, 150 diophantine linear, 172
’ f Fermat, 197
Edsger, 150 o ,
DﬂWOI‘tgh of Pell, 201
Robert, 111 of Pythagoras, 193
theorem of, 115, 135 Equlvalfnce
Diophantus of Alexandria, 171 Clas§» 50
Dirac relation, 50
Gabriel, 141 relation induced by a function, 50
theorem of, 141 Eratosthenes
Dirichlet of Cyrene, 181
Gustav L., 183,202, 490 sieve of, 181

theorem of, 181

1 £, 202
emma o Erdés, Paul, 58,99, 111

theorem of, 490

i imizati Euclid
Discrete optimization, 121 )
Disk P algorithm of, 173, 456
Aclosed 509 lemma of, 180
convergence, 515 1thc->0rem of, 182
open, 509 Eu er
Divisibility cnteqon of, 298
by 11, criterion of, 163 fsnct}on ? of, 215
by 3 and 9, criteria of, 162 identity of, 312

by 9, criterion of, 246 Leonhard, 11, 104, 127
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Euler (cont.) choice, 52
theorem of, 104, 127, 138, 200, 215, 218, continuous, 514
225,256,275,314 Euler’s ¢, 215
Event, 233 exponential generating, 91

formula for the Euler, 216
multiplicativity of Euler’s, 215

F of Mobius, 212
Factorisation polynomial, 363, 464
canonical, 185, 456 projection, 51
in Z[X], canonical, 461 surjective, 38, 92
Factorised form, 495 Functions
Family, 8 counting injective, 23
Fermat finite differences of, 445
descent method of, 195 Fundamental Theorem
equation of, 197 of Algebra, 380
last theorem for polynomials, 457 of Arithmetic, 184
last theorem of, 197 on Symmetric Polynomials, 409

little theorem of, 57, 254
number of, 164

Pierre S. de, 57, 164 G
Pierre Simon de, 193 Gallai, Tibor, 111
primes, 190 Galois, Evariste, 385
theorem of, 311,312 Gauss
Ferrari, Lodovico, 384 Johann C. F,, 302, 380
Fibonacci, 16 lemma, 302
problem, 16 lemma of, 458
sequence, 16, 69, 178 Quadratic Reciprocity Law of, 306
sequence of, 252 theorem of, 380, 394
sequence, extended, 301, 309 Generating function
Field, 280, 493 complex, 517
algebraically closed, 495 ordinary, 67
Finite differences Geometric series, 68
of functions, 445 Girard, Albert, 399
of polynomials, 447 Girard-Viete formulas, 399
Finite set, 1 Goldbach
number of elements of a, 1 conjecture, 232
Fontana, Niccolo, 379 Graph, 126
Formula r—regular, 133
for binomial expansion, 28 acyclic, 145
for p(n), 216 bipartite, 133, 140
Mobius inversion, 213, 498 complement of a, 132
multisection, 353 complete, 127
of de Moivre, first, 331 complete bipartite, 133
of Legendre, 188 connected, 136
of multinomial expansion, 28 connected components of a, 137
of Taylor, 392 cycle in a, 140
second de Moivre’, 332 directed, 135
Fractionary part, 178, 202, 550 disconnected, 136
Frey, Gerhard, 197 edges of a, 126
FTA, 184, 380 eulerian, 137
Function hamiltonian, 140, 144
arithmetic, 209 labelled, 130
arithmetic multiplicative, 209 of Petersen, 133, 144

characteristic, 9 path in a, 139
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self-complementary, 132
simple, 126
subgraph of a, 130
trivial, 127
Turan, 153
unlabelled, 130
vertices of a, 126
weighted, 146
Graphs, isomorphic, 128
Greatest common divisor, 165
for polynomials, 453

H
Hadamard
Jacques, 221
theorem of, 221
Hakimi, Seifollah L., 131
Hamilton
quaternions of, 327
William R., 140, 327

Hamming
metric of, 61
Richard, 61

Havel, Vaclav J., 131
Hermite, Charles, 503
Homothety, 338

center of a, 338

ratio of a, 338
Horner-Ruffini

algorithm of, 412

identities of, 412
Horner-Rufinni algorithm, 366

I
Identities
of Horner-Ruffini, 412
of Jacobi, 413,415
Identity
for addition, 351
for multiplication, 352
of Euler, 312
of Lagrange, 43
of Vandermonde, 48, 355
Imaginary
axis, 322
number, pure, 322
part, 322
In degree, 135
Inclusion-exclusion
for two sets, 3
principle, 33
Indeterminate, 363

Induced order, 112
Inequalities
of McLaurin, 427
of Newton, 425
Inequality

for complex numbers, triangle, 325, 326

triangle, 59
Integer
closest, 164
closest to x, 79
divisor of an, 157
even, 157
multiple of an, 157
odd, 157
square free, 190
Integer part, 41, 97, 159
Integers
congruent, 243
pairwise coprime, 165
relatively prime, 165
Invariant, 116
Inverse
modulo n, 263
multiplicative, 279
Irreducible fraction, 167

J

Jacobi
Carl G.J., 413
identities of, 413,415

K
Konig

Dénes, 134

theorem of, 134
Kaplansky

first lemma of, 20, 26, 29

Irving, 26, 41

second lemma of, 29
Ko, Chao, 58
Kronecker

delta of, 435

Leopold, 435
Kruskal

algorithm of, 147

Joseph, 147

L
Lagrange
identity of, 43

interpolating polynomials, 436
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Lagrange (cont.)
interpolating theorem, 436
Joseph L., 43,314
Joseph Louis, 369
mean value theorem of, 420
theorem of, 314, 369

Lamé
Gabriel, 180
theorem of, 180

LCM, 176

Leading coefficient, 352

Leaf, 145

Least common multiple, 176

Legendre
Adrien-Marie, 188, 300
formula of, 188
symbol of, 300

Lemma
Euclid’s, 180
of Dirichlet, 202
of Gauss, 302, 458
of Kaplansky, first, 20, 26, 29
of Kaplansky, second, 29
of Sperner, 49
sign preserving, 423

Leonardo de Pisa
see Fibonacci, 16

Liber Abaci, 16

Limit of a convergent sequence, 510

Lindemann, Ferdinand, 503
Linear
combination, 166
congruence, 263
congruence, root of a, 263
recurrence relation, 505

recurrence relation, order of a, 505

recurrent sequence, 505

system, Vandermonde, 439
Liouville

Joseph, 219, 500

theorem of, 219, 500
Lucas

Edouard, 41, 469

problem, 41

sequence of, 252

sequence, extended, 301, 309

theorem of, 469

M
Mobius
function of, 212
inversion formula, 213, 498

Matching, 134

maximal, 134
Matrix, adjacency, 129
Maximal

element, 115

matching, 134
McLaurin

Colin, 427

inequalities, 427
Metric

Hamming, 61

in a set, 59

of symmetric difference, 63
Mirsky

Leon, 111

theorem of, 113

Modulus of a complex number, 321

Monic polynomial, 352
Multiple

least common, 176

of an integer, 157
Multiplication

identity for, 352

of polynomials, 349, 396

of quaternions, 327
Multiset, 30, 373

N
Newton
binomial theorem of, 76
inequalities of, 425
Isaac, 76, 409
theorem of, 409
Node, 145
Norm of a quaternion, 328
Number
abundant, 218
algebraic, 477
chromatic, 151
clique, 152
complex, 319
composite, 180
independence, 155
of Catalan, 87, 90
of Fermat, 164
of second kind, Stirling, 20,
29
perfect, 218
prime, 57, 180
pure imaginary, 322
transcendental, 477

Index
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(0}
Open
disk, 509
set, 509
Order
lexicographic, 9, 409
modulo n, 284
of a linear recurrence relation, 505
Ordered pair, 7
Out degree, 135

P
Pdlya, George, 476
Pélya-Szego, theorem of, 476
Pairwise coprime integers, 165
Part, fractionary, 202, 550
Partition
induced by a function, 27
of a natural number, 11
of a set, ordered, 7
Path, 139
in a digraph, 144
Pell
equation of, 201
John, 201
Perfect
cube, 164
number, 218
square, 160
Permutation, 24
circular, 53
even, 406
with repeated elements, 27
Petersen
graph, 133, 144
Polar form, 329
Polynomial
k—th derivative of a, 390
over Z,, 462
binomial, 442
characteristic, 505
constant, 348
content of a, 458
cyclotomic, 487
degree of a, 352, 395
derivative of a, 387
elementary symmetric, 399
factorised form of a, 382, 383
function, 363, 464
homogeneous, 406
identically zero, 348
in n indeterminates, 395
irreducible, 454, 458

leading coefficient of a, 352

monic, 352

primitive, 458

reciprocal, 386

reducible, 454, 458

root of a, 364

symmetric, 399

symmetrization of a, 407

variation of a, 429
Polynomials

addition of, 349, 396

associated, 451

Bernstein, 377, 384

difference of, 351

division algorithm for, 356

equal, 348

equality of, 397

finite differences of, 447

645

Fundamental Theorem on Symmetric, 409

Lagrange interpolating, 436
multiplication of, 349, 396
properties of the derivative of, 387
relatively prime, 453
Power series, 71
convergence of a, 71
differentiation of a, 72
product of two, 72
Power set, 8
Prime
number, 57, 180
number theorem, 221
relatively, 165
Primitive root modulo n, 287
Principle
additive, 2
bijective, 2
Dirichlet’s, 95
multiplicative, 4
of counting, fundamental, 4
of inclusion-exclusion, 3, 33
pigeonhole’s, 95
Probability, 233
distribution, 233
Problem of Fibonacci, 16
Projection over Z,[X], 462
Pythagoras
equation of, 193
of Samos, 195
Pythagorean triple, 194

Q
Quadratic
nonresidue modulo n, 297
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Quadratic (cont.)
Reciprocity Law of, 306
residue modulo n, 297

Quaternion
conjugate of a, 328
norm of a, 328

Quaternions, 327
addition of, 327
multiplication of, 327

Quocient
in the division algorithm, 357

Quotient, 160

R
Rolle
Michel, 421
theorem ofe, 421
Radius of a ball, 60
Rado, Richard, 58
Real
axis, 322
part of a complex number, 322
Recurrence relation, 14
linear, 505
of Catalan, 87
order of a linear, 505
second order linear, 74
Reflexive relation, 50
Relation, 49
congruence, 269
divisibility, 112
equivalence, 50
inclusion, 112

induced by a function, equivalence, 50

of congruence, 55

of divisibility, 157

of Stifel, 25

partial order, 112, 327

recurrence, 14

reflexive, 50

symmetric, 50

total order, 112, 327

transitive, 50
Remainder, 160

in the division algorithm, 357
Representation

in base a, 163
Representation, binary, 10
Residue

modulo 7, quadratic, 297

modulo p, n—th, 310
Root

multiple, 368

multiplicity of a, 368

of a complex number, n—th, 332
of a linear congruence, 263

of a polynomial, 364

of unity, n—th, 335

simple, 368

test, 364

Index

Roots, elementary symmetric sum of the, 400

Rotation, 338
angle of a, 338
center of a, 338

S

Sampling space, 233

Sequence
Cauchy, 512
characteristic, 9
convergent, 510
divergent, 519
extended Fibonacci, 301, 309
extended Lucas, 301, 309
Fibonacci, 69, 178, 252
limit of a convergent, 510
linear recurrent, 505
Lucas, 252
of complex numbers, 326, 336
of Fibonacci, 16
subsequence of a, 510

Series
absolutely convergent, 513
convergence of a, 513
expansion, binomial, 76
geometric, 68
of complex numbers, 512
partial sum of a, 512
power, 515
sum of a, 513

Set
characteristic function of a, 9
characteristic sequence of a, 9
closed, 509
finite, 1
independent, 150
number of elements of a finite, 1
of vertices, independent, 133
open, 509
ordered partition of a, 7
partially ordered, 112
power, 8
quotient, 51
totally ordered, 112

Sets
difference between two, 2
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disjoint, 2
incomparable with respect to inclusion, 53
Shimura, Goro, 197
Space, sampling, 233
Sperner
Emanuel, 49, 57
lemma of, 49
theorem of, 57
Stifel’s relation, 25
Stirling
James, 20
number of second kind, 20
Subfield of C, 483
Subgraph
induced, 132
of a graph, 130
spanning, 130
Subsequence, 510
Subset, complement of a, 2
Sum of positive divisors, 211
Sylvester, James, 111
Symmetric
difference, 62
difference, metric of, 63
polynomial, 399
polynomial, elementary, 399
relation, 50
sums, elementary symmetric sums of the
roots, 400
System
complete residue, 270
intersecting, 13,58
of distinct representatives, 51
reduced residue, 274
Szego, Gabor, 476
Szekeres, Esther, 99

T
Taniyama, Yutaka, 197
Tartaglia, 379
Taylor
Brook, 392
formula, 392
Richard, 197
Theorem
chinese remainder, 265
Euler, 256
Fermat little, 254
Lagrange interpolating, 436
Liouville’s, 219
Newton’s binomial, 76
of Algebra, Fundamental, 380
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of Arithmetic, Fundamental, 184

of Bézout, 165, 452

of Bollobds, 54, 544

of Bolzano, 418

of Cayley, 148

of Chebysheyv, 230

of Chevalley, 296

of Dilworth, 115, 135

of Dirac, 141

of Dirichlet, 490

of Eratosthenes, 181

of Erdos-Ko-Rado, 58

of Erdos-Szekeres, 99, 114

of Euclid, 182

of Euler, 104, 127, 138, 200, 215, 218, 225,

275,314

of Fermat, 311, 312

of Fermat for polynomials, last, 457

of Fermat, last, 197

of Fermat, little, 57

of Gauss, 380, 394

of Hadamard, 221

of Jacobi, 413

of Konig, 134

of Lagrange, 314, 369

of Lagrange, mean value, 420

of Lamé, 180

of Lucas, 469

of Mirsky, 113

of Newton, 409

of Pélya-Szegd, 476

of Rolle, 421

of Rouché, 474

of Sophie Germain, 261

of Sylvester-Gallai, 111

of Turdn, 153

of Weierstrass, 518

of Wilson, 264, 295

on Symmetric Polynomials, Fundamental,

409

partial fractions decomposition, 457

Prime Number, 221
Tournament, 135, 144
Tower of Hanoi game, 20
Transitive relation, 50
Transposition, 406
Tree, 145

leaf of a, 145

minimal spanning, 147

node of a, 145

spanning, 147
Triangle inequality, 325
Trigonometric form, 329
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Turdn
Paul, 153
theorem of, 153

U
Unit
circle, 335
imaginary, 319
in Zy, 279
Unordered choices, 25

\%
Vandermonde
Alexandre-Theéphile, 48, 355,
439
linear system of, 439
Variation of a polynomial, 429
Vertex
cover, 134
cover, minimal, 134
degree of a, 127
excision of a, 130
of a graph, 126

Vertices
adjacent, 126
independent set of, 133
neighbor, 126
non adjacent, 126
Viete, Frangois, 399

w
Walk, 136
closed, 136
eulerian, 137
in a digraph, 144
length of a, 136
semi-eulerian, 143
Weierstrass
Karl, 518
theorem of, 518
Weight
of a graph, 146
of an edge, 146
Wiles, Andrew, 197
Wilson
John, 264
theorem of, 264, 295
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